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The problem of calculating nonadiabatic transition probabilities is considered. It is shown
that the general Giittinger equations are incorrect and lead to erroneous results in any case
other than that of the rotating magnetic field, which he considered. The corrected equations are

applied in the calculation of

transition probabilities between the various magnetic states of

a field precessing with constant angular velocity.

N atom, or a neutron, moving in an inhomo-
geneous field is acted on by a time-varying
field in the reference system of the particle. If
the variation in the field is sufficiently slow, the
atom, according to the adiabatic theorem, will
remain in the same state with respect to the
instantaneous value of the field. The problem of
calculating nonadiabatic transition probabilities
has been considered by Giittinger,! who applied
his general equations to the case of a magnetic
field rotating with constant angular velocity.

It is the purpose of this paper to point out
that Giittinger’s equations are incorrect and lead
to erroneous results in any case other than that
of the rotating field, which he considered. The
corrected equations are applied in the calculation
of the transition probabilities between the
various magnetic states of a field precessing with
constant angular velocity.

THE GUTTINGER EQUATIONS

Consider an atom whose Hamiltonian contains
certain time dependent parameters, such as
electric or magnetic field strengths. The eigen-
state of the system satisfies the equation

iﬁi\lf-——ﬁc(t)\ll. (1)
at

If the system is nondegenerate, ¥ may be
expanded in terms of a complete, orthogonal set
of eigenstates of JC(¢), viz.:

V=3 Cn(t)¥n(t), (2)

where FC(E) V(L) = En(t) Tm(t). 3)

1 P, Giittinger, Zeits. f. Physik 73, 169 (1931); see also
E. Majorana, Nuovo Cimento 9, 43 (1932); I. I. Rabi,
Phys. Rev. 49, 324 (1936).

It should be emphasized that E,.(t) and ¥,.(¢) are
functions of ¢ only in virtue of the time de-
pendence of the parameters contained in 3C(z).
The equations which the probability amplitudes
Cn(t) satisfy are

I¢]
iﬁa—tCm(t) —E.(t)Cu(t)
oV,
= —ihZ(\Ifm, ——) Crnr.  (4)
m ot

To put this in a more convenient form, con-
sider (8/0¢) (¥, 3C¥,+). Evidently,

a a3C
_(\I’my C‘C\I,m’) = (\I’my "_\I’m')
at al

G‘I’m a‘I’m'
+(”_'y gc\Ilm’)"I'(\I'my IC— )
a ot
a3c oV,
ot at

This expression may also be evaluated as
Om, m(0En/0t). Therefore,

a3C oV,
(\I’my _\I,m’) + (Em _Em’) (\I,my -
al

at
0E,,
= am, m' T (6)
at
whence
d93C a3C oE,,
(\Ifm, ——\I/m) = (m _— m) = , (7
at at at
and
E (m|a5c/ot|m")
( m—— )= ——]———|——, m¥m'. (8)
ot E,.—E,
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Substituting this latter relation into Eq. (4), we
obtain:

dCn (m|d3c/ot|m’)
th———E.Cn=1h Y, ————Cu
ot mism  Ey— B

oY,
—'ih(\I/m, —-—) Cn. (9)
ot

Save for the last term, these equations agree with
Giittinger’s. Unfortunately, it does not seem
possible to find a general expression for this
additional term without actually solving Eq. (3).
In the next section, we shall solve this equation
for a rather general Hamiltonian which includes
most of the cases of interest.

SoLUTION OF THE EIGENSTATE EQUATION

In this section, we shall solve Eq. (3) for a
Hamiltonian of the form (discarding irrelevant
additive terms):

3e(2) = —groJ -H(®),

where J is an arbitrary angular momentum
vector in units of #, and ug is the Bohr magneton.
This is the appropriate description of a magnetic
field H(¢) interacting with (a) the magnetic
moment of a neutron ; (b) the electronic magnetic
moment of an atom with zero nuclear moment;
(c) the nuclear moment of an atom with vanish-
ing electronic moment. Referred to a vector
coordinate system fixed in space, H may be
written

