QUANTUM THEORY OF EQUATION OF STATE

order correction for small concentrations in terms

of b=27Nq¢*/3 as
pv=NET[1+b/v+(5/8)(b/v)%].

The close packed (face-centered cubic) concen-

tration of atoms is

ni= '\/5/63)
so that in terms of fractional close packing 9,

where
0= N/nlv,

963

Near 6=1 each atom center is confined to a
dodecahedron formed by the twelve 110 planes,
and the same reasoning as for the two-dimen-
sional case leads now to the formula

pv=NET/(1—0'3). (32)

Again, this can be rigorously proved for a plain
cubic array.

The appropriate formula which covers the
whole range of 6 is

pv=NET(1+2.96196+5.48306%).  (31)

The reciprocal of the coefficient of NET is
plotted in Fig. 6.

14-2.96196+4-5.483062

=NkT . (33)
2 1-0.85176°—0.14836*
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The quantum formulae for the second virial coefficient B are derived, for the case of Boltz-
mann, Einstein-Bose and Fermi-Dirac statistics. It is shown how these formulae may be
expressed in terms of the phases of the Schrodinger wave function. For low temperatures the
expression for B is developed in a power series of T, the temperature, which gives formal agree-
ment with the experimental formula in the case of He. Using this series development a potential
is fixed to fit the data. The potential agrees with the Slater-Margenau potential in the region

where the latter is valid.

1.

N a fundamental paper on the quantum sta-
tistics of a gas, Slater! has pointed out that
the classical Zustands integral

(2rmKT)
T (2nh)sN .f f Tl eday (1)
y

must be replaced by the Zustandsumme in the
following form,

g—ﬂ\#:f .o .fdxl. . -dzNZe—BE" W, ,*, (2)

Here ¢ is the free energy of the gas from which
is derived the pressure p= —0ay/dV, ¥, is the
still to be normalized, time free, wave function
for a system of N molecules (we will take N to

* The results of the present investigation were submitted
in the form of a Letter to the Editor on March 19, 1936.

—Editor.
1 J. C. Slater, Phys. Rev. 38, 237 (1931).

be the number of molecules in a mole of gas),
U is the total potential energy of the system, E
the energy, and % is Planck’s constant divided
by 2m. The integrals in (1) and (2) are over the
whole volume V of the gas.

The classical expression for the second virial
coefficient which is the B, in the equation of state,

p"/RT=(1+B/V+C/Vi+--+) (3)

is derived from (1) and is given by,?
Bey=2xN f drr(1— 7 )
0

for the case of monatomic gases, where the force
field is radial. Here, V is now the potential
between two molecules and is not to be confused
with the volume.

It can be shown that the quantum expression
for the second virial coefficient is given by :

2 See R. H. Fowler, Statistical Mechanics, Chap. VIII
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Fic. 1.

(a) Boltzmann statistics

By= 2 (I+32)B.. ()

all I

(b) Einstein-Bose statistics

Nrixs

+2 2 (+3)B. (6)

even 1

BE.B.= -

(¢) Fermi-Dirac statistics

wiN3

Br.p.=+

+2 3 (I+2)B,, ()

odd ¢
where

=16(m)\IN f dke ¥ f dr
0 0

X ((wkr/2)J*1s(kr) —vi*(k, 7). (8)

Here v; is determined from the radical wave
equation in the relative coordinates of two
molecules

d2/dri4 (B2 — (m/h2) V—I(I+1)/r2)o =0

and has already been normalized so as to behave

62)\4

@ B2 /d VN 2
BB=27er drr“’{l—e‘ﬂ"[l——( ) +—
0 ar

120

BF D. BB:i:Zwa drﬂe‘ﬂ"e"”/”(l-l—ﬁr—-——{— )

LEON GROPPER

asymptotically like, wv~sin (kr—Inx/2+1,(k))
where 7 is the phase shift in the wave due to the
presence of the force field, and A, the statistical
wave-length of the molecule is given by (8%2/m)?
where m is the mass of a molecule.?

Egs. (5), (6) and (7), follow from (2) by the
same procedure used in deriving (4) from (1).
Since the rigorous proofs are long and tedious
we leave them to the appendix.!

For an ideal gas it is clear that B; is zero, so
that Bg is zero, and Bx.s., Br.p. reduce to the
well-known expressions for the second virial coef-
ficient of a degenerate, ideal, gas.

2.

