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tron in a pure magnetic field are well known, ' and
admit of a continuum of energy levels

Z=(ehH/2mc)(2v+m~+ jm~j+1)+Z„
(11)

v=0' 1s 2 ''' E «0
because of the free motion along the 6eld (z
direction). We now apply the adiabatic approxi-
mation, using the Coulomb field to restrict the
motion in the s direction. This gives us a po-
tential for the s motion that is an average of the
Coulomb field over the x, y plane for each value
of 2'. We are interested only in the lowest state
v=0, and in vs~ ——0, ~l; the s potential is then:

U, (z) = 2e—'P& exp (Pz')Erfc(jzjP~), m~=0,

U~(z) = —e'fPjzj+P& exp (Pz')(1 —2Pz')

yErfc(jzjp&)j, m( ——w1,
&o(0) = 2 Ui(0) = e'(~P)—' (12)

&0 +U'&~ e'/Izl as Izj +~ '

eric(x) fe ="ut;

P =eH/2fic. —
~ Cf. Condon and Morse, QNantges Mechanics (McGraw-

Hill, 1929), p. 79.

Thus Uo had twice the depth of U~ at s=0 and
the same asymptotic form; it can also be shown

quite readily that Uo is less than U& for all finite
values of s. The total energy is then given ap-
proximately by (11), where E, is now an eigen-
value of the equation:

Then for energies just below the series limit, the
eigenvalues for the case vs~ ——0 will be more
closely spaced than those for the case m& ——+1,
since the potential U0 is considerably deeper than
the potential U~. While this conclusion cannot
apply even qualitatively as far from the series
limit as the beginning of region III, it serves as
another indication that the m component series is
expected to be more compressed than the 0 com-
ponent series, as is observed.

It is a pleasure for us to thank Professor J. R.
Oppenheimer for several helpful discussions of
points that arose in this problem.
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Spectral sensitivity measurements between 5000 and 2300A have been made on barium
surfaces prepared by fractional distillation in a gettered vacuum. The resulting yields are
compared with those predicted by Mitchell's square-top barrier theory which is here modified
to a form that facilitates comparison with experimental data. From 8000 to 3000A relative
values of the observed yields are in good agreement with the modified theory. At 2967A there
is an abrupt rise in the experimental curve which continues to the limit of the measurements.
This is attributed to the onset of the volume photoelectric effect. The theoretical threshold
for the volume effect calculated from the rough formulae of Tamm and Schubin agrees well
with the experimental value.

T is usually assumed in the electron theory of
- - metals that the electrons move independently

'Presented in part at the Washington meeting of the
American Physical Society, April 28-30, 1938.

~ Now at Leeds and Northrup Company, Philadelphia,
Pennsylvania.

in a periodic potential field in the metal. The
introduction of a metallic surface which is neces-
sary for the photoelectric effect gives rise to a
second type of field and complicates the model by
destroying the perfect periodicity of the crystal
lattice. To avoid this difficulty Tamm and
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Schubin' proposed that the photoelectric emis-
sion from a metal should be regarded as arising
from the superposition of two effects, the surface
effect, due to the rapid change in potential at the
surface, and the volume effect, due to the internal
variations in potential. The argument is based
on the fact that an electron in field-free space
cannot absorb the energy of a photon and at the
same time conserve both energy and momentum.
They argue further that the threshold of the
volume effect is considerably higher than the
threshold for the surface effect since the possible
transitions are restricted by a selection rule. The
theory of the surface effect can then be simplified
by using the Sommerfeld model in which the
potential inside the metal is constant.

Experimental tests of the various theories of
the surface effect over an extended range of
wave-lengths have been con6ned in the past to
observations on the alkali metals. If the theory of
Mitchell' is taken as the most complete it may
be concluded that experimental spectral distribu-
tions for the alkalies rise more abruptly and reach
a maximum nearer the threshold than is pre-
dicted by the theory. In addition the theoretical
curves are considerably Hatter but the order of
magnitude of the photoelectric yields is reason-
ably good. ' In view of the rather discordant ex-
perimental results for the alkalies both for
spectral and energy distributions it seems that
more conclusive tests of the theory can be made
on metals showing more consistent emission
properties. This was the original purpose of the
present investigation.

