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In an attempt to explain the discrepancy between Mott’s
theory and the observational results on the polarization of
electrons in the double scattering experiment, we have in-
vestigated the depolarizing effect of (1) multiple elastic
scattering, (2) inelastic scattering with spin change of the
incident electron and (3) exchange scattering in which the
exchanged electrons have opposite spins. Although mul-
tiple scattering actually takes place in the Au foils used in
the experiments, the depolarization caused by such scatter-
ing is negligible. For a screened Coulomb field and electrons
of 100 kv the depolarization in a 2.5X 1075 cm Au foil is
only 2.2 percent whereas a 90-100 percent depolarization
is needed to reconcile theory and experiment. The de-
polarization caused by inelastic scattering is about 100
times smaller than that caused by elastic scattering. The
small depolarization in these two cases is due to the fact
that while there are many elastic and inelastic collisions,
most of these collisions take place with small scattering
angle & and for small angles the depolarization per collision

is small (of order ¥?2). The main contribution to the ‘de-
polarization by inelastic collisions comes then from large
scattering angles at which inelastic scattering is relatively
infrequent. The exchange scattering contributes practically
no depolarization (~10712), While the depolarization per
collision in each exchange process is relatively complete,
the number of exchange processes is extremely small due to
interference (~107! times the number of elastic collisions).
Therefore the absence of polarization in electron scattering
cannot be explained on the basis of the processes con-
sidered here.

A discussion of the validity of the first Born approxima-
tion is given (Appendix §2). It is shown that in the case
that the Born expansion parameter e2Z/hv is of order
unity, the first Born approximation gives a result for the
scattered intensity which is accurate to within 20 percent
or better. The depolarization is given with an accuracy of
18 percent or better.

I. INTRODUCTION

NE of the important consequences of the
Dirac theory of the electron is the pre-
diction that an initially unpolarized beam of
electrons will become partially polarized as the
result of an elastic scattering process. If this
partially polarized beam of electrons is made to
undergo a second scattering, the intensity of the
twice scattered beam, according to the theory,
should be asymmetrical in the azimuth about the
direction of incidence on the second target.
In fact, the calculated scattering consists of two
parts: The first, independent of the azimuth, is
the product of the relativistic Rutherford intensi-
ties corresponding to the scattering angles at the
two targets. The second part arises from spin-
orbit interaction in the scattering field; it de-
pends on the orientation of the magnetic moment
with respect to the second scattering plane, that
is, it is azimuth dependent. Obviously this term
yields a nonvanishing contribution to the scatter-
ing only after the spin axes have been given a
preferential direction.
The quantitative theory of the polarization of
electrons by double scattering has been given by

Mott.! According to his exact treatment of the
scattering in a Coulomb field the expected
azimuthal asymmetry is large enough to be
observed experimentally if the following condi-
tions are fulfilled: (1) only single scattering
should take place in the two targets,®? (2) the
atomic number of the scattering atoms of both
targets should be large (Z/137 comparable with
unity), (3) both scattering angles should be
large (of order w/2), and (4) the energy of the
incident electrons should not be too small.?

The intensity of the doubly scattered beam is
proportional to J where

J=1406(31, J2) cos e. (1)

Here ¢, and ¢, are the two scattering angles,
¢ is the azimuthal angle and § is a function of
the two scattering angles which has been calcu-
lated by Mott. The asymmetry, that is, the
quantity given in the experiments is

26=(Jo—JTx)/Tn» (2)

I N. F. Mott, Proc. Roy. Soc. 135, 429 (1932).

2 As will be seen in the following, this condition is
perhaps too stringent.

3For Au the theoretical asymmetry is negligible below
30 kv, attains a (rather flat) maximum at 130 kv and then
very slowly approaches zero for infinite energy.
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where the subscripts refer to the azimuthal angle.
For ¢1=93,=m/2, the scattering in Au of elec-
trons of 90 to 160 kv should be characterized by
an asymmetry of 12 to 16 percent.

Very careful experiments for the purpose of
observing the asymmetry have been carried out
by Dymond.* With electrons of 90, 125 and
160 kv energy scattered through angles /2 at
two Au foil targets the asymmetry observed was
of the same magnitude as the experimental
error of one percent. That is, if there is any
asymmetry at all, it is small enough to be com-
pletely masked by the one percent experimental
error due to the small deviations from ideal
geometry, etc.

In the attempt to reconcile the theoretical
results of Mott and Dymond’s experiments we
may first inquire whether all the conditions
mentioned above were fulfilled. The only con-
dition the fulfillment of which may be open to
question is that of single scattering. It can be
shown (Appendix §3) that an appreciable amount
of multiple scattering (about 50 collisions) takes
place even in the thin foils used by Dymond
(2.5%X1075 to 5X10~¢ cm thickness). It is evident
that multiple scattering will result in some
depolarization of the beam but just how much
remains to be seen.

In addition to multiple scattering we have
investigated the depolarizing effect of other
processes. These are: (1) inelastic scattering with
change of spin of the incident electron and
(2) exchange scattering in which the exchanged
electrons are of opposite spin.

The result of these considerations may be
stated very briefly. Unfortunately, none of the
effects considered produces any appreciable de-
polarization of the electrons and the discrepancy
between theory and experiment remains—per-
haps more glaring than before.

