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Linear Modifications in the Maxwell Field Equations

RoBERT SERBER, University of California, Berkeley

(Received April 24, 1935)

Expressions, accurate to the first order in e', are obtained for the charge and current densities
which, according to positron theory, are induced in vacuum by an electromagnetic field. Be-
cause the corresponding correction terms in the Maxwell field equations involve integral
operators, it does not seem possible to treat the modified field equations by Hamiltonian
methods.

HE theory of the positron introduces certain
modifications in the classical electromag-

netic field equations of Maxwell, which result in
the equations of the field being no longer equiva-
lent to a system of linear second order differential
equations. .These modifications arise from the
interaction of the electromagnetic field with the
continuous distribution of electrons in negative
energy states envisaged by the theory. The
interaction is treated by expanding the inter-
action terms in the Hamiltonian function in

powers of the electronic charge; in the following
we shall consider only effects in e'. In this order
the linearity of the equations is still preserved
and the effect of the interaction can conveniently
be expressed as the induction of a charge and
current density in vacuum by the electromag-
netic field.

STATIC FIELDS

We shall first investigate, using the methods
recently formulated by Dirac' and Heisenberg, '
the charge and current densities induced by a
static field. The equations take their simplest
form when written in terms of the Fourier-
amplitudes of the quantities involved; the

Fourier amplitude of a function f(r) correspond-
ing to a propagation vector k will be written
simply f.

The Fourier amplitude of the charge induced
by an electrostatic field which is everywhere
small compared to the critical field F,=r»'c'/ek
can be written'

8jo= —(n/4&r') x(k)A o = —
(r& /&r'k') x(k)j0, (1)

where jo(r) is the charge density, Ao(r) is the
scalar potential, k is the magnitude of the
propagation vector k, and

f
ee' —(g'+1 —-', k')

x(k) =
J

e'« ~&dq, (2)
tC (6+6 )

e= [1+(q+-,'k)']'*, e'= [1+(q—-,'k)']'.

The second form of (1) is obtained from the
first by means of the equation AAo(r) = —4&rjo(r).
From the integral (2) certain singular terms and
normalization terms are still to be subtracted,
after which the "off diagonal distance, " R, is to
be put equal to zero. Explicit expressions for
these subtractitive terms are given in Heisen-
berg's paper. Introducing the abbreviations
a'=1+-,'k' v=q k/(q'+a'), we can write

x(k) = ~ (9 +a ) *v I (1+v) ' —(1 —v) '+ (l +v) * —(l. —v) * }e&«s&dq

+-',k')/(q'+a') &v 'I(1—v) i —(1+v)-'}e'«&dq. (3)

On expanding the integrand of the hrst integral in (3) in powers of v we obtain, for this integral,
the expression'

* National Research Fellow.
' P. A. M. Dirac, Proc. Camb. Phil. Soc. 30, 150 (1934).' W. Heisenberg, Zeits, f. Physik 90, 209 (1934).' See reference 2 ~ It should be noted that we employ

rational units, measuring length in terms of the Compton
wavelength A/mc, time in terms of h/mc', and mass in
terms of the electronic mass rn.

4 The Bessel function X„(z) which appears in (4) is
that defined by Whittaker and Watson, Modern Analysis,
$17.71. The integration formula used in obtaining (4) is
given by Watson, Theory of Bessel Functions, f13.6.
Watson's definition of X„(z) differs from that of Modern
Analysis by a factor ( —1)".
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(—1)"(4n) ! 2n ef(rf &)

(k gradr&)2", '
dq

n=l 2'"[(2n) ']' 2n+ 1 J (412 yr22) 2n+1

(—1)"2n R'" '
(k gradro)'" &2,. i(rlR). (4)

l 22n —2(2n+1) 1

(-1)"-'(n-2)!
44[(k gradrr)2 "R2"]r4=o

4 n!
(—1)"-' (n —2)!(2n)!

Qk
n!