The experimental evidence for the volume
effect has been extremely meager. Tamm and
Schubin' considered the secondary rise which
sometimes appears in the spectral distributions
of the alkalies as evidence for the volume effect.
The ease with which secondary peaks can be

3 Tamm and Schubin, Zeits. f. Physik 68, 97 (1931).
4 K. Mitchell, Proc. Roy. Soc. A146, 442 (1934); A153,

513 (1936).
'The calculations of R. D. Myers, Phys. Rev. 49, 938

(1936) and of A. G. Hill, Phys. Rev. 53, 184 (1938) using
an image field barrier show a maximum in the spectral
sensitivity curve slightly nearer the threshold than the
Mitchell theory with the square top barrier. L. I. Schiff and
L. H. Thomas, Phys. Rev. 47, 860 (1935), applied the
quantum mechanical theory of the scattering of light by
conduction electrons. This refinement also brings the maxi-
mum nearer the threshold, though the integral is too
complicated for exact evaluation.

produced by contamination of the surface with
vapors and gases would lead one to question at
least some of these results. Experiments in the
far ultraviolet have been carried out on other
metals by Kenty, ' the measurements extending
as far as 584A. He found no maximum and sub-
sequent secondary rise as the volume eRect
predicts. Very recently Baker, ~ working in the
Schumann region with cadmium surfaces, has
reported a second peak in the emission which he
attributes to the volume effect. No attempt was
made to work with thoroughly outgassed sur-
faces.

In the present investigation on spectral distri-
butions, barium was chosen, 6rst, because it
possesses the lowest work function of any metal
in the pure state with the exception of the alka-
lies, thereby permitting a wide frequency range,
and second, since previous experiments in this
laboratory' have shown that by using a special
vacuum technique its emission properties are
extremely stable and reproducible. In order to
compare the results obtained with the theory of
Mitche114 we have made certain simplifications in
the theory which seem justi6able and obtain a
result for the spectral distribution which may be
readily applied to any metal.

SURFACE PHOTOELECTRIC EFFECT

Modi6ed Mitchell theory

The expression obtained by Mitchell (1934
paper, Eq. (83)) for the photoelectric current per
unit power of incident radiation contains the
frequency, threshold, and angle of incidence as
well as the optical constants of the metal. The
optical constants appear since the effect of
reflection and refraction of the light has been in-
cluded to prevent the emission from becoming
infinite for grazing incidence and zero for normal
incidence. The introduction of the optical con-
stants into the theory may yield a more correct
dependence of the emission on the angle of
incidence but at present makes a critical test of
the spectral distribution in this form improbable
since very little is known experimentally of the
variation of these constants with frequency for

' Kenty, Phys. Rev. 44, 891 (1934).
7 Baker, J. Opt. Soc. Am. 28, 55 (1938).

Cashman and Huxford, Phys. Rev. 48, 734 (1935);
Jamison and Cashman, Phys. Rev. 50, 624 (1936).
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the desired range. An objection of fundamental
importance is the fact that bulk metal optical
constants are introduced into the theory of a
surface phenomenon. The electrons exist origin-
ally in the force Geld at the surface but the
constants of the light wave vary over a distance
of the order of a wave-length into the metal.
Consequently we consider only the incoming light
wave without regard to the perturbation of the
electric vector produced by the surface 6eld with
the realization that the dependence of the emis-
sion on angle of incidence will be incorrect but
with the expectation that the form of the spectral
distribution curve will be right. With this simpli-
6cation the Mitchell theory for the square top
potential barrier becomes

e'v, sin' 8
F.—

16''m2C COS 8 0 0 ~„(„—,)~s, p

where

8=8e'W, sin' 8/hecos 8, W =hv,
P=h(v —vo)/kT, v, —v= vo,

the threshold frequency. Obviously kTy is the
normal kinetic energy of the electron outside the
metal. We now expand the fractional part of the
integrand in powers of (kTy/W, )& and (2) be-
comes, after converting to amperes per watt