II. TuE THEORY OF POLARIZATION

Before discussing the depolarizing effect of
multiple scattering it will be most convenient
to recapitulate some of the general theory of
double scattering.! We consider an electron with

4 E. G. Dymond, Proc. Roy. Soc. 136, 638 (1932), 145,
657 (1934). For further references and a critical survey of
the experimental work see H. Richter, Ann. d. Physik 28,
533 (1937).
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wave number % incident along the z axis and
scattered elastically in the direction ¢, ¢ by
some field of force. The wave function describing
the electron is asymptotically

yo~se +u, (9, qa)e“"/r, v=1...4, 3)

where s, are the components of the amplitude of
the Dirac plane wave. In particular we have

53==A, 84=B, (4)

where 4 and B are constants related to the
direction of the spin axis (xo, wo) in the incident
beam.

—B/A =cot (xo/2)et". (5)

We may further impose the normalizing con-
dition
[4]*+|B|*=1. (6)
The differential cross section for scattering into
the solid angle dQ is then given by

<I>on=(|u3|2+|u4[2)dQ. (7)

The general solution of the scattering problem
may be obtained by a superposition of the two
waves corresponding to A=1, B=0 and 4 =0,
B=1. Mott has shown that in these two cases
the asymptotic forms of the wave functions ¥3
and ¢, are given by:

A=1,B=0:
‘pg,\,eikz_}_f(ﬂ)eikr/r
. (8a)
Ya~g(d)eivetr/r,
A=0, B=1:
~ —g(&)eivettr [y
¥s g(9) / (8b)

¢4~eikz+f(g)eikr/r,

where f and g are independent of ¢ and are the
same functions in (8a) as in (8b). By superposi-
tion we find for the scattered beam

us=Af—Bge ¢, u,=Bf+Ageis. 9)

For the scattered electron the direction of the
spin axis x, w is given by (cf. Eq. (5))

—uy/uz=cot (x/2)e. (10)
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The scattering of an initially unpolarized beam
may be described by considering the beam to be
composed of two equally intense completely
polarized beams with opposing directions of
polarization. This direction is arbitrary and it is
convenient to choose it so that the direction of
polarization in each beam is the same after one
scattering as before. That is, from (5) and (10)

us/us=B/A. (11)
From (9) we find

B/A = *iete. (11a)

Choosing the scattering plane as the plane ¢=0,
we have

B/A =i, (11b)

which means that the direction of polarization is
normal to the scattering plane. The two polarized
beams may now be considered separately.

The amplitude of the once scattered beam is
then

us/A=us/B=fFig (12)

and the intensities for the two scattered beams
are given by

®x= | f]24 [ g| 2Fi(f*g— fz¥).

Thus after one scattering the beam is polarized
with a polarization given by

st=ai(fg*—r ) /(1 fI*+1gl?).

The existence of a polarization therefore depends
not only on the existence of g but also on a
difference in phase between f and g.

The scattered intensity averaged over the spin
directions is from (12a)

Po(9) = [ fI*+|g|*

Since the two beams are treated independently
the intensity for the double scattering is obvi-
ously equal to (compare (1))

®o(F1)Po(S2) [ 1+ (8(1)8(2)) ¥ cos o]

(12a)

(12b)

(12¢)

(12d)

I1I. DEPOLARIZATION BY MULTIPLE ELASTIC
SCATTERING

We consider that the scattering in each target
consists of many small angle scatterings (mul-
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tiple scattering) plus one large angle scattering
so that the total deflection is 7/2. The small
angle scatterings taking place before the first
large deflection do not polarize the initial beam
and, of course, we are not interested in the de-
polarizing effect of the small angle scattering
after the second large deflection. Therefore our
problem is to determine the depolarization of the
beam between the two large deflections after it
has been polarized by the first of these large
deflections.

We define the polarization p in terms of
the probability amplitudes for the two spin
directions:

p=|4]*—|B|* (13)

Then the change of polarization per collision is
sp=(lus|?— [ua|?)/(|us|*+ |us|) —p. (14)

From (13), (9), (7) and (12¢) we find for the
change in polarization averaged over the azimuth®

sp=—2p[g|*/(IfI*+]g[". (15)

Multiplying by the number of collisions with
scattering angle ¢ which take place in a distance
x; in the first target and a distance x; in the
second target, which from (12c¢) is 2xN(x:
+x2) (| f|24 | g|?) sin 9d¥, we find for the net
polarization

P(x1, x2)
=exp [—-47rN(x1+x2)fw|g|2 sin 19d0], (16)

if the polarization is complete initially. Here N
is the number of scattering atoms per unit vol-
ume. Averaging over the effective thickness of
each target for 45° incidence (and emergence)
we have

1 ved ved

dty f deoP (), (17)
0

2d%/

where d is the actual thickness of the target. Thus
we find for the degree of polarization

1—e7dy\ 2
P-(=)
~d

8 There is no correlation between the direction of the
spin axis and the azimuth of the scattering plane.

(18)
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where

7=4ﬁme[gPﬁan. (18a)
0

From the above treatment it is apparent that
P represents the ratio of the polarization of the
beam just before the second large deflection to
that just after the first large deflection. Therefore
the asymmetry is now given by

28 = P26uou. (19)

In the following we shall refer to 1—P as the
degree of depolarization.