H(t) =H(isind cos p+jsindsin p+kcosd), (11)

(10)

with H, ¢, and ¢ functions of the time. Hence,
Je= —guoHJ, (12)
where
Je=J-H/H=J,sin ¢ cos ¢
+ Jysin ¢ sin ¢ +‘J'z cosd. (13)
An eigenstate ¥,, of J;, satisfying the equation

J(\I/m=m\1,my —jEmS], (14)
will be an eigenstate of 3¢ corresponding to the

energy,

Ep(t) = —mguH (1) (15)
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The solution of Eq. (4) will, therefore, be a
solution of Eq. (3) with the eigenvalue (15).

The substitution, ¥,,=e ¥:¢¥,,’, transforms
Eq. (14) inu~:

(sin & cos e =2 J e~ :¢4-sin & sin pel=e ] "¢
+cos 8TV, =m¥,,/. (16)

Denoting e®/zeJ e~ eilz¢ T e~:¢ by A.(p),
A ,(p), respectively, we have

dA.(e) , .
=geilze(J, J,— T J,)e" = —A4,(p),
de
(17)
dd,(e) _
—=qgetlee(J, Jy— JyJ)e ¢ =A,(p).
de
Therefore,
A(p) =A:(0) cos o—A,(0) sin ¢, (18)
Ay(p) =A,(0) sin p+4,(Q) cos ¢,
or ez J e~ize= J cos o— J, sin ¢,
(19)

eil=e J e~ile= J, sin ¢+ J, COS ¢.

Utilizing these relations in Eq. (16), we find that
¥,’ satisfies an equation independent of o,
v1g.:

(sin 8J;+cos 3J )V, =m¥,, . (20)
The further substitution,
¥, =exp (—1J,9)¥, ",
yields: J,,®=m¥,O, (21)
with the aid of the relations
evd J e~ ¥ = cos ¢J,+sin 47,
eWvd J e~ v = —gin ¢J,4cos 3J.. (22)

Consequently, ¥, is an eigenstate of the 2
component of angular momentum corresponding
to the eigenvalue m. Combining the two sub-

stitutions, we obtain, finally:
‘I’m — e—i.f e~ ”V"\I’m(o) .

(23)

Having found the eigenstates, we can sub-
stitute directly into Eq. (4), without using the
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corrected Giittinger equations. One need merely
evaluate

—_ 1'«',]28—”:«’6—1‘@0-{,7’”, 0)
(—tde Ve Jem Wiy, O (24)

whence we obtain :

o — (¥, O, J, 0, ®)
= —1¢ cos I(m|J,|m’)
+ig sin d(m| J,|m') —id(m| T, |m'), (25)

using the second relation of Eq. (22). The only
nonvanishing expressions of this type are:

oY, .
(\Ilm, —) = —1¢ cos Im,
at

ov,,_1 .
(wm, - )=<z'¢sin0~0>%<<j+m><j~m+1)>%,

Vit .
(wma—t) — (ipsin 0+ (G—m) G+-m+ 1),
(26)

Hence, the differential equations for the proba-
bility amplitudes become:

dCon
iﬁa——l—mngICm: —ho cos ImCp,
2

+37(¢ sin 9+438) ((G+m) (G —m~+1))Cpy
+37(¢ sin 9 —id) ((F—m) (G+m+1))Cpya. (27)

TrHE PrECESSING FIELD

The most general field giving rise to a set of
equations for the C, with constant coefficients
satisfies the conditions:

dH )
—=0, ¢=0,

¢ =w=const.,
dt

(28)

which is the mathematical description of a
field precessing with constant angular velocity
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around the z axis. In this case, Eq. (27) re-
duces to:

dCy
iﬁ7= —m(guoH 4w cos &) Cy,
/1
+ 3w sin ((j+m) (j—m+1))iCos

+3hw sin 3((j—m) (j+m~+1))iCuyz.  (29)

To solve this set of equations, let us introduce
the eigenstate ®, defined by

O=3 Cn(t)¥,O. (30)

It is easily verified that ®(¢) satisfies a differential
equation of Hamiltonian form, namely :