B(kT)'
y'"log L1+exp (&—y) 3dy.

e(hv) 4 o

m = 1, 2, 3, (3)

The quantities kv, S", and kT are expressed in
electron volts. Let a = I —h v/ W, and b = k T/ W,
then X~——(ab)&, Xo———2a&b, Xo=-', (4a&+a &)b&,

Xo= —(a&+a—
&) b', Xo ——(a ' a &/8—)b-"'.—

Integrals of the type represented in Eq. (3)

4k, '}k.'+p, (v —v.) }'
v'{(k '+pv)&+[k '+p(v —v,)]*'}'

I„= l y&" log (1+co-v)dy,
0

or its equivalent form

et=012 3

(1)
1+exp h( k.'+ kv+ k,

o pv)/Srr m—kT

where E, is the emission per unit incident energy
(e.s.u. /erg), the k's the electron wave numbers
associated with the x, y, and s directions, 8 the
angle of incidence, v, the frequency associated
with the surface potential step, v the frequency
associated with the width of the Fermi band at
absolute zero, and p a constant equal to Ss'm/h.
In the k, integration the lower limit is (p(v —v) }~

if v(v and 0 if v) v, .
In order to evaluate (1) we introduce the cylin-

drical coordinates N, p and y where N is the normal
component of velocity. Then k, = (2~mu/h),
k„= (2s.m/h) p cos oo, k, = (2o.m/h) p sin e. Further
let exp (mp'/2kT) =Z. Integrating with respect
to Z and p and letting -', mu'+h(v —v,) =kTy,
we have

B(kT)' ("
P =

I log L1+exp (P —y) j
(hv) 0, o(v vg)/oT—

- (—1)*'
I, =I'(-,'m+1) P e'e

s= I S~tm+2
(4)

For P)0:
4pyin+o

I =
(4+m) (2+m)

520 ~
tt

+2 P Co„~oP&" "jR(m—), (5)
o—-o (m —4k)!!2'"

Oo
y

~pm+ I

I„=- dy
m+2 0 e&

—t'+1

occur in many applica)ions of the Fermi statis-
tics to the electron theory of metals, and there
has been need for a complete solution. ,Sommer-
feld, Nordheim and others have given approxi-
mate solutions valid for negative or large positive
values of P. Here we give complete solutions for
all values of P:

For P—0:

(kT +W h )*,(kT )~d where the summation, over k is extended to the

(2) largest integer I which gives a positive or zero
L(kTy+Wa) +(kTy) j' power of P, depending on m. The constant Coo+o
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is defined by

( 1)s—1

c'»+2= z =
l
1- li.(2k+2) (6)

s2k+2 g 22%+1j
Values of the zeta function for real variables may
be obtained from standard tables. ' The remainder
R(m) is given as follows: if —,m is an integer,

"(—1)''
R(m) = a(-,'m)!P e-'e,

~$2tt+2

where the + sign is to be used if -', m is odd, the
—sign if ~m is even. If ~m is a half-integer:

4000 3000 A.U.

where the + sign is used if 2(m+1) is an even
integer, the —sign if -', (m+1) is odd. In the latter
case the remainder is usually negligible. C (LsP]&)
is the probability integral with limit (sP) &. Tables
of J~ e "dx are available to a=2 (reference 9),
and the integral may be calculated by an asymp-
totic expansion for large a(= LsP]') though the
remainder R(m) in this case is generally negli-
gible.

The above solution of (1) holds well for the
long wave-length side of the maximum of the
spectral sensitivity curve (see Fig. 2) but the
calculations become rather laborious for the
short wave-length side since the convergence of
(3) is not rapid for large P. Numerical integration
for this region is easily carried out by noting that
the integrand in (2) can be written

(kTq'-W;
log L1+e "]l

l

—(P y)—
0 W) kT

1
2

W.q
~

Xy'
l y+

kT)

where S;=hP. Hence the integrand can be split
into two factors f(y) and F(P y) and graphs of-
f(y) against y and F(P y) against (P —y) ob-—
tained. From these one gets FXf for a plot of
the integral for any P.

