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A general formula is developed for the probability of
nuclear processes with particular consideration of resonance
()2). The dependence of the cross section on the energy of
the incident particle can be divided into two parts:
Firstly, the dependence over energy regions small compared
to nuclear energies, and secondly that over large energy
regions, of the order of a million volts or more. The first
dependence is completely given by the resonance formula;
it shows resonance maxima and besides a simple general
trend with the particle energy such as the 1/v law. The
dependence over large energy regions cannot be found
without referring to a special nuclear model. (If the
problem of nuclei were a one-body rather than a many-
body problem, there would be only the dependence over
large energy regions. Thus much more theoretical inforrna-
tion of a general nature can be obtained for the many-body
than for the one-body problem. ) The nuclear processes
may be divided into several classes according to whether
light quanta or material particles are concerned. The
selection rules for the various kinds of processes are given
($3). Another useful classification is according to the speed
of the particles involved: Slow particles are such whose
wave-length is long compared to nuclear dimensions. This
means energies below about 300,000 volts for heavy, 1 MV
for light nuclei. p-rays are to be classed as fast particles.
When a slow particle produces a nuclear reaction, the cross
section contains a factor 1/v (v=velocity of the incident
particle) besides the resonance factor; when a slow particle
is produced, a factor v' (v'= velocity of the outgoing particle)
appears in the cross section, If the reaction involves only
fast particles, the resonance factor is the only significant
one; the same is true for the scattering of slow particles.
Explicit formulae for the various cases are given. The
problem of the wave functions to be chosen for the incident
particle is discussed in $4. Argunsents are given for using

wave functions in a repulsive potential, corresponding to
the assumption that the particle as a free particle cannot
exist inside the nucleus. The "potential scattering" arising
as a consequence of this assumption, is discussed and
compared to the resonance scattering. In $/5 to 7 the
capture of slow neutrons is discussed. The influence of the
Doppler effect on the capture cross section is taken into
account. Expressions are derived for the activation and for
the absorption coefficient with self-indication, both for
resonance and for thermal neutrons. These expressions
allow for the influence of the line shape in the former case
and for the 1/v law in the latter. Methods for the determi-
nation of the energy, radiation width and neutron width of
the compound levels are discussed ()6) and applied ($7) to
Ag, Rh, I and Cd. The importance of the interference of
several resonance levels is emphasized, particularly for the
capture of thermal neutrons. The properties of fast
neutrons are briefly discussed ($8). In the case of charged
particles ()10), the width of the resonance levels is reduced
by the potential barrier. The width of resonance levels
observed in the simple capture of protons is found in

agreement with reasonable expectations. The widths of the
levels in reactions produced by n-particles are probably
smaller than has been observed. In the reaction of charged
particles with heavy nuclei, no resonance effects can be
observed because the energy of the incident particles
cannot be defined accurately enough. The photodissociation
of nuclei by y-rays ($11) is not the inverse process of the
radiative capture of particles. The cross section for the
photodissociation of a heavy nucleus is about 10 "cm' if
the energy of the particle produced (neutron) is larger than
about 1 MV. This should make the process just observable.
The scattering of y-rays by heavy nuclei has a cross
section of the same order which makes it unobservably
small compared to the Klein-Nishina scattering.

I. GENERAI. THEORY

f l. Introduction

VEN in the early experiments on the inter-
~ action of n-particles and protons with

nuclei it was found that scattering and disin-
tegration showed maxima at certain energies
which were ascribed to a resonance phenomenon.
With improved technique, it was shown that
many of these resonances were much sharper

than was at first believed. Still more striking
resonance effects have been revealed by the more
recent experiments with slow neutrons.

The n-particle and proton resonances were
formerly interpreted from a one-particle view-

point, the incident particle being considered as
moving in the potential field 'of the nucleus and
as having certain virtual energy levels in that
field. However, this picture has proved quite
untenable in view of the neotron evidence. In
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connection with this evidence, Bohr' has em-

phasized that the problem of nuclear dynamics is

essentially a many-body problem and has shown

how the experimental results in nuclear physics
can be understood from this standpoint.

In particular, the theory of resonance effects is

altered in the following way: In the one-particle

picture, the distance between adjacent energy
levels will be of the order of a few hundred

thousand volts, i.e. , smaller than, but still com-

parable to, nuclear binding energies. The width

of these resonance levels would be of the same
order as their distance apart. '

In the many-particle picture the distance
between levels decreases extremely rapidly with

increasing excitation energy and increasing
number of particles in the nucleus. ' At the same

time, the levels are very much sharper than in

the one-particle picture. Both spacing and width
of the levels are negligibly small compared to
nuclear binding energies except for very light
nuclei.

This fact causes interesting variations of the
probability of nuclear processes over energy
regions small compared to nuclear binding

energies about which general theoretical informa-

tion may be obtained. In the one-particle picture,
because of the large spacing of the resonance
levels the dependence over small energy intervals
is governed only by trivial factors such as the
1/v law for the capture of neutrons. ' Over large

energy intervals, the probability depends on the
particular model for the process considered. 4

It is the purpose of this paper to develop the
theory of the variations over small energy

' Bohr, Nature 137, 344 (1936). See also, Bohr and
Kalckar, "On the Mechanism of Nuclear Reactions, "
Kgl. Dansk Vidsk Selsk. Math. Phys. Medd. (1937)where a
quantum-mechanical formulation of the general viewpoint
developed in the former paper is given, as well as a detailed
discussion of a number of typical nuclear reactions from
this point of view.

'The width would be smaller for charged particles of
"medium" energy, i.e. , such energy that the penetrability
of the Coulomb potential barrier is small compared to
unity but still large enough to make the disintegration
observable. We shall come back to this case in $10.

Amaldi, d'Agostino, Fermi, Pontecorvo, Rasetti and
Segre, Proc. Roy. Soc. A149, 522 (1935);Bethe, Phys. Rev.
47, 747 (1935); Perrin and Elsasser, Comptes rendus 200,
450 (1935).' Cf., eg. , Ostrofsky, Breit and Johnson, Phys. Rev. 49,
22 (1936).

regions. The formulae obtained are similar to
those of Breit and Wigner. '

)2. The generalized dispersion formula

The problem of nuclear dynamics is only
slightly more general than the ordinary problem
of scattering of light. A nuclear process may
generally be described as follows: A particle P
(e.g. , a light quantum, n-particle, proton,
neutron, etc.) falls on an initial nucleus A in its
ground state. A compound nucleus C is formed.
This nucleus then emits a particle Q which may
be either of the same or a different kind from
the incident particle P. In this process, a residual
nucleus 8 is left which may or may not be in an
excited state.

The compound nucleus C possesses a large
number of energy levels E„.It may be considered
in a Hohlraum which contains particles of various
sorts Q', all of which can interact with the nucleus

C. The Hamil tonian H@. of the interaction
depends on the coordinates and possibly on the
momenta of particle Q' and on the internal state
of the nucleus. Because of this interaction, the
nucleus C may emit particles or be formed by
the absorption of a particle. The combination of
absorption and emission leads to the trans-
formation A+P~C~B+ Q described above.
This transformation can occur for any energy of
the incident particle P whether E&+Ep is equal
to one of the levels Z„of the compound nucleus
or not. This is the case because the levels E„
are broadened by the interaction with the
particle-Hohlraum.

According to the foregoing, the problem can
be treated by the well-known methods of the
Dirac radiation theory. Following the customary
procedure, we consider only the second-order
perturbation, i.e. , the lowest order in which the
process A+P~C~B+Q can occur, and neglect
higher orders. This is justified if and only if the
widths of all energy levels of nucleus C is small

compared to the spacing of the levels. ' "We

' Breit and Wigner, Phys. Rev. 49, 519 (1936).' It might be thought that such a condition would lead to
difficulties in the case of the ordinary theory of scattering of
light by atoms when the atom has a continuous spectrum.
That this is not the case, may be shown by considering, in
the usual way, the continuous spectrum as the limiting case
of a discrete spectrum, e.g. , by considering the atom as
enclosed in a Hohlraum of volume Q. Then the spacing
between the atomic energy levefs will be inversely propor-
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shall show in f4, that this condition is probably
fulfilled for our problem but not very well ful-
filled for highly excited states of the compound
nucleus.

For the present, we assume the perturbation
theory to be valid. Then the Dirac radiation
theory yields for the probability of the process
considered

II~„&II"q,
(1)

"Eg+Ep E,„+f,7r—Q ~II'q,
~

'

FI~„" is the matrix element of the interaction
between particle I' and the nucleus referring to
the state r of the nucleus C and to the given
state p of the incident pa. rticle I'. The sum over
Q' extends over all kinds of particles which can
be emitted by the compound nucleus. The index
q' distinguishes various kinetic energies of the
outgoing particles Q' which correspond to
various excited states of the residual nucleus B.
E& is the energy of the initial nucleus A in the
ground state, EI the kinetic energy of the
incident particle and 8„ the energy of the state
of the compound nucleus considered. In all the
matrix elements IZ„&, II'„&' the energy of the
particle is determined by the requirement of
conservation of energy, e.g. , the kinetic energy
of particle Q' must be taken as Eq (q') =E~+Ep
—Es (q') where EJ3 (q') is the energy of the
nucleus 8' in the state in which it is left after the
emission of particle Q'. All particle wave func-
tions are normalized per unit energy. The sum
over Q'q' in the denominator of (1) represents the
total probability of disintegration of the nuclear
level r, multiplied by h. We shall denote. this
expression by p„, and may consider it as com-
posed of the contributions of the disintegrations
with emission of the various sorts of particles Q',
VZZ.

tional to Q. But the same will be true for the radiative
width of the levels. This can be seen by using the fact that
an electron will only radiate if it comes near the atom, the
probability for which is inversely proportional to (&. The
ratio of width to spacing is independent of 0, and very
small compared to unity, vis. of the order e'co/mc' for
radiation of the frequency co.' This condition is also necessary in order to make the
width of each level independent of the simultaneous excita-
tion of other levels. For a more detailed discussion, cf.
Bethe and Livingston, Rev. Mod. Phys, , to appear shortly.

(2)

Y O' ZY q'a'~ (2a)

y"q, = 27r
~

II"q; ~

'. (2b)

where k is the "wave vector" (k =momentum/k)
and v the velocity. For normalization per unit
energy we have

(4~k'dk y
'
s'a

E (27r) 'dE)

Using the well-known formula

we find

where

v =dE/kdk

f„„,= QE(2m'X'k) **,

X =1/k

(~)

(6)

(6a)

is the wave-length of the incident particle,
divided by 2m. . Therefore the cross section I.s

y'q, /k is the probability, per unit time, that
nucleus C in state r disintegrates into a particle
of kind Q' and a residual nucleus 8' in the state
defined by g'.

Because of the normalization of the particle
wave functions per unit energy, the matrix
elements II'q, have the dimension (energy)i,
and therefore the y's in (2) have the dimension
of an energy as it should be. The total expression
(1) has the dimension energy ' time '; it
represents the probability that the process
A+I'~C~B+Q is caused by a particle P in

any of the Hohlraum states of energy around
EI., times the number of Hohlraum states per
unit energy. The advantages of the normalization
per unit energy are, firstly, that the volume of the
Hohlraum does not appear in the formulae, only
to drop out in the final result, and secondly, that
the disintegration probability of a nuclear state
is directly given by the squares of the matrix
elements II, without any factors except 2~.

In order to obtain the cross section of our
process from (1), we have to change from
normalization per unit energy to normalization
per unit incident current. A plane wave, normal-
ized per unit incident current, has the form

1

4cu rr = &
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o.P & =2~2AA2mP &
Q Q q

IP'."IIrQ,=4~'lt' Q" EA+Er —Er+ ~&V,

(7)

(8)

gP p (21+1)
(2s+1)(2i+1) in i'.r

r J . . r J, 2+ A pi»Lj+ r3 qi'QL' j'
X Q— —,(9)

EA+EP ErJ+ 2'~Jr J

where I, s and j are orbital momentum, spin' and
total angular momentum of the incident par-
ticle; 1', s' and j' the same quantities for the
outgoing particle; i, J and i' the angular mo-
menta of in. itial, compound and final nucleus;
and prq denote all other quantum numbers of the
three nuclei. The letters A, 8, I, Q defining the
various nuclei and particles precede the indices
determining the state of the respective particle.
(u"e „qi;)' is the sum of 27r~iII"e~, ;,„qi; „~'
over the various magnetic substates rn, 'p, ' of the
degenerate final state q, the magnetic substate
M of rJ being kept fixed. u is directly connected
with the p by

r J . , f r J . .h2
V A pi»Li 4+ A uiPL&J ~

In general, the levels of initial, compound and
final nucleus wi11 be degenerate. This fact is con-
sidered in detail in the appendix. The result is
given in (217). If we transform from the proba-
bility to the cross section according to (8), we
find

o-PQ&q = 7r'A2

(2s+ 1)(2i+ 1)

~r J ~r J
X

(&n+K F-,z) '—+ 4V'; J
(12)

&q (iI') = &~+K &Ii (q'). — (14)

The p's will thus be functions of the energy of the
incident particle, EP. If we would insert, instead
of the actual particle energy E», the energy cor-
responding to exact resonance with the state r
of the compound nucleus, i.e. , Er J—EA, the
probability y, J would go over into the width
I',.J of the level rJ. The p's may therefore be
called "effective widths. "

The dependence of th, e y's and the u's on the
energy comes from the normalization of the par-
ticle wave function. A wavy function of a free
particle of orbital momentum t, normalized per
unit energy, has the form'

with y"~'„=Py"~'„;I i;——P(u"~'„I i;)' (1.3)
Lj lj

Formula (12) is known as the "one level for-
mula"; it agrees with the formula of Breit and
Wigner except for the slightly more complicated
statistical weight factor in front, and it is the
formula most used in applications.

As already mentioned, the matrix elements
II~r3 qi Q L j and therefore n"J3 qi Q L j and

have to be taken for that kinetic
energy of the particle Q' for which energy is

conserved, vis. ,
'

y„J is the total disintegration probability of the
level rJ

(15)

YrJ ~P Q' ~ P r3' q'i'Q'L'j' ~
r

Ql Q1 ql if Lf j/

Here k is the wave number of the particle,
(11)

E= (k'/2m) k' (16)

Formula (9) simplifies considerably if only one
level rJ of the compound nucleus contributes to
the cross section, which will be the case if the
energy of the incident particle is sufficiently near
the resonance energy ErJ—EA. Then the sum
over r reduces to a single term which may be
written in the form

' For light quanta, 2s+1= 2 because of the two direc-
tions of polarization, but s =0 for selection rules (cf. end of
appendix). l = 1, 2, for dipole, quadrupole radiation.

its energy, YL a normalized spherical harmonic
and pl that solution of the radial wave equation

(17)

' If the nucleus 8' is left in an excited state, Eg is
defined only to an accuracy of the order of the width of the
level EI3. In this case, u"q J, and the term y'g Jq in', J
must be averaged over this width. This is, however, of no
practical importance.

"FIandbuch, der Physik 24/1, p. 292. For our purpose the
Coulomb field should be neglected.
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which behaves asymptotically as sin (kr ——',b).
At small r,

Since dE/dk is proportional to k (cf. 16), the
matrix element is, according to (19), propor-
tional to k'+:. Thus we may write

gl (kr) '+' (18)1'3' . . (21—1)'(21+1) Nr J br J k l+~s br J g—(l+z)
Q c Q a Q (25)

X l —~Xl 1
tan 8=

14 34 . . . (2L —1)4(2l+1)
l+1—gR

y (kR) 2l+& —a (kR)2l+1
l+itR

(23)

where a is a factor of order unity which depends on the
special form of the potential acting on the particle but not
on k. Since kR is supposed to be small compared to unity, 5

will in general be very small. Then cos 8 = 1 so that we have
from (21), (18) and (20):

(kR) '+'
x(R) =xi+a(kR)"+1&i= (24)1'3'. . . (2l —1)2(l+~R)

This depends on the energy as k'"' just as without any
potential acting on the particle.