With the methods of Uhlenbeck and Gropper,*
or Kirkwood,® both of which depend on the in-
variance of the Spur,® plus the use of the follow-
ing formulae,’”

S (14D s =5/,
5 @00 (d) = 12 14(0) ~ T @),

one can verify that as A—0 (quantum theory
—classical theory) (5), (6), (7), may be evaluated
in power series of \2,

d*V\? 2 /dV\?
() ()
ar? r2\ dr

() =Gl @

(6" (7")

In (6"), (77), the plus sign is for the E.B. statistics, the negative sign for the F.D. statistics. One
sees from this, that as A—0, (5), (6'), (7"), reduce to the classical value 4.

In conjunction with Professor Uhlenbeck, the writer has made a graphical study of (5'), (6"), (7'),
with different potentials, at low temperatures (7'=20° absolute). For such low temperatures this

formulation for B is unsatisfactory because :

# Formula (5) was pointed out to me without proof some
years ago in a private communication from Professor
Uhlenbeck to whom I wish to acknowledge my indebted-
ness. In a recent paper, August, 1936, in Physica, Uhlen-
beck and Beth consider some of the points in this paper,

though from a somewhat different point of view.

4 Uhlenbeck and Gropper, Phys. Rev. 41, 79 (1932).
5 Kirkwood, Phys. Rev. 44, 31 (1933).

¢ F. Bloch, Zeits. f. Physik 74, 295 (1932).

7 Watson, Bessel Functions, p. 152.
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1. Either (5'), (6"), (7") do not converge or converge too slowly to be useful (as is also men-
tioned by Uhlenbeck and Beth).

2. (5", (6') (7') are extremely sensitive to the potential V, so that as Wigner® remarks, a
change of only % percent in the parameter of the exponential representing Slater’s repulsive force,
changes even the classical part of B by as much as 20 percent. And it does not seem possible to de-
termine V theoretically to anywhere near that accuracy.

3.

In this paper we shall eliminate these objections by,

1. Deriving an alternate general expression for B.
2. Obtaining a series in power of 1/ for large N\, which is relatively insensitive to V.

Point (1) depends essentially on the fact that we know the behavior of the wave function at large
distances, point (2), on the fact that as A= we know the expression for the phase shifts.

4.

Consider first, the integral over 7 in (8). We may write it,

B rwkr
F=lim (—]%.;.;(k?’)—*ﬂﬁ),
3 2

R->o
90 (9)
E 1 r((wkz/2)J%44(k2) —vi%(2))
=lim | dr—— dz,
Eoerla 27 z—7

where the z path of integration is indicated in Fig. 1. Since the integrand has no singularities, except
z=r, in the finite portion of the z plane, we may take the sides of the rectangle as large as we please.
Further, since the integral is regular and finite throughout both limits of integration (z5£7), we may
permute the integrals. Integrating over » we get

1 k2 R—9
F=lim — dz(-—J21+;(kz) —vﬁ(z)) log (1+ ) (10)
Boeo 2i 2 z2—R
Now the logarithm may be expanded in a convergent series provided

IR— 6| R—9
= <1.
ls=Rl ((s— R4y

But by taking the rectangle large enough we can assure this condition to be satisfied over the path
of integration. Hence, letting f(z) = ((rkz/2)J?113(k2) —v:2(2)), (10) becomes

1 R—9\ 1/R—3\? 1/R—a\?*
F=lim — dzf(z)[( )——(——) +—( ) ._.]
Ig—_:%oZM z2—R 2\ z—R 3\z2—R

(R—9)

(11)
(R—9)
21

~tim | (R=)f (R~ L R+ Ry =+,

-0

the last line following from an extension of Cauchy’s theorem.

8 Wigner, Phys. Rev. 40, 749 (1932).
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Going to the limit d=0 (11) becomes
F=lim {Rf(R)—(R*/2!)f'(R)+(R*/3)f"(R)—---}. (12)