' Cf. Jahnke-Emde: Tables of Functions.

"(—1)r r

R =L-,'m(-', m —1) —,'] P
S=1 $~2m+2

(SP) 2

7rle'~[1 C([s—p]~)5+2e 'e e*'dx, (8)
0

Fto. 1.. Photoelectric yield for barium, for unpolarized
light at approximately 60' incidence. go= 2.49 ev.

VOLUME PHOTOELECTRIC EFFECT

No calculations have been made to our
knowledge of the emission as a function of fre-

quency for the volume effect. Tamm and
Schubin, ' however, have made an estimate of the
threshold position using the Bloch eigenfunction
for electrons in the periodic field of a metal lat-
tice. If it is assumed that there is one electron per
atom, the lattice constant a =n &, where n is the
number of electrons per unit volume. Their result
for the volume threshold at absolute zero becomes

v, = 2(v~v, ) & —v~ where v~ 4(s/3)&——P (9).
EXPERIMENTAL TECHNIQUE

The construction of the phototube and the
method of forming the barium surface were
similar to that described in previous reports from
this laboratory. The envelope was made from a
thin Corex D cylindrical blank whose ultraviolet
transmission was previously determined. The
barium was finally evaporated onto an outgassed
movable nickel plate. which served as cathode.

Optical system

The light sources employed w'ere a tungsten
filament lamp, a 110-volt Uviarc and an H3 high

pressure Hg arc with the outer envelope removed.
The radiation was focused by means of a quartz-
flourite lens onto th'e entrance slit of a Gaertner
monochromator whose exit slit had been re-

moved. The dispersed radiation from this instru-

ment was allowed to fall on a second Gaertner
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FIG. 2. Comparison of photoelectric yield from barium
with theory. Circles are experimental values. Ordinates in
arbitrary units. The maximum emission for the Mitchell
theory is at 2720A.

monochromator of special design set in such a
position that the entrance slit served as exit slit
for the first instrument. The construction of the
second instrument was such that its optical path
was a mirror image of the optical path through
the first instrument, The radiation from the exit
slit was condensed by a special calibrated achro-
matic combination consisting of tw'o quartz
lenses, fixed to move in opposite directions to or
from their' optical center. Converging quartz
lenses were placed against the entrance and exit
slits of the second instrument so that the radia-
tion from near the ends of the slits would not miss
the lens which followed. This arrangement was
particularly effective in the ultraviolet for in-
creasing the energy output of the system. All slits
were set at from 0.1 to 0.2 mm throughout the
range of wave-lengths used. No scattered radia-
tion could be detected.

Measurements of the energy of the resolved
radiation were made with an improved form of
Nichols radiometer" and with an evacuated
Cartwright thermocouple. For the radiometric
measurements an aluminum mirror was fixed
about a vertical axis and mounted near the end
of the condensing system. Rotation of the mirror
through 90' served to expose alternately either
the vane of the radiometer or the photoelectric
surface to the radiation. Kith this arrangement
the time between observations of photoelectric
current and corresponding radiant energy was
limited only by the period of the radiometer. For
the thermocouple measurements it was found

more feasible to mount the phototube beyond the
end of the condensing system outside the prin-
cipal focus and move the thermocouple in or out
of the beam of radiation by means of a carriage
mounted on a micrometer screw. Slit lengths were
reduced to 3 mm so that the final image just
covered the thermocouple junction. Measure-
ments of the radiant energy could be made within
a few seconds before or after the photocurrent
measurement. A Leeds and Northrup galvanom-
eter of sensitivity 5 &(10 volt/mm was used with
the thermocouple and an FP 54 Pliotron in the
circuit of DuBridge and Brown" served for the
photocurrent measurements.

