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rather good considering the difference in the
methods. Fig. 5 shows a similar comparison be-
tween the radial charge density for (1s)(2p) P
and (15)(2p) *P as computed by Eckart® by the
variational method and —dZ/dr for this state
from the self-consistent field calculations. The
agreement is again seen to be very gratifying. It is
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interesting to note that the density for the singlet
state of Eckart agrees better with the present
values than does that for the triplet.

The authors wish to express their gratitude to
Dr. F. E. White for his kind assistance in connec-
tion with the drawing of the curves and with
some of the calculations.
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The van der Waals Interaction of Hydrogen Atoms
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The van der Waals interaction energy of two hydrogen atoms at large internuclear distances
is discussed by the use of a linear variation function. By including in the variation function, in
addition to the unperturbed wave function, 26 terms for the dipole-dipole interaction, 17 for
the dipole-quadrupole interaction, and 26 for the quadrupole-quadrupole interaction, the

interaction energy is evaluated as

W' =

6.49903 ¢* 124.399 ¢* 1135.21 ¢?

ag pb

ao p?

.y
@y pl0

in which p = R/a,, with R the internuclear distance. Some properties of the functions F\.(%, 9, ¢),
which are orthogonal for the volume element £d# sin 0d6d ¢, are discussed, and their usefulness

in atomic problems is pointed out.

INTRODUCTION

N approximate second-order perturbation
treatment of the inverse sixth power inter-
action energy of two hydrogen atoms a large
distance apart (corresponding to the so-called
dipole-dipole van der Waals attraction) was given
in 1930 by Eisenschitz and London.! This treat-
ment led to the result W'= —e? A /app®, with
p=748/a (r45 being the internuclear distance for
the two atoms), 4 being evaluated as 6.47. Ap-
plications of the variation method by Hassé® and
by Slater and Kirkwood?® verified this result es-
sentially, the constant A4 being shown to be
equal to or greater than 6.4976.
As early as 1927 this problem had been at-
tacked by Wang,* using the method developed
by Epstein® for the treatment of the Stark effect.

1 R. Eisenschitz and F. London, Zeits. {. Physik 60, 491
(1930).

2 H. R. Hassé, Proc. Camb. Phil. Soc. 27, 66 (1931).

8]. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682
(1931).

4S."C. Wang, Physik. Zeits. 28, 663 (1927).

5 P, S. Epstein, Phys. Rev. 28, 695 (1926).

Wang claimed to have obtained an exact solution;
it was, however, pointed out by Eisenschitz and
London that Wang’s result is necessarily in error.
It seemed to us possible that Wang’s work might
have contained only a numerical error, and that
the method might actually be capable of giving
an exact solution. Because of the usefulness
which a method of exact solution of problems of
this sort would have, we thought it worth while
to study the problem thoroughly. We have found
that the method used by Wang does not give an
exact solution,® but that it can be extended to
give as closely approximate a solution as is de-
sired. The results of the treatment are com-
municated in this paper.

A rough treatment of the dipole-quadrupole
and quadrupole-quadrupole interactions of two
hydrogen atoms has been published by Mar-

8 Wang does not present the final steps in his calculation
in detail, but states that he set up a sixth degree secular
equation from which he obtained an accurate value for the
energy. We believe that the error in bis treatment occurs
at this point.
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genau.” We have applied our method to obtain
reasonably accurate expressions for these inter-
actions also.

FORMULATION OF THE PROBLEM

In the wave equation for two hydrogen atoms
Hy=Wyletusput H= H°+ H’, H° being the part
of the Hamiltonian corresponding to two isolated
hydrogen atoms and H’ representing the interac-
tion of the two hydrogen atoms. In order to do
this we neglect the resonance phenomenon (which
is unimportant at large distances), taking as the
unperturbed wave function the product function
Yi00(A1) ¢100(B2); that is, we consider electron 1
to be attached to nucleus 4 and electron 2 to
nucleus B. We also write W= W4+ W" (W, the
first-order perturbation energy, being equal to
zero). We shall consider only the interaction of
two normal hydrogen atoms, so that W is equal
to —e?/ay. Making the substitutions &=274;/a,
and &= 27ps/a,, the wave equation becomes

1 1 11
G P
Sl 4 Ez 4

Qo
——II'Yy=N, (1)
2e?

in which A= —W"q,/2¢.
*The interaction I’ is equal to

—e2/ras—e*/rm~-e*/rap+e?/r.

If R(=r43) is large, this can be expanded’ in in-
verse powers of R to give the expression

= (62/R3) (X1.’)C2+y1y2 - 22122)

+(3/2)(e2/R*) {71222 — 122,

+ (2x100+2y1y2 — 32123) (21— 22) }

+3(e?/R%) {11222 — 575722 — 57,2

— 15212222+2(x1xz+y1y2+42122)2} + - (2)
In this expression x,y:2; are Cartesian coordinates
of electron 1 relative to nucleus 4, and xysz,
those of electron 2 relative to nucleus B, the z
axis for each being directed towards the other
nucleus. The first term represents the mutual

energy of two dipoles; this term alone is impor-
tant for large values of R. The second and third

" H. Margenau, Phys. Rev. 38, 747 (1931).
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terms represent the dipole-quadrupole and
quadrupole-quadrupoleinteractions, respectively.
It can be easily shown that in the calculation of
the second-order perturbation energy the terms
can be considered separately, their contributions
being additive.

