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A theory of the multiple ionizations produced by a
fast cathode electron in the target of an x-ray tube is
developed, based on the Born approximation of collision
theory. The effective cross section for 1s2s ionization of
potassium by an incident electron having five times the
energy required for K-ionization or ls-ionization of potas-
sium, and the distribution of energy and of angular
momentum among the three electrons after collision is

shown in detail. The probability of 1s2p ionization is also
estimated roughly by the same method, and the two taken
together are shown to be roughly in agreement with the
experimental value of the integrated satellite intensity
for Ke of potassium. The predicted variation of the rela-
tive intensity with atomic number is also shown to be in
rough agreement with experiment.

HE weak ‘satellite” lines of x-ray spectra

require for their explanation transitions
between doubly ionized states of the atom, and
at the present time there are two theories con-
cerning the nature of these transitions. The
older theory! assumes that both the ionizations
occur in interior shells of electrons, and that in
the transition only one electron of the atom
changes its quantum numbers, or ‘jumps.”
The absence of the second electron modifies the
energies of, and increases the multiplicities of the
initial and final states in such a way that several
satellites should be found on the short wave-
length side of the diagram line produced by the
corresponding transition between singly ionized
states. The other theory? assumes that the initial
doubly ionized state is of the somewhat more
probable type in which one of the ionizations
occurs in an inner electron shell, and the other
in a shell not far below the outermost filled shell
of the atom; and that in the transition two

1 M. J. Druyvesteyn, Zeits. f. Physik 43, 707 (1927).
2 F. K. Richtmyer, J. Frank. Inst. 208, 325 (1929).

electrons jump simultaneously into the two
vacant places. Since in this case the coupling
between the electrons is not enough greatly to
alter the energy levels, the frequency of the
satellite should be equal to the sum of the fre-
quencies of the two transitions taken separately.

It seems evident that according to con-
temporary quantum theory both these proposed
mechanisms must produce satellite lines, al-
though some or all of the lines produced by
either may be far too weak to observe. The wave-
lengths as predicted by either theory® agree
roughly with experiment, but it is not possible
to predict wave-lengths with sufficient accuracy
to decide between the two theories by this means
alone. Ramberg* and Bloch® have estimated the
intensities as predicted by the double jump
theory, and it seems likely that some, at least,

3 See Druyvesteyn, reference 1, H. C. Wolfe, Phys. Rev.
43, 221 (1933), and Ramberg and Kennard, Phys. Rev.
46, 1040 (1934) for the single jump theory, and Richtmyer
reference 2 for the double-jump theory.

4 E. Ramberg, Phys. Rev. 45, 389 (1934).

5 F. Bloch, Phys. Rev. 48, 187 (1935).
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of the lines are produced by double jumps. In
this paper I consider intensities as predicted by
the single jump theory. In 1927 Druyvesteyn!
gave a rather crude semiclassical treatment of
this problem, but since then nothing has been
done with it.

The numbers of singly- and multiply-ionized
atoms in the target are dependent upon the
effective collision cross sections for single and
multiple ionizations of an atom by a fast cathode
electron, and for computing these cross sections
we use the Born approximation of collision
theory. Call the momentum vector (in atomic
units) of the incident cathode electron ko Then
the cross section for collisions in which the atom
is excited from the ground state to the nth
state is

P$,= f[,/'VM(ro)e’(k“ —kn). r°d7'0]2dw(k") (1)
4:7r2k0

with
Voulre) = f W) Ulro, ) Wo(r)drs. (2)

k, is the momentum vector of the cathode
electron after the atom has been excited; its
magnitude is given by k.= (k?—2E,)} where
E, is the energy of excitation of the atom, and
its direction is the variable of integration w(k.,)
in (1). 7o refers to the three coordinates of the
cathode electron; 7; (in which j=1,2,3, -+, N)
refers to the coordinates of the N atomic elec-
trons ; dro means integration over all space with
respect to the coordinates of the cathode elec-
tron; and dr; means N-fold integration over all
space with respect to the coordinates of the
atomic electrons. The capital psi's are the com-
plete atomic wave functions for the ground
state and the nth excited state of the atom.
U(ry, 7;) is the energy of interaction of the
cathode electron with the atom. The outside
integration in (1) is to be extended over the
entire solid angle; that is, over all directions of
scattering.