The thermocouple sensitivity was considerably
enhanced by obtaining a low vacuum. To facili-
tate this the couple was pumped with a diffusion
pump for several days and finally sealed off with
a side tube containing outgassed barium in a tung-
sten spiral filament. Slow evaporation of the ba-
rium together with an occasional glow discharge
in the side tube produced a vacuum which made
the thermocouple extremely sensitive. Care must
be exercised not to burn out the thermocouple
wires during the glow' discharge. The radiometer
sensitivity was about ten times greater than that
of the thermocouple-galvanometer combination
but considerably more time was required to get
readings due to the long period of the radiometer.
This was objectionable when the arcs were un-
stable.

In obtaining a set of data by either method the
monochromators were set at a particular wave-
length and several consecutive readings made of
the photocurrent and intensity of radiation. This
procedure reduced the effect of arc fluctuations
to a minimum. The two methods were in agree-
ment within the limit of experimental error.

RESULTS

Measurements taken within an hour after the
barium coating was formed and extending over a
period of five months showed no observable
changes with time in the emission as a function of
frequency. The average of several runs is shown
in Fig. 1 where the photoelectric yield in micro-
amperes per watt has been plotted against wave-
length. The work function for this surface as

"B.J. Spence, J. Opt. Soc. Am. 6, 625 {1922). "DuBridge and Brown, Rev. Sci. Inst. 4, 532 {1933).
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obtained by Fowler plots" is 2.49 ev. This value
is 0.02 ev lower than that found by one of us'
for barium deposited on glass. By reversing the
electrode connections it was possible to draw elec-
trons from barium deposited on the glass wall of
the tube. This surface had the work function
2.51 ev, in agreement with the former value. This
evidence together with previous results on the
effect of heat treatment of the surface' leads us to
believe that the small change in work function is
attributable to slight differences in surface crys-
tal structure rather than to gas contamination.
Surfaces of a composite character or clean sur-
faces exposed to traces of gas show enhanced
"temperature tails" on their spectral distribution
curves and give the appearance of a metal emit-
ting photoelectrons at a higher temperature.
Fowler plots of the emission from such surfaces
show response to wave-lengths several hundred
angstroms longer than the threshold. These phe-
nomena were not observed for the surfaces
studied. The geometrical arrangement of the
various elements of this phototube was such that
the nickel plate would be appreciably heated by
radiation during the deposition of the barium,
whereas the glass wall was kept at room tempera-
ture. The coating on the nickel plate has the ap-
pearance of a finely etched surface but the coating
on the glass is specular. There is considerable
evidence in the literature from electron diffrac-
tion studies that a metal surface formed by con-
densation may have a preferential crystal growth
depending on the backing surface and its
temperature.

In comparing the results with the Mitchell
theory (Fig. 2) we have plotted logarithms of
the current because of the incorrect factor involv-
ing the angle of incidence" contained in Eq. (3).
A vertical shift of the experimental points
should superimpose them on the theoretical
curve, log P, vs. X (Eq. (3)). The following con-
stants were used in the theoretical equation:
AT=0 0259 h&o=2 49 W'=3 58 8 =6 07 all
in electron volts. We have also shown in Fig. 2
the variation in theoretical current with wave-
length as predicted by the simple Fowler theory.

"Fowler, Phys. Rev. 38, 45 (1931).
'3 It is interesting that for 0= 60' the theoretical current

is about one-sixth the experimental current for the wave-
length range 5000 to 3000A.

DiscUssroN QF RESUr.Ts

The curves of Fig. 2 show that the Mitchell
and Fowler theories and the experimental points
are in excellent agreement from 5000 to about
4300A. This does, not necessarily mean that the
square-top model is the correct one but only that
the distribution of the surface electrons is that
of Fermi since the exponential term in Eq. (1)
dominates the variation in emission with fre-
quericy near the threshold. An image field type
of barrier leads to results also in agreement with
Fowler near the threshold. '4

It is well to mention here that the effect of
temperature on the emission at the threshold as
predicted by Eq. (3) is no longer a T' relation as
given by Fowler's" and DuBridge's" simpler
theory but of the form T"'(A BT~+—CT )—
where the work functions are considered con-
stant. This would predict a temperature depen-
dence of Ba slightly under T"' at the threshold.
This is nearer the Young and Frank (T"')
theory, " which is based on an approximation
valid only near the threshold. The work functions
themselves, however, are known to vary with
temperature, '7 and this will alter the effective
temperature dependence.