R

Putting in the asymptotic values for f(R) and its derivatives,
f(R)=sin? (kR —Ir/2) —sin® (kR —Ir/2+7,(D))
=(—1)!/2[cos 2kR(cos 2n—1) —sin 2kR sin 27],
collecting terms, and summing the two resultant series, (12) becomes
F=llim (—1)¥/k{—sin 294 (cos 29—1) sin 2kR+sin 27 cos 2kR}. (13)
Inserting this result in (8), we find, on using the second of the Riemann-Lebesgue lemmas,? that

the terms with sin 2R and cos kR, after integrating over %, and going to the limit R— =, vanish.
There remains only the term with sin 29 which is free of R. Therefore (8) becomes

v sin 27,(k)
Bi— =4r\N(—1)! j dhew —_ 7 (14)
o k
Substituting this in (5), (6), (7) we get
@ sin 29
By= —4xoN [ abe ™ 5 (~1)i+ D, (5")
Jy all ¢ k
Nrips e sin 29
Bup. = ———=8aWN [ dke ¥ T (=1)+H (6)
0 even 1
Nrizs © sin 29
Be. =+ —8eWN [ dke ¥ T (=1 )= (1)
Jy odd 1

The integrals here represent a statistical average over the quantity ».(—1)}(43) sin 29/k,
which is closely related to, although not identical with, the expression for the total elastic collision
cross section. Hence, if one knows the phases 7,(k), say, from collision data, one can immediately
compute the virial coefficient from (5’"), (6’’), (7”").1 We shall postpone to a later paper the numerical
calculation of the phases and the values of the second virial coefficient obtained with them.

5.

In the absence of a knowledge of these phases, however, we can gain some idea of the correlation
between theory and experiment by expressing the second virial coefficient as a power series in 1/\?
for the region of low temperature, and then using these expressions to derive a potential which may
be compared with that already known. It will be sufficient to deal with (6”).

Letting f= Y (—1){(l+%) sin 29/k, we have, aside from the factor, —Nx#\?/2, which is very

even !

small compared to experimental values, even at very low temperature, 7 =20° absolute,

Bg.p.= -8#’3')\3Nf dke™ ¥ f(k). (14")
0

9 Whittaker-Watson, Modern Analysis, third edition, p. 172.
10 These formulae are to be compared with the analogous formulae for viscosity and diffusion. See Massey and Mohr,
Proc. Roy. Soc. London 141, 734 (1933).
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Now as A—«, the integrand of (14’) is different from zero only in the neighborhood %2 =0. There-
fore, since most of the integral comes from the neighborhood k=0, we may expand f(k) in a Mac-
Laurin series. This series will certainly not represent f(k) for large &, but in that case the integrand
is negligible anyway because of the factor ¢ **', so that the error in using the expansion in this
region does not matter. Making this expansion and integrating over k we get,

Bg.p.= —4m\Nf(0) —4xANf'(0) —aNf"(0)— - - -. (15)
Remembering that N2=#%2/mKT, and rewriting (15) in terms of the temperature we have
4(rh*/mK)Nf(0) 4(xh2/mK)*Nf'(0)
T - T

E.B.— —

—aNf'(0)—---. (16)

As is shown in the appendix (2) all the odd derivative terms f’(0), f"”/(0), etc., are zero; so that
we finally have for Bg.s. ( ImKINA(
47rh?/mK)Nf(0) .
Bgp.=— pe —aNf"'(0)—---. an

Formula (17) agrees in first approximation with the form for B in the expanded van der Waals
equation

pV —a/RT+b 5 b?
*=(1+—q+__ .. )
RT V- 8 12

At the same time, for T less than the boiling point of oxygen, the second virial coefficient, for He
in Kammerling-Onnes units, is found to fit very closely the formula,!

Bg.0.X103= —18.905/T40.7224.

In terms of cc mole this is,'? B= —423/T+16.2.

The experimental formula may be looked upon as the first two terms of a rapidly converging series
in T, for T small. Therefore comparing the coefficients with (17) we find, f(0)=4.6X10"8,
f(0)=—8.5X 1024 Thus,

f=3 (—=1!+3)(sin 2n/k) = f(0) +Ef (0)+ (k2/21) f'(0)+ - - - =4.6 X 1078 —4.25 X 10~24k2 4+ =+,

even [
Letting k=ko/ao, where a, is the radius of the first Bohr orbit this becomes,

2 (—1)¥(+43) sin 29=8.75ko—29k¢®+- - -.

even 1

For very small values of ko, we may replace the sum by the first term, /=0, and neglect the second
term on the right. Thus sin 250217.5k,. This formula can only be valid in the region 17.5k,=1.
Thus, for 17.5ky=1 we should find n¢=w/4=0.78. The writer is at present calculating the phases so
as to compare the exact formulae (5'), (6"), (7"'), with the data.