If the wave-length is large compared to nuclear
dimensions, the matrix element J't1rggpHPcdr
contains the wave function QJ only for small
values of its argument kr. Therefore the matrix
element depends on k as

(dk/dE) lk'+' (19)

This remains true even if one does not use free particle
wave functions but rather the wave functions for an
attractive or repulsive field of nuclear dimensions. As we
shall show in $4, a repulsive field seems to be the most
satisfactory assumption. For the present, we assume an
arbitrary field, attractive or repulsive, to act on the
particle for r &R (R = nuclear radius) while the potential is
zero for r )R. Then the logarithmic derivative of the wave
function X'/X will have a certain value sc for r =R which
depends on the potential but not sensitively on the kinetic
energy of the particle as long as this energy is small
compared to the potential. Outside, i.e. , for r)R, X will

again be a solution of the free particle wave Eq. (17) but in

general not the "regular" solution (18) but a linear combi-
nation of the regular and the irregular solution. The latter
behaves for. large r's as cos (kr —-';le) and for small values
ofras

q 1 =].'3' . . (2l —].)'(kr) l (20)

The correct solution which joins smoothly to the interior
solution, will have the asymptotic form

sin (kr —-',le+8) =cos 8 sin (kr ——',l~)+sin 8 cos (kr ——,'hr)

and therefore the general form

cos 6 xi+sin 6 q 1 =cos B(xi+tan 6 q 1). (21)

Therefore we have for r =R

X'/X = (X'i+tan 8 q'l)/(Xi+tan 6 pl) =1t (22)

because a is the value of X'/X for the interior wave function,
With (18) and (20), we find from (22)

and, because of (13)

+r J —(gr J )2g—(2l+1) (25a)

However, if the wave-length is long, only the
partial wave l =0 is of any importance. Therefore,
for long particle wave-length, the important I's
behave as k: which is proportional to v' so that

ur J =br J X l=ar J vl=cr J El (26)Q a Q e Q a Q c

"This alternative is useful in order to write the same
formulae for fast and slow particles.

where abc are constants independent of the
energy of the particle.

For fast particles, the dependence of I on the
energy is not quite so simple because formula
(18) for x~ can no longer be used throughout the
nucleus. Moreover, orbital momenta larger than
zero will become important. Formula (26) can,
however, be safely applied for neutrons and
protons if the energy does not exceed about
300,000 volts for interaction with heavy nuclei,
and about 1 MV for light nuclei. For n-particles,
the limits are one-quarter of these figures.

The nonapplicability of (26) for fast particles
does not cause any difhculties for our purposes.
If the energy of the incident particle is as large
as a few hundred thousand volts or more, we
restrict ourselves to variations of the energy
small compared to the energy of the incident
particle itself (cf. the program outlined in (1).
Then the variation of k'+l in (25) is negligible,
and although u is no longer given by (25), the
order of magnitude of its variation with energy
will be the same and will therefore also be
negligible. We may then replace the I by its
value for exact resonance, U"z~„. This is equiva-
lent to the replacement of the effective width 7
by the "true width" I" discussed above, since by
definition I'=y, O'=F.

Alternatively, " we may still retain formally
the relations (25) (25a) with the only difference
that b is now no longer exactly constant but
varies slowly with the energy. This variation is
again outside the scope of our considerations
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because it is only appreciable over energy
regions of the order of nuclear energies.

The restriction to variations of the energy
small compared to a few hundred thousand volts,
is quite irrelevant for heavy nuclei, since in this
case the compound nucleus possesses very nar-
rowly spaced energy levels in the energy region
considered, i.e. , about 10 MV above its ground
state. ' For light nuclei, cases may arise where the
spacing between the resonance levels is more than
a few hundred thousand volts, in this case no
simple dependence of the cross section on the
energy for fast particles can be deduced from
our considerations.

The true widths F and the U's may also be
introduced for slow particles. In this case, since
1=0, we have from (26)

u" ~ = U" ~o, ( l"t~o/lt)l= U"o~, (Z/E" ~ )l, (27a)

v'o's = F"o'e(&"o'./&) = F"o'e(&/&"o'e) '* (27b)

where 'A"@~, and E"q~, are the wave-length and
energy corresponding to exact resonance.

These formulae are directly applicable only if the
energy of particle Q corresponding to exact resonance,
E"@~~=8„~—Eg(g) is positive and not too large. If the
resonance energy is negative, the true width is zero."
However, a quantity I"q~, . may be defined such that (27b)
holds, and this F has cet. par. the same magnitude as if the
resonance energy were (Eo( instead of —tFot For lt"o~, we
have also to insert the wave-length for the energy jEq t.
The same argument holds for U.

We shall now consider the case of light quanta.
For dipole radiation, the y's have the familiar
form

(28)

where the magnitude of the b's is related to the
matrix elements of the electric moment vector
X by

(b"o~,)'= -',
~

X"o~,
~

', (29)

while the sign of b may be found from the

"This is not strictly correct. It is true that a negative
energy level of nucleus C would have exactly zero width if
only particles of kind Q could be emitted. However, in
reality there is always a finite probability of emission of
particles other than Q, at least the emission of p-rays is
possible in any case. This possibility broadens the negative
energy level of the nucleus, and the broadened level may
extend into the region of positive energies. For this reason,
also the emission of a particle of kind Q by the negative
level becomes possible so that the emission of Q may give
some contribution to the true width of the negative level.
However, this contribution has no relation to the F"qJ

~
used in (27b.)

explicit evaluation of the matrix elements of the
electric moment. "The u's may be expressed by
the b's

I"g~ ——b"q~ X
—

&.Qc Qa (30)

As in (27), we may express u and y by the quan-
tities U and I' for exact resonance, vis.

u"o~ = U'o~ (lt"q~„/X)&

J Fr J (ltr J /lt) 8
(31)

For quadrupole radiation, similar formulae hold;
only the exponent of lt is 5/2 instead of 3/2.

To derive these formulae, we may again use (19)
but we must consider that for light dE/dk is
independent of k, vis. , equal to ht, . Moreover, the
interaction with particles is not proportional to
the density of the light quanta but to the electric
field strength E. For unit density of light quanta
we have E'/Ss =kv; therefore E~ v~~ k~, which
introduces another factor k& in the matrix
element. The matrix element is therefore propor-
tional to k'+&=X &'+&&, which is ) & for dipole
radiation (l=0) and X "' for quadrupole radi-
ation. We may formally retain the same formula
for light as for particles if we arbitrarily deter-
mine that, for light quanta, l shall denote the
total momentum j rather than the orbital
momentum; since the total momentum is one
unit larger than the orbital momentum (cf.
appendix, end; j is 1, 2, for dipole, quad-
rupole. . . radiation), we thus come back to
our previous formulae. This is, however, entirely
accidental. The dependence of I and y on the
wave-length of the y-rays is of no practical im-

portance, for the same reasons as discussed for
fast particles.

If we insert (25) and (30) into (9) we find for
the cross section corresponding to the transition
from a definite l to a definite l':

$r J Ur J (ltr J )l+i

$r J —Ur 1 (gr&J ) &'+h
(32a)

"Cf. Placzek, IIandbnck der Radiologic, second edition,
Vol. 6/2, p. 245, formula (27), or appendix of this article.

gp p l, ltl —slltl —1—2l' Q (2J+1)
(»+ 1)(»+ l) JA'

b"g „;p);b"g q,'g);XP, , (32)
Eg+EP —ErJ+2~7' J
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where X and X' are the wave-lengths of incident
and outgoing particle, l and I' the corresponding
orbital momenta and s, s' the spins. i, J andi'
are the angular momenta of initial, compound
and final nucleus. b is defined in (25) and (30)
and y in (11).The b's are exact constants if the
wave-length of the particle is long compared to
nuclear dimensions, while for short wave-length
they are slowly varying functions of the energy,
the variation being irrelevant for our considera-
tions (see above). In the case of long wave-length,
only /= 0 is important for particles and l =1 for
light. If only one level of the compound nucleus
is important, (32) reduces similarly'to (9), to the
"one-level formula"

(yr J )2l+1

Q pl'
(2s+1)(2i+1)

(3) Incident: corpuscle, outgoing: light quan-
tum. Radiative capture.

(4) Incident: corpuscle, outgoing: corpuscle.
(a) Outgoing corpuscle same kind as incident.

Elastic and inelastic scattering.
(b) Outgoing corpuscle different from incident.

Corpuscle transmutation.

The distinction between the types 1 to 4 of
processes is of importance primarily for the
selection rules. The select~, on rules for the com-
pound nucleus and either initial or final nucleus
are

Jl ~~j &l+s, i+J ~~j ~~ll sl (34)

The parity (even or odd character) of the
states of the two nuclei is the same if / is even,
and is different if / is odd.

Between initial and final nucleus, we have the
selection rule

~i' —iI ~&l+l'+s+s', (35)
where I P l Q(U A Pl')'

7

(33a)

is that part of the true width of the level rJ
which corresponds to the emission of particles
of sort I' with orbital momentums such that the
residual nucleus 2 is left in state p.

Formulae (32), (33) solve the problem stated
at the beginning of this section. They express
the cross section of nuclear processes in terms of
constants (or, in the case of fast particles, quan-
tities varying only over energy regions of the
order of nuclear energies) and of simple functions
of the energy of the incident particle.

f3. The processes of nuclear dynamics

For the discussion of (32), (33), we may sys-
tematize the nuclear processes according to two
schemes. Firstly, we may distinguish according
to the particles involved, and secondly, between
fast and slow particles.

According to the particles involved, we have
four groups of processes:

(1) Incident: light quantum, outgoing: light
quantum. Scattering of y-rays.

(2) Incident: light quantum, outgoing: cor-
puscle. "Photod issociation.

"We denote by "corpuscle" a material particle, while
the term "particle" shall, in this section, include light
quanta.

i'+i must be larger than or equal to the smallest
difference between any of the numbers

~

l s~—
l+s and any of the numbers Il' —s'I l'+s'.
The parity remains unchanged if / —/' is even
and changes if / —E' is odd.

(35) represents the selection rules between
initial and final nucleus, if states of the compound
nucleus with every J value possible according to
(34) contribute to the cross section. If this is not
the case, a more stringent rule than (35) applies
which may be found directly from (34) consider-
ing the contributing states of the compound
nucleus.

For radiation, s=0 and l=i for dipole, l=2
for quadrupole radiation (cf. appendix). For cor-
puscles, the selection rules are simplified if the
corpuscles are slow (X large compared to nuclear
dimension) because then /=0.

The more important selection rule is the one
determining the J of the compound nucleus.
In the case of incident radiation or slow cor-
puscles, the explicit selection rules are given in
Table I.

According to velocities, we distinguish between
slow and fast particles. We call a particle "slow"
if its wave-length is large compared to nuclear
dimensions. For corpuscles this means that the
energy must be small compared to a few hundred
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thousand volts. y-rays are always to be con-
sidered as fast.

A. Incident particle fast, outgoing particle fast—In this case, the variation of the X-factors in
(32) with energy is negligible, and the X's may
be replaced by the corresponding resonance X's.

Introducing the quantity U (cf. (25), (27a)) we
have then

This formula applies to the scattering of y-rays, '
to the capture and the elastic scattering of fast
corpuscles. To the photodissociation, the inelastic
scattering of fast corpuscles and the particle
transmutation produced by fast corpuscles it
applies if the outgoing corpuscle is fast.

TABLE I. Selection rule bet7ttIeen initial and
compound nucleus.

PARTIcLE

Light, dipole radiation

Light, quadrupole rad. i, i&1,i +2
Slow protons or neutrons i ~-,'
Slow a-particles
Slow deuterons i, i~i

SPECIAL RULES

0~0 forbidden
0-+0,
0 —+1, forbidden
1 1
2 s

0—+0 forbidden

PARITY

changes

unchanged

unchanged
unchanged
unchanged

"Formula (36) differs from the Kramers-Heisenberg
formula in three respects: Firstly, the apparent dependence
on X is different; secondly, it contains for each rJ only a
term with the difference of the incident energy hv and the
resonance energies E,—Eg while the Kramers-Heisenberg
formula contains also another term with denominators of
the form E„—E&+hv. Thirdly, in (36) the scattering ampli-
tudes due to states with different J do not interfere. The
correct dependence on wave-length is given in the original
formula (32). However, as we have mentioned above, this
dependence is negligible for our purpose. The terms with
E„—Ep+hv have purposely been neglected in (1) because
they are of no practical importance in all cases we are
interested in. For particles, E„—E~ and EP are each of the
order Mc' where M is the mass of particle P. Therefore the
terms with the sum in the denominator are entirely
negligible (Besides, even the occurrence of these terms for
particles is theoretically doubtful). In the case of p-rays,
the circumstances are not quite so extreme; but we may
still neglect the sum terms because in this paper we deal
only with processes leading to highly excited states of the
compound nucleus. Then hv and E„—Eg are of the order
10 MV. On the other hand, the terms which give the main
contributions to (36) contain energy differences of the order
of the distance between neighboring energy levels of the
compound nucleus which is very small compared to 10 MV.
The third difference mentioned above is connected to the
second because interference between the scattering ampli-
tudes due to different J's occurs in the Kramers-Heisenberg
formula only because of the presence of the "sum terms, "

~P p (2J+1)
(2s+ 1.) (2i+ 1)

U A pPls U x3 qQl's'
xE,. (36)

+A++P E rJ+ g~Pr J

The cross section (36) shows resonance maxima,
which, for heavy nuclei, occur at frequent inter-
vals. Apart from these maxima, there is no
general trend of the cross section as a function of
energy over regions small compared to nuclear
energies, since the variation of X over such
regions is negligible.

The total actual width y„J is given by (11). In this
formula, we may replace the contributions y"q Jq by their
values at exact resonance for all those emitted particles Q'

which have high energy. It is, however, possible that the
compound nucleus may also be capable of emitting slow
particles. This may, e.g. , happen if y-rays are scattered by a
nucleus which at the same time may be dissociated by these
y-rays with the emission of a slow corpuscle. The contri-
butions y"q J, due to these slow particles depend sensitively
on the energy. Formula (11) may thus be rewritten

pry(EP) = Z r"q, + Z (c"g q )'Eq q &, (37)
fast slow

particles particles

where Eq depends on the energy of the incident particle
according to (14). If no slow particles are emitted, or if,
as is true in most cases, the second sum is negligible
compared to the first by virtue of the small factors Eg &, the
total actual width y„z may be replaced by the total true
width F„J which is independent of EP; However, it may
occur that the coefficients c"q.Jq 'are very large, so that the
second sum becomes comparable to the first.

B. Incident particle slow, outgoing particle fast—The variation of X in (32) with energy is neg-
ligible. For the incident particle, l=0 and j=s.
Ke have then

~P y X P (2J+1)
(2s+1)(2i+1) ii'i'

0"PJ„U"gJqg);
x g . (»)

" &~+&P—&.+ 2&v.J

This formula applies to the radiative capture of
slow particles, and to transmutations produced
by slow particles. It is important mainly for slow
neutron phenomena, and also for the disintegra-
tion of very light nuclei by slow protons.

Apart from the resonance maxima, the cross
section is proportional to the wave-length X of
the incident particle. For very small energies,
there will always be a region in which the factor
X is predominant ("1/v law"). How small these
energies must be, depends on the spacing and
width of the resonance levels. These questions
and their application on slow neutrons will be
discussed in detail in ft5, y, z is again given by
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(37) and may be replaced by I',z if the contri-
bution of the incident particle (and possibly
other slow particles which may be emitted by
the compound nucleus) to y is small compared to
the total y, J.

C. Incident particle fast, outgoing particle slow.—The cross section is

7r X'
gP p —,Z (2~+1)

(2s+1)(2i+1) X' off

2

" +A++P —E r+ ~ Z+r J
(39)

(39) applies to photodissociation with the emis-
sion of a slow particle, and to particle transmuta-
tions and inelastic scattering if the incident
particle is fast and the outgoing one slow. Apart
from resonance, the cross section decreases as
the velocity of the outgoing particle, i.e. , as
(EP+Eg Eff)'. About—the width y, see case A.

D. Incident particle slow, outgoing particle slow.—We have

jr 'A

~P 7) —2 (2~+1)
(2s+1)(2i+1) X' &

gr J $r J

+A++P +rJ+ 2~Jr J
(40)

This cross section is, apart from resonance, pro-
portional to the ratio of the velocities of outgoing
and incident particle. For y„J the arguments
given in A apply again, because there is, besides
the possibility of emission of slow particles,
always the possibility of emission of y-radiation,
and in some cases of fast corpuscles.

(40) applies to transmutations in which both
the incident and the outgoing particle are slow.
By far the most important case is the elastic
scattering of slow particles. In this case, the
cross section does not depend on X except for the
resonance factor.

There is also some simplification of the formula
(40) for the case of elastic scattering of slow
particles, " because in this case b"P „——b"@,.

'~ A similar simplification of (36) for the elastic scattering
of fast particles is not possible because (36) contair1s b's
referring to different lj and lj'' so that the numerator of (36)
does not reduce simply to a square, even for elastic scatter-
ing. The only exception is the scattering of y-rays for which
only the term l =1, j=1 is important so that a formula
similar to (41) holds.