Calculation of degree of depolarization

The calculation of g may be carried out by
formulating the scattering problem in terms of
the phases of the scattered (partial) waves at
infinity. We denote the radial wave functions of
the third and fourth components of the Dirac
wave function by Gx. For the two types of solu-
tions of the wave equation, that is, for the total
angular momentum quantum number j=I+4+1
and /—3, x is given by

x=1
w=—]—1

for j=1+
@

for

(SRS

At large distances 7 from the scattering atom
Gx has the asymptotic form

Gx~1/rcos (kr—(I4+1/2)7+nx). (21)

Defined in this manner, the phase 5x vanishes for
the free particle.®

Mott! has shown that superpositions of the
partial waves, Gx multiplied by a suitable
spherical harmonic, may be found which have the
asymptotic form (8) with g(&#) given by

() =i/2k§Pll(cos I)[e?in—e?in-11], (22)
0

where

Pi(cos &) =sin #(d/d cos ¥)P,(cos #) (22a)
and P; is the ordinary Legendre polynomial.
With this expression for g the integral occurring

8 For the free particle G,~7"4J),3 (kr), where J is the
Bessel function

ROSE AND H. A.

BETHE

in (18a) becomes

f |g|?sin 9d¢
0

—2/B Y (1) /(241)) sin® oy, (23)

where

Oni=1m—1-1-1. (24)

To determine the phase difference én; we con-
sider the differential equation obtained for Gx by
eliminating the radial function of the first and
second Dirac components from the well-known
pair of simultaneous first-order equations.” The
equation obtained may be written in the form

d*G’ /dr*+Q(r)G' =0, (25)
G=(2m+E— V)G /r. (25a)

E is the kinetic energy of the electrons and V is
the scattering potential.

w(e+1) 2V(E+mc?)
r? B h2c?
x+1  dV/dr
+
r 2mc*+E-V
1 (@V/dr)*+2Q2mc*+E—V)d*V/dr?
4 Qmc+E—V)? '

Q) =k~

(26)

For the scattering potential V we must use a
screened Coulomb field since at the small angles
in which we are interested, the scattering by the
atomic electrons is just as important as the
nuclear scattering. We shall take

V=—(e?Z/r)e", (27)

where b is the screening length (see Eq. (39)
below).

We may solve (25) by the W. K. B. method.
If », is the (largest) root of Q(r) we have for
r>ry,

const.

Q2me*+E—-V)"}

x =

rQt

X cos [f“erdr - 7r/4]. (28)

7Cf. e.g., H. A. Bethe, Handbuch der Physik, Vol. 24/1,
p. 311.
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In order to evaluate the integral in (28) we note first of
all that the last two terms in (26) are small compared to
the third term. As is evident from (26) the relative magni-
tude of the small terms will be largest for small 7. In this
case we have

Av/dr~V/r,  &V/ir~2V /e (29)

Then in the last term the important part is that involving
arvy/ar, viz.:

@V /dr)?/4mc*d? V /dr*~V /8mc?
=(Z/137)(kh/mc)1/81<K1, (29a)

since for 100 kv kk/mc~1. In (29a) we have evaluated V
at the minimum 7, i.e., r1~I/k. (See Eqs. (33a) and (34a)
below.) The ratio of the fifth to the third term is

L(h/mer oS 2 (kh/me)?1 I <1/, (29b)

Similarly, the ratio of the fourth term to the third is less
than 1// which is also small compared to one.

The third term is therefore the leading term of those
involving the potential V. This term will be comparable
with the free particle terms ~#%2 only for the smallest
values of /, viz.:

third term_2Ze? m 2 EK)’
e term ot S (2K —urs 29
p” prrrd ; ( 7)< (29¢)

where Eg is the ionization potential for the K shell;
Eg~40 kv for Au.

~
first term

We may now expand Q in powers of the small
terms. We set

Q=g+, (30)

where
q=k*—x(+1)/r*+2koe~"%/r,  (30a)
ko=e*Z(E+mc?) /R (30b)

Then

oy =f Q2 —Q_iy)dr

™1

=3 f "N —q i dr (31)

1+3 ®
g} dV/dr)dr/r,

- E+2mc?,,

since ¢ is the same for both values of .
Denoting the integrand in (31) by I we use the
identity

fldr-——f Iodr—{—(f Idr—f Iodr), (31a)

where Iy=1(ky=0) and r¢=r;(ky=0) is the root
of g for ko=0. We denote the contribution of the
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first integral to the phase difference by &,(?
and that of the last two integrals by 67, ; the
latter will be important only for small [ (cf.
above). When the last two integrals are
considered together, the difference between the
integrands is appreciable only when the term
2koe~7'?/y is important compared to the free
particle terms in (30a). This is the case for
r~ri~7,. Then, since we consider / small, in
I—1, we may set the exponential e~"/*=1 and
neglect the term 1/b in dV/dr since these two
neglections partially compensate each other and

the error thus induced is ~(7o/b)*~ (I/kb)?
(1/20)2 for energies of the order 100 kv, (cf. (33a)
below).
With
om=6m®+ 59,0, (32)
we have
I+% eZ podrsl 1 e~rlb
= ——(—+-)——. (33)
E+2mer k J,, v \r b/ (r2—rp)}t

In the following we shall replace »(x+1) by
(I+3%)? for both values of »x, this procedure being
appropriate for the W. K. B. solutions. Then

ro=(l+13)/k. (33a)
The contribution to the phase difference 67,®
is given by

1

I+3 ® dy
o =——erzl [ Sk
E+2mc? w

- [ migq—%<ko=o>]

70 b=

(34)

It may be noted that 7, differs very little from 7o:
7’1’*«’7'0(1 fko/kZTo) z?’o[l - (Z/137l)kﬁ/mc] (343.)