Let the excited state be a doubly ionized state
in which a K electron and an L electron have
been removed to ‘‘hyperbolic orbits” denoted
by the quantum numbers &y, 11, m, and ks, Iy, mo,

and represented by wave functions ¥,:m, and
Yk, 1,m,» We use N-rowed determinants of one-
electron functions for ¥, and ¥,, and if we retain
only the first order of small quantities, we get

0n=ff{¢*k111MI(71)¢*k2’2m2(72)

— ¥ e1tim1 (o) Y ¥ Ratoma(r1) }

: (1/701+ 1/7'02)<P1(7’1) gaz(?'z)d'rld'rg (3)

in which ¢; and ¢, are the K and L wave func-
tions, respectively, in the normal atom, 7o
=|ro—r|, and 7= |ro—1,|. It is to be noted
that the ¢'s are not quite orthogonal to the ¢’s,
because the removal of each electron from the
atom alters the field in which the other one
moves. However, ¢; will be much more nearly
orthogonal to the ¢’s than will ¢., and so we
shall drop terms in 1/7s.

This V. is to be substituted into expression
(1). We introduce the quantity ¢=|ko—ka.|,
which is the magnitude of the change of mo-
mentum experienced by the cathode electron.
We write the wave functions explicitly in terms
of their angular and radial parts as

Yiim= Ym0, ©)Sk(r);
e1=S1(r)/(4m)t;  @o=Sa(r)/(4m)?

in which ¥y is a normalized spherical surface
harmonic, the S’s are solutions of Hartree’s
equations, and the continuous state functions
Sii(r) are normalized so as to represent one
particle per unit range of the momentum k.
We then expand everything in sight in terms of
spherical harmonics and Bessel functions, and
boil down the result until we obtain

(4)

1673 phothn dq
d,= f {Okralr10(q) — Ok11r20(q) } >—
ko? Jro—in ¢t

for =0, l,=0 (5a)

327 kotkn dq
P, = (l1+%)0k22f [Lri(g) J*—
ko? k g

0 0—kn

for 110, ls=0 (Sb)

$,=0 for Ip#0. (5¢)

In these equations, O, and Iji(¢) have the
following meanings:
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fee)

Ok=f¢*/con<ﬂ2(2)d72=f Sko(r) Sa(r)ridr, (6)

1 [ee]
Il =7 f Su)S:NTuilgNriar. (D)

Eq. (5¢) shows that to our degree of approxima-
tion the L electron can be expelled only to
states of zero angular momentum. The differ-
ence in appearance between (5a) and (5b) is
due to an exchange effect between the two
expelled electrons, which can take place only if
the K electron is also expelled to a state of zero
angular momentum. Exchange between the
cathode electron and the atomic electrons is
less important and has been neglected entirely.

In order, finally, to obtain the effective cross
section for double ionization of the type in
question (e.g., KLj), the partial cross section
as given by (5) must be integrated over all
possible final states of the atom, that is over
all possible hyperbolic orbits of the two expelled
electrons. This requires a summation over I,
and integrations in k; and k,. The energetically
possible final states will be given by the re-
lations

Ei2/2+ k22K hot/2— Wi — Wy,
E120, ks> 0.

(8)

These relations are approximate in that they
assume that none of the three electrons involved
stops in an optical orbit, but that all of them
end up in states of positive energy. The relations
require an integration of (5) over a 90° circle-
sector in the k1— k&, plane. In the special case of
11=0 only half of this sector is to be used, be-
cause of the symmetry properties of the wave
functions. Otherwise the final states would be
counted twice.

A completely numerical evaluation of the
double-ionization cross section by this method
would seem to be out of the question. One would
have to obtain numerical solutions Si;(r) of
Hartree’s equation, then obtain the integrals
O and Iy;(q) by numerical integration, and then
carry out the summation in /; and the integra-
tions in ¢, k1, and k. also numerically. One can
approximate by taking the wave functions to be
hydrogen-like functions, either corrected for ex-

ternal and internal screening, or uncorrected.
Even then the amount of numerical work would
be prohibitive, for one must still carry out the
summation and the last three integrations nu-
merically. We can further approximate, however,
by replacing the product S1Si; by a function of
simpler analytic form, but which is approxi-
mately equal to this product. Such a function
must vary as 7! for small 7, rise to a maximum for
larger 7, then become negative and have a much
less pronounced minimum for still larger 7, and
after that be practically zero. Only the first
maximum and first minimum of Sj; need be
represented, because of the exponentially de-
creasing behavior of .Si. A function of the desired
form, and which enables us to carry out the
integration in ¢ analytically is

S1Su= (4m)}(ar! —bri+?)e=r"r, ©)

The adjustable constants a, b, and p must be
determined as functions of k; and ;. For this
purpose we suppose that the actual wave func-
tions S, are solutions of the Schrédinger equa-
tion for a field of the form

{VO—Z/r for r<re (=2/Vy)

V(r)= 0 (10)

for > r,.