From 5000 to about 3000A the experimental
data are in good agreement with the Mitchell
theory (Fig. 2), a result which might not be
expected in view of the rather arbitrary value
assigned to the number of electrons per unit
volume in calculating TV;. Here we have used 2

electrons per atom. Calculations by Wigner and
Seitz' on sodium and by Hill" on beryllium indi-
cate that for these metals the value is closer to
1. Fortunately the theoretical curve is rather in-
sensitive to small changes in S;.. Fig. 1 shows
that near the wave-length 2967A, in the region
where the emission is beginning to flatten out,
there is an abrupt rise which continues to 2345A,
the limit of the measurements. This phenomenon
we believe is unquestionably due to the onset of
the volume effect. The theoretical curve reaches
a peak in this region at 2720A. There are two

"K.Mitchell, Proc. Camb. Phil. Soc. 31, 416 (1935).
~' DuBridge, Actuclites Scientifigues et Industrielles No.

268 (Paris).' Young and Frank, Phys. Rev. 38, 838 (1931).' R. J. Cashman, Phys. Rev. 52, 512 (1937).' Wigner and Seitz, Phys. Rev. 43, 804 (1933).
"A. G. Hill, Private communication.
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reasons for believing that the experimental curve
would also reach its maximum in this region were
it not for the volume effect. First its slope con-
tinually decreases in the region 3129 to 2967A.
Second, it will be observed that the slope of the
experimental curve below 2600A decreases. One
interpretation is that the supply of surface elec-
trons diminishes for wave-lengths below about
2600A so that the total emission (surface and
volume electrons) does not increase as rapidly for
shorter wav'e-lengths. We believe, then, that the
Mitchell theory with the modifications given
above gives an adequate account of the variation
in photoelectric yield with wave-length for the
surface effect from barium.

In his 1936paper Mitchell made certain refine-
ments in the theory, designed to take into ac-
count surface roughness and lattice structure of
the metal. The latter consideration would change
the width of the energy band occupied by the
conducting electrons at O'K and hence change v.

Thus two parameters are introduced, co and vo,

whose values are adjusted to give the best fit to
experimental data. The refined theory compared
favorably with the results of Klauer" for clean
potassium surfaces after an arbitrary choice of
parameter values. It appears unnecessary to in-
voke these quantities in the present work,
though an attempt to correlate the theory with
the actual yield would undoubtedly require some
factor involving the surface roughness.

The theoretical threshold for the volume effect
obtained from Eq. (6) is 2950 or 3100A depend-
ing on the value assigned to r and hence v, .
Because of the rough assumptions underlying the
theory the agreement with the experimental
value is satisfactory. The abrupt rise of the emis-
sion curve beyond the volume threshold is in
marked contrast to the gradual rise after the
surface threshold. The latter is dominated by the

20 Klauer, Ann. d. Physik 20, 909 (1934).-

Fermi probability factor, rather than by the
slowly varying excitation and transmission prob-
abilities. The sudden rise in the curve for the
volume effect should be explainable in terms of the
transition probabilities between discreet energy
zones. Another question of interest is the fraction
of incident light energy available for the volume
effect. Previous experiments" on Ba indicate that
only 3 percent of the incident light is absorbed by
surface electrons. Hence practically all the light is
absorbed by internal electrons, and thus one
would expect an optimum theoretical yield of
almost 50 percent were it not for secondary effects
of scattering, re-emission, etc. , which are estimated
by Sommerfeld" to reduce the expected yield from
the volume effect to about one percent.

A more complete theory of the spectral and
energy distributions for the volume effect should
be undertaken. Experiments are now in progress
in this laboratory on the normal and total energy
distributions for barium from the threshold to
2000A. It would be expected a priori that the
energy distribution for the volume effect would
be considerably different than for the surface
effect. If it is possible to separate the two effects
considerable information would be obtained
about the actual energy states in the metal.
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