It is possible also to calculate the first coefficient of (17), f(0) (Appendix 2) by means of the formula

fO)=—m/B*| Vridr. (18)
0
Using a potential
0.68 5.37 204
+——) } X100 ergs
pIO

V= { 7.7e72-430 —g=%/0" (

6 8

P P

1 G. P. Nyhoff, Leiden Comm. Supp. No. °64C.
2 The conversion is given by B=(N/»))Bk.o, where » is the number of molecules per cc under normal conditions.
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and comparing (17) with the first coefficient of the experimental formula, we find, 5=1.71. This
potential is quite reasonable for, (1) since b is quite small it reduces to the Slater-Margenau potential
in the region where the latter is known to be valid ; (2) it insures that the negative part of the poten-
tial vanishes as p—0, as it must; (3) for large p the expansion of ¢*/#* leaves the experimentally
determined dipole-dipole term unaltered, and slightly corrects the dipole quadruple, and quadrupole-
quadrupole terms.

I am indebted to Dr. I. S. Lowen for his very helpful criticism, and to Professor G. E. Uhlenbeck
who first introduced me to the problem in this paper.

APPENDIX 1.

In the following we shall adopt a derivation, given by Ursell,? of the classical second virial coefficient as obtained from
the classical Zustands integral.

Boltzmann statistics
Eq. (1) may be written

e‘ﬂ"’=J;- "fdxr . 'dZN%:e—ﬂE”‘I’n‘I’n*, (1)

where the ¥, (still to e normalized) satisfy the Schrédinger equation

N
ZA,\I/,,-}--Z;L—’:L(E,‘— U)¥,=0. 2)

r=1

Let the integrand of (1) be called g. Let " be the wave function for a system of N free molecules and eV the corre-
sponding energy, ®¥%(r;7;) the wave function for N—2 free and two interacting molecules, N4y (rar )yY(rir1) the
wave function for N—4 free and two pairs of interacting molecules, etc. (# stands for the three coordinates x, v, 2).
Consider the expression,

f= [Ze‘ﬂ‘nNQnerr’;N] + [ 2 e PN g N2IN =2 57 o BEnini(y (rir ¥ (rirf) — e(rirj) ‘P*("i”j))]

i:*:j n ning

[ X TefeaN T NNt 7 B Enin B (Y (rar WH (i) — o(rari) * (rir )
i 71:*:]" k:*:l n ninjngnl

X W) () = elrird o) |+,

where 24;4:]‘ means the sum over all pairs without repetition, and the (Z, j) molecules are not included in &N 2, Similarly
for the third and higher brackets. We will now show that, for the forces of the range we are considering, f=g.

The integral (1) is over all position of all the molecules.

Consider first the case when all the molecules are in a position free from each other’s influence. In the region of such a
set of values of the coordinates the contribution to the integrand is the same as go‘ézne“ﬁ‘"lv @, Y5V in the same region.
But in this region all the y(ri))=e(riv;), so that all the brackets of f after the first vanish and we have.
fo=g0= Zne—ﬁ(nN‘I’an:‘:N‘

Next, take the case when all molecules except one pair are in positions free from each other’s influence. In the region
of such a set of values of coordinates the contribution to the integrand becomes

a=y” e BenN 2N =23 N—2%" o=BEninjy (rar W (rir;).

n ngng

But in this region all except one of the y(r;7;)=¢(rs7;), so that all the brackets of f after the second vanish. Part of the
second cancels with the first, and we have

fi=gi=2 e PerN T IpN 2N =2 57 o=BEninjy (r o )y (rar ).
n

ning
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The same considerations apply to sets of values of the coordinates where any number of pairs of molecules are under
each other’s influence. Thus we see for any set of values,’® the two functions are the same. That is, if we were to plot the
““graphs” of fand g they would almost coincide.

These considerations, of course, apply only to short range forces where a boundary can be drawn between the positions
where the molecules are or are not under each other's influence, the limiting case being the hard sphere model. For long
range forces there is no sharp boundary line, so that one cannot ‘‘count” positions of the assemblage.

Replacing g by fin (1) we can now proceed to reduce (1).

Consider the first bracket in f,

o
So—ze——ﬂe" £ 2% N‘I)*N Z Z Z e—ﬂe"N(GPm?‘Pngg' © ony)-

n1=0 ne=0 ny=0
For any molecule,
en=sin (nywx/L) sin (nywy/L) sin (n wz/L), en=H2x2/2mL2)(n2+n,2+n.2).