Only the square of b occurs in the cross section
while the sign of b does not matter. b' may be
expressed by I' according to (25a), (27b), and we
have

2 (2~+ 1)
(2s+1)(2i+1)

pr J yr J 2

XE —. (41)
+A++P +rJ+ g&Pr J

It must be noted that all formulae for the
cross section refer to a coordinate system in
which the center of gravity of incident particle
and nucleus is ct rest. To obtain the cross section
in the system of the observer we have to multiply
by the ratio of the incident currents in the two
SyStemS, l.e. by Voenter of gravity/ffobserver In the CaSe

8 discussed above, we have therefore to put the
faCtar X in (38) equal tO ffi/fVrogVobo Where M;oq iS

the reduced mass and v,b, the velocity relative
to the observer, while all the other quantities in
(38) are to be taken in the center of gravity
system. In the particular case of the 1/v law,
the cross section is therefore independent of the
velocity of the initial nucleus. If the 1/v law does
not hold, the motion of the initial nucleus has an
effect on the phenomena with slow incident
particles. "

In concluding this section, we may say a few
words about inverse processes For a giv. en process
A+P~B+Q and its inverse we have the
statistical relation

gsrf. ~'~ ~'y &rf. '=g»n~"s'o". &~y ' (42)

However, it must be kept in mind that the
concept of inverse processes has only limited
applications. If we take a given incident particle
with given velocity, the outgoing particle Q may,
in general, have any of a great number of dif-
ferent energies, corresponding to different states
of the resultant nucleus B. The only inverse
process which can be produced experimentally,
is that starting from nucleus 8 in the ground
state, and the particle Q with the corresponding
kinetic energy. This process will, again, lead to
many different energies of particle P and different
excited states of nucleus A. Therefore only a

' A discussion of these effects will be given in a paper by
Pfaczek and Teller, to appear shortly in the Phys. Rqv,
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HP p —
Jl P&&fp&ggg&~*dr (43)

where P~„ is the eigenfunction of the initial
nucleus A in state p, Pc„ that of the compound
nucleus in state r, Pp„ that of the incident par-
ticle and H the Hamiltonian of the interaction
between incident particle and initial nucleus.
If the nuclear forces are known, H is given; and
by solving the Schrodinger equation the nuclear
wave functions Pz„and Pc„may be obtained
without ambiguity. Thus the only factor in (43)
about which doubt may arise, is the particle
wave function 1t p„.

We know about fp„ its asymptotic behavior a,t
infinity: it is a plane or spherical wave, normal-
ized per unit energy. However, in (43) we need
the wave function Pp„ inside the nucleus. To
obtain Pp„ inside, we may suppose that it is the
solution of a Schrodinger equation with a certain
potential V(rp). This assumption is convenient in
order to make the functions Pp„, corresponding
to diferent states p of the particle, orthogonal to
each other. At large distances rI from the nu-
cleus, the potential V(rp) will of course be zero
if the particle is a neutron, and it will be the
Coulomb potential for charged particles.

About the behavior of the potential V inside

'7 Our thanks are due to Professor E.Teller, to whom we
qwt; most of the ideas presented in this chapter,

small, very. often a negligible, part of the experi-
mentally observed cross section in the process
A+P~B+Q, is related by (42) to a part of the
cross section in process 8+Q~A+P. Only for
light nuclei, where the number of levels is small,
inverse processes can be observed. Even here, it
is necessary to make sure in every case that the
processes compared lead to the ground states of
the respective final nuclei.

fl4. Particle wave functions and potential scatter-
111grV

We have shown in the preceding sections how
the probability of nuclear processes may be
reduced to the knowledge of certain matrix
elements H or U. We shall now discuss how these
matrix elements are to be calculated from the
wave functions of the nuclei A B C and of the
particle (P or Q).

The matrix element H „& is

the nucleus, three different assumptions may be
made:

(a) V is negative (attractive potential),
(b) Uis zero (free particles),
(c) V is positive (repulsive potential).

Assumption (c) expresses the idea that the
nucleus is (practically) impenetrable for incident
particles: This is quite plausible, because a
particle falling on the surface of a nucleus will

give part of its energy to the nuclear particles
and will thus become amalgamated with the
initial nucleus, forming the compound nucleus.
This will prevent the particle from traversing
the nucleus unperturbed. This assumption (c)
seems most in accord with the general ideas of
the compound nucleus.

Previously it has been argued (cf. references
3 and 5) that the most obvious choice of the
particle potential V(r) is to take it equal to the
average potential energy of the particle in the
field of the initial nucleus A, i.e. ,

V(rp) = H(r~, rp. ) ~P~„(rA) ~
drA (44)

where rA denotes all the coordinates of the par-
ticles inside nucleus A. This average potential
is certainly attractive. However, we shall show
in the following that assumptions (a) and (b) are
to be rejected in favor of (c).

The three assumptions (a), (b) and (c) will

give widely different results for the matrix
elements H, or the widths y. Obviously, (a) will
in general give the largest result because with
assumption (a) we may have a resonance phe-
nomenon already for the incident particle. '
If such a one-body-resonance occurs, fp„will
evidently be very large inside the nucleus and
therefore the matrix element H will be large. On
the other hand, assumption (c) will give the
smallest matrix elements: In case (c), the wave
function Pp„will decrease exponentially as we go
from the surface of the nucleus inside. The rate
of decay of fp„ is determined by the magnitude
of U(rp) inside the nucleus. If we assume Vof the
order of nuclear binding energies, and the energy
of the particle Pp small compared to U, Pp„will
decrease to 1/e of its value in a distance of the
order of the range of the nuclear forces (say,
2 10 " cm). Therefore the whole contribution
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to the matrix element (43) will come from a
surface layer whose thickness is of the order of
the range of the nuclear forces, while in case (a)
and (b) the whole volume of the nucleus con-
tributes. Moreover, the wave function Pi „will
be smaller than for a free particle even right at
the surface (cf. 50). The matrix elements in case

(c) will, therefore, in general be smaller than in

case (b).
Evidently, only one of the three values ob-

tained for the matrix element H by the three
assumptions (a), (b) and (c) can give the correct
width of the level r of the compound nucleus.
On the other hand, if we continue the perturba-
tion calculation to sufficiently high approxima-
tions, we shall obtain the correct answer from
whatever wave functions for the incident particle
we have started. Therefore, if we start from the
"wrong" wave functions, the first approximation
is not sufficient to calculate the width of a
nuclear level, and the second approximation will

not be sufficient to give the correct dispersion
formula.

The condition for a good wave function is the
smallness of the higher approximations of the
perturbation theory. This condition will be best
fulfilled if the matrix elements H are as small as
possible. Therefore, assitmPtion (c) will come

nearest to the truth.
After having decided for assumption (c), the

question arises how to choose height and radius
of the repulsive potential V. On one hand, a
high repulsive potential makes the wave function

Pz„ fall off more steeply and therefore makes the
matrix elements in the average smaller. On the
other hand, the perturbing potential H must, of
course, include the auxiliary potential V with

opposite sign: If V is chosen too large, this will

again increase the average matrix element. This
increase will (again in the average) be small as
long as V is small compared to the average
nuclear forces, a good measure of which are the
nuclear binding energies. Therefore it seems an
appropriate choice to make V of the same order
as a nuclear binding energy, i.e. , about 10 MV.

For the radius of the potential V, the obvious
choice is the nuclear radius itself. A smaller
radius would again make the matrix elements
larger. A larger radius of the potential is even
more go bq avojded: The perturbation theory as

used in this paper, is based on an expansion of a
certain function, vis , F.=HP~Pp, in terms of the
wave functions of the compound nucleus. This
is only possible if in the region in which F is
appreciable, the wave functions fc form a com-
plete (or practically complete) system. But this
is, obviously, only the case if F is only large
inside the nuclear radius. Therefore Pi must
only fall off inside that radius.

An indication for the importance of higher
approximations and therefore of the accuracy of
the wave functions chosen may be obtained from
the elastic scattering. The scattering of slow

particles, e.g. , slow neutrons, consists in our
scheme of three parts:

(1) The scattering of zero order which is

already contained in the "unperturbed" wave
functions Pp of the incident particle. It is due to
the existence of the potential V and amounts,
for slow neutrons, to a scattering cross section"

(r~ ——4m-R', (45)

'8 Cf. Mott and Massey, Atonic Colhsions, p. 30.
"Bethe and Livingston, "Nuclear Physics, " Part B, to

appear shortly in Rpv. Mod. Phys.

where R is the radius of the sphere inside which
the repulsive potential exists. This part may be
called potential scattering in the narrower sense.

(2) The contribution of the low energy levels
of the compound nucleus. This contribution
shows resonance maxima; in between the maxima
it is very small compared to 0&, because the
neutron width of the levels of the compound
nucleus is small compared to the spacing of the
levels.

(3) The contribution of the high levels of the
compound nucleus. For a given neutron wave
function, the matrix elements H~„& will, in the
average, be of the same order of magnitude for
high levels r of the compound nucleus as for low

ones, because there is no essential difference in
character between the levels. Only when the
energy 8, becomes very high, the matrix ele-
ments will fall off with increasing energy. Let us

say that this will be the case for E„)B,. The
critical energy B, will be of the order of 20 or 30
MV, as may be estimated without great dif-
ficulty "

The density of nuclear levels, i.e., the number
of levels per unit energy, increases rapidly with
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2' 2 2'
wp " = p[Hp„&

hZ, 2
I
(FI')P ".I' (46)

AB,2

increasing energy 8„. For a special model, this
increase has been calculated. " Now the con-
tributions of the various levels to the elastic
sca,ttering (41) all have the same sign. Therefore
the most important contributions will come from
very high levels where the density of levels is
already large and the matrix elements have not
yet decreased, i.e. , from the levels in the neigh-
borhood of 8,. These high levels of the compound
nucleus are responsible for all the difhculties in the

convergence of the perturbation calculation nten-

tioned above. Therefore the condition for con-
vergence is that the contribution of the high
levels should not be too large.

The contribution of the high levels to the
scattering can easily be estimated. The resonance
denominators in (1) may all be replaced by —Z,
where E, is the critical energy at which the
matrix elements begin to fall off."Then we have

we assume the particle to be slow. Considering
the normalization per unit energy, we have

with »=(2MV)'/h, (Sob)

ro ——R —1/». (50c)

Quantities of the relative order 1/»R have been
neglected. Then we have

FI'[Pg [ [happ[ dr

4' M2v ~ U2r2dr
~
—2'�(R—r)

2~' h' "
1 M'v 1

U'= — U' (51)
~ 2V&X

where X = h /Mv is the. wave-length of the incident
particle. Inserting into (47), we have

Pp„= (M'v/2~'h') l sin k(r ro) jk—r for r) R, (50)

= (M v/2v' h ) '*(1/»r)e "~s "~ for r(R, (50a)'

using the fact that the wave functions Pc„of the
compound nucleus form a complete system. The
cross section is obtained by multiplying the
probability (46) by 2v-'hX' (cf. (7)) so that

v f' U'~'
»~ (8 V)

(52)

4v'X' 2

H'
I P~ I

'I y» I

'dr
B.2

(47)

We denote by d~& the volume element in the
configuration space of all particles contained in
the nucleus A and by d7& that of the incident
particle, so that dv-gd7p ——dT. Then, because of
normalization,

(48)

and )FI'[Pg ['dry ——U'(rp),

"Bethe, Phys. Rev. 50, 332 (1936)."More accurately, E, is the energy for which the product
of the average square of the matrix element and the density
of the levels reaches its maximum.

where U is an energy of the order of magnitude
of a nuclear interaction (about 10 MV), which is
an irregularly varying function of the position rI
of the particle. Of the wave function of the
particle, only the part l =0 is important because

U, E, and V are all of the same order of magni-
tude; probably E, is a little larger than the other
quantities. To stay on the safe side, we replace
the ratio U'/Z, V by unity. 1/» is about 2 10 "
cm, i.e. , one-fifth of the nuclear radius. Thus 03

is about a hundred times smaller than o~, (cf. 45).
This would justify our choice of the wave func-
tion. It must, of course, be admitted that some
of the estimates leading to (52) are very crude
so that we prefer to regard our wave function
still as provisional.

On the other hand, we can see immediately
from our estimate that plane waves (possibility
(b) above) and a fortiori an attractive potential
(assumption (a)) are out of the question. For
plane waves, » ' in (51) would be replaced by
-', R' so that (52) would be multiplied by a factor
4/9(»R)', i.e. , about 5'4/9 =7000. The contribu-
tion of the high nuclear levels to the scattering
would then be enormous, and by analogy we
must conclude that the contribution of these
levels to the higher approximations of the per-
turbation theory would also be extremely large
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so that the dispersion formula based on the
second-order perturbation would be quite insuf-
ficient. The assumption of an impenetrable
nucleus is, therefore, at present the most satis-
factory for the calculation of particle wave
functions.

Our estimates show also that with the use of
the correct wave functions, the higher approxi-
mations of the perturbation theory may be
neglected, which justifies formula (1).

As regards the elastic scattering itself, the con-
tribution of the high levels is, of course, not so
small as it might seem from the comparison of
o.3 and 0.&. Actually, the "direct scattering" a.

& and
the contribution r3 of the high levels interfere
with each other. Now the scattering due to the
high levels is certainly in phase with the incident
wave just as is the light scattered by an atom
if the frequency of the light is below the reso-
nance frequency. On the other hand, the scattered
wave due to the impenetrability of the nucleus,
has certainly a phase opposite to that of the
incident wave. Therefore the amplitudes of the
two scattered waves must be subtracted from
each other, so that the total potential scattering is

This cross section has its maximum at an energy
ZP slightly higher than the resonance energy
E„J—E&, and a minimum at some energy below
the resonance energy. If I'"p~„X"p~„/y,zR&)1
(large resonance scattering), the maximum cross
section is approximately

4w(21+1) Pl'"p~„q '
0'max =

(2s+1)(2i+1) E I"„J
(56)

the minimum

2J+1
(2s+1)(2i+1))

The elastic cross section will always be at least
of the order of O.I unless i or s is zero.

If only one level is important, this reduces to

m. (2J+1)I'"p~„X"p~„
(rPP&„=4~R'+

(2s+ 1)(2i+ 1)

4R(Eg+Ep E,g—)+I'"p~, lt"p J
p

X (55)
(E~+K —E,z) '+ &v', z

1

&pot = &1 0'3' (53) II. APPLICATIONS

Since 03 is about one percent of o.~, the total
potential scattering will be about 20 percent less

. than the scattering from a hard sphere of
radius R.

Near resonance, the resonance scattering o-~

must be added to the potential scattering. Again
there will be interference between the two kinds
of scattering which, in the general case, is com-
plicated by the fact that there is only interference
between waves of the same total angular mo-

mentum J. The potential scattering must there-
fore be analyzed according to J. The phases are
equal if the energy is above, opposite below the
resonance level. Neglecting the contribution o-3,

the total elastic scattering cross section becomes
for slow particles (cf. 41)

~P y Z(2~+1)
(2s+1)(2i+1)J

J y J
X 2R+ Q . (54)

+A++E' +rJ+2~Jr J

)5. Capture of slow neutrons: theory

A. Genera1 formu1a For the .c—apture cross
section of a slow neutron with emission of fast
particles or light quanta we have (cf. (38), s = ~2,

(26), (27a))

7r
Pa" =—

. 2 (2J+1)
2 21+1 J.&'&'

I&"p'.I'*~"p'„~"a',p; '
XZ, (58)

+A++P +rJ+ g&Pr J

This gives the capture cross section for a process
which leads to a definite final level q of the re-
maining nucleus. Especially for radiative capture
a great number of final levels will be possible.
Hence for obtaining the observed cross section
(58) has to be summed over all these final states.
This makes the application of the formula rather
cumbersome, and the effects of the interference
become complicated, even if only a small number
of compound states contribute to (58). We shall
therefore, in the following, only consider two
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FIG. 1. The cross section as a function of energy for
various ratios of width to resonance energy. Abscissa:
energy as a fraction of the resonance energy. Ordinate:
cross section. The curves are adjusted so that the area is
unity in each case. Width F=-,'Eo (pronounced
resonance); ———— F= +2EO (case of Cd);
F =480 (almost 1/v law).

important limiting cases which permit the dis-

cussion of some but by far not all applications.
First, we shall discuss the case that only a

single compound state is of importance in the
sum in (58), and hence (58) can be simplified

according to (12). (12) will be generally appli-
cable for light nuclei because of the small density
of energy levels; for heavier nuclei it will often
be true in the immediate neighborhood of the
resonance.

Secondly, we shall consider the case of con-
stant capture probability which leads to the 1/v

law. As already mentioned in )3B, it is quite
generally true that for low energies o varies as 1/v.
The extension of the energy region in which this
is the case is, however, very different according
to the circumstances and will be discussed below.