‘The integration in (33) is carried out in
the following manner. With the substitution
r=r, cosh x the integral in (33) becomes

1 (e}
_—;f sech? x(1+)\ cosh x)e—)\ cosh ;cdx,
ro™ o

where N=7,/b=(I+%)/kb. Integrating the first
term by parts we find
Ak eZ i
om0 =—-— — cosh xe™ cosh zdx, (33b)
I+3% E42mc%/,
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From Heine's integral representation of the
Hankel function,® the integral in (33b) is equal
to —w/2H,®(2\). Then we obtain

o TEZHO6N
@ = —=—

B (35)
2 b E42mc?

The integral (34) may be evaluated in terms
of elementary functions. We find

1 e2Z\?* E+mc?

om (D= (‘_‘ — ® (36)
(@+3)2*\tc/ E+2mc?

tan @ = —(I4+3k/ko, 7/2<O<7w. (36a)

From (35) and (36) we note that the phase
difference &; is small for all /. Since both &7,
and 69,V decrease monotonically with increasing
1, the largest én; will be 871 For energies of the
order 100 kv and for any reasonable screening
length b the argument of the Hankel function in
(35) is small for small .

eZ E t
8@ =— ————

#ic \E+2mc?

(small ) (37)

I+3

For /=1 and E=100 kv (37) and (36) give
on1©®=0.116 and 87,V =0.176 so that 64,=0.29.
Therefore we may replace sin éy; in (23) by o
for all I. For very large I, I>>kb the phase differ-
ence behaves like e~¥/*%, For small [, I<kb the
summand in (23) is comparatively small because
of the factor I(l+41)/(2/+1). For the important
values of [, I~ kb the summand varies very slowly
and we may replace summation by integration.

For the quantity v occurring in the polariza-
tion factor P (compare (18)) we find from (18a),
(23), (35) and (36):

ez 2
v= 4\/2—7rN( —)
E+42mc?

X (log 2kb—C—3+2¢S14¢2Ss), (38)
where C is Euler’s constant=0.577 and
e?Z  E+mc?
=— (38a)

§= —,
hc EYE-2mc?)?

8 Jahnke-Emde, Tables of Functions, p. 218.
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T o NHi M (2N)

Si=—— 5l g 38b
PRy 5
Sy= S @2(1+1)%. (38¢)

The sums S; and S; may be evaluated numeri-
cally. For b we use the Thomas-Fermi atomic
radius

b="1/me*Z =1.23X10~° cm for Au. (39)

Then for E=100 kv we have kb=21, ¢=1.05,
S1=1.98 and S;=1.76. Then

v=890 cm~L (40)

For the thickest foil used by Dymond, d=2.5
X10-% cm and

yd=2.2X10"2. (41)

Since the main contribution to the sum S; (and
to Sy as well) arises from small® [ where H,® (4\)
~2/mw\, it follows that S; and therefore v is
practically independent of the screening length b.
In addition, for the energies of interest, v is
insensitive with energy and in general vd will be
of the order 1072, For such small values of yd the
degree of depolarization 1—P (Eq. (18)) is just
vd. Hence multiple elastic scattering produces a
negligible depolarization of the electron beam.
To resolve the discrepancy between theory and
experiment a degree of depolarization of about
95 percent or more is necessary, i.e., yd should
be 2> 4. It is very unlikely that the approxima-
tions made in the above derivation can introduce
an error of more than a factor two or three,
certainly not a factor 100.

The explanation of the small depolarization we
have found lies in the fact that while several
small angle collisions occur the depolarization in
each collision is too small to give an appreciable
total depolarization. (Compare further Ap-
pendix §1).

IV. INELASTIC SCATTERING

In this section we shall investigate the effect
of inelastic scattering on the azimuthal asym-

9In the sum 'S; the first term contributes about half
and the first five terms about 90 percent of the total value
of the sum. In S; the contribution of the first term is
75 percent and of the first five terms about 99 percent
of the total value of the sum.
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metry of the doubly scattered electron beam. In-
elastic scattering may reduce the asymmetry in
two ways: (1) a simple reduction of the energy
before the large deflections take place and (2)
depolarization caused by change of spin of the
incident electron in the inelastic collision.

The first effect would reduce the asymmetry
since the large deflections would then occur at
lower energies at which the polarization is indeed
smaller (cf. reference 3). However, the rate of
energy loss!® in Au is two Mev per g/cm? and
with Dymond’s foils the total energy loss is only
one kv. Therefore this reduction in the asym-
metry is entirely negligible.

We consider now the inelastic scattering in
which the incident electron changes its spin. If
we denote the differential cross section for this
process by ®,’sin ddd, the depolarization per
collision is 2®,’/®, where &, is the total scattering
cross section for excitation of the nth atomic
state. In a manner similar to that used in the
derivation of (18) we have for the degree of
depolarization

1—evd\?
1—-P=1-—( ) ,
vd

'y=4\/27rNZf ®,/(¥) sin 9dd.  (42a)
"y

(42)

where now

The summation in (42a) is to be taken over all
excitations.