If one now examines the ascending series for
R2" 'Xon l(riR) one sees that there are terms of
two types: (a) an infinite series, whose leading
term is of the form R4" '(log —',aR+ const. );
(b) a polynomial in R of degree 4(n —1). Hence,
when the operator (k gradio)2" is applied to terms
of type (a), and R is permitted to approach zero,
one obtains the result zero when n)1. From
the terms of type (b) one obtains a contribution
only from the term of degree 2n. This contribu-
tion is

m
.k' 2n+2

2 n=o (n+1)(2n+3) 4242)
(6)

Adding (5) and (6) and performing the
summation, one obtains the result

—,'zk' log a

1

—22ik2 (1 —x') log [1+ok2(1 —x2) ]rex (7)
0

The first term in (4) and in the analogous
series for the second integral in (3) are readily
shown to give just the singular and normalization
terms which, according to the theory, must be
deleted, and in addition a term, —-', zk'log a,
which cancels the first term in (7). Hence

mk' 2n+2

2 n=o (n+1) (2n+5) 0242)

The terms after the first in (3) thus give

(5)

7r/2

cos' P log [1+—'k cos lfr]dier. (8)
0

The second integral in (3) can be handled in

the same way; the terms after the first are found
to be

The calculation of the current density induced

by a magnetostatic field is very similar. This
current is given by

8j= (42/orok2)~l I[oo'+(q2+1 ——,'k')]j —2q(q j)+-',k(k j) I [oo'(2+o')]—'e'« "&dq

The third term in the bracket vanishes in virtue
of the condition divj(r) =0, i.e. , k j =0. The
remaining terms can be handled by the method
used to evaluate (2). The only new point of
interest arises in connection with the second
term in the bracket, which apparently gives a
dependence of the ith component of the induced
current on the jth component of the inducing
current. From this term, in the series analogous
to (4) one obtains terms of the form

[gradir(j gradli)(k gradii) R2" 2]+2= rro
= (2n+ 2) (2n) ![k "j+2nk(k ~ j)k2"—2].

Again using k j =0, we see that the contribution

of j; to 8j; in fact vanishes. One readily finds

(10)

with y(k) as given by (8). The equality of the
quite different looking integrals which appear in

(1) and (9) might have been easily foretold by
considerations, similar to those given in the
following section, of the transformation proper-
ties of charge and current under a Lorentz
transformation. The origin of the differen t
representation of the function y(k) in the two
cases is to be found in the different meanings
attached to canonical momentum in the presence
and absence of a vector potential.
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On recombining the Fourier components, we

find for the charge and current densities induced

by a static field'
where r=r' —r",

(/(r)= —(/)6 ')J cos'ddd~ s'"o)os((+'-d'cos'd)d 'd)c

= —(()./4ir'r)
~j2 00

cos'ddt s'odr(os ((+'-,L' cods)d dd'

,~/2

=( /d 'r) f cos'dZd( —)r sds)cdd

The exponential-integral function is obtained by
deforming the path of the k integration to the
imaginary axis, Jo = 2iLf~' +'+10 ' +0].

VzRvINt- FIELDs

The expressions (1) and (10) for the charge
and current densities induced by a static field
can readily be generalized to the case of an
arbitrarily varying field. Let us consider a single
Fourier component of the charge and current,
j),e*&(~'"' ~0", &=0, 1, 2, 3. If k2&ko2 we can make
a Lorentz transformation to a system moving
with velocity v =kok/k', in this system the
Fourier component becomes j),'e" '"), where the
length of the vector K is X= Ik' —ko'Is. This
however can be regarded as a Fourier component
of a static field, which induces a charge and
current given by (1) and (10). Upon trans-
forming back to the original coordinate system
we thus have

()j),= —(d)./ir'X') X(K)j),. (12)

This equation has been established only when
k2&k02, i.e. , only for spacelike K. In order to
establish this result also for timelike K, we have
only to note that, for time varying potentials,
the modification in the expression for the induced

charge and current consists in replacing the
factor 1/(e+e') in (2) by (e+e')/I (e+e')' —ko'j.
Since this is true irrespective of whether K is
spacelike or timelike, it can immediately be
concluded that (12) holds in either case. It
should be noted however, that in consequence
of our definition of X as X=

I
k' —ko'I', K' must

be replaced by —X' throughout (12) if K is
timelike. The only diFficulty which can arise
comes from the possible vanishing of the de-
nominator (e+ e')' —kP. Since the minimum
value of (~+c')' is 4+k', this cannot occur if K
is spacelike, or if K is timelike and %&2. That
is to say, only the Fourier components of the
field for which K is timelike and E'& 2 are
capable of producing pairs, since only under
these conditions can both energy and momentum
be conserved. In performing integrations over
such components the pair-production singularity
must be avoided by deforming the path of the
E integration into the complex plane.

Heisenberg's results (40) and (44) may readily
be obtained from (12) by writing jo=jo(k)()(ko
—ko'), and retaining only the first term in the
expansion of x(X) in powers of X'.