[é]
ih—® = { — (guol+%w cos 9)J,+Fw sin 9T} ®.
L) 31)
In terms of the angle ©, defined by
fiw sin ¢
tan @=———— (32)
fiw cos S+ gueH
this may be written
) fiw sin &
th—P= —— (cos OJ,—sin ©J,)®. (33)
ot sin

The transformation, ®=¢#+9®’, simplifies this
equation to

d fiw sin &
ih—® = — —J. 9/, (34)
ot sin ©
the solution of which is
& =35 Cn' ¥, Vel En"t, (35)

Here, the C.’ are arbitrary integration con-
stants, and

fiw sin &
E,)=—m
sin ©
= —m(gtuH?+ 2guoHhw cos 9+ HAw?)t.  (36)
Therefore,
& =103 C,, "W, Ve~ MEn't (37)

m
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from which we obtain
Cm(t) = (‘I’m(O): q’)
=3 (m|ev®|m')Cp e~ En"t (38)

The integration constants C,.’ are easily evalu-
ated in terms of the initial conditions. By Eq.
(38) we have

Cn(0)=2"(m|e¥v®|m’)C,’, (39)
whence we obtain
> (m] e8| m’) Cur(0)
= X (mle=v®m")(m'|eVvO|m") Corr’
=Cy/, (40)
by the matrix law of multiplication. Hence,
Call)= 5 (m]e]m)e-tirmEnrs
X (m'|e=7v®|m"") Crurr(0).  (41)

e~CiIME.t is the diagonal matrix element of the
operator e(iMrt: where v denotes (g2uc2H?
+2guoHhw cos 3+ h2w?)t. Therefore,

Calt) = S| 5900 | ' | esBed | '
X (11" €949 | 11""") oo+ (0)
=3 (m ] eivOetiMtIg=i7s0 1) C,,,(0).  (42)

m

If the system is initially in a state with mag-
netic quantum number m, ie., C,(0)=1, the
probability that the system is in a state m’ after
a time ¢ is:

Wim, m'; t) = | (m' | ei0sPeiIVtT 2g=i010 | 1) |2

= l (m' ] eI Y4(J ; cos ©—J sin ©) l m) |2_ (43)
It is immediately verified that
S W(m,m';t)=1. (44)

In the simple case of j=3%, the matrix element
(43) is easily evaluated. An angular momentum

with j=3% can be considered as a spin and
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represented in terms of the Pauli matrices, i.e.,
J=3%oe. Since (o, cos ® —g, sin ©)?=1, we have

vt
W(m, m'; t) = l (m’ cos —
2h

t 2
+i(s, cos ©—o, sin ©) sin%f;lm) . (45)

Therefore,
. e
W, —%;0)=W(—%, 3;t)=sin? O sin? Z—h

A%w? sin? & .
= sin? —
22 uotH?+2guoHbiw cos 9+ Alw? 2h
X (g2uH2+2guoHbw cos 9+ H2w?)i,

(46)

If these transition probabilities are written as
sin? }a, it is evident that

W 30 =W(—} —§i =cos’ o (47)

The uncorrected Giittinger equations result in
an umklappwahrsheinlichkeit which depends only
upon «?, namely :

h%w? sin? ¢ Lt
= sin? —
ZuH*+#%0? sin? ¢ 2h

X (g2ue 12412 sin? 9)1.

W —2:0)

(48)

A discussion of the measurement of magnetic
moments by means of a precessing field, which
depends upon the fact that the transition proba-
bilities involve w explicitly, has been given by
Professor Rabi in an accompanying paper.

The evaluation of the matrix element (43) may
be carried out, for an arbitrary j, by a method
which will not be given here. The results are in
complete agreement with those obtained from
Majorana’s general theorem (see the accom-
panying paper of Professor Rabi).

In conclusion, the author wishes to express
his indebtedness to Dr. Lloyd Motz for pointing
out the contradiction between the results ob-
tained by Professor Rabi and those obtained
with the Giittinger equations, and to Professor
I. I. Rabi for his continued interest throughout
the course of this investigation.