To calculate the differential cross section we
may use the Born approximation. That this pro-
cedure will yield a sufficiently good result may
be concluded from the fact that the values of the
angular momentum of the incident electron for
which the inelastic scattering is important are
larger than the corresponding momenta for
elastic scattering. Since larger angular mo-
mentum implies smaller phases of the scattered
partial waves, it follows that the Born approxi-
mation is better for the inelastic scattering than
for the elastic scattering—and for the latter the
Born approximation is quite accurate even for
the values of atomic number and energy with
which we are concerned (see Appendix §2).

10 See e.g., H. A. Bethe, reference 7, p. 522.
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The differential cross section (per solid angle)
in Born approximation is given by

4et
!

P, =
[(k—k')’+(E—E'/hc)* ]

(fmiz)zl M., (43)

h2c?
M,l=fdrun*z exp (1q-1;)(@o+a- ) un, (43a)
i

ao=sk)s*&’), a=—s*&)ask) (43b)

and q=k—-K/, g=2k sin ¢/2. (43c)

Here E, k and E’, k’ are the energies and wave
vectors before and after the scattering; s(k) and
s(k’) are the amplitudes of the Dirac plane waves
for positive and negative spin, respectively; #n
and u, are atomic wave functions for the initial
and final state, respectively, the components
being Schrodinger-like wave functions since very
little energy is given to the atom; the Dirac
operator e; acts on the spin coordinate of the jth
electron. In (43) and (43c) we have used the fact
that the energy loss is small: k~k', ExE'.

In §4 of the appendix it will be shown that the
second term of (44a) is much smaller than the
first term over practically the entire range of
integration over ¢. Then the retardation term in
the denominator of (43) may be neglected and
the matrix element (43b) becomes

M,,=aan, (44:)
where F, is the “‘generalized form factor”
Fn=fdrun*}: exp (4q°I;)tm. (44a)

i
1 E )
With Qo=—— sin dei¢ (45)
2 E4+mc?
the differential cross section (43) becomes
1 e2 2
¢, =—(— — ) cot? (8/2)| Fal? (46)
4\ E+2mc?

1 H, A. Bethe, reference 7, p. 495.
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Summing over all excitations we have, using the
Hartree model®

Z | F*=21—=|Ful?,

nyEm m

(47)

where F,, is the atomic form factor for the mth
electronic state

Fu= [drexp a0t @7)

wherein ¢, is the wave function of a single
atomic electron in the mth state. The integration
in (47a) is now to be taken over the coordinates
of a single electron. The summation on the right-
hand side of (47) is to be taken over all occupied
states.

For large ¢ the atomic form factor F, is neg-
ligible due to interference. We may set

Fm=0 g>1/bm)

where b,, is the radius of the mth electron shell.
For smaller ¢ we may expand the exponential in
(47a) and obtain

for (48)

Fm=1~%g2fdm?|¢m!2, g<1/bn (48a)

where 7, is the component of r in the direction
of q. The term linear in 7, vanishes from sym-
metry. The matrix element of 7,2 may be set
equal to b,2. Thus we have

q2bm2 q < l/bm

1 — | Fp2= .

(49)

Actually 1— | F,|? is less than the smaller of the
two values on the right-hand side of (49).

For the evaluation of the total cross section for -

excitation of the atomic electron in initial state
m we have

[ B sin 0d0=i(———e——) S+, (50)

E+2mc?] =
where
Im
To=by? f cot? (8/2)g sin 948 (50a)
0

12 The transitions which are forbidden by the exclusion
principle (state » initially occupied) have not been sub-
tracted. Therefore the cross section is overestimated.
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is the contribution to the scattering from small
angles and

sin ¢,/2=1/(2kb,,). (50b)

The contribution from the large angle scatter-
ing is
Il=f cot? ¢/2 sin ¥dd. (50c)
s

m

Carrying out the integrations in (50a) and (50c)
we find

Io+1,=4 log 2kb,. (50d)

In carrying out the summation over m occurring
in (50) we obtain the geometric mean of the shell
radii b,, which we may replace for order of mag-
nitude purposes by b, the screening length intro-
duced in Section III (cf. Eq. (39)). That is,

S (Io+1,) =4Z log 2kb. (50e)

For the quantity v we obtain from (42a)

vy=4V27 NZ(e?/E+2mc?)? log 2kb.  (51)
For E=100 kv and the foil thickness d=2.5
X10~% cm we find

y=5.0cm™, yd=13X10"* (52)

We see then that the depolarization by inelastic
collisions is negligible. We observe that the de-
polarization caused by inelastic scattering is
smaller than that caused by elastic scattering by
about a factor 1/Z (cf. Egs. (38) and (51)). This
can be understood from the fact that the small
angle scattering gives a small contribution (cf.
Egs. (50a), (50c)) to the depolarization. At large
scattering angles, it is well known that the total
elastic scattering is about Z times larger than the
inelastic, and the depolarization in one scattering
process is the same for elastic and inelastic
collisions at a given scattering angle, (see Ap-
pendix, Egs. (107), (107a)).

V. EXCHANGE SCATTERING

A change in the polarization of an electron
beam can take place as a result of exchange
scattering only if the exchanged electrons have
opposite spins. Since the spin forces are weak for
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the atomic electrons the spin of each electron will
not change in the capture and emission processes.
This also has the important consequence, that
such exchange processes as we are considering
can take place only with atomic electrons in in-
complete shells. Exchange between the incident
electron and an atomic electron of opposite spin
in a closed shell will result in two atomic elec-
trons having the same set of quantum numbers
and this is forbidden by the Pauli exclusion
principle. Thus in Au only the 6s valence electron
can participate in the type of exchange scattering
which leads to depolarization.