The solutions are hydrogen-like for small 7, and
essentially Bessel functions for larger 7. The
smooth joining at =7, was carried out for
energies greater than V, by means of the
Wentzel-Kramers-Brillouin method. For small £
the energies are less than V, and thus fall in a
region which would be occupied by discrete
levels if the Coulomb part of the field (10) were
carried on out to infinity. For this case the
smooth joining was carried out by means of
some tables kindly supplied me by Professors
Morse and Allis and which they had calculated
in connection with their theory of the Ramsauer

effect. Vo and Z of the field (10) are chosen to

make this field fit the actual atomic field in the

_neighborhood of the K shell,® and the K wave

function S, is taken to be hydrogen-like with
this same value of Z. Lastly a, b, and p are
chosen so as to make the function (9) as nearly
as possible equal to the product S:S:;. The
method by which this was actually done is

8 For potassium, Z=18.5, V=37, 7=0.50; atomic units.
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largely empirical, and since it is of no theoretical
interest, it will not be described here.” The result
is a set of graphs of @, b, and p as functions of &
for various values of I. I believe that the fit is
fully as good as the use of the Born approxima-
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tion warrants. We now substitute (9) into (7),
and put the resulting expression for I;;(g) into
(5a) and (Sb). In place of the integration
variable ¢ we introduce a new one given by
x=¢%/2p?, and we obtain

7 pv [Okre(Ar10+%Bk10) — Ok1(Ar20+xBrso) ]2
Pp=—-| €= dx for [,=0, (11a)
2k02 w1 x2
w343 =
q)"=_k22—lf e[ Org(A k111 +xBryiy) JPdx  for 1,0, (11b)
0 1 Uy
in which more from a hydrogen-like wave function than
does the K wave function. This means that
kl:j_ b(+(3/2)) . Bu= b . (12) although we may use hydrogen-like wave func-
it pHo 2pUHs tions in connection with Ix;(¢), we cannot do so

The integrals of (11) can be evaluated in terms
of the exponential function and the exponential
integral. The integration limits #; and %, depend
on both %; and k. and are given by

(ko_kn)2 (k0+kn)2
U= s = .
! 2P2 21)2

k., the final momentum of the cathode electron,
is given by conservation of energy as

ko= (ko2 —k2—ks?—2Wx—2Wr)}

(13)

Ua

(14)

in which Wx and W, are the K and L ionization
energies, respectively.

The calculation of the integrals Oy occurring
in Eqgs. (5) is by far the most important part of
the work when the relative probability of double
ionization is desired, since it is chiefly this
factor which is responsible for the difference
between the formulas for single ionization and
for double ionization. In fact it can be shown
that the relative probability can be roughly
obtained from this quantity alone by integrating
02 from k=0 to k=infinity. The other factors of
(5) serve merely to give a variable weight to
the various parts of this integration. Oy is to be
contrasted with the integral Iy;(¢) in that it
involves the L wave function of the atom while
the latter involves the K wave function. For an
actual atom the L wave function differs much

7 It is described in complete detail in the writer's M.I.T.
Doctor’s thesis, 1935.

with Oy. The result of doing so depends in so
sensitive a way on the effective nuclear charge
and screening constant of the hydrogen-like
functions that it seems best to use Hartree wave
functions even in an approximate theory. The
functions S and Ss of Eq. (6) were obtained by
numerical solution of Hartree's equation, and
then the integral Oy was obtained by numerical
integration. This was carried out for the case of
KL ionization of potassium. S, is just the 2s
wave function as tabulated by Hartree, and the
functions Sy are positive-energy solutions of
Hartree's equation for a potassium atom which
has been ionized in the K and L shells. The
results were checked by means of the identity

o 1 co
f Skoszd?’:—”—“—f SrodVSadr  (15)
0 Wio— Wedo

in which 6V is the difference of the potential
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Fi1c. 1. The integral Oy for potassium. Curve 4, com-
puted by means of Hartree wave functions; curves Band C,
computed by means of screened hydrogen-like wave
functions. The energy is given in atomic units.
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F1G. 2. Altitude charts of the partial cross section ®,, as a function of %; and &, for various
values of /. ®, is zero along the &, axis and the circumference of the sector in charts , ¢, d, and e,
and along the 45° line and the circumference in chart a. Along the various curves it has the value
indicated at the bottoms of the charts, multiplied by the proper power of 10.