The normalization furnishes the factor 23¥/V¥, Replacing the multiple sums by integrals, integrating over the #'s
and then integrating over the coordinates, we find that the first bracket in f contributes to (1) the amount,4
(1/2m\2)3N 2yN,

Coming now to the second bracket in f, and taking into account the normalization, we have,

23(N—1)

S = Y g Benl 2 N-2gEN-2 3 g—BEnin; (\//(rirj)xl/*(nfj) _elrary) ¢*(7:i7j))’

yN-1 T nang A B

where A=fffdr¢(n,-)¢*(rq;j), B=fffd‘r¢(’ij)¢*(’ij),
v v

and y(r;;) means the wave function for the relative motion of the (:7) molecules. Similarly for ¢(7;;). These will also be
referred to as yg and op.

Summing over the free wave function, as before, and integrating over their coordinates we get

QBN 3( 1 )%(N*‘é’) N(N—1) > e_ﬂEninj(\b(firj)‘//*(’i’j)_ (0(767j)¢’*(7'5"j)).‘
2ma2 2 ning A B

The factor N(N—1)/2 comes from the 2.4 ;. For the (ij) molecules we separate into relative and center of gravity
coordinates, sum over # and integrate over the coordinates of the latter, so that the above expression becomes

BVN ﬂl(i}l_x?) (Txﬁ)%———N(]\;~ Dy 4 [aryesen (@3 _ ‘PR‘P*R) '

3N—1

B

where Yr, ¢r are the relative wave functions of the two molecules, Er the relative energy, and the integral is over their

relative coordinates. Letting
VRV'R _ ereR*
—23(m\2)} —~BER
t2(1r)\)fffdz ( =) 3)

the above expression becomes
VL1 /2eN23NI2(N(N —1) /2)t.

Coming now to the third bracket in f, the reader can verlfy, by a procedure similar to the evaluation of the second
bracket, that its contribution to (1) is

VN=2(1/2aN)3N 2(N(N—1)(N—=2)(N—3)/22-2 )2,
The factor N(N—1)(N—2)(N—3)/22-2! comes from the number of double pairs. And so on, for the higher brackets.

13 We have considered only binary collisions. Tertiary and higher collisions are completely negligible. See reference 2.
14 A factor due to the finite size of the box, which is completely negligible, has here been omitted.
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By letting x=Nt/2V, and by collecting together all the brackets, (1) can be written as the following series?

1 NZ’Q NI
@mABN 12 Sy (N =27) INT

r

BV =

VN
=(2T—)\2)3N—,2{1+x+0(x2)+“' IR

Taking the logarithm, and differentiating with respect to the volume, and neglecting x? with respect to x, we get

pV/RT=(1—x)=(1—(N/2V)p), 4)

where R=NK, and we have replaced 8 by 1/KT.
We can now reduce the quantities

1=23(mA2)} dry e FER Yuli'e_vRe'R , A= dryRYR*, B= drereR*.
vV 4 14 14

B

On passing to polar coordinates and integrating over the angles, 4 and B become

2n (4m)! 20 (4m)! prr
~Trm, B=Tan u=mnd, 37 @0,

where k2= (m/h?)ER and v satisfies the equation

d* , m_ M41)
d72+(k_ V= 72 )v—O.

h2
. I . .. N
For large 7, v— sin { kr——+7), so the contribution near the origin to the normalization integral may be neglected,
. . Ir . ... . . ..
since sin? ( k»——-n ) is always positive and R is very large, compared to the distance around the origin (where v re-

mains finite)
fo dr<R)2.

sin (kr—1Ir/2)

Similarly for large 7, Ji3(kr)— —W , so that

LR 2 p en T
j; E]H% (kr)= %

Inserting the resultant values of 4 and B in ¢, and going to polar coordinates in the integral for £, we have

S(WXQ)%I f f sin 8drdod Ze_)‘zk" Z(H' 3) mi ) ,(le(COS 0)>2(v12‘2?’11+%2<k’))

where instead of summing over the three quantum numbers, we now sum over the radial quantum number and the

degenerate states.
Since’s
)

T '(P{"(cos 0))2

this reduces, after integrating over the angles, to

32(1r>\ )i f Z —A2kn? Z(H‘z)('” ———JH %)

15 JTahnke and Emde, second edition.
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Converting the sum over # into an integral over k, the conversion factor being given by dn = (R/7)dk, we have

200038 [ At S 1 (B LA )
£ =32 h\ fo VL) S dr(vz L)

Substituting in (4) we have
pV/RT=(1+Bg/V),

where

1 o) &, k
By=16rhoN [ b3 14) [ Rdr(f—z—’-Jm“’—v,?) .
=0

Since the waves are zero at the boundary and outside the vessel, we may extend the integral over 7 to «, and this
gives the expression for Bg which was to be proven.