In contrast to the case of depolarization by
elastic and inelastic scattering, the depolarization
per collision due to exchange scattering will not
be small but the net depolarization will be ex-
tremely small because very few exchange col-
lisions of the type considered will take place. This
is due essentially to the strong interference be-
tween the wave functions for the valence state
and the continuum.

To obtain a quantitative estimate of the im-
portance of exchange scattering we make the
following (necessarily) rough calculation of the
exchange cross section. The differential cross
section is given by'?

D ox () sin I3 = (87%a¢®)~| Mex|? sin 9dd, (53)

where ao="%2/me? is the Bohr radius. A factor %
has been inserted in.(53) because the spin of the
incident electron must be opposed to that of the
valence electron and this is true in half the cases.

The matrix element for exchange is essentially
given by

Mex= de,dexbz*(f)Xk'*(fZ)

X|r—rz|"Wa(rz)xu(r), (54)

where r, rz denote the coordinates of the elec-
trons initially in the continuum and wvalence
state, respectively. Yz is the wave function for a
single electron in the valence state and moving
in the field of the rest of the atom. xx and x-
are the wave functions of the incident and out-

going electrons, respectively. We take
xx(r) =exp (ik-1), xw(rz)=exp (k' -rz), (55)

13 See e.g., H. A. Bethe, Ann. d. Physik 5, 325 (1929).
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k and k' representing the initial and final wave
vectors.

Because of the rapid oscillation of x the
contribution to the matrix element will be small
in the region where ¢z is slowly varying, but
will be appreciable near the nucleus where ¢z
also varies rapidly. We therefore represent the
valence state wave function by

Vz(r) =y2(0)e~f, B=7Z/as.

With the wave functions (55) and (56) the
matrix element (54) may be evaluated to give
approximately

(56)

327 \ B
M ex “*—N/Z 0)] Fra)? (57)
where q=k—k’ (cf. Eq. (43¢)).

The value of the 6s wave function ¢z at the
nucleus may be obtained from considerations of
the type used in the theory of hyperfine struc-
ture.!* For s electrons we find

Z(142)%G, Z) B
v ()= F =5 (s

Tadn*3 T 720 *3

where z is the degree of ionization (here =0),
Z; the effective nuclear charge (here =2), n* is
the effective quantum number and «(}, Z) is a
relativistic correction factor given in Eq. (246)
of reference 14. For the 6s state of Au, n*=1.21
and «=2.0.

From (53), (57) and (58) we find for the
differential cross section

K2 Ru 2 (102
(—) B 59
Z4n*6 E (1+$2)4
where £=(2kao/Z) sin ¥/2 and R,=e'm/2h* is

the Rydberg energy.
From (59) we obtain for the total cross section

327 « ) (ao)
@extot —_—
n*“(

X[1—(1+4%%/8%)7*].

Doy (9) =128

(60)

14 See e.g., H. A. Bethe and R. F. Bacher, Rev. Mod.
Phys. 8, 82 (1936) Chapter VIII.
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For energies of order 100 kv, k2/8=~1 and the
square bracket in (60) is practically equal to one.

For the degree of depolarization we have
(compare (42a))

¥d =2V2ZNd Pt

64V2r k2 fRN\? fao\?
=*~—(-) (~) Nd. (61)
3 w\E/ \Z

For E=100 kv, d=2.5X10"° cm we find vd=2
X 1072, an entirely negligible depolarization.
This result is due to the rarity of exchange
collisions. Since most of the collisions are elastic
we see by comparison of (60) and the total
cross section for elastic collisions (Appendix,
Eq. (112)) that the fraction of collisions which
are of the exchange type is

Doxtot 8 k2 RN\ 7/ v \2
T e @

Peitot 3 u*\E ez

Thus for E=100 kv only one in 4 X 10!3 collisions

is of the exchange type.

APPENDIX

§1. Depolarization per collision at small angles

In order to see that in each elastic collision
only a small depolarization occurs, it is ad-
vantageous to consider the angular dependence of
the depolarization. The depolarization in a de-
flection at angle ¢ was given in Eq. (15) as

—op/p=2|¢g|*/(|fI*+]g]®.

The function g is given by (22). The Faxen-
Holtzmark expression for f is

(101)

F(9)=3/2k 5" Py(cos 9)

XL+ (e2in—1) +1(e2r--1—1)]. (102)

From (21) and (28) the phase 5« is given by

nx=Lim( f Oldr— f Qo%dr), (103)

where the subscript 0 refers to Z=0. We can
expand the integrand in terms of the most
important potential term and find for both

E. ROSE AND H. A.
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values of » (compare (30))%

> gy e*Z i )
nxzkoj '—e_r/bQo%=—-"—}Io(1)(2)\). (1038,)
ro ¥ ﬁv 2

For the sake of simplicity we first eliminate
n—1—1. We can see very easily that the phase
difference 5;— n—i—1=07; is small compared to 7,
for all I. The ratio dn;/n; is largest for [=1.
From (103a) and ((37) et seq) we find for the
usual values of the constants, 67:1/%:=0.10.
Therefore in (102) and (22) we expand e?®¥7 and
f and g become