functions for the normal and for the K-ionized
atoms, W, is the energy parameter (a negative
number) for the 2s wave function, and Wi, is
the energy parameter (a positive number) for
the function Sy For large values of %, or of
energy, the numerical solution of Hartree's equa-
tion becomes increasingly difficult because of the
rapid oscillations of the function Sk, and a
resort is had to hydrogen-like functions. For
this purpose we use a screened Coulomb field of
the type (10), choosing the constants V, and Z
so as to fit the Hartree field near the L shell.®
8V, which is the potential of a K electron in the
atom, we take equal to —0/7, where 0 is a
constant, not far from unity, to be chosen by
fitting the results onto the more accurate calcu-
lations of O; with Hartree functions in the
range of k for which both methods can be used.
The results are shown in Fig. 1. In order to
obtain a smooth joining of the two methods of
calculation in the range k%2/2 equal to about 70
to 100 atomic units, it was necessary to take
6=0.65.

The results of the calculation with Egs. (5)
are shown in Fig. 2, consisting of altitude charts
of the partial cross section' &, as a function of
k1 and k2, for various values of ;. It is seen that
the most important contribution to the total

8 This gives Z=13.1, V(=10.2, ro=1.28; atomic units.

cross section will come from /=1, and for rather
small values of the kinetic energy of the expelled
electrons. The incident energy of the cathode
electron was taken for the calculations to be
five times the K ionization energy of potassium,
or 665 atomic units. This value was chosen to
make possible comparison with the experimental
work of Mrs. Pearsall, who used a tube voltage
of five times the K excitation voltage.

The functions of Fig. 2 were integrated in
polar coordinates over the 90° circle sectors, by
using Simpson'’s rule, integrating first with re-
spect to the angular coordinate, and then with
respect to the radial coordinate. The results are
added together to give a total double ionization
cross section of 1.12X10~7 atomic unit, or 0.29
percent of the K cross section as determined by
the same method. The analogous calculation for
the KLy, m cross section was not actually
carried out, but the result can be easily esti-
mated, and is slightly less, per electron, than the
KL cross section. If we remember that there are
two® L; electrons and six Ly, p electrons in

9 Strictly speaking the two Ly electrons must be treated
differently. We have tacitly assumed that the Lj electron
has the same direction of spin as the K electron. For the
other Ly electron this is not true and the exchange effect
which we found for /=0 will be missing. However, since
the contribution of ;=0 to the total cross section is small,
the two Lj electrons have practically the same chance of
being expelled.
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the atom, we conclude that the number of KL
ionized atoms of the target is about 2.0 percent
of the number of K ionized atoms. This number
can be directly compared with experiments on
the relative intensity of satellites after dis-
cussing the transition probabilities.

The intensity of a given line is proportional
to the number of atoms of the x-ray target in
the initial state and to the transition probability
for the given line. It is with the former quantity
that this paper deals primarily, but the transition
probabilities must of course also be considered.
The way in which they enter in can best be
understood by considering the following example :

Parent lines (1s) 2S1/0—(2p) 2P3/s, 172
Satellites (152s) 1Sy 3S1—(2p2s) 1Py 3Pose.

The electron configurations represent electrons
missing from completed shells. There are two
parent lines (the Ko doublet) and six satellites
(including intercombination lines) allowed by
the selection rules. The transition probability for
a line is given by a constant numerical factor
times the cube of the frequency times the squared
modulus of the matrix element of the electric
moment. These matrix elements are rather com-
plicated, since the wave functions for the initial
and final states are linear combinations of de-
terminants of one-electron functions. But the
available experimental data deal with the in-
tegrated intensity of the whole satellite structure,
and it is possible to show that the sum of the
satellite intensities for transitions (1s2s) to (2p2s)
is in the same ratio to the sum of the parent line
intensities as the total number of atoms in the
initial configuration (1s2s) to the total number
in (1s). In other words the presence or absence
of the 2s electron does not affect the total
probability that a 2p electron will drop into a
vacancy in the 1s shell. This neglects the varia-
tion of the frequency-cubed factor from line to
line and assumes that the one-electron wave
functions for the 1s and 2p electrons are the
same in the configurations (1s) and (2p) as in
the configurations (1s2s) and (2p2s).