B. Single resonance level. —(58) reduces to (cf.
(12))

(r/»'
0=&ON

1+((E—E.)/h/2))' «&
with

F„F„( 1
ao~ ——2 I,'

~
1ar' E 2iy1)

1.30 10 "1"„F„( 1
(60)

»+I&

Here, E, and E ari. the energy of the level and

the neutron, respectively, both measured from
zero kinetic energy of the neutron. Hence E, can
be positive as well as negative. F„is the neutron
width at the resonance energy E„F„the radi-
ation width or width for emission of a fast par-
ticle, y is the total width (p= r„+ r„(E/~ E, ~)'*)

and r=y(E, ) the total width at the resonance
energy. All energies are measured in volts, a in
cm2. The factor 1&1/2i+I corresponds to the
two possibilities J=i+ -', ; for i =0, it has to be
replaced by 2. If, as is true in most of the cases
to be considered afterwards, the contribution of
the neutron width to the total width is negligible,

y can be considered as independent of the energy
E and replaced by F = I'„. We shall in the fol-

lowing, if not otherwise stated, always make this
assumption. Then we have

&CN

1+((E—E.)/(r/2))'& E &

1.30 10—"F„( 1

r„& 2i+»

(61)

(61a)

For I'/E, —1.79 there is no longer a maximum

and minimum, and the cross section increases
continuously with decreasing E up to the 1/v-

region.
If E, (0, the cross section increases monoto-

nously with decreasing energy for all values of
I'/E, . Fig. 1 illustrates the energy dependence of
the cross section for a number of values of the
ratio I'/E, =c.

The form (61) of the cross section is modified

by the motion of the capturing nuclei. For free
nuclei, " this leads to a Doppler broadening of
the amount:

6=4(rnEgk T/M) l (63)
"For the discussion of the validity of the assumption of

free nuclei in the cases treated in the present paper cf. G.
Placzek and E. Teller, reference 16.

If E,)0, and r/E, ((1, the cross section has,
according to (61), a maximum for E=Eg and a
minimum for E=E,/5. For larger values of the
ratio r/~E,

~

the extrema get less pronounced,
their positions come nearer together and finally
coalesce at -,'E, for I'/E, =4/+5 =1.79. Generally
we have

E, ( 5(F
(62)

min 5 E 16EE ) )
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(m, M mass of the neutron and capturing
nucleus). "

C. Immediate neighborhood of the resonance
For

where C(g) is the Gaussian error function

C ($) = 2zr ~ e "dt.
0

For $&&1 (natural width) (64), (65) go over into"—«1,'4

Eg Bg

&r = &ro&lt'(k~ &) i (64a)

the combination of Doppler and natural width
leads to the result familiar from optics:

e = co+(1/(1+co')),

fTO DIJON

For $«1, $x &1 (Doppler width)

—(('—")/( / )

(66)

(66a)

(67)

~ e Oe—(~o)'

4($, ~) = dy,
1+y'

(64)

~= I/a.
I /2

(64b)

The maximum cross section O. o is

)2e2

~o= co&(k, O) =~o«dy„1+y'
= ~ovV'~b'{1 —C(&) I,

(65)

3 If the resonance energy is Eg=-';me, ' in the system
where the capturing particle is at rest, we have for the
energy in the system of the observer

E= —,'m(v —u, )' (63a)

where u, is the velocity component of the capturing par-
ticle in the direction of the incident particle. Supposing

(
&e

~
&&

~
o, ) i e. , Ze&&kT&n/M we may neglect the term with

u,' and obtain from (63a)

Eg —E=u, (2mEg) &.
s

Now the probability that u lies between u and u,, +du, is

m(u, )du~ = (M/27rk T) te™~'I'hindu (63c)

(63b)

Hence from (63b) and (63c)

m(E)dE=27r &e 4(~ ~&i"~~'dE/5, (63d)

g = 2(Pi(o/c) (2k T/M) &. (63f)

The Doppler width for particles is equal to the Doppler
width for light quanta with the same momentuni.

'4 This latter assumption was already used in the deriva-
tion of (63), because it is equivalent with u, «v. It is ful-
filled for all practical cases.

where s =4(mE, k T/M) ~. (63)

In the relativistic case we have insteacl of (63b)

Eg —E=u,p.

(p momentum of the incident particle) and hence

~ = 2p.,(2k T/M) ~. (63e)

(63e) is valid both for light quanta and for particles; it
reduces for light to the familiar expression

with

CJOD & ETON

=2.31 10 ".r„( 1
(67a)

AZe 4 2i+1)

With the help of (64) and (65) we can calculate
the cross section for the important case, that the
same substance is used as absorber and indicator
(self-indication)" "

o „=J'&r'dB/ J'&rdE. (68)

"The factor (~E, ~/Z)l in (59) does not appear in (64a)
as Eg —E was supposed small compared with E,.

"We denote throughout with the indices 0 and g the
maximum cross section for monochromatic incident par-
ticles and the effective cross section for self-indication
while the letters N and D refer to natural and Doppler
width, respectively.

"(68) holds, of course, only for thin absorbers."Instead of the integral fP'(g, x)dx which occurs in (68)
(cf. (64)), we calculate immediately tl e somewhat more
general integral fP(P, x)P(q, xjdx. U;ing the definition
(64), we have

I= f4((, x)4(n, x)dx

We integrate first over x and obtain

—Pzf (y—z) 1(5 +zt )

~&(k2+n') J~ (l+y') (l+s')

Here we introduce the new coorclinates u=-,'(y+z) and
v =-,'(y —z). The integration over u is straightforwarcl and
yields

I= elff doe r""/(1+o') (69c)

If I'/Z, «1, the integration can be extended from
x= —~ to x= ~ without appreciable error, as
in this case only those regions contribute to the
integral, in which the condition

~
Ee E{,&&le-

is fulfilled and hence (64) is valid. The result of
the integration" is:
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4 j.3' &.0 O.3 0 =10 gN 2 &ON. (71a)

For $«1
0.

0
——0 gg) {1—2(2/vr) l&+2t2

—(8/3) (2/~) 'P+ 2 V —
t (72)

7) —Oo+( /2)'f= 1.63 10 "(F„/AE,). (72a)

02

f pdx

tt 0 = 0ppt
'—=

2 O'O~p($42, 0) .

J pdx

(69)

The cross section with self-indication is thus
equal to half the maximal cross section, measured
at —', of the original temperature. Hence, for t»1
(natural width), as there is no effect of the tem-
perature, o.gw= 20'0~ while for t&&1 (Doppler
width) 0,~= oQgj/V2 since the Doppler width
(vis. (63)) is proportional to the square root of
the temperature and the maximal cross section
in this case (vis (67a)).proportional to P.

From (65) and (69) we obtain:

0 g &ONX(h) i

x(&) = 24 (b&, o) = (~/2)'E~'" I 1 —c (b2) I.
For Q&1

1 1 3 1.3 5
Pg —GgN 1 + + 0 ~ ~

4k' (4k')' (4k')'

(7o)

(70a)

(71)

with r =2~~(~'+~')-». (69d)
But the integral in (69c) is exactly the same as in (65), so
that we find I= -', ~(g, 0). (69e)
In the special case g=g (69d) reduces to

a=tv'2. (69f)
The integral in the denominator of (68) gives simply 7i-0.0~
which, together with (69e) (69f), leads immediately to (69).

I I I ~ I

0 Ol 02 &3 CW 0.$' 0$ Og I0 2,O

FIG. 2. The ratio x of the average absorption of the
resonance group to the absorption coefficient . at exact
resonance, as a function of the ratio ~ of natural to Doppler
width. Note the change of scale at &=0.5. (By mistake the
ordinate in the figure is marked "P" instead of "x").

A = 3F p(E)v~(E)dE, (73)

3 and F thickness (in g/cm') and surface of in-
dicator, p(E)dE density of neutrons of energy E
per cm'; v velocity; ~ absorption coe%cient in
cm2/g (~ = L o/A; I, Avogadros number; A,
atomic weight).

According to Amaldi and Fermi, the density of
neutrons above 1 volt is

p(E)dE = (1/v)glgdE/E, (74)

g number of neutrons emitted by the source per
second and cm', l, mean free path of neutrons

2'This was first pointed out by O. R. Frisch, who also
reported about preliminary experiments of this kind at the
Copenhagen conference (June, 1936).' Amaldi and Fermi, Ricerca Sci. 7/1, no. 11—12 (1936)
and Phys. Rev. 50, 899 (1936).

A plot of the function y(]) is given in Fig. 2. If
the Doppler width is not negligible with respect
to the natural width, the cross section for self-
indication 0, will depend on $ and hence on the
temperature of the absorber and indicator.
Measurements of the temperature-dependence
of o-g in a region where both widths are compa-
rable, may therefore serve to determine t and,
if the energy Bg is known, also F„.~' If indicator
and absorber are held at different temperatures,
the temperature to be introduced in the $ in

(70), (71), (72) is (cf. (69d) and (63)), the arith-
metic mean —',(T&+T2).

The capture cross section is not only important
for absorption experiments but also for the
measurement of the activation. Amaldi and
Fermi" have given a relation between absorption
coefficient, activation and width. The absorption
coefficient was supposed to be constant within
the line. Instead of this assumption we shall use
(64). For the activation (number of disintegra-
tions per second after infinite time of neutron
irradiation=number of neutrons captured per
second) of a thin layer we have
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&Fq1, r &Fq7,, r ~
(75)

Zg 2 Eg x 2

I'/x can be considered as a measure of the effec-
tive width, we have

for I /x=2r

~«1, r/x = (2/~) —:a.
(76)

We may also write (75) (cf. (61a))

pr hFgl, I'„ / 1
1.30 10-»

2 M E„' 0 2i+1)
8Fgl, I'„' f' 1

1.30 10-»
2 M Ep' ( 2i+1)

where

(77)

(77a)

is the neutron width at 1 volt and 3SI the atomic
mass in grams. Thus, the activation is propor-
tional to the neutron width and varies with the
position of a level with given properties (sym-
bolized by I'„') as E, t.

D. The 1/v region The .—condition for the
validity of the 1/v law is that the variation of the
1/v factor with the energy is large compared to
the variation of the capture probability. Thus,
according to (61)

t(E, [):d

) dE 1+((E,—E)/(r/2)')

1+((E,—E)/(r/2) )' dE ( E )

which gives «1. (78)
(r/2) +(E,—E)

We see that (78) is always satisfied if either"

of energy Ep in paraffin. Introducing (74), (64)
and (70) into (73) we have

l, p BFg7,
2 p

——5Fq I
—«(E)dE= «pN PdE

jV J —co

A more complete expression for the extension
of the 1/v range as a function of E, and I' is ob-
tained by putting the left side of (78) equal to a
small quantity e and solving this as an equation
for E. In this way it is seen that the 1/v range
may even extend to much higher energies than
indicated by (79) and (80).

Thus the 1/v law certainly holds if the incident
energy is small compared to the larger of the two
quantities E, and I'.32 No serious error will be
committed by applying this condition also in
the cases, where the one-level formula is to be
replaced by the general formula (58), provided
it holds for all the compound levels contributing
to the sum.

Actually, the extension of the 1/v range is very
different according to the position and width of
the resonance levels. It is a fraction of a volt for
nuclei like Ag and Rh (see below), and consider-
ably higher for light elements, .because of the
smaller density of nuclear levels. It is true that
accidentally the first resonance level may lie at
a low energy even for light nuclei. Even then,
the 1/v law will hold up to fairly high energies
if the capture of the neutron is followed by the
emission of a charged particle. For in this case
the width of the level will be of the order of
several 10,000 volts (cf. )6) so that the validity
of the 1/v law is ensured at least up to several
thousand volts, irrespective of the position of the
resonance level. Considerations of this kind have
led to the use of the absorption in boron, caused
by the reaction

810+ ~1 811 Ljv+ He4

as an energy gauge for slow neutrons. " This
method will be discussed in )6A1.

For the radiative capture of neutrons by light
nuclei two cases may occur. In the usual case of
a high resonance level we shall have a wide 1/v
range but the cross section will cet. par. be smaller
than for the emission of particles in the ratio of
the p-ray to the particle width. The p-ray width
may be of the order of 1 volt (cf. $10) which

or

E«-', fE, f

E((-„'I'.
"We may write (78) in the form

&«-,'r I-', r/I&, —&I+ l~, —~l/-', rl
from which (79) and (80) are obvious.

(79)

(80)

«' If, however, the contribution of the neutron width to
the total width is not negligible, this condition is not
strictly sufficient because of the energy dependence of p.
In this case (80) is invalidated, but (79) remains sufficient
with the supplementary condition y„((Bgas can be derived
from (59).

"Frisch and Placzek, Nature 13'7, 357 (1936); Weekes,
Livingston and Bethe, Phys. Rev. 49, 471 (1936).
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makes the radiative capture by a factor of the
order of 10,000 less probable than the emission
of particles. A large cross section for radiative
capture by light nuclei can only occur if the
first resonance level lies exceptionally low; in
this case, however, the 1/v la.w will break down
at quite a low energy.

For a great number of nuclei the 1/v law holds
in the region of thermal energies. We shall
therefore in the following give expressions for the
cross section of and the activation by thermal
neutrons, assuming this law for absorber and
indicator. The question, how far the so-called
C neutrons (i.e. , neutrons stopped by cadmium)
are identical with thermal neutrons, shall not be
discussed at this stage.

For the total density of thermal neutrons, we
have (cf. Amaldi and Fermi, "or (83d) for large x)

Assuming complete thermal equilibrium, we
get for the energy distribution of the thermal
neutrons

q~7.E'ge—E//v T

p(E)dE= dF..
(~/4) '(&T) '

(84)

If the indicator is covered on one side by Cd
which absorbs the thermal neutrons, the density

that a Cd absorber, sufhcient to absorb all thermal neu-
trons, is placed at x=0. This corresponds in first approxi-
mation to the boundary condition

F=O at x=0. (S3c)

(We shall find below that F is not exactly zero; in fact, it is
just the value of F for x=0 we wish to calculate. Hut it is
sufficient for our arguments that F at x=0 is small com-
pared to its value in the paraffin. ) The solution of (83a)
with the boundary condition (83c) is for x)0

F=g'v(1 —e x(~r) &). (s3d)

The current of neutrons near x=0 is then

J p E dE=g7,
th

(81)
where L= {D~)~ (83f)

S=D (dF/dx) p =q L, (S3e)

Q= gdV= ~ q'dV.

7. is the lifetime of a thermal neutron in paraAin.
We may put

r = M/ v =N/(8k T/m. m) (83)

N: number of collisions of a thermal neutron in
paraffin before its capture, It': mean free path of a
thermal neutron. '4

84That this particular average of v has to be taken
(rather than, say, ~= Nlv ') can be seen by going back to
the theory of diffusion of neutrons (cf. Amaldi and Fermi,
reference 30) ~

The stationarity equation for the neutron diffusion is

DAF —F/7-+ g' =0, (S3a)

where F(x, y, s) is the total neutron density per crn', 7. the
mean life of a neutron in paraffin, q' the number of neutrons
produced by the source per cm' and sec. , and

D =-3', (83b)

the diffusion coefficient of thermal neutrons. .r is inde-
pendent of the neutron velocity. We solve (83a) for the case

where q', the total number of neutrons produced
per cm' and second, is different from the q used
in (74) because of the different density distri-
bution in paraffin of resonance and thermal
neutrons. Integrating over the whole volume,
we get the total number Q of neutrons produced
per second:

is the "diffusion length" measured by Amaldi and Fermi.
The neutron current determines the activity produced in a
detector. If the angular distribution of the neutrons is

f(8) =a cos 8+b cos' 0 (s3g)

the activity produced in a thin detector of thickness 5 and
absorption coefficient ~ will be

A S 8
Jo '(a+bcos8) sin Id' S 5

a+-,'b
(83h)JP/ (a cos 8+b cos 8) sin ddt —,'a+ 3b

For the neutrons emerging from paraffin, we have (Amaldi
and Fermi, (5))

b =a+3, A =S~b+3. (s3i)

On the other hand, inside a uniform paraffin block the
activity would be

A = Fpi~b, (83j)

where v is the average velocity and Fp the density of the
neutrons. From (83i) and (83j) we obtain the "effective
density" at the surface

F' =3&$/r/ =3&g'L/~. (s3k)

Now the number of collisions before capture N is deil, ned
by Arnaldi and Fermi in terms of the observed diffusion
length L and the observed mean free path l by the relation

L =l(N/3)&.

Inserting this in (83k), we find

F' =g'lN&/~,

(s3l)

(83m)

which is identical with (81) (83) (85). It might be objected
against (83h) and (83j) that the absorption coefficient a
depends on the velocity. This objection is not valid because
the energy distribution of the thermal neutrons emerging
from the paraffin near the Cd absorber is the same as that
in the interior of the paraffin: In both cases, the number of
neutrons of energy 8 striking the detector per sec., is pro-
portional to the number of such neutrons in the Maxwell
distribution, times the neutron velocity.
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q'I( 'Nm-) l
p'(E)dE= Eie ~"'r—dE,

(kT)'

With the help of (86) we can calculate the cross
section and activation.