Einstein-Bose or Fermi-Dirac statistics

For the solutions of (2) we must take the symmetric or antisymmetric linear combinations. That is

Vy= D (£1) PYmi(r1)Yna(re) - - -¥my (rn))
P

the sum being taken over all permutations of the coordinates keeping the quantum numbers fixed.
As before we may replace the integrand g by f. Consider the first term of f,

So=Y e Pen"p, NGiN,
n
Written more fully this is,%

So=2_ 2+ 2 e Plembemt )BT (1) P(gn, (r1) ony(r2) - - - oy (rN)) 2 (1) P (0%, (11) 0¥n, (r2) - - - @Fny (4)).
Py

= Ng eee My P

The normalization will introduce the factor (23¥/(N!VN)g(n;- - -ny) where g(ny- - -ny) will be defined immediately.
Thus ‘
23N

=WZ Z ... Ze—(ﬂhzwzﬂm) (ﬂ1z2+n1y2+n1z2+-~-)g(nl, <o) BNV,
! A= = ey

So

Here g(n1- - -ny) is unity when all the #; are different (in which case the integral of (®¥)2 consists of only N! terms
because of the orthogonality relations); g(#1---nx)=1/2! when two of the #; are the same (in which case the integral
of (®Y)? consists of 2!N! terms); g(ny- - -nx)=1/3! when three of the n; are the same, etc.

We now arrange the terms of (®V)? into a series of sums. The first sum will contain all those terms for the identical
permutation P=P’; the second all those in which the permutation differs only with respect to one pair of molecules,
the third with respect to two pairs of molecules, etc. Of all the sums, we write down only those which contribute to the
two highest powers of V, the volume, after integration. One can verify that the sums in which the permutations differ
with respect to more than one pair of molecules, do not contribute to the two highest powers of V. Writing down S,
for the first two sums,

23N

So 2 X Y (o, 2(r) - ny (7)) 2 (om, 2(r1) - - ey _y(rN—2)) 2 on (1) on (1) oni(7 ) n,(rj) 4+ - 1.

N )3
NN = = = =

It is understood that whenever a pair of molecules occurs in the sum (¢5) it is missing from the product om?(r;)- - -
X ony_,2(rN—2). Now if we permute the order of the relation #1=n3=" - -ny we do not change the value of the multiple
sum. Thus we can take the multiple sum N! times corresponding to the N! permutations in #;=ns==- - -ny and divide
by the factor N!. The effect of this is to sum over all the #; independently with the factor g(n;- - -ny) omitted. Again,
since the multiple sum is the same for each permutation of the Zp we need only take one term and multiply by the
factor N!, which cancels the N! just introduced. Thus we get,

So SO e e P (o () Oy (PN)) (@, 2(r1) - - "PnN__22(’N~2)).§‘<Pni(7i)‘Pni(fi)wnj(rj)tpni(ri)+ S
17

N! VN =0 ny=0 ny=0
Letting N> =#%%8/m, and carrying out these sums and integrating over the coordinates,”” we get as the contribution of

16 This sum was worked out by Uhlenbeck and Gropper, Phys. Rev. 41, 79 (1932) but we do it here explicitly since the
method is used to calculate the other brackets in f. The sums with #,:=n,=#n,= - -ny insures that no state is repeated.
17 Again, a term N3/ V has been neglected with respect to unity, and enters only because of the finite size of the box.
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171 \3N2 N(N—1) #3 11
wiw) (= 5ol ) ®)

where O contains all those terms contributing lower powers of V.
Consider now the second bracket in f. The normalization of ®¥ %y(r;#;) will furnish the factor

gln- - -ny) where A =fff‘bR¢*RdT
v

the first bracket in f to (1),

23(N—1)
NIyN-1 A

and ¢ means the wave function for the relative motion of two interacting molecules.® The normalization of ®¥ 2¢(7,7;)
is, as before (22¥/N!V™)g(n;- - -ny), which we can also write as (22W—1/N1VN=1)(g(n;- - -ny)/B), where