The general case of this theorem or sum-rule
will now be stated, and is true to the same degree
of approximation as the special case discussed
above. 4 and B are the initial and final con-
figurations for the parent lines. The configuration

D. RICHTMYER

AC differs from A only in the addition or
omission of certain electrons and the configura-
tion BC differs from B only in the addition or
omission of the same electrons. We consider those
satellite lines which are due to transitions from
AC to BC.

Parent lines A—B

Satellites AC—BC.

If the total number of atoms of the target in
states of configuration 4 is the same as the total
number of atoms of the target in states of 4C,
then the sum of the intensities of the parents is
equal to the sum of the intensities of the
satellites. _

The final theoretical prediction which we make
is then that if all the satellites of K& are due to
KL ionization, the integrated intensity of the
satellites of Ka should be 2.0 percent of the sum
of the intensities of Koy and Kas, when the tube
voltage is five times the K excitation voltage.
Strictly speaking this assumes a thin target, but
we hope that the correction for the use of a thick
target will not be very great; and we compare
our result with the experimental result of Mrs.
Pearsall,’® who found a relative intensity of
3.0 percent, for all of the satellites of Ka of
potassium taken together and referred to the
total intensity of the parent doublet Ka. The
agreement is not as good as we might wish, but
would seem to show conclusively that some, at
least, of the satellites are produced by single
transitions in KL ionized atoms. There is reason
to believe that the Born approximation should
give a slightly low result in this case, and some
of the satellites may be due to other double and
multiple ionizations such as KL%, KM, etc., so
that it seems not impossible that all the satellites
are in this case to be explained by the single
jump theory.

Having obtained the absolute value of the
relative intensity, for one element, we can easily
extend our results to neighboring elements by
observing that according to our equations the
result should vary roughly as the inverse cube of
the effective nuclear charge near the L shell.
This would be exactly the case if we used
hydrogen-like wave.functions throughout, and
neglected external screening, thus setting Vo=0

10 Anna W. Pearsall, Phys. Rev. 48, 133 (1935).
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F16. 3. The relative intensity of the Ka satellites as a
function of atomic number Z. R=integrated intensity of
the satellites divided by the intensity of Kay. The circles
are the experimental data of Mrs. Pearsall,!® and the solid
line gives the theoretical curve.

for both the K and L shells, and if we assumed a
constant ratio between the effective nuclear
charges near the K shell and near the L shell.
In Fig. 3, therefore, we have compared the experi-
mental values of relative intensity with the
function C/(Z—¢)% in which ¢ is an internal
screening constant which is practically inde-
pendent of atomic number, and C is determined
by our computation for potassium. The screening
constant ¢ has the value 19—13 or 6 for po-
tassium according to our method of determining
it by fitting the Hartree potential to a screened
Coulomb potential near the L shell. Other ways
of estimating "this screening constant give a
somewhat lower value. Slater’s value,* as de-
termined by fitting actual wave functions, is 3.
We have compromised, and taken ¢=4.5. The
agreement between the experimental points and
the theoretical curve is seen to be quite satis-
factory, although the theory gives consistently
slightly low values.

We can ‘derive from our equations a greatly
simplified formula for the relative probability of
double ionization in one limiting case, and by
means of this simplification show the connection
between our theory and a formula which has
already been used by Bloch (p. 192) for rough
calculation of double ionization probabilities.
If we were to compute the cross section for
removing electron number one alone by the
method followed in this paper for the double

], C. Slater, “Analytic Atomic Wave Functions,”
Phys. Rev. 42, 33 (1932).

ionization, we should arrive at equations very
similar to (11a) and (11b), but differing from
those in the following respects: the exchange
effect for ;=0 is of course missing ; the integral
Oy, is missing throughout; and the integration
limits %, and u. are slightly different, due to a
difference in Eq. (14). The limiting case we
consider is that in which one of the electrons to
be removed lies much deeper in the atom than
does the other. In this case we need consider only
a limited range of values of k;—a range limited
by the condition that k,?/2 must be of the order
of magnitude of the ionization energy of the
outer electron, and therefore by hypothesis small
compared to the ionization energy of the inner
electron. This limitation of the range of k,
comes from the nature of the function O; of
Fig. 1. This quantity involves the wave function
Sy of the outer electron in the normal atom, and
has the property that it rapidly approaches zero
as the energy ks%/2 is made large compared to
the ionization energy of this outer electron.
When the range of &, is limited in this way, the
only difference between (11b) and the corre-
sponding equation for single ionization is the
presence of the factor O?, so that after inte-
grating over all possible final states in each case,
we get

double ionization cross section _ f mOkz k. (16)
0

single ionization cross section

In order to get this result we have to consider
Eq. (11a) a little further, because of the exchange
effect which is present for the double ionization
but not for the single ionization and which leads
to cross product terms in the integrand of (11a)
for double ionization but not for single ioniza-
tion. However both 4,0 and By o are practically
zero for small values of ki, and therefore the
cross product terms are negligible in our limiting
case, and Eq. (16) is established. In the case of
KL ionization Eq. (16) gives a value which is
about 25 percent too high as judged by our
more exact calculation, but for KM and KN
ionizations, etc., it should be much better.