We can now write the induced charge and
current as an integral over four-space,

x/2

d/ (s')= ( /d) ') co 'dddJd(r, d) i (s")ds",
0

where the four-vector s=s' —s", s= Ir' PI'*, —
and

A(s p) = ' s'(x.' log (1&a'K')E-'dK. (14)
l

' A discussion of this formula and some of its applications
is given in the following paper by E. A. Uehling. The

Here a=-,' cos |k and the plus or minus sign is
to be taken in (14) according as K is spacelike
or timelike.

We now introduce hyperbolic coordinates:

expression for the induced charge was originally obtained
by Dr. Uehling by a somewhat different method of calcu-
lation.
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m onents of K are expressedThe three space componen s
f h al polar coordinatesin terms oi trie usua

while

kp= +K cosh p, k=K sin q,

dK=K' sinh' y sin OdKdyd8dC,

0 « ~, when K is t.ime
'like' and

k =K sinh y, k=K cosh y,
dK=K' cosh' q sin OdKdqd0dC,

h K is spacelike. We then—~ &q(, w en
have, ' for timelike s,

s = K K dK 8" ""'1 cosh pdpA(s, P) =4~ log (1+a'K'~ ' e
'

0

+8m log (1—a ')"))d 'dICf cos (sdd Lo b t) 8 b qdd
0

=8m. s ' K)(sK) log (1+a'K')K—'dK+-', ~s—
0

F,(sK) log (1 a'K')K—'dK, (15

and for spacelike s,

~ i8& cosh y cos 8 sin ed/A(s, P) =2m- log as, = (1+a'K')K 'dK cosh' gdpj e"
0

CO

cos sK sinh e) cos 0) sin Hde+4+ log (1 —af 'K')K 'dK sinh' ydp cos s si
0 0~ 0

lo 1 a'K')K 'd—K . (16)a'K2)K 2dK+s '—K, (sK—) log —a= —8~ -'ns ' Y)(sK) log (1+a'

hich arise from the possibilityThe singularities w ic
ion make their appearance in e
s in ~15, and in, w i

the contribution of timeli e, wrepresent e c
I these integrals one is to s ppX=1/u. n ese

'

infinitcu tmadein t eh K plane from 1/a to ' '
y,

to be understood asd the symbol z p is 0
, +" Jo" "j.The term in 1/sK m

in series for K~ s anthe ascending
er e at the lower imi o1' 't f integra-g

tion; however this s' gin ularity is on y ap
he Eilower limit in bot t e

d to the imaginary axis,in (16) may be deforme o

ive of the firstwe ten o aih btain just the negative
'shes as itin 16 . Hence A(s, P) vanishes,integral in

side the light cone;
'

usl must, when s is outsi e e
'

ated
'

h a velocity greaterno effects are propagate wit a v
than that of light.

b t eated in aThe first integral
'
in 15 can e rea

simi ar m armer provided s&0; ma ing e
deformation

we obtain t e nega
'

h ative of the second integral in

(15), an m addition another term,

(7r2/2s) Jv J)(sK)K 2dK,

he difference in the valueswhich results from t e i er

sentations of the Bessel functionsThe i tega epe

later, m the Appe d, can

h XVII E 1 26 dfoM
the representations of Xo x given i
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of log (1—a'K') on the two sides of the cut.
We can thus write

A(~, 4) =f(r, f)~(t+r)

s spacelike.0,
+

42r'aS 'Ji Ji(SK/a)K 'dK, S timelike.
(17)

The coefficient of the delta function can be most
readily evaluated by noting that the integral
over time of the second term in (17) vanishes.
This integral is'

82r a K dK ~f Ji(sK/a)(s'+r2) 'dg
1 p

=82r'a~f I&(rK/2a)Ki(rK/2a)K 'dK=0,
1

since Ki(s) —=0. Hence f(r, p) =f A(g, 2/d)dt.

The evaluation of this integral, using the
expressions (15) and (16) for A(s, 1t), is given in

the Appendix; we find

the second expression being obtained from the
first by deforming the path of integration to
the imaginary axis.

Eq. (13) can now be written

21jq(s') = ~f Ai(r) { j2,(s") }dr"

+~fA, (s) j~(s")ds", (19)

where I j&,(s")} is the retarded value of

j,(s"),
7r/2 00

Ai(r) = — COS' 2/dd2/d e 'xr "' &K 'dK,
16m'r p 1

A2(s) =
8~'s

x/2 OO

cos' dddf J,(2Xs sec d)dd 'dIC
1

The second integral in (19) is to be extended
only over the interior of the light cone, and only

' Watson, Theory of Bessel Functions, $13.6.

d(r, d)= 2 r fs'i 'ddr los (2+ d')22' 'dZ
p

(18)

8~3g2y —1 g
—Kr'/a E—3d+

1

over past values of the time. Our formalism of
course, has made no distinction between past
and future; this distinction first arises when we
introduce boundary conditions to validate our
neglect of surface integrals. A similar choice is
involved in the first integral of (19), namely,
in the use of the retarded, rather than the
advanced value of j&,(s").