Putting 0 =XX ', where X is a constant, and
considering that also the sensitivity of the in-

dicator varies with 1/v which compensates the
v factor coming in by the change from density to
current, we have

and hence

fep'dE X
j' p'dE ((m /4) k T) l

e(E) = eu, (-,'m. kT/E) *'.

Thus, the effective energy for the absorption of
thermal neutrons in a thin layer is (7r/4)kT.

For the activation by thermal neutrons B&&

we get from (86) and (88):

Bqq = "eF) K(E)op'(E)dE = 47r6Fq'N*'I Kgb (89)

(K&h absorption coefficient in cm'/g, K&q = e „q/3E).

)6.Slow neutrons: Methods forthe determination
of energy, neutron and radiation width of
the compound levels

In the following we discuss the application of
the formulae derived in (5 to the determination
of the constants E„F„and F„ from absorption
and activation experiments. We shall limit our-
selves throughout to a consideration of the case
of thin absorbers and indicators. Corrections for
finite thickness, which become important in

nearly all practical cases, will be discussed in a
subsequent paper by one of the authors (H.A.B.).
When refering to experimental data, we shall not
recorrect the values for cross section and activa-
tion for finite thickness, but use the values as
given and corrected by the respective authors.
The constants thus obtained must therefore be
considered as provisiona1.

The application of the preceding formulae is
based on the possibility of isolating, among the

is hereby reduced by the factor (cf. Amaldi and
Fermi, "and reference 34)

p'/p = 1/Nl.
Thus we have

neutrons emerging from paraffin, (a) thermal
neutrons, (b) neutrons, the capture of which
leads to a definite level of the compound nucleus
formed in the capture process (resonance
neutrons), The only means of isolating the
thermal neutrons is at present the absorption in
cadmium. As is shown by various experiments,
practically all thermal neutrons are stopped by
0.45 g/cm' Cd. Under the assumption, that the
numerosity of the thermal neutrons is very large
compared to the numerosity of the neutrons of
higher energies absorbed by Cd, the thermal
neutrons have therefore been identified with the
so-called C neutrons, i.e. , neutrons stopped by
0.45 g/cm' Cd. It is, however, probable —see
below —' that the Cd level responsible for this
absorption lies at about 0.1 volt and has a width
of 0.2 volt, so that the strong absorption in 0.45
g/cm' Cd extends to about 0.3 volt.

Hence, a certain number of neutrons of energies
considerably higher than thermal energies will

be among the C neutrons. The fact, that the
slowing down process in paragon in the region
between the energy of the chemical hydrogen
bond (—', ——', volt) and the thermal region is
rather inefficient, increases the number of neu-
trons in this region. Furthermore, in the thermal
region itself, the energy distribution of the
neutrons will not be accurately represented by
the Maxwell curve, as the neutrons slowed down
in paraffin are captured by the hydrogen nuclei
before complete thermal equilibrium is reached.

No accurate estimates of the magnitude of
these effects are at present available, but it seems
from a theoretical discussion that they are not
very large, " so that at least the order of mag-
nitude of the results will not be changed. This is
also shown by the fact that the energy distri-
bution curve of the neutrons, as found with the
mechanical velocity selector of Cd sheets, has a
maximum in the thermal region. "Therefore we

shall in this paper retain throughout the iden-
tification of C neutrons and thermal neutrons,
substituting thus 0-&h, ~&h, and B&h by 0.„
and B, and using for the effective energy
of the C neutrons with 1/v indication the value

E,=(7r/4)kT (cf. (88)).

~6 Dunning, Pegram, Fink, Mitchell and Segre, Phys.
Rev. 48, 704 (1935).
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For the isolation of the resonance neutrons
the absorption or indication in the element to
be investigated is used. A source of uncertainty
lies in the fact, that the resonance neutrons thus
defined may belong not to a single resonance
level but to several of them. The total resonance
activation A„, observed will then be the sum
of the activations of the single compound levels,
so that we have (cf. (77)):

A„,= QA. g
——cp(I'„g/E, '*), (90)

where c is a constant, and I", the reduced
neutron width of the level Z, (i.e. , neutron width
at 1 volt; cf. (77), (77a)). Except for the irregular
variation of I' „.„the contributions of the higher
levels to the activation will decrease as E, &. For
a quite schematic picture of the situation, we may
assume the levels to be equally spaced with a
distance D corresponding to the actual mean
distance and I"„,to be the same for all levels.
Then we see that the importance of the con-
tributions of the higher levels to the activation
will be determined by the ratio of the energy
of the first positive level E~ to the mean distance
D. Indeed we have

and may now distinguish three cases:
(a) E~&(D. The activation is practically deter-

mined by the first level. This case will be realized,
if resonance capture is observed in a light ele-
ment, because here the resonance activation will
in general only be observable if E& by accident
lies exceptionally low." Occasionally, this may
also occur for a heavy element.

(b) K D. The total contribution of the
higher levels to the activation is of the same
order of magnitude as the contribution of the
first level and is caused by a great number of
levels; e.g. , for Ej ——-', D we have A„,= 2.6A~, and
the activation due to the levels with g)50 is
still 30 percent of the activation of the first level.

"It is true that with decreasing atomic number, not only
the mean distance D of the levels, but also the neutron
width F„ increases rapidly, so that for a light nucleus a
noticeable activation might still be produced by resonance
neutrons of much higher energy than for a heavy nucleus.
It is, however, probable, that the neutron width increases
less rapidly than D&, so that here the possibility for the
detection of resonance-capture is in general limited to the
case EI(QD. .

Q~e shall later give arguments to the effect that
this case is more or less realized for elements like

Ag, Rh, In; D being of the order of some volts.
(c) E~))D. Each of a great number of higher

levels produces an activation of the order of the
effect of the first one. This may occasionally
happen for a heavier nucleus. It seems (cf.
below) that iodine may come near to this case.

In a similar way, the influence of the higher
levels on the absorption coefficient with self-
indication can be discussed.

A certain —though not very sharp —control of
the effect of higher levels is supplied by the
analysis of the absorption curves with self-
indication, supplemented with boron absorption
curves. Such an analysis would permit one to
detect a pronounced heterogeneity of the
neutrons. " (Cf. Fermi's groups A and 8 in Ag. )
In the following, we shall give formulae under
the assumption, that only a single level is effec-
tive, and discuss for every method how the results
are modified by the presence of several levels.

A. Determination of energy
1. Absorption in boron"

Case a. Resonance energy larger than the
cadmium absorption limit. —The absorption co-
efficient in boron for the neutrons penetrating
cadmium and indicated by the element under
investigation is compared to the absorption coef-
ficient of the C neutrons in boron, measured with
a boron chamber or another indicator obeying
the 1/s law in the thermal region. Because of the
1/s law for the capture in boron, the reasons for
which have been given in $5D, and because of
(88), we have for the resonance energy 3'

"Also if only a single resonance level is of importance,
the heterogeneity caused by the variation of the absorption
coefficient within the line will manifest itself in the absorp-
tion curves. It will often be possible, however, to decide
with the help of the constants determined according to
Section C whether this reason is sufhcient to explain the
shape of the absorption curves or whether the presence of
several levels must be assumed.' Frisch and Placzek, reference 33. Weekes, Livingston
and Bethe, reference 33. Collie, Nature 137', 619 (1936).
Amaldi and Fermi, reference 30. Halban and Preiswerk,
Helv. Phys. Acta 9, 318 (1936). Goldsmith and Rasetti,
Phys. Rev. SO, 328 (1936). Goldsmith and Manley, Phys.
Rev. , in press.

"Goldsmith-Rasetti take kT instead of 7l /4 kT as a
correction for the hardening of the thermal neutrons in the
thick layers used. The actual value of E, is probably still a
little higher because of the reasons exposed at the be-
ginning of this section.
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(92)

If several resonance levels are effective, the
energy determined according to (92) will be a
rather ill defined mean value, namely (cf. 90)

(93)

If all I"„,are equal, and 8& D(cf. a——bove), this
gives E„,= 2.5E~.

(93) holds for a thin boron layer; for thick
layers, the influence of the higher levels will be
still more pronounced. It is therefore essential
to base the energy determination on complete
absorption curves and not on single points.
Furthermore the influence of the higher levels
may be reduced by defining the resonance
neutrons not by the indication alone, but also
by the absorption, which can be done by adding
to the cadmium filter a filter consisting of the
same element as the indicator.

At present, the energy values found by different
observers with the boron method seem to differ
to a certain extent in some cases. The reason for
this appears to be not so much lack of precision
of the measurements, but different —and perhaps
insufhcient —correction for geometrical factors.

Case b. E, sma11er than the Cd absorption limit.
If the resonance energy is smaller than the
energy at which Cd becomes transparent (about
0.3 volt, viz below), t. he boron method in the
form described will not be applicable. Here,
instead, some information about the position of
the level may be obtained by the study of the
boron absorption with boron indication of the
neutrons stopped by and penetrating through
layers of various thickness of the element to be
investigated, as was done originally in the case
of cadmium. 4'

Important supplementary information about
the position of low energy levels may be obtained
from the rotating wheel experiment, "as will be
discussed for the case of cadmium ()7B).

'Frisch and Placzek, reference 33.
4' Rasetti, Segre, Fink, Dunning and Pegram, Phys. Rev.

49, 104 (1936);Rasetti, Mitchell, Fink and Pegram, Phys.
Rev, 49, 777 (1936).

CEg'o-,
F„=

1.30 10 " (94)4'

where .
J'A, d V Nll

fB,dV I,
(94a)

For purposes of comparison it is better to use
the reduced neutron width I"„(neutron width
at 1 volt, I" =I' 8, l)

CEg'o-,

1.30 10 " (95)

(95) is very useful as it gives an expression for the
neutron width which, being independent of $,
holds irrespective of the form of the line.

In the case of the presence of several resonance
levels, the I" determined from (95) will be con-
siderably too large. Indeed, we have from (95),
(90) and (93)

(96)

4'Halban-Preiswerk, Comptes rendus 202, 849 (1936);
Amaldi-Fermi, reference 30.

4' Here and in the following, we shall always incorporate
the unknown factor (i&i/(2i+1)) in the neutron width,
i.e., write F instead of F„(i+1/(2i+1)).

The extension of both methods to other ele-
ments, where the presence of a low level is
suspected (Dy, Sm, Gd) is made difficult by the
rarity of most of these elements, which forbids
the use of absorbers of sufhcient dimensions.

Z. Other methods

The energy of resonance neutrons may also be
estimated by the study of the diffusion of the
resonance neutrons in paraffin. 4' It seems, how-
ever, that these methods are hardly accurate
enough to give quantitative results; they may
chiefly serve to check the relative order of the
energies as given by the boron method.

B. Neutron width

The neutron width may be found directly from
the resonance activation with the help of (77), if
the absolute number of the neutrons q is known.
To determine g, we will use the procedure of
Amaldi and Fermi, who express g by the thermal
activation and cross section. Integrating reso-
nance and thermal activations over the whole
paraffin volume, we get from (77), (89) and (82):
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which is a weighted sum rather than a mean
value. This is also clear from the fact that 7'„ is
proportional to the activation. In the special
case (cf. above, after (91) and after (93)) that all
I"„,are equal, and E,=D, we have (r'„),=10.4

lr „,.
A way of estimating F'„, if E, lies near the

thermal region, will be discussed for the example
of cadmium.

C. Effective width r, /x and radiation width I',
The effective width can be found —as shown

by Amaldi and Fermi —from the resonance
activation and absorption coefficien for self-
indication. For the relative effective width

( r, /x) /E, we find from (75), (89), (82) and (94a)

(r./x(k))/E. = C~./~. (97)

The relative width found by Amaldi and Fermi
under the assumption of constant cross section
both for resonance and thermal neutrons is
2C(K,/~, ), their values have hence to be divided
by 4 in the case of natural and by (8/w)l in the
case of Doppler width. " (97) also provides a
mean for checking the assumptions F„&(8„
A«B„made for the derivation of the formulae
in (5C. (6/E, can, of course, also be directly
calculated, ris (63), if E. , is known from the
boron method. )

Instead of finding from (97) the effective
width, we may use the relation also as an equa-
tion for P and hence for I'„. Dividing both sides
of (97) by 6, we get

x($) (kTrn/M~ l ~, 1

E, i ., C

from which $ may be determined. If, however, $
is small, (98) is very insensitive, since for t&(1,

4' Cf. however, reference 49.

For t))1 and P«1 we may express the effective
width by the natural and Doppler width, re-
spectively. Thus (cf. 70 to 72a)

for $))1:
r„/E, = ', C~,/. , (1 —1/-4f- + ) (97a)

for $«1:
a/E, = (7r/2)l C~,/~g(1 —(8/vr)'g+ ). (97b)

x(f) is proportional to $. Thus small natural
widths cannot be determined in the presence of
large Doppler widths.

The presence of several levels has a similar
effect upon the radiation width I'„determined
from (98) as upon the neutron width I'„. If all
levels have natural width, the I"„ found from
(98) is

which, as in the case of (I'„)„ is a sum 'rather
than a mean value. In the special case that all
r'„, and all I"„, are equal, that the levels are
equally spaced and Z& ——D, we have F„=10.4 F„,.

In the formulae derived up to now, the one
level formula (61) was only made use of in the
immediate neighborhood of the resonance but no
relation was assumed between the cross section
for thermal neutrons 0., and the resonance cross
section 0,. If we suppose that the thermal cross
section o., is determined by the influence of a
single resonance level, the comparison between
thermal and resonance cross section gives us
another method for finding the radiation width. 4'

It is obvious, that this assumption, which in-
volves the extrapolation of the one level formula
up to the thermal region, is a much more special
one than the assumption discussed before, vis.
that the measured resonance absorption is mainly
due to one compound level only.

Firstly, for the thermal cross section the levels
of negative energy E„which do not contribute
to the absorption, are of as much importance as
the levels of positive energy. Secondly, the inter-
ference of the capturing amplitudes in (58) may
considerably increase the effect of the higher
levels. The importance of formulae based on this
assumption will therefore consist not so much
in that they supply an independent method to
determine F„, but rather in that they give a
possibility of finding out in actual cases, to what
extent the thermal cross section is connected to
the measured resonance absorption.

If Eg))kT, we have from (61), (63) and (70)4'

4' Bethe, Phys. Rev. 49, 888 (1936).
4' The formulae which are based on the extrapolation of

the one level formula in the thermal region are marked by
an asterisk.
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&o.v p 2

2 E,l(7rkT)l

This gives for the relative radiation width
I',/E, for $))1 (cf. 71):

for $«1 (cf. 72, 72a);

F,. cr,. x (My "—=——
(
—

~
(1 —(8/~) l& — ). (101b)'

Bg ag8' Em)

More generally, we may consider (100) as an
equation for t

Instead of the ratio of the absorption coef-
ficients, we may also use the ratio of the activa-
tions C. Introducing (100) into the expression for
the thermal activation (89), or also expressing
the ratio of the absorption coefficients in (97) by
(100), we get a very simple relation between the
ratio of the activations and j, vis. :

fm iV)'

&4 m)
(103)*

We have now 3 relations for (, the general re-
lation (98) and the two relations (102) and (103)
which make use of the assumption (100). Of
these 3 relations, however, only two are inde-
pendent, as for instance by dividing (98) by
(103) we get (102). We may find out in each
case how far the thermal cross section is con-
nected with the level causing the resonance
absorption, by comparing the g found from (103)
with the $ supplied by the general formula (98).
In this connection attention must be paid to the
fact, that the ratio of the two ('s depends rather
sensitively on the value of C; e.g. , for P))1, g is
proportional to C (cf. 98), while („t, Lso we shall
denote from now on the $ determined from (103)j
is, proportional to 1/C, so that, g/f„t, is propor-
tional to C'.

f7. Discussion of experimental data on slow
neutrons

A. B,»kl. Complete data on energies, ab-
sorption coefficients and activations are available
for the elements Rh, Ag (22" period, group A) and
I. The values for the resonance absorption coef-
ficients Kg and the resonance activations A, are
not very certain, owing to the difhculties of cor-
rection for finite thickness of the indicators and
absorbers used. The following discussion should
therefore be considered as demonstrating how
the preceding formulae should be used in the
analysis of the experiments, rather than as a
derivation of final results.

