LETTERS TO

Magnetic Interaction in Heusler Alloy

The ferromagnetic alloy of manganese, copper and alu-
minum, discovered by Heusler,! is now regarded? as a super-
structure alloy having the ideal composition Mn Cu, Al,
the manganese atoms being in face-centered cubic arrange-
ment with ¢=25.950X 1078 cm. If the permanent magnetic
moment present is, as usual, wholly ascribed to manganese
atoms the magnetic moment per atom may be taken as
P=3.14X1072° (gaussian units), corresponding to a satura-
tion magnetization Imax+580. Even higher values than
this have been advocated.?

These data permit a calculation of magnetic interaction
and resultant ferromagnetic anisotropy, as explained in a
recent paper.* The following numerical values of quantities
listed in Table III of that paper are obtained: P X102
=3.14; 2pa=1.71X10"% (Slater®); N=4; aX108=5.950;
p=0.144; x=0; Fy;= —0.1244; F4=0.0145; K, (quadrupole
part) =+0.42; K, (sextupole part)=—0.36; K; (total)
=+40.06; K, (sextupole) =+3.96 (all K, in 10% erg-cm™3).

The experimental work available for comparison® has
been interpreted’ as giving Wiio— Wigpo= —0.224 X108
erg-cm~3, corresponding to K;=—0.9X107% erg-cm™3.
Nothing is known about K.

" The theory at this stage agrees with experiment only in

giving a small absolute magnitude for K;. The disagree-
ment of signs could be removed by supposing an expansion
of the 3d electron shell of manganese in the alloy (increase
in p), which would allow the sextupole contribution, pro-
portional to p?, to increase with respect to the quadrupole
contribution, proportional to p?. The high value of P
negatives the hypothesis A=0 which would otherwise be
attractive, since it gives Fy;=+40.2488; Fs=+0.0516; K;
(quadrupole part) = —0.84; K, (sextupole part)=—1.28;
K, (total) = —2.12,
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On the Lower Bounds of Weinstein and Romberg in
Quantum Mechanics

Weinstein! has proposed as a lower bound for the lowest
eigenvalue the expression I — (I;— I,2)%, where

= f¢H¢d77 IZ= f(HSb)ngy

¢ being any (normalized) approximate wave function, and
the usual notation being used. This result has not been
accepted as being rigorously proved, however, and Rom-
berg? has given an example purporting to show that Wein-
stein’s expression may lead to wrong results. Romberg has
also proposed the expression — (I3)! as a lower bound. It
can, however, be shown that Weinstein’s lower bound (or
rather a generalization of it) holds rigorously when the
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conditions for its validity are properly formulated. Rom-
berg’s example of apparent failure is, in fact, fallacious. We
wish to point out also that a more advantageous use can be
made of the constant denoted below by «.

Let the function ¢ satisfy the following conditions: (a) ¢
satisfies the boundary conditions of the problem,3 (b) both
¢ and Hy are expansible in series of eigenfunctions which
converge ‘‘in the mean” . Further, let « be a real constant
satisfying Fy<a=(Eo+E1)/2, where E, is the lowest
eigenvalue and E; that immediately above. Then it follows
rigorously from the “‘completeness relation’ 4 for (H—a)y¥

that
Eo=L, =a— (Is—2al;+a?)i. (1)

In order that condition (b) may hold, it is necessary that
the integrals Iy, I, should exist, and it is practically certain
that the existence of these integrals, together with condi-
tion (a), is also sufficient for (b) to hold.5 Accepting this, (1)
holds for any function such as is commonly used in the Ritz
method. If, but only if, Hy also satisfies the boundary
conditions, we may write Io= JS"WH}dr. This is often not
the case.

Excluding the trivial case that ¢ is an exact eigenfunction,
L, as a function of «, increases steadily from — «» to I; as
« increases from — « to 4 «. Hence we can remove the
condition &> E and require merely a=(E,+ E,)/2. Wein-
stein takes a=1Iy, which is permissible if ¢ is at all a good
approximation to the correct eigenfunction; but the best
choice is obviously that which makes L a maximum,
namely a=(E,+E1)/2. Romberg’s expression is obtained
with & =0, which is certainly #not a permissible value if—as
in most problems—E, and E; are both negative. In the
opinion of the writer, no reliance can be placed on Rom-
berg’s expression, for (unlike (1)) it depends on the zero of
energy. Further, it definitely fails in some cases.

The logical procedure is first to make a definite choice
of a, selecting the greatest value for which the inequality
a=(E,+E1)/2 is safely satisfied, and then to determine ¢
so as to make L a maximum, i.e.,

Iy—2al, =minimum.

Other choices of @ give an upper bound for E,, or upper
and lower bounds for the higher eigenvalues, as given by
Weinstein. The upper bound for E,, however, offers no
advantage over the Ritz approximation. It is intended to
discuss some of the above points in greater detail in a future
paper, and also to apply the method to derive a rigorous
lower bound for the normal state of helium.
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