B=fff<pla<p*zzdr
v

and ¢p means the wave function for the relative motion of two free molecules.
As with the first bracket, we write the terms of the expression

(I>N~2(I,*N~2(¢(”"f)j*(’i"i) _ <p(7’i7f);*(nrj))

as a series of sums, the first containing all terms with the identical permutations, the second, terms in which the per-
mutations differ with respect to a single pair of molecules, etc. One can verify that terms involving permutations between
two or more pair of molecules contribute powers of V lower than V¥~L, Of the second sum only those terms in which
the quantum numbers of the (ij) molecules are permuted give terms with a factor V¥~L, These contributing terms are

2(p) - - - 2 i (1) ni (i) Ymi(r ) ;) omi(ri) @*ni(rs) on;(r;) @*ni(ri)\
:l:EP:(¢m (r) - eny_, (rN—z)( 1 3 )

All of the terms of the first sum will give the factor VN1, They are

i (1) s (ri)gmi (r )i (r) — omi(rs) @ ni(ri) oni(r;) ‘P*"i(7;i)) .
A B

+ 2 (ona (1) -+ - onpy_,2(rv—2) (
P

As before we eliminate the factor g(n1---#n) and the sum over the permutations of the contributing terms. With
these contributing terms the second bracket in f, written more fully is,

23(N—1) © o » W(rir;) wiryr;)
Si=—— 2 X X e PN M 2(n) - pny RrN—9)) 2 e PEmimi( — ]>}+“"
! NIVN-L ik i lng=0ny=0 ny , ? ' s L] J( 4 B
where W (rir ) =gmi(r ) *ni (r)om; (7)) *n(r ) s (r ) ni(ri)mi (r )y *ni(r)),

w(rir;) = oni(r:) @*ni(r:) oni(r7) o*ni(r7) L oni(r) @*ni(rs) oni(ri) o*ni(ry).
By permuting 7; and 7; we do not change the value of the sums over #;, #j, which then becomes

S(rir))S*rar)) _slrir)s* (m]-))
4 B ’

1 Z e“ﬂE'"i"](

where S=yni(r;)¥n;(r;) yn;i(r:)yni(r;), and s is the corresponding symmetric or antisymmetric function for the ¢'s.
Performing the multiple sum for the wave functions of the free molecules, and integrating over their coordinates, we

reduce to

SS*  ss*

>> e_ﬁEninj(_..__._

2 2 4B

23VN"3( 1 )%<N—2> N(N—-1) 1

N! \2m\?

The factor N(N—1)/2 enters from the sum over (7).
In S and s we separate into relative and center of gravity wave functions. The symmetry or antisymmetry will then
enter only in the wave function for the relative motion. Summing and integrating over the center of gravity wave functions

we reduce to
4UN=1, 1 \3N2 N(N—1) Yibr™ erer®
. (— 2y~ —BE,(IT¥T _ FTYT

NI (27»\2) (M) SISz ( 4 B )dT’ ©

18 Not the symmetric or antisymmetric combinations.
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where ¢ » and ¢, are the symmetric or antisymmetric wave functions® for the relative motion, and E, the relative energy.
Coming to the third bracket in f, one can verify that all terms there will contribute powers of V lower than VN1,
And similarly for all the other brackets

=[S e

Collecting the terms from (5) and (6) we have finally for (1)

VN, 1 \3NI2 N(N—1) i3 11
VLY N N (L L) 7
¢ N!(zfﬁ) [ 2 RN AT @
where the factor 0’(1/V? 1/V3, ---) includes all those terms in lower powers of V, which we have not given explicitly.

The second term in the bracket will give the second virial coefficient, but one cannot now, as is sometimes done, take
the logarithm and assume the second term of the bracket small with respect to the first, since their ratio is (N(N—1)/2)
X (#\3/V)(£144¢) and it is only (Nai\3/2V)(214-41) which we are entitled to assume small. To proceed correctly,
let y1=(N(N—1)/2)z5\3(21441), and rewrite (7) in the form

_ VN 1 3N /2 v ye V3
i) R ] ®

The coefficients yq, y3 - - - yn could laboriously be calculated following the method above. But it is simpler to arrive at

them by the correspondence principle. For it has been shown! that when we go from the quantum region to the classical
region of high temperatures y: reduces to the classical coefficient

S oo

where we have let x=%vffj.(e“ﬁv— 1)dr.