F=(i/2k) " (21+1) Pi(cos ) (e*11—1),  (104)

g=—(1/k) > P;*(cos &)dne%n. (104a)
0

Now since most of the collisions take place
for small scattering angles we are interested in
the values of f and g for ¢ small. Making the
appropriate expansions we have from (22a)

F=(i/20) S @+ 1) (e —1),  (105)

o= (8/28) SSU(I+1) smie?in, (105)

Since 5; and 84; behave like e~¥/** for large /, the
series (105a) converge and we find from (101)
that at small scattering angles the depolarization
per collision is small of order #2 This result is,
therefore, true for any scattering field for which
the scattered intensity is finite for small angles.
For scattering in a pure Coulomb field, the
series (105a) will, of course, diverge. In this
case, for small 9,6

|f| = (2¢*Z/hw) (1) 3%),
lg| = (e?Z/hw)(E/E+mc*)(1/9k),

(106)
(106a)

15 The error incurred by this expansion is small for the
important values of J(~kb). The error is greatest for /=1;
with E=100 kv the phase 7 from (103a) is 2.62 whereas
a numerical integration of (103) gives the exact value
m=2.87. The difference between the exact value of 7,
and the value given by (103a) decreases rapidly with
increasing [.

16 Reference 1, Eq. (6.8).
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so that the depolarization per collision for small
deflections is of order ¥ for all scattering fields.

For the numerical value of the depolarization
in one elastic collision we find for 100 kv (see
Egs. (109) and (109a) below)

2|g/f|2=0.01352 (107)

For inelastic collisions we have, of course, the
same result. The depolarization per inelastic
collision is from Section IV (cf. (45) and remarks
preceding Eq. (42)),

20, /®.=2|ao|2=%(E/E+mc?)?sin? ¢

~0.0139%  (107a)

The small depolarization found in the fore-
going may now be understood as follows. The
depolarization depends on the product of the
scattering cross section and the depolarization
per scattering (101). The former is large only for
small ¢ and just in this region the latter is
small.

§2. Validity of the Born approximation

In the foregoing the statement has been made
that the Born approximation is accurate for the
elastic scattering even though the Born expansion
parameter e2Z /v =1 for the energies and atomic
number in which we are interested. We shall now
show that this is so not only for the scattered
intensity |f|2+ |g|? but also for the depolariza-
tion~ | g|2. For large scattering angles the Born
approximation is known to give a result for the
scattered intensity which is in agreement with
the exact formula of Mott (nuclear scattering).

In the Born approximation the phases 5, and
6, are assumed small and for f and g we have
from (105) and (105a)

fa= —(2/k)§:(1+%)m, (108)

g32<a/2k>§0°:(1+%>25m. (108a)

Replacing sums by integrals and using (103a)
and (35) we find!?

17t is obviously consequent in the first Born approxi-
mation to use for the phase and phase difference the
limiting forms for small scattering potential, hence
oy =0,
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fs= —m’kbz(e?Z/hv)f NH (D (2N)d\

1/kb

= —n(e2Z/Tw)bH, V) (3 kb)

~2(e2Z/hv)kb?, (109)
since kb>1;
T ez E H i
gp= ——kb—{ — ) 19f NH D (4N)dX
4  fic \E+2mc? 1/kb
T e2Z E iy
=—— ————) —H,MV(2/kb)
4 hc \E+2mc*/ k
=~ (e*Z /hc) (E/E+2mc?)*kb?9. (109a)

Of course gp and fp depend on the screening
length b, but their ratio is essentially inde-
pendent of the screening and in agreement with
(106) and (106a) as it should be, cf. Sauter.!8

In order to test the Born approximation for
our problem, the exact value of the sums
occurring in (104a) were found numerically.!®
For kb=100 and e?Z/hv=1 corresponding to E
about 100 kv we find

|f] =1.81X10%/k, |g|=0.167X10*/k. (110)
The Born approximation yields

fr=2.0X104/k, g5=0.182%X10*9/k. (110a)

The use of the Born approximation therefore
overestimates f by only ten percent and g by
9 percent. For the scattering the error is 21
percent and for the depolarization 18 percent.
The screening radius & has been taken rather
large in the above example. For smaller screening
lengths the phases for a given ! are smaller and
the Born approximation better.

This result is perhaps not surprising insofar as
it is well known that the condition for the
validity of the Born approximation €?Z/hw<1 is

18 F, Sauter, Ann. d. Physik 18, 61 (1933).

19 For the calculation of these sums the part dm® of
the phase difference may be neglected since this part of
&m; contributes to g the amount

1(2Z\* E+me? 0%

glNﬁ(hc) E¥2mck ? 6.

The absolute value of the sum is of order or less than wkb

and for the numerical case considered in (110) g1=308/%
as compared to g~17008/k from &7,(9-
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a sufficient but not a necessary condition. In the
problem considered here it is possible to see
qualitatively the reason for the fair agreement
between (110) and (110a). In (104) and (104a)
the main contribution to each of the sums arises
from those values of [ for which the phase 7, is 7/2
or smaller and in this region the assumption of
small phases is sufficiently well fulfilled.

It may be pointed out that the Born approxi-
mation is not accurate for the calculation of the
polarization of the electrons, but only for the
depolarization (or scattered intensity). The
polarization as was mentioned in the foregoing,
depends on the relative phase of f and g whereas
the depolarization depends on the value of g
itself. The relative phase of f and g is in fact
zero in the first Born approximation?® (in con-
trast to the value of g itself) and at least the
second approximation is necessary for the calcu-
lation of the asymmetry.