The functions Yreo of (6) form a part of a
complete orthogonal set. If we summed O3 over
all the members of this set, we should have, by a
theorem in the theory of orthogonal functions,
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just S | ¢2|?%d7 or unity. The integral in % of
(16) is a summation of O* over some of these
functions, and therefore equal to unity minus
the summation over the rest of the functions,
which are just the ones occupied by electrons in
the atom, so that

double ionization cross section

single ionization cross section

=1—|SY*eedr|?— 2 | SVum*eedr|? (17)

n, l,m

in which the summation is to be extended over
all the electrons of the atom except electrons
numbers 1 and 2 themselves. This formula,
with the summation missing, is the one which
was used by Bloch in his “order of magnitude”
calculations connected with the double-jump
theory of satellites. The summation would prob-
ably be quite important in quantitative work.
The author wishes to express his gratitude to
Professor Philip M. Morse of Massachusetts

SHANKLAND

Institute of Technology for much helpful guid-
ance and many valuable suggestions received
from him during the course of this investigation.

Note added in proof: Dr. L. G. Parratt of Cornell Uni-
versity has kindly sent the writer some unpublished data
of his on the relative intensities of the satellites of Ka.
These were taken with a two-crystal spectrometer and an
ionization chamber. They are more accurate than the data
of Mrs. Pearsall, and cover a wider range of atomic num-
bers. When plotted on the graph of Fig. 3, the points so
determined are somewhat closer to the theoretical curve,
but still slightly above it. However, Parratt’s experiments
are so much better than my theory, that a more detailed
comparison at this time is not worth while.

Since the manuscript was submitted for publication, the
writer has had the privilege of discussing the subject on
several occasions with Professor J. R. Oppenheimer.
Professor Oppenheimer suggests that the interaction of the
two expelled electrons may be of more importance than one
might perhaps think at first. This interaction was of course
entirely neglected in the theory, since Hartree wave func-
tions were used for the doubly ionized state of the atom.
This point cannot be quantitatively investigated until
further calculations are made.
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An Apparent Failure of the Photon Theory of Scattering

ROBERT S. SHANKLAND, Ryerson Physical Laboratory, The University of Chicago
(Received November 1, 1935)

A test has been made of the photon theory of the scatter-

ing of high frequency radiation. The pairs of scattered
v . : .

photons and recoil electrons predicted by this theory have
been looked for by means of specially designed Geiger-
Miiller counters. Coincident discharges in the electron
and photon counters were recorded by means of a vacuum
tube amplifying and adding circuit. The scatterers used
were air, aluminum, beryllium, filter paper and paraffin.
The radiation was the gamma-rays from radium C. Experi-
ments were performed with the counters set at various
angles, some where the photon theory predicts coincidences,
and others where coincidences should not be expected.
The experiments uniformly gave fewer coincidences in the

INTRODUCTION

HE discovery of the change in wave-length
of x-rays when scattered by loosely bound
electrons led A. H. Compton! to develop a
photon theory based on the concept of light

1 A. H. Compton, Phys. Rev. 21, 483 (1923).

correct positions than were expected, and those observed
could in every case be accounted for as chance coincidences
due to the finite resolving time of the apparatus. It has
not been found possible to bring the results of these
experiments into accord with the photon theory of scatter-
ing. The wave-mechanical theory of the scattering process
has not yet been extended to include the gamma-ray .
region so that it is impossible to compare this theory with
the present experiments. Unless it is shown that the two
theories disagree in the gamma-ray region it does not seem
possible to reconcile the present experiment with the
Bothe-Geiger and Compton-Simon experiments,

quanta to account for this phenomenon. This
theory accounted for the interaction between
radiation and matter by picturing the process as
a mechanical collision between a light corpuscle
and an electron which obeyed the laws of
conservation of energy and momentum. At about
the same time a virtual radiation theory was