The second term in (19) represents an effect
which is propagated with a velocity less than
that of light. This can be pictured as due to the
propagation of the electromagnetic pulse from
an element of charge a.nd current at (r", t") to
within a few Compton wavelengths of r', and
here the production (real or virtual) of a pair;
one particle of this pair then reaches the point r',
at a later time of course than the electromagnetic
pulse.

It has already been shown that when j2, (s")
is independent of time the second term in (19)
vanishes. On transferring, by partial integration,
one Laplacian from j&,(s") to Ai(r), one again
obtains the formula (11). Another interesting
case is that of a charge and current j&,(s")
=j&p'~( '") ~0'~. If K is spacelike one can trans-
form to a Lorentz frame in which kp =0; in this
frame the entire contribution is again from the
first term in (19). However if K is timelike one
finds that in the Lorentz frame in which k'=0
the entire contribution comes from the second
term in (19). In either case, of course, one
obtains just (12).

The linear corrections introduced by positron
theory in the equations of the electromagnetic
field can be represented by replacing the field
equation div E(s') =42rjo(s') by

div E(s') —J"A(s) div E(s")ds"

= 4~jo(s'), (20)

where A(s) = (n/322r') Jo "A(s, 2/d) cos' 2/dd2/d, and

by a similar modification in the field equations
involving j. If E(s') is expanded in powers of e',
the first correction term is equivalent to (19),
while the higher terms represent the effect of the
charge induced by the induced charge, and so
forth. These latter effects, of course, firs appear
when the interaction of the electron distribution
with itself is taken into account. To the order in
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which we ha ve been working, the correction
terms vanish in the absence of a charge or
current. This, however, will no longer be true
in the next approximation, wherein the terms of
order e4, cubic in the fields and their derivatives,
are taken into account. In consequence of the
occurrence of integral operators in (20), it does
not appear to be possible to treat the modified
field equations by Hamiltonian methods. The
situation here is analogous to that encountered

in classical electrodynamics, where, when one
attempts to eliminate the electromagnetic field
from the equations of motion for the charge,
one is also led to integral operators.

I have discussed this subject many times with
Professor J. R. Oppenheimer and I wish to
thank him for his generous advice. I am indebted
also to Dr. E. A. Uehling for his kindness in
placing at my disposal his earlier calculation of
the induced charge.

APPHNDiX

Evaluation of the integral f(r, P) =J'~ A(s, P)dt.
The time integral of the first terms in (15) and (16)

1S

~ K1(sK) 7r ~ Yl (sK)
X ,ds ——,ds

o (s+r)' 2 o (r —s)'
The expression in brackets can be written

[7= Jp K1(Kr sinh 0)d0 —-', 7rJp Y1(Kr sin 0)d0,

or, introducing integral representations of the Bessel
functions p

7 fp cosh tdt[f &
—Kr cos h t s i n h 0d0

—-', fp sin (Kr cosh t sin 0)d07
= 47rJp Yp(Kr cosh t) cosh tdt
= —-',f ~ f'~ cos (Kr cosh t cosh s) cosh tdtds.

If we now set t =u+v, s = u —v, and use the addition formu-
lae for the circular and hyberbolic functions, we find that
the variables separate, and we are finally left with only
integrals of the form

f ~ cos (Kry')dy and J' ~ sin (Kry')dy.

One easily obtains the result

[7= -', ~ sin Kr/Kr

and hence (18).
It remains to show that the second terms in (15) and

(16) contribute nothing. The time integral of these terms is

~dK
167r —log (1—c'K')K'

7r Y1(Kr$) 1K1(Krs)
X ,ds—,ds (21)

2 o (1+s')' o (1—s')~

Again making use of an integral representation of Y1, we
write

Y (Zrs) ~sin (Krs cosh t)
,ds = — cosh tdt ds. (22)

2 o (1+s')' o (1+$2)~

If the sine is now expressed in terms of exponentials, and
the paths of the resulting integrals over s are deformed to
the imaginary axis, we find that (22) is equal to

ds 1K1(Krs)
e "'' ' ' cosh tdt= ,ds&

o (1—$2) o 0 (1—$')'

this just cancels the second term in (21).