§3. Total number of collisions

a. Elastic collisions.—The average number of
elastic collisions taking place in a foil of thick-
ness d is

ne=2\/§7rNdf B (9) sin 9dd,  (111)
0

where a factor V2 has been inserted because of
the obliquity of the path. With &=|f|? and
f given by (104) we have in the Born approxi-
mation

@e]t°t=21rf (1301(19) sin ddd
0

=4 (e2Z /)2 (112)

With d=2.5X10"%5 cm and b=#%/me?Z* we find
that on the average 40 elastic collisions take
place in each foil.

b. Inelastic collisions—The total number of
inelastic collisions in each foil is'®

et Va 2mu?
ni=2V2rNd— Y — log ,
my? " A4, A,

(113)

where 4, is an energy of the order of magnitude

20N. F. Mott, Proc. Roy. Soc. 124, 425 (1929). Also
F. Sauter, reference 18.
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of the ionization potential and », the number of
electrons in the nth shell. For Au we may take

A,= 6 volts for the 6s shell
—_ 20 (43 ‘e [ sd X
=100 “ ‘55, 5p and 4f shells.

The contributions to the sum in (113) from
the 6s, 5d and the Ss, 5p and 4f shells are 1.85,
4.95 and 1.7 reciprocal volts, respectively. The
contribution from the remaining shells will be
about 0.5. The total number of inelastic collisions
is then #;~16. This number may be in error by
a factor 3 or so in either direction but in any
case it is indicative of the fact that several
collisions can take place in the foils under
consideration.

§4. Relative magnitude of transition “current”
and ‘“density” terms

In Section IV it was stated that the current
term in (43a), viz:

a'Jza-fdrun*Z exp (1q- 1)) e, (114)
i

makes a contribution to the inelastic scattering
which is much smaller than that due to the
density term aoF, (cf. (44), (44a)). Since the
relative magnitude of the current term is largest
for small scattering angles we may expand the
exponential and obtain

Fo=1q-1,, (115)

where

rn=f2rjun*umdr (115a)
-

is the dipole moment corresponding to the
transition #,—1u,. For the current term we have,
with e;= —1;/c

J=1(AE/kc)tn,, (116)
where AE is the energy loss. Therefore the ratio
of the current to density term is

a-J AE a-r, AE |a]

aan——hcao q-r, #hcay q ’

(117)
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since the direction of r, is not significant. From
(43b) we find

|a| =hc[q*— (AE/kc)? ] /2(E+mc?). (118)
With a, given by (45) we find
a-J AE
<p= . (117a)
aoFn E sin ¢

The right-hand side of (117a) is appreciable only
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for

I<AE/E~3,2, (118)

where 9, is the angle introduced in (50b). In
the average ¢, ~1/kb so that p~1 for

9~1/400=0.14°.

For scattering angles ¢>9,% a-J<aoF,.
Therefore over practically the entire range of
integration over ¢ the current term need not be
considered at all.
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The unsymmetrical broadening of the Q branch toward higher frequencies in the parallel type
bands near 1100 cm™ in the absorption spectrum of deutero-formaldehyde is taken as a mani-
festation of convergence toward lower frequencies rather than, as is usual, in the case of infra-red
bands, toward higher frequencies. This phenomenon is accounted for by taking into account an
interaction between rotation and oscillation of the Coriolis type arising from the accidental
degeneracy of the three vibration frequencies, belonging to three different symmetry classes,

falling near 900 cm™, 1000 cm™ and 1100 cm™.,

I. INTRODUCTION

HE absorption spectrum near 10u in the

deutero-formaldehyde spectrum consists of
three bands which badly overlap. Two of these
are characteristic of oscillations of the electric
moment normal to the axis of symmetry of the
molecule, while the third is characteristic of a
vibration parallel to the axis of symmetry. The
first two of these consist essentially of a group of
prominent lines protruding above a background
which at present cannot be resolved spectro-
scopically, and the third contains P, Q and R
branches. It has already been pointed out else-
where! that the spacings between the prominent
lines in the perpendicular bands in this region are
noticeably greater than the spacings between the
lines in a similar band near 4.6u and it has been
suggested that the explanation for this is un-

LE. S. Ebers and H. H. Nielsen, J. Chem. Phys. 6, 311
(1938).

doubtedly the same as that for the similar effect
observed in two overlapping perpendicular bands
in the spectrum of ordinary formaldehyde near
8.0u.2 The effect is here quite satisfactorily ex-
plained by taking account in the energy of a
Coriolis interaction between the two frequencies.
In the third of the above bands referred to in the
spectrum of deutero-formaldehyde the con-
vergence is in the direction of lower frequencies

2H. H. Nielsen, J. Chem. Phys. 5, 818 (1937). The
type of interaction between rotation and oscillation
discussed recently by W. H. J. Childs and H. A. Jahn
(Nature 141, 916 (1938)) in connection with the methane
spectrum is entirely similar to the one discussed in this
work relative to H,CO. The formaldehyde case is especially
interesting in that both perturbing frequencies are optically
active so that the convergence in opposite directions in
the two bands, described by C. and J., can here actually
be observed. In the case of the methane molecule the
perturbing frequencies are two- and three-fold degenerate,
respectively, while in this case they are nondegenerate.
The importance of such terms in the interpretation of
spectra was already emphasized by E. B. Wilson, Jr., in
one of his early papers on this subject.