1. Rhodium (group D).—For the energy, deter-
mined by the boron method, we take E,=1.1
volts. 47 This corresponds to a Doppler width
of 0.066 volt. The absorption coefficient for C
neutrons is 0.7 cm'/g, " corresponding to a cross
section of 120 10 " cm'. For,the ratio of the
activations, one finds from Amaldi-Fermi's data
C=0.77." From these data, we get for the
neutron width F = 8.6 10 ' volt and the reduced
neutron width F'„=8.2 10 ' volt.

The resonance absorption coefficient ~, is given
as 4.0 cm'/g by v. Halban, " while Amaldi and
Fermi find a, =1.8. From (97) and (98) we have
(the constants following from the latter value of
a, are put in brackets) I'„/x=0. 15 (0.33), (=0.90
(2.4), I'„=0.060 (0.16).

Supposing that the cross section for neutrons
of thermal energy is entirely caused by the
resonance level, to which the constants now de-
termined refer, we would get from the activations
according to (103)* $,.t,

——11.5, and from the

4' Goldsmith-Rasetti, Phys. Rev. SO, 328 (1936).
"Amaldi and Fermi, reference 30.
"This value is obtained by using Amaldi and Fermi's

correction for finite thickness, based on the assumption of
a constant resonance absorption coefficient. The correction
is numerically rather important, it increases the measured
value of.C by a factor 1.55 in the present case. The con-
sideration of the fact that due to the variation of the
capture cross section in the resonance region —the apparent
absorption coefficient of resonance neutrons is lowered by
their passage through thick layers, would tend to diminish
the corrective factor and thus diminish the value of C. The
correct procedure would be to use Amaldi-Fermi's value as
a zero approximation in (97) and (98), recorrect it by
introducing the line-shape thus determined, and recalculate
the constants with the recorreeted value of C. The lowering
of the above value of C, caused by this effect, may well be
upset, if Amaldi-Fermi's value for ~„used also for the
correction of C, should prove to be too low, as would be the
case according to v. Halban (see below).

~' Private communication.
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cross sections, cf. (102)*, P, = 3.2 (5.2). If, there-
fore, the observed resonance level were the only
one contributing to the thermal cross section, the
thermal activation and cross section would be by
the ratio g„t/$, i.e. , 12.8 times (4.8 times),
smaller than the observed values.

If we assume, therefore, that the main reso-
nance absorption is caused by a single level at 1.1
volts, we may conclude that —as far as we can
trust the measurements and especially if v.
Halban's value for the resonance cross section
proves to be right —the chief contribution to
the thermal cross section does not come from this
resonance level, but from other (higher or nega-
tive) levels. "'

2. Silver. The re—sonance neutrons of Ag (22"-
period) have been divided into two groups.
About two-thirds of the resonance activation are
absorbed in a thin sheet of Ag and called group
A. The other third (group 8) seems to consist
of much harder components.

For the energy of group A, we take Eg 2 5

volts, 4' which gives the Doppler width 6=0.096
volt.

The absorption coe%cients for thermal and
resonance neutrons are" «, =20cm'/g, «, =0.25
cm'/g, the ratio of the activations C= 1.52.

Now we must take account of the fact that Ag consists
of two isotopes of nearly equal abundance, of which only
one absorbs group A, giving rise to the 22" period. Thus
we have for the cross section o-, obtained from Kg: og = 2Kg3f
=7000 10 '4 cm'. To the cross section in the thermal
region both isotopes contribute. The ratio of the thermal
activations for the short and the long period was found to
be 3:1.'0 The thermal cross section of the isotope absorbing
group A is therefore 0 = 2K M= 70 10 "cm'. The thermal
activation measured by Amaldi and Fermi refers to both
periods. Therefore, the absorption coefficients to be
introduced in (98) are the directly measured absorption
coefficients, while in (102) enter the actual cross sections
of the capturing isotope. If we use in all the formulae the
measured absorption coefficients (or correspondent ap-
parent cross sections a=MK) and the thermal activation
referring to both periods, then the value of I"„and F'„
obtained from (94) and (95) have to be multiplied by 2,
x/P from (102) by 4/3 and P from (103) by —,'.

'~ Rote added in proof: The calculations described are
very sensitive to the assumptions about the mean free
path of thermal and faster neutrons in paraffin. Reasons
can be given (reference 19) for the assumption that l, is
only 0.8 to 0.9 cm rather than 1.1 cm as Arnaldi and
Fermi assume. This improves the agreement considerably
so that it can, at the moment, not be excluded that the
chief contribution to the thermal cross section of Rh comes
from the "D" level.

Taking these factors into account, one finds
I'„=7 10 4 volts, F' =4 10 4 volts.

From (98) we get x/(=2. 02. From this, we
cannot calculate $, because the maximum value
of x/$ for )=0 is (m/2)'=1. 25. We may only
conclude that ( is probably smaller than 1. In
other words: the effective width I',/x determined
from (97) turns out to be smaller than the
Doppler width calculated from the boron deter-
mined energy. Indeed (97) gives I',/x = 0.047
volt, which, if the line has pure Doppler form,
would correspond to a Doppler width of 0.060
volt, while the Doppler width from the boron
energy is 0.096 volt. This difference may well be
due to experimental error.

From the ratio of the activations (103) one
finds $,.~

= 6.0, from the ratio of the cross sections
)=1. As in Rh, the one level formula gives too
high values for g. This means, as already men-

tioned, that if the resonance level with the width
determined from (98) would alone be effective,
the activation and cross section in the thermal
region would be smaller than observed. The dis-
crepancies are much more striking than in the
case of Rh and cannot be removed by considera-
tions as those described in reference 50a.

The existence of higher levels in the Ag isotope
which absorbs group A is proved by the existence
of group 8, the mean energy of which is estimated
by the boron method to be 4.5 volts. "The fact
that this group is much less absorbable in Ag
seems to show that either the neutron widths of
the respective levels are smaller or the radiation
width larger than those of group A. If the latter
is the case, the effect of these levels upon the
thermal cross section would be more important
than the contribution of the level corresponding
to group A.

3. Iodine. —The data for iodine are the least
accurate ones. The resonance energy lies high:
Eg 80 volts. 4' The thermal activation has not
been given by Fermi and Amaldi, because they
eliminated q in this case with the help of the
thermal cross section and activation for Rh.
Herefrom and from the thermaI absorption coef-
ficient «, =0.024 cm'/g" the thermal activation
can be recalculated, which gives C=2.16. For
the resonance absorption coefficient Amaldi and
Fermi give «, =0.38 cm'/g.

"Frisch, private communication.
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The constants derived from these values,
together with the constants for Rh and Ag, are
shown in Table II. The very high values for the
neutron as well as for the radiation width" of
iodine suggest, that the resonance activation of
iodine is due to a number of levels of about equal
effect (case c, beginning of fl6), in which case the
observed width would be something like the sum
of the widths of the single levels.

In toto, the whole situation may be compatible
with the following picture:

If we consider the series of elements Rh, Ag,
In, I, which, being not very different as to their
mass and all containing an even number of
neutrons and an odd number of protons, should
exhibit a certain similarity as to their mean
density of energy levels" although individual
variations are by no means excluded. We note
that for Rh, Ag and In the boron method gives
resonance energies of a few volts, while for iodine
the resonance energy lies much higher. ' lt may
therefore be that the mean distance of levels in
all these elements is of the order of a few volts.
For Rh, Ag and In, then, the energy of the first
level is of the same order as the mean distance,
and the resonance activation of these elements
consists therefore of a large effect of one level,
the position of which coincides roughly with the
measured resonance energy, and smaller con-'
tributions of a number of higher levels.

In iodine, on the other hand, the energy of the
first levels would be by chance several times
larger than the mean distance. Therefore, no
single level has a prominent influence upon the
resonance activation. The energy measured is
then a mean value over many levels, which may
extend from about 20 or 30 volts upwards, and
the measured widths are the weighted sum of the
widths of these levels. It may even be that the
actual width of most of these levels is already
practically Doppler width.

How far this picture coincides with the facts
may be ascertained to a certain extent by the
accurate study of the absorption curves with
self-indication and the refinement of the boron
method by its combination with varied filterings.

5~ According to recent measurements of Frisch, ~g seems
to be much higher than given by Amaldi and Fermi, i.e.,
about 2-3 cm~/g. This would reduce considerably the value
of the radiation width and also create with respect to the
ratio g«t/P a situation more similar to Ag and Rh.

Bo Bg kTe

4. Cadmium. —The absorption coefficient in
boron, measured with boron indication, of the
neutrons penetrating cadmium is about 7 times
smaller than the boron absorption coefficient for
C neutrons. "From this it follows, that Cd has a
resonance level at an energy considerably lower
than one volt. This energy may, according to
these data, be positive as well as negative.
Rasetti, Segre, Fink, Dunning, Pegram" have
shown that the absorption of a Cd wheel is
lowered when it rotates with a velocity com-
ponent in the direction of the velocity of the
incident neutrons. From this it follows that the
capture probability in the thermal region in-
creases with increasing energy. This proves, that
the level has a positive energy and lies above the
thermal energy. Still a little more follows from a
quantitative discussion.

The relative change in the absorption measured
in this experiment is directly equal to the relative
change in the capture probability Ap/p. We
have:

Ap 1dp
AB=

p pdE

2(E,—E)

(E,—E) y(-', r)
AE (104)

(AE is the change in the effective energy of the
neutrons caused by the rotation of the wheel).
We may now define an energy u by

u=p/Dp hE.

Then we have from (104)

(-;r) y(E, —E)

2(Eg —E)

(105)

(106)

From (106) we see, that, if u) 0

Bg —Z (2u,
F (2u,

(E, E)'+(-', 1')' &4u'. —

(107a)

(107b)

(107c)

From the measurements, u comes out to be 0.10
volt, hence

E,—E &0.20 volt, (108a)

F &0.20 volt, (108b)

((E,—E)'+(-', I')') & &0.20 volt. (108c)

"Frisch and Placzek, reference 33, Collie, reference 38.
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Ke may now try to get further information by
using Amaldi-Fermi's cadmium absorption curve
measured with Rh indication. From this curve,
the Cd absorption coefficient for the Rh reso-
nance (D) neutrons may be estimated to be
about 270 times smaller than for the C neutrons.
Assuming that the Cd cross section for D
neutrons is entirely determined by the resonance
level near thermal energy, which is of course very
doubtful, especially in the light of the evidence
of section A, we have from (61):

K~' (&,—Ki)'+(l 1')'

&th +D'
(1o9)

Combining (109) with (106), we find Z, =0.14
volt, I'=0.20 volt. With these values, the cross
section (cf. Fig. 1) would have a very flat
minimum at about 0.05 volt and a very Hat
maximum at 0.12 volt, the maximum being only
about 12 percent higher than the minimum.

To find the neutron width, we must decide to
which of the many Cd isotopes the resonance
level is to be ascribed. The most probable
assumption is, that it belongs to an isotope with
odd mass, as these isotopes have the largest level
density. " As both odd isotopes (111 and 113)
have about equal abundance (12 percent and 10
percent, respectively), it does not matter very
much for the cross section, to which of the two
isotopes the level belongs.

Inserting the thermal cross section, which—
corrected for the abundance with this assumption—is 25,000 10 '4 cm' and the above values for
E, and I', into (61), we find for the cross section
at resonance 00~=25,000 10 ' cm', i.e. , the
same value as at thermal energy. This gives for
the neutron width I'„=5 10 4 volt and the
reduced neutron width I"„=1.5 10 ' volt.

$8. Fast neutrons"

The present theory is quantitatively applicable
to fast neutrons only as long as the mean distance
of the compound levels remains large compared
to the neutron and the radiation width, " i.e. ,

r.«D, r„«D.
Even in the energy region where this condi-

tion still holds, the cross section will in general
exhibit no maxima because of the Doppler effect.
At an energy of 2 million volts, the Doppler width
for an element of mass 100 will be about 100
volts, which is probably more than the mean
level distance of most of the elements in this
region. Apart from this fact, the actual inhomo-
geneity of fast neutron beams will, even with
artificial production, not be lower than a few
thousand volts, so that resonance phenomena,
even if present, may only be detected if D is
larger than this energy inhomogeneity. In all
other cases, a mean absorption will be observed,
given by"

x'R2 F„
0

2i+1 D

F„ is the mean neutron width of the levels in
the energy region concerned, and R the nuclear
radius. The formula is obtained by considering
the inRuence of the various orbital momenta of
the incident particle. (110) comprises capture
and scattering except potential scattering. As
already emphasized by Bohr, ' most of the scat-
tering (except the potential scattering) will be
inelastic. "

~4 For a detailed discussion of the properties of fast
neutrons we refer to Bohr and Kalckar, reference 1.'~ For the case of large width, cf. reference 19.

"Cf., Bethe, Phys. Rev. 50, 332 (1936); Bethe and
Livingston, reference 19."For the experimental evidence, cf. Werthenstein,
Nature 135, 747 (1935);Ehrenberg, Nature 136, 870 (1935).

TABLE II,

Element Kc 0.0 1024 cc 10'4 r„1O4 r'„1O4 bract

Rh
Ag(22") 2.5'

I 80.
Cd 0.14

1.8b
4.0' 0.7

20b 0.25
0.38b 0.024d

13,5

0.77
1.52
2.2

310
680

7100
80

0.16
120 0.066 0.060 0.86
67 0.096 &0.05 6.6

5 0.50 5.5 500
25,000 0.2 5

2.4
0.82 0.90
4.2 ((1

56 ii
15

11.5
6
4.6

& Goldsmith-Rasetti, reference 46.
b Amaldi-Fermi, reference 30.
& v. Halban, reference 38.
& Frisch. reference 51.
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Two kinds of inelastic processes may occur. Either the
compound level created by the capture of a fast neutron
may emit a neutron of lower energy, leaving the final
nucleus in an excited state, which then emits a p quantum
(ordinary inelastic scattering). Or the compound level
originally formed may first go over by p-ray emission to a
lower state of the compound nucleus, which then decays
further under emission of a neutron (inelastic scattering of
the second kind). The latter type of processes must be
taken into account for the calculation of the capture cross
section: It has a lowering effect on the probability of
capture because not all radiative processes lead to capture.
However, it is likely that the probability of the inelastic
scattering of the second kind is smaller than the capture
cross section, because the y-rays emitted have lower
frequency in the case of the scattering of the second kind,
and the emission probability is cet. par. proportional to the
third power of the frequency of the p-ray. Only if the
neutrons have very high energies, will the inelastic scat-
tering of the second kind be important.

Experimentally, not very much is known about
the capture of fast neutrons. The earlier con-
ception, according to which the observed capture
effects should be attributed to the effect of small
admixtures of slow neutrons, "seems not to agree
very well with numerosity considerations, and it
is more likely, that at least a part of the observed
effects is to be ascribed to the fast neutrons.
Conclusions about the ratio of neutron and radi-
ation width in the range of high neutron energies,
based on the comparison of capture and scatter-
ing cross section, are therefore hardly possible.

In this state of affairs, it seems more promising
to estimate the neutron width at high energies
by simply extrapolating the data from slow
neutron experiments. Assuming the E' law for
the neutron width which will hold as long as the
wave-length is large compared to nuclear dimen-
sions, and supposing, as in (4, that there are no
systematic differences between the matrix ele-
ments for high and for low energies, we would

get from the slow neutron data for Rh and Ag
a neutron width of 0.1—1 volt for energies of
some million volts. This would mean, that in
that region neutron and radiation width have
about the same order of magnitude. However, it
must be kept in mind that this extrapolation
gives only the parlia/ neutron width correspond-
ing to a process in which the final nucleus is left
in the ground state. If the neutron energy is suf-
ficient for inelastic scattering, i.e. , if the final

'7 Bethe, Phys. Rev. 4'7, 797 (1935).

nucleus may be left in excited states after the
reemission of the neutron, the total neutron
width will be much larger, approximately in pro-
portion to the number of possible final levels.
Then the inelastic scattering will be much more
probable than the capture.

(9. Elastic scattering of neutrons

The theoretical discussion of the scattering has
been given in fl4. Experimentally, the scattering
of slow neutrons, of thermal as well as higher
energies, has been investigated. "The cross sec-
tions observed with various elements are of the
order of magnitude of nuclear dimensions, No
case of resonance scattering has been found thus
far.

For fast neutrons, it is again difficult to sepa-
rate inelastic" from elastic scattering. Assuming
that the "total absorption" of fast neutrons
observed" is due to elastic scattering, Rabi"
found good agreement with the theoretical poten-
tial scattering for hard spheres. This corresponds
to the assumption about the potential which we
showed in fl4 to be most likely correct.