But the classical formula is given by?

VN (N=1)x (N—1)(N—2)(N-3) «x*
23N/2[ + + 2 z+"']'
(27N%) 14 2! V2N-
If now in place of x we write z=(N/2)xI\3(4=144¢), so as to get the expression
YN z (N=1)(N-2)(N-3) 3z*
G| 1+ (V=D 21 ot )

we see that the first two terms agree with the formula (8) we have derived, and the whole expression agrees with the
classical expression in the classical region of high temperature since, as previously stated, z—x. We therefore take this to be
the correct quantum expression, although this provides only a sufficient but. not necessary condition for determining the
coefficients, vg, ¥3, etc.

Now, as shown by Fowler,?

N—1)(N=2)(N-3) z* 2\ Y

And this is an approximation of the desired order, since (z/V)<1.
Using this in Eq. (7), taking the logarithm, and differentiating with respect to the volume we get

pV z N,
L=l = =1 =23
RT v 2V1I' N(£14-41), (9)

where in the left side we have replaced 8 by 1/&T, and let R= NK.
We can reduce the quantities

= [ JarZess (20, A= [ f farimat, 5= [ [ faronor
v 4 v

1y, and ¢, are to be distinguished from ¢ and ¢g which occur in 4 and B.
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As before, we showed

_ 2r (4m)!R 2 (+m)!' R
(+3) ¢=m)12’ () G—m) 1 xk?
Now in polar coordinates the symmetric or antisymmetric relative wave function, ¢, is
v( ) m m m !
\Pr———(PL (cos 6)e™™¢ 4P ™(cos §')e™¢"),
where ¢'=r—9, o =p+m.

This is so because the interchange of the two molecules sends ¢ into ¢+, and 6 into #— 0. One has the corresponding
expressions for ¢,. As before instead of summing over the three quantum numbers, we now sum over the radial quantum
numbers and the degenerate states. Going to polar coordinates, inserting the above functions and the values of 4 and B
into ¢, using the addition theorem,

(l ) ﬂl m 7 im —
Pi(cos a) = m;—l Tm )'P (cos 8)Py™(cos §")eim(e=e¢"),

where cos a=cos 0 cos §'+sin 0 sin 0’ cos (¢— ¢'),

and integrating over the angles, ¢ becomes
8 pf wkr
—-— —A2kn? 1 W22
_RJ; erNe ZI (+3H=£ ))(’v 5 J,+,),

where k2= (m/h%)E ;. The sum is over all /. For Einstein-Bose statistics the odd ones vanish, for Fermi-Dirac the even
ones vanish, thus

N e s a(A %)(vz_fﬂﬂ),
o 7 7 2

where for Einstein-Bose statistics the sum is over even /, and for Fermi-Dirac statistics the sum is over odd I Again,
since the discreteness due to the finite size of the box is negligible, the sum over » may be converted into an integral, the
conversion factor, as before, being given from dn = (R/m)dk. Thus

16 pr o wkr
=—|"d dkY_(+3 (2————J 2)'
Tfo rfo T(J”) =T
Inserting this in (6), we have finally

BTy L
RT 14

where the integral over 7 has been extended to infinity for the reasons previously given.

Naid

3a7 [ 7n7-N2k2 o (TR, 2)
4320\ Nfo kL ZZ(H-;)fO dr( 7 Tt }

ArpPeNDIX Z.

Since we are going to the actual lim £=0, we may use the formula for 7 in the neighborhood £=0,% namely,

__Tmpe® 2
n= —E h2~f() TVJZ+§ (k?’)df
Thus in the neighborhood k=02
r0 sin 2k
f= T 04 D T (0049 e =T S (=t [ i) =2 [Ty (475 -
even [ even even 2k 2k

From this one sees immediately that f/(0), f””/(0), etc. vanish,

This also gives f(0)=—% f erer. One cannot, however, calculate f”/(0), f”/(0), etc. from this formula, since
0

to do so accurately one must know 7 to higher approximations.

Nor can one be sure that this proof is correct, since it is questionable if the above formula for 5 is the proper one to
apply as k—0. However, detailed calculations for the rigid sphere, the potential well, and the noise potential models,
all confirm the fact that as #—0, the expression for 5 contains only odd powers of k.

20 Mott and Massey, Theory of Atomic Collisions.
21 Watson, Bessel Functions, p. 152.