)10. Transmutations involving charged particles

If the particle Q is charged, the matrix element
U"g~, involves two factors, firstly a factor due
to the electrostatic potential barrier between the
particle and the nucleus, and secondly, a factor
giving the probability of the concentration of the
nuclear energy on the particle Q. The latter factor
is quite analogous to the case of neutrons, and is
the more interesting part. In order to obtain it
from the experimental data, the first (penetra-
tion) factor must be split off, using the well-
known formulae for the penetration through a
potential barrier. A convenient form for the
penetration factor is"

' Dunning, Pegram, Fink and D. P. Mitchell, Phys.
Rev. 48, 265 (1935).Wick and Pontecorvo, Ric. Sci. 2, 3/4
and 4/5 (1936).A. C. G. Mitchell and Murphy, Phys. Rev.
48, 653 (1935). A; C. G. Mitchell, Murphy and Longer,
Phys. Rev. 49, 401 (1936).A. C. G. Mitchell, Murphy and
Whittaker, Phys. Rev. 50, 132 (1936).

"Dunning et. al,. reference 58.
Rabi, Phys. Rev. 43, 838 (1933). It may seem satis-

factory that Rabi deduced from the scattering effective
radii somewhat larger than the then accepted nuclear
radius whereas we have shown ()4) that the cross section of
the potential scattering should be slightly smaller than the
geometrical cross section of the nucleus. This difference
would compensate for the increase in the nuclear radius
necessitated by the Bohr theory (cf. reference 55).
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where

Pq ——exp L
—2gy(Zq jUo)] (111)

g=0.38(MqZq)'Zs:Mo't' (111a)

y(x) =x, '*are cos xl —(1—x)'* (111b)

with 2lfg and M~ the atomic weights of the par-
ticle Q and the nucleus 8(0"= 16), Zq and Zo
the respective nuclear charges and 0.38 a con-
stant derived from the observed radii of heavy
nuclei. A curve for y(x) is given in the report by
Bethe and Livingston. "E@is the absolute kinetic
energy of the incident particle, and Uo the height
of the potential barrier,

Uo 0.70Zq——Zs(Ms+3f q)/Mo"' MV. (1.11c)

Since the penetrability (111) falls very rapidly
with decreasing particle energy, charged par-
ticles can only appear in nuclear reactions if their
energy is not too small compared to the height of
the potential barrier. (For quantitative data, cf.
reference 19.) Because of the considerable energy
required, it is not possible to define the energy of
the incident particle accurately enough to observe
reasonances if the resonance levels are closely
spaced. Therefore no resonance sects witt be ob

servable with charged particles and heavy nuclei

(cf., however, the case of Pt below).
On the other hand, if the energy is high enough

to make the process observable, there is still a
rapid increase of the probability with increasing
particle energy. This increase is apt to mask
resonance effects if the resonance is broad and
not very pronounced. Consequently, the best
chance for observing resonance with charged
particles is if the resonance is narrow. The process
most suitable for resonance is therefore the
simple capture of particles with the emission of
y-rays, provided that no other process is possible
for the given energy and angular momentum of
the incident particle.

In fact, the most striking resonance effects
have been observed for the simple capture of
protons by nuclei. The processes studied in
detail are"

Li'+H' =Be'+y I,
C12+H1 N13+7 I'I

F"+H' =Ne'0+y III.
"Hafstad and Tuve, Phys. Rev. 47, 506 (1935).Hafstad,

Heydenburg and Tuve, Phys. Rev. 50, 504 (1936). For
detailed theoretical discussions, see Hafstad, Heydenburg
and Tuve; Bohr and Kalckar, reference 1.

For process I and III, the width of the resonance
has been measured. and found to be small, for II
the resonance is also known to be narrow. The
reactions have been studied by measuring the
p-rays.

In case II, the capture reaction is the only one
which can occur on energetic grounds. All other
reactions, e.g. , C"+O'= B'+He', C"+O'= C"
+H2 C"+H'= N"+n' would be very highly
endoergic and can therefore not take place with
protons of relatively low energy (below 1 MV).
In case I and III, other reactions are energetically
allowed, vis. in the first case,

and in case III

Li'+H' = 2He' (Ia)

F"+H' =0"+He' (I I Ia)

However, there are very strict selection rules for
parity and angular momentum, particularly in
case I.

The wave function of the n-particle in its
ground state will certainly be even. The same
will be true of the wave function describing the
relative motion of the two o.-particles formed in
reaction Ia, because they obey Bose statistics.
Therefore only even states of the compound
nucleus Be' can disintegrate into two n-particles.
Similarly, the spin of the O.-particle is zero. The
wave function of the relative motion of two
n-particles contains only even spherical har-
monics, again because it is symmetrical in the
two particles (Bose statistics). Therefore a state
of Be' must have even angular momentum
J in order to disintegrate into two n-particles.
For compound states with odd parity or odd J,
reaction Ia is impossible, such states can only
disintegrate into the original particles Li7+H',
or into a light quantum plus a Be' nucleus in a
lower state.

In case IIIa, the situation is not quite so clear.
It is true that the ground state of 0", just as
that of He, is even and has spin zero. But the
wave function describing the relative motion of
0"and He' has no particular parity and contains
in principle terms of all angular momenta because
there are no symmetry requirements. Possibly,
the compound state responsible for the resonance
observed in case III has very high angular
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momentum so that its disintegration probability
into 0"+He' is small though not negligible.

The observed width of the resonance level in
reaction I, is 11 kv. The contribution of the
emission of y-rays to the width is negligible,
from estimates of the absolute yield of the
capture process it turns out to be a few volts"
(see below) which is compatible with the neutron
evidence ()7).The observed width is therefore to
be attributed to the process Be'~Li'+O'. To
obtain the width free from the influence of the
Coulomb field, we divide the observed width by
the penetrability of the potential barrier. In-
serting Zq ——1, Z~ ——3, Mq ——1,we find g =0.83 and
for the height of the potential barrier U0=1.25
MV. With A=0.44 MV for the energy of the
incident proton, we have x = 0.35 and y(x) =0.78
and, according to (111), the penetrability be-
comes I'=e '"""=1/3.6. Therefore the width
of the level would be 3.6 11,000=40,000 volts if
the potential barrier were absent.

The "width for one volt energy without poten-
tial barrier"

3 YVr
o, =—A%2

2 4(E ED)'+—p'
(113)

where y„ is the radiation width, y the proton
width and Eo the energy of the resonance level.
At exact resonance,

(114)

The experimental cross section is not well
known; a crude determination" gave 10 '7 cm ~

Since the resonance energy is 440 kv, we have
X=7.8 10 " (reduced proton mass!) and

y = 3.5 10 'p =4 volts. (115)
280 10 "

width y, because the y-ray width is negligible
and other particles cannot be emitted.

We sum (12) over all possible excited states g
in which the nucleus may be, left after emission
of the y-ray, 63 insert the values for s, i and J
and obtain

(112)

is, in our case, p' =40,000/340, 000' = 70 volts. "
This value is, of course, very much (about 100,000
times) larger than the width of neutron resonance
levels in heavy nuclei (f7) corresponding to the
much larger average distance between levels,
which, for Be', may be of the order of one MV
or more, as compared to a few volts in heavy
nuclei.

In the neighborhood of the resonance, the in-
fluence of other levels of the compound nucleus
can certainly be neglected so that the one-level
formula, (12) may be used. The angular momenta
are in our case s= 2 (proton), i =3/2 (Li ) and
very probably J=1 (excited Be'). The width

y "~~„corresponds to the emission of protons such
that the residual Li' is left in the ground state.
But with the energy available, it is impossible
that protons can be emitted by the compound
nucleus and at the same time the Li7 nucleus be
left in an excited state. Therefore y"~ „ is iden-
tical with the total proton width of the level and
thus practically identical with the total over-all

62340,000=440,000 (7j8)' volts is the relative kinetic
energy of the proton with respec't to the center of gravity.

The scattering of protons will also be influ-
,enced by the resonance level; we have

3, 7'
(Jg, ———7r'A'

2 4(E—ZD)'+y'
(116)

"In the particular case of the capture of protons by Li7,
there seems to be only one state in which the final nucleus
Inay be left, viz. the ground state. At least the most recent
experiments (Fowler, Delsasso and Lauritsen, Phys. Rev.
50, 389 (.1936)) make it probable that only a single y-ray
line of 17 MV energy is emitted in the reaction. ¹teadded
in proof: This conclusion is again made doubtful by the
results of Crane, Phys. Rev. 51, 49 (1937).

At exact resonance, 0 s.= (3/2) ~X'. With the given
resonance energy of 440 kv, we have therefore
0 =2.8 10 ' cm'. This is to be compared to the
Rutherford scattering in the Coulomb field
which is about 1 ~ 10 '4 cm' for backward scat-
tering and 4 10 " cm' for scattering at right
angles. Thus the increase in the scattering cross
section at resonance should be observable.

The apparent width of the resonance in the
capture of protons by fluorine (case III above)
in the experiments of Halfstad and Tuve is equal
to the inhomogeneity of the proton beam, i.e. ,

about 4 kv for the resonance at 330 kv, and
about 15 kv for the levels at 890 and 940 kv.



RESONANCE EFFECTS

Therefore, it can only be said that the actual
width of the resonance levels must be smaller
than, say, 3 and 10 kv, respectively. The widths
should, at least for the lower resonance level, in
fact be expected to be much smaller than for the
Li7+H-reaction; firstly because of the higher
potential barrier of F, and secondly because the
energy levels of the heavier compound nucleus
Ne" are denser and therefore would be narrower
even without the higher potential barrier. For
fluorine, we have (cf. (111))g= 1.77 and U~

——2.50.
Therefore the penetrability becomes I' =1/5000
for 330 kv and X=1/13 for 920 kv (average of
890 and 940). Thus we conclude from the experi-
mental results that the widths without potential
barrier would be smaller than 3 5000= 15,000 kv
and 10.13= 1.30 kv, respectively. The very large
result obtained for the level at 330 kv means
that this level must actually be very much nar-
rower than 3 kv, it is probably only a few volts
wide. The second figure obtained would cor-
respond to a y' (cf. 112) of 130,000/830, 000'
=140 volts which also seems to be too large
compared to the width y'=80 volts of the Be'
level (cf. above); it should be expected that y'
is smaller for the compound nucleus Ne" than
for Be'; therefore the actual width should be less

than one-half the upper limit given by the ex-

periments of Hafstad, Heydenburg and Tuve.
Thus the experiments are compatible with
simple theoretical considerations. It must, how-

ever, be kept in mind that the theoretical results
were obtained under the assumption that the
width is entirely due to the proton, which need
not be true (cf. above, selection rules).

Apart from the three cases mentioned, simple
capture of protons has also been observed for BM

(detected by the radioactivity of C")"and for
Be' and B" (detected by the y-rays). " The
process does no doubt occur with practically
every initial nucleus, and will presumably show
resonance features in most cases. However, in
some cases no resonance level in the experi-
mentally investigated region may be available;
in other cases there may be other processes
allowed besides the simple capture, and these

other processes may lead to the emission of fast
particles and may make the resonance very
broad and accordingly the maximum cross sec-
tion very small. The alternative reaction most
likely to occur is the type giving O.-particles,
according to the scheme

Z"+H' (Z —1)"-'+He'.

No reaction of this type is energetically possible
for N" and 0" because the resulting nuclei C"
and N" would have too high internal energies.
Therefore the simple capture of protons by N'4

and 0" should show sharp resonances provided
there are suitably situated resonance levels in
the respective compound nuclei 0" and F".

Simple capture of other projectiles, notably
deuterons and n-particles, has never been ob-
served and should be hard to observe. In par-
ticular deuterons can, because of their large
internal energy, cause a great variety of more
probable reactions with almost every nucleus,
vis. the reactions leading to the emission of
neutrons, protons and o.-particles, respectively.
This prevents the existence of sharp resonance
levels. Moreover, the three reactions mentioned
will, in many cases, leave the residual nucleus in
an excited state, so that y-rays are given off
after the reactions. This makes it dificult to
identify the simple capture process by observing
the y-rays except if very accurate measurements
of their energy are available. Finally, the nucleus
produced by the simple capture will usually not
be radioactive so that the radioactivity is also
not available for the detection of the simple
capture process.

The same arguments apply to the simple
capture of a-particles. However, in this case
there are two nuclei for which the simple capture
might be observable, vi2'. C" and 0".These two
nuclei cannot be disintegrated by O.-particles in
any other way. The greatest difficulty with
O.-particles is the small intensity available.

Resonance phenomena have also been ob-
served for processes other than the simple
capture, vis. for reactions produced by n-par-
ticles and giving protons and neutrons, according
to the schemes

'4 Crane and Lauritsen, Phys. Rev. 45, 49'E (1934).
'~Crane, Delsasso, Fowler and Lauritsen, Phys. Rev,

C', 782 and 48, 102 (1935).

Z"+He4= (2+1)"+'+H' (np),
Z"+He4= (2+2)"+'+n" (cxn).
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For the ap reaction, resonance has been ob-
served" with B" N", F", Na", Mg Al' In
the case of the o.n reaction, the only case where
resonance has been observed with certainty, is
Be'+He' C"+n'. The case best investigated
is the np-reaction Al"+He'=Si"+H". Seven
resonance levels are known. " The average
spacing is about 300,000 volts which seems very
reasonable. The width of the levels apparent in
the experiments is about half this amount, but
no doubt the greater part of this figure is due
to the inhomogeneity of the incident beam and
the actual width of the levels is probably quite
small.

A fluctuation of the yield with energy has also
been reported for the radioactivity induced in
Pt by deuteron bombardment. "This is certainly
not a resonance phenomenon. For, with deu-
terons of about 4 MV energy, the energy of the
compound nucleus is at least about 15 MV above
the ground state. Considering the high atomic
weight of Pt, the energy levels of the compound
nucleus must be exceedingly dense, their spacing
should be only a small fraction of a volt. "On
the other hand, the reported maxima and
minima in the yield are spaced several hundred
thousand volts apart. However, it is quite
possible that there are slow fluctuations of the
cross section, due to fluctuations in the density
of levels or in the magnitude of the matrix
elements.

)11.Phenomena produced by 7-rays

As mentioned already in )3, there are two
phenomena which may be caused by y-rays: The
photodissociation, and the scattering of y-rays
by the nucleus.

If the photodissociation were the inverse of
the capture of particles, it would be exceedingly
probable. E.g. , for the capture of resonance
neutrons we have found (fl7) cross sections up
to the order of 10 " cm' the neutron energy
being around 2 volts. According to (42), the
probabilities of two mutually inverse processes
are apart from simple statistical factors of the
order unity, proportional to the squares of the

"For references to the very extensive literature, cf. the
report by Bethe and Livingston, reference 19.

"Chadwick and Feather, Internat. Conf. on Physics
(London, 1934), p. 95.' Cork and Lawrence, Phys. Rev. 49, 788 (1936}.

wave-lengths of the respective incident particles.
Now for neutrons of 2 volt energy, X is of the
order 3 10 " cm, whereas for y-rays of 10 MV
energy (corresponding to the binding energy of
neutrons in heavy nuclei) we have X~ = 2 10 "
cm. Therefore P,„/X„)' = 1j20,000, and the
cross section for photodissociation would turn
put tp be of the prder 10 5 tp 10 cm, i.e. , an
exceedingly large cross section compared to
other phenomena produced by y-rays.

In reality, however, the photodissociation is
not the inverse of the neutron capture, as already
mentioned briefly at the end of )3. When a slow
neutron is captured, any of a great number of
different y-rays may be emitted, corresponding
to different excitation states g of the final nucleus
B. Only for a very small fraction of all capture
processes, the final nucleus will be left in the
ground state. In the photodissociation, we start
from a nucleus 8 in the ground state and irradi-
ate it with 7-rays of the appropriate energy. The
photodissociation is thus the inverse of that
part of the capture process in which the final
nucleus is left in the ground state. A simple
estimate shows that the cross section for photo-
dissociation is thereby reduced by a factor of
about 10' which would make it practically unob-
servable for the neutron energy of 2 volts used
above.

If only one level of the compound nucleus
contributes, the cross section for the photo-
electric dissociation is (cf. 12)

~X,'(2J+1) y,py.
0 = (117)

2(2i+1) (h —Z )'+-'(y. +y )'

where X~ is the wave-length of the y-ray, i and J
are the angular momenta of the initial nucleus
in the ground state and in the excited ("com-
pound") state to which it is raised by absorbing
the p-ray and hv and Eo are the energies of the
p-ray and the compound state. 7„ is the width
of the compound level, corresponding to the
emission of neutrons, or generally of the par-
ticles which are formed in the photodissociation,
p, the total y-ray width and y„o that part of the
p-ray width which corresponds to a transition
to the ground state. For not very light nuclei,
the spacing between the resonance levels is so
narrow that it is impossible to define the energy
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of the p-ray accurately enough to obtain reso-
nance. Therefore we must average (117) over
an energy region large compared to the spacing
D between levels, and obtain

(2J+1)., v, ov.
o..=s'X„' (118)

»+1 (v+7 )D

Since J may have the values i —1, i or i+1, we
may put the average value of (2J+1)/(2i+1)
equal to unity.

(118) is obviously very small if y„«y„, i.e. , if
the dissociation leads .to the emission of slow
particles. If the particles emitted are fast, "
and particularly if the residual nucleus may be
left in several excited states, y„will be larger
than y„. Then (118) reduces to

a = 'st,l'y, /oD. (119)

In order to estimate y„o, we assume that, in

the average, the partial radiation width of the
compound state corresponding to the transition
to any lower state is, in the average, simply pro-
portional to the third power of the frequency of
the p-ray. Then the ratio of the total radiation
width y, to the contribution of the ground state
y„o is of the same order as but smaller than the
number of energy levels below the compound
state in question, which again is of the order of
but smaller than kv/D. Thus we may write

y„o/y = ~D/h v, (120)

where A: is a numerical factor which may be of

the order 100 to 1000. Thus

0g = s KXp 'rp/& v. (121)

@lith &v=10 MV, X~=2 10 ", ~=500, we have

Oa 2'10 pr cm (121a)

Assuming y, to be about 0.1 volt, the cross
section for photodissociation would be of the'

order 2 10 "cm' which would be just observable
if y-rays of sufficient energy (10 MV) are avail-
able with an intensity of the same order as that
of the Th C' y-rays. It should be mentioned
that the product nucleus may be left in an
excited state if the energy of the y-ray is suf-
ficient. This does not increase the probability of
the photodissociation.

The scattering cross section for p-rays is to the
cross section for photodissociation as y„ to p„.
Not making the assumption y„(&y„, we have
therefore, analogous to (121), for the average
cross section

(0 s,&)a = 2 ' 10 2~y 2/(yr+ y &) ~ (122)

This is of the order of 10 ' cm' if y (y„ i.e. ,

if photodissociation is either energetically quite
impossible or leads to the emission of slow
neutrons. (122) is still smaller if the y-rays are
energetic enough to produce fast neutrons by
photodissociation so that y )p„. In any case,
the nuclear scattering of p-rays is entirely neg-
ligible compared to the Klein-Nishina scattering
which is of the order 10 "cm'..

APPENDIx

In this appendix we shall consider the inHuence of the
angular rnomenta of the various nuclei involved, on the
probability of the nuclear processes. We denote by J the
angular rnornentum of the compound nucleus C, by M its
component in a given (z-) direction, and by r all quantum
numbers of the state of the compound nucleus except the
angular momentum. Similarly, i, m, p are the total angular
momentum, its z component, and a symbol abbreviating
the other quantum numbers for the initial nucleus A, i'm'q

have the same significance for the final nucleus B. The
incident particle I' may be characterized by an orbital
momentum l, a spin s, their components p~ and p„ their
resultant (total angular momentum) j and its z component

"According to the end of $8, the neutron width will be
of the same order as the p-ray width for neutron energies
of about 1 MV or more. This is true if the residual nucleus
after the emission 'of the neutron can only be left in the
ground state. If it can also be left in an excited state, a
smaller neutron energy is sufficient to make p„=p„.

2'
~A p i. m P j. jlB qi' m' Q j' p'

Ay i mPj r JM.
r J M II 8 q w'm'Qy'p'

X
rJM +A++P LJ

+7' l ~r J M.1~8 ' '"Q'p ll

12

QI qli/ lml I jtlpl I

'2

(201)

p, . The quantities l's'pf'p, 'j'p, ' refer to the outgoing particle
Q. We shall also use, for incident and outgoing particle,
plane waves. In this case, the state of the incident particle
is defined by a unit vector x=k/4 in its direction of
motion, and by s and p, . If a plane wave is used to describe
the incident particle, the z axis (axis of quantization) will be
chosen parallel to the direction of motion; if a spherical
wave of given l is used, the direction of z is arbitrary.

We assume first that the incident particle has a wave
function corresponding to a definite j and p, . The proba-.
bility of the elementary process is (cf. (1))
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ZTr J M. . — r J . ./ J.M~A A p imPjtd, = zt A piPj C' i mjp, s (203)

where the coefficients C depend only on spacial symmetry
while u depends on the special properties of the system
considered. The C's fulfill the well-known orthogonality
relation

We are interested in the total transition probability to all
substates m'p' of the . final system, averaged over all
possible directions of the angular momentum of the initial
nucleus and the incident particle, i.e. over all m and p.
This probability is

1
~A p ls, p r', , P qBABp s, ,rs, por', ,P, (202)

(2i+1)(2j+1)
The matrix elements may be written

over the magnetic quantum number )M of the incident particle
but that the result (212) applies also to each magnetic
state p separately. This may be shown by a somewhat
more detailed investigation of the properties of the C's.

We now consider the case that the initial and final state
of the particle is characterised by definite values of lsIjf, t and
p, rather than ofj and p, . This case may be reduced to the'

one previously treated with the help of the C's. These
coefficients appear in all problems in which two angular
momenta are compounded to form a resultant, such as i
and j to form J in our previous problem, and l and s to
form j in our present one. Accordingly, we may write

P ePlytsygs =~C l IstsysAA- A P iPt st
7'

m7y~ s m j&
—uJ'JquMMPC i 7 ~C C

mal

(204) 2 C l plsp C s~rslpu A psPlss' (212)
jul

so that the last term in the denominator of (201) becomes

sq'rrs = qq Q PB' q'l'Q'l' = sip (u 8' q'l'Q'l') ~ (207)
Qlqqiqj I

Considering that H is Hermitian, i.e. ,

we have further

JM ~ —+~A P'r J M = A p i s)&Pjts) (208)

2'
cgfABp i P j

(2q+ 1)(2j+1)iq

r J . . r J, , CJ M qf:. CJ.,M. . . 2

X
Zt A piPj + B qi 'qj' i m jets i ' m'j'7l'

EA+EP —ErJ+ 2zyr J
2' Zs,s*,

( z+1)( j+ )~JJ' 'p. MM

XC i m*;„C i m; „C '; 'm;„CJ';pM'mq; „. (209)

'h Zt A piPj I B qi'Qjpr J . . r J
wit J=.

r EA+EP ErJ+ azar J
The last sum in (209) may be summed first over m and p,
then over m' and p', using the relations (204), (205). The
result is

(210)

(2qr) q P Ssqsq Sss —(2rr) '(2 1+1)ass" (211)

This relation shows that the contributions of compound
states of dzfferent angular momentum JJ' do not interfere.
The probability m' becomes

1

2' jz(2i+1) (2j+1) J

r EA+Ep —ErJ+ 2zpr J'

ft may be mentioned that it is not necessary to average

The normalization coefficient c ij is arbitrary; it is con-
venient to choose

cJ;j = 1/2'. (205)

This also normalizes the quantities zt introduced in (203).
With (203) to (205) we get immediately

VrA'P'» 2EZ=I &rA'Pu, m»P I

'

=(urAspqp;)q2qrp
I
Cs;sqm;„I'=(u"Asp;fp )' (206)

With the help of a calculation on the same lines as our
previous one, which we shall give below, it may be shown
that states of different j of the incident particle do not
interfere, just as states of the compound nucleus of different
Jdo not. The same holds, of course, for states of different j'
of the outgoing particle. Consequently,

(1) the total probability of the transitions to all states
of the outgoing particle with given /' and s' is obtained by
summing the probabilities for all values of j' which are
possible for the given 7' and s', i.e. j'= Il' —s'I to l'+s',

(2) the average probability of a transition starting from
any state of given l and s is obtained by averaging the
probabilities for all possible values of j, taking account of
the statistical weights, Since 2j+1 is the statistical weight
of a state j, and (2l+1)(2s+1) that of all the states ls,
we have

~ABp i.,Pqt, s,
1 p (2j+1) qqlABpPQq'l", ';, (214)

(21+1)(2s+ 1);;.
or, inserting (212)

~ABp i.,P l,s, (2J+1)
2qlfq(2l+1) (2s+1)(2i+1) s;;,

gr J . .Ztr J, . . . 2A psP!sl B qs'Ql's'1'

r EA+EP ErJ+ ~2+rJ'

'rrs 2 (u B' q'l'Q'l's'l') (215a)with
qpqqiqtqsq7q

Formulae (215), (215a) give the probability of the process
if the incident particle has given orbital momentum l. In
reality, the particle has a given direction of motion x and
must therefore be represented by a plane wave. If the plane
wave is normalized per unit energy and per solid angle 4',
its expansion in terms of wave functions with given angular
moments, is

70 A simple proof of the factor (2l+1)& is the following: The 6 function
may be represented in either of the two ways

S(r —r') =J d&(dn/4 )d Eqq(r) rrlqEqq(r')

=fdEZdElrrr(r)gqslrs(r') (216a).
lm

We insert (216) in the first expression and average over the direction of
lf, i.e., of the axis of the polar coordinate system to which the spherical
harmonic in &Eto =p@t(r) Yto(dq) refers. The average gives, according
to well-known relations between spherical harmonics:

J (d&/47r) Yto(r) Ytqo(r') =&ttqZ Ytm(r) Ytqm(r')/(2l+1) (216b)

which reduces the middle expression in (a) to the right-hand expression.
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0'Eoo = Q (21+1)1o'0'E1o,
l

(216)

where 1j/Elo is real, is normalized per unit energy, and has a
magnetic quantum number pl =0, i.e. , no orbital mo-
mentum around the direction x. The factor (2l+1)& differs
from the familiar 21+1 in the expansion of a plane wave in
spherical harmonics because we use here normalized
spherical harmonics, and the normalized harmonic P'lo is

equal to (2l+1/4~)&Pl. It may then be shown along the
same lines as before that different l's do not interfere.
Since the factor 2l+1 in (216) cancels the 2l+1 in the
denominator of (215), we have for the total probability

1

2ssk(2s+1)(2o+1) s..., , ,

Nr,I, r J, . . . 2X, ' (217
~

~

I A' piPlsj I B qi'Ql's'j'

„EA+EP—ErJ+-',iy,J

It remains to show that different j's and l's really do not
interfere. The probability may be written

2'QqkZPOC10s1sCS'Ssm
lLsmlrlJl'lis'm' l j7J,rJM7 77,

'

r J . . r J . . CJ. M oio. Cj', i(1' +, 2+ A piPlsj+ B qi'Ql's'j' j' p,
' i'm' l' p ' 'p '

EA+EP ErJ+ g'lPr J

2'
k(2s+ 1) (2 '+ 1)

X 2 C'1"oso C' 1
" o*s, C s™,'mC; " *s.,s

7Lsmlsl as 'm 'PPaMMu&'&'a

~ / J, M 4. / Ja. Ma . Cj' 72' + Cj'a Is'aX C j' 7s' i'm'C j' p' i'm'C l' pl' s'p, 'C l' p 's'p, '
a a

(218)

with
gr J

S ='~ pP 7 Q' 7

(218 )EA+EP —ErJ+ 2~+rJ

This expression differs from the orthogonality relation
(204) in that the sum extends over the upper and one lower
index, rather than the two lower ones. But the C's are,
except for normalization, symmetrical in the three angular
momenta J, j and i so that there holds the orthogonality
relation (219) similar to (204). C is a constant (in our
normalization 2'(2 J+1)/(2j+1)). (219) shows that differ-
ent j's do not interfere and that the sum over p, in (218)
reduces to one term.

. (&) There remains the sum over p and IM, In analogy to

The second sum in (218) will be summed,

(1) over p'l and p', '. The result will vanish unless j' =j'
and p' =p'. This proves that different values of j' do not
interfere, and the sum over p', reduces to a single term.

(2) over p,
' and m': The result will vanish unless J =J

and M =M. Therefore different J's do not interfere, and
the sum over M reduces to one term.

(3) over M and m. Since we have already proved that
J,=J and M = M, this sum has the form

QCs;oq„; Cs; oq„o; =cs;; s„„. (219)
Mm

and

& A piPsX & B qi'Qs'1C'J . r J 2

X
EA+EP ErJ+ 2& YrJ

7„S= Q f(dQ'/4ss) ~OO'E S;;q;r. ~O.

Qlqlil

(220)

(221)

These relations mean just that the particle wave functions
with different x, as well as the functions with different lm,
form a complete set. The proof is analogous to that in
reference 70. The matrix element NrAJ„ip, ~ may be
directly calculated using a plane wave for the particle,
the normalization follows most quickly from the fact that
the average of (I"A piP, ~) over x represents the total
disintegration probability of state rJ with the emission of
particle P with energy E„(P).

Some special considerations are required for light quanta.
Corresponding to the two directions of polarization, we
have to put the quantity 2s+1 in the denominators of all
formulae equal to 2. (We have to average over the Pmo

directions of polarization of the incident quantum, just as
over the 2s+1 directions of the spin of a particle. ) The
selections rules ($3, beginning) on the other hand, cannot
be obtained satisfactorily with any value of s (see below),
but the value s = 1 comes nearest to the truth. The reason
for this difference is that in the case of light there is a
relation between the polarization and the direction of
propagation whereas the direction of the spin of a particle
is quite independent of its direction of motion. Thus the
polarization of the light introduces a spherical harmonic of
order one in the matrix element but only a weight factor 2

which would correspond to s=-,'. The same fact also
prevents the existence of any wave function for a light
quantum with total momentum j=0.

To investigate the selection rules, we expand a plane
light wave e'"' in spherical harmonics with the direction of
k as polar axis (z axis). The two possible directions of
polarization x and y are perpendicular to k. The operator
of the radiation theory may therefore be written

B B B B
essq'r —=pyL(kr) YLO(17) sin sS coo r—+. ~ —+ ~ ~

I, Br M By
= Exr (kr) L~L+1(k'L+1. 1+ 1'Lol, —1)

B
+al, (PI, 1, g+ FI. g, 1)g—+ ~ ., (222)

Br

where the n's are certain coefficients. For each value of L,
the total momentum jmay thus have the values j=L+1 or
L—1. This would correspond to s = 1 except for the fact
that j =L does not occur for light. Furthermore, j=0
which should correspond to L=1 does actually not occur
at all in (222) because the spherical harmonics Fol an&
Vo ~

do not exist,

(219), we find that it vanishes unless l=las This proves
(217).

We have, in this derivation, started from particle wave
functions with given l, and then constructed plane waves
out of these. It is equally possible to start from plane
waves. We may write

dO' qrX2
~P p i.,&— (27+1)

4qs (2s+1)(21+1) s
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We may rewrite (222) using the total momentum j
rather than the "orbital" momentum I. for labeling the
terms:

For light, only small values of kr are important because the
wave-length of the light is generally large compared to the
dimensions of the radiating system. Now, according to (18),
we have x; 1~ (kr)&' and x;+&~ (kr)&+' so that the first term
in the square bracket in (223) is always much more
important than the second. The terms j=1, 2, 3, ~ ~ ~ (or
1.=0, 1, 2, ~ ~ ~ ) correspond to dipole, quadrupole, octo-
pole. . . radiation.
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For purposes of reference the continuous spectrum solutions of the Dirac wave equation for
the Coulomb field are given. The solutions in the form of series and integral representations
and the asymptotic behavior at large distances are included among the formulae.

HE solutions in the continuous spectrum of
the Dirac wave equation for the Coulomb

field have been known and used extensively for
some time. However, the form in which they
appear in the literature is not convenient for
some purposes. It is with the intention of
furnishing a reference from which one may
obtain the wave functions with a minimum

expenditure of time and labor that the following
formulae are given.

For the sake of simplicity we adopt a system
of units in which energy is measured in mc',

length in l4(mc and momentum in mc. The
symbols which occur below have the following
meanings:

p1$2f3p4 the four components of the wave function.
fl and gl, radial wave functions.
Yl„, normalized spherical harmonics (see Eq. (2)).
j, total angular momentum quantum number.
m, magnetic quantum number.
l, auxiliary index characterizing the wave functions.

(l is the orbital momentum for the electron only, in

the nonrelativistic limit. )
W, absolute value of the energy.
p, absolute value of the momentum = (W' —1)&.

a, fine structure constant =e'/Ac.
Z, nuclear charge.

The wave functions are of two types:
Type a, j=l+-',

l 1 —m+-', y
'*

I
I'4+4, 4f4,

E 2t+3 )

(1+m+k ~

2l+1 )
(1 m+—

1 /, w+4gb
2l+1

Type b, j=l—-'„

I
1+m —-', q:

2l —1

(1—m ——,') '
)

I'4-4. -+4f 44, --
l'l —m+ —', q

'
03 —

~ ~
&4, 4g44,

2l+1

pl+m+-,'q &

44=1 I
I'4 +4g-&-&

2l+1

I&1, —3&m —-'&l —1,