In the solution of the problem we shall make
use of the functions F,, (£, ¢, ¢) discussed in the
appendix. Each of these functions can be made
identical with a hydrogen-like wave function
VYaim (7, ¥, ¢) by choosing a suitable linear rela-
tion between 7 and £; the functions F,y, all con-
tain the same exponential function, in contra-
distinction to the functions ¥,;,. We have defined
& and &, in such a way that Fi (&, 91, ¢1) and
Fiog (&, U2, ¢2) are identical with Y (71, 94, 1)
and g9 (72, J2, @2), respectively; that is, the un-
perturbed wave function can be written as
Fio (&) Fio (£2). We now apply the variation
method in treating the perturbed wave equation,
using as the variation function a linear combina-
tion of the product functions F, ., (&, %1, 1)

B, (&2, ¥9, @2), with arbitrary coefficients. It

can be seen that the second-order perturbation
energy for the perturbation function

H' = —(2¢*/ay) {at1§s cos #1 cos de
+BE1£2% cos 91(3 cos? I —1)
+v£:26:%(3 cos? 1 —1)(3 cos? 9, —1)
TG

in which

a=(6),*/8R% B=(30)%a,*/32R%,

and v =(70)%,"/128R5, (4)

is identical with that for the function of Eq. (2),
and, moreover, that to obtain the first-order
perturbed wave function and the second-order
perturbation energy, the variation function used
need contain, in addition to the unperturbed
part Fl()o (&) Fm() (Eg), only the terms Fyllo (21, 191)
F,,10 (&, 92 (for the dipole-dipole term in «),
Fy0 (&1, 91) Foya0 (£9, 92) (for the term in 8), and
F, 00 (&, 81). Fy,00 (&2, 92) (for the term in y).8

8 On application of the ordinary methods of perturbation
theory, it is seen that the first-order perturbed wave func-
tion for a normal hydrogen atom with perturbation func-
tion f(r)T(3, ¢), where T is a tesseral harmonic, has the
form Wi00(7) +®(7) T (9, ¢), the perturbed part involving
the same tesseral harmonic as the perturbation function.

The statements in the text can be verified by an extensior
of this argument.
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For a linear variation function Y_a,®; (where
®; represents the product functions F,;,,
(&1, D, 1) Fypu, (&2, 99, @2)) the secular equation
corresponding to the wave equation (1) is the
determinantal equation®

| 3C;i0+3C; —AjA| =0, ()

in which
340 =f [‘I’j*(V12+(1/51) -1
Fvo?+(1/&) — 1) PrdTid s,

3(3]~k’=fj O *(— (ao/2e*)H)PrdT1dTs,
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Aik:ffq)j*q)delde,

dr, being equal to &2 sin 0, d&ddider (with dr;
differing only in the subscripts) and the integrals
extending over the configuration space of the
system. It is to be noted that the volume element
drdre is not such as to make the functions &
mutually orthogonal. The integrals can be
evaluated with the help of the relations given in
the appendix. To obtain the second-order per-
turbation energy we need introduce the term in X
in the row and column corresponding to the wave
function for the unperturbed system only.

and

THE DIPOLE-DIPOLE INTERACTION

The secular equation for the dipole-dipole interaction is

viNipvelopt2
100100 —4X 320 —16a —16« 8a
210210 32a¢ -8 2 2 0
210310 —16a 2 —14 0 4
310210 —16a 2 0 —14 4
310310 8a 0 4 4 —24
210410 0 0 v (10) 0 0
410210 0 0 0 v(10) 0
310410 0 0 0 0 2v(10)
410310 0 0 0 0 2v(0)
410410 0 0 0 0 -0

0 0 0 0 0
0 0 0 0 0
V(10) 0 0 0 0
0 (10) 0 0 0
0 0 2v(10) 2v(10) 0
—20 0 6 0 0
0 —20 0 6 0 =0, (6)
6 0 -34 0 3v(10)
0 6 0 —34 3v(10)
0 0 3+(10) 3v(10) —48

the rows and columns corresponding to the values of »;- - - us shown at the left. We obtain successive
approximations to the solution of this equation by neglecting rows and columns beyond the #th. This
process has been carried out for =2, 5, 10, 17 and 26. Some simplification is achieved by combining
rows (and columns) with »; and ». interchanged, the corresponding functions having the same
coefficient. The results of the calculation are given in Table. I, in terms of the constant 4 in the ex-

TABLE 1. The dipole-dipole
interaction constant A.

TABLE I1. The dipole-quadrupole
interaction constant B.

TABLE II1. The quadrupole-quad-
rupole interaction constant C.

Degreeof  Terms Degreeof Terms Degreeof  Terms
approx. included A approx. included B approx. included C
2 =2, vy=2 6 2 =2, v,=3 115.7 2 =3, v,=3 1063.1
5 3 3 6.4822 5 124.10 5 4 4 1132.6
10 4 4 6.4984 10 4 5 124.386 10 5 5 1134.35
17 5 5 6.49899 17 5 6 124.399 17 6 6 1135.12
26 6 6 6.49903 26 7 7 1135.21

pression W= — Ae*/aop®, with p=R/ay (4 being equal to 3A/1602).
It is seen that the convergence is rapid, the final value of 4, 6.49903, being trustworthy to within
one unit in the last decimal place.

9 See, for example, L. Pauling and E. B. Wilson, Jr., Introduction to Quantum Mechanics, with Applications to
Chemistry, McGraw-Hill Book Co., 1935, Chap. VII.
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THE DIPOLE-QUADRUPOLE INTERACTION
The secular equation for the dipole-quadrupole interaction is

Vi M1V2 Ao

100100 —4X —192v(3)8 96V (3)8 96V28 —48V2B 0 0 0 0 0
210320 —192v(3)8’ —14 4 v (6) 0 0 0 0 0 0
310320 96 (3)8 4 —24 0 2v(6) 2+v(10) 0 0 0 0
210420 96v28 v(6) (U 6 0 V(14) 0 0 0
310420 —48v28 0 2+ (6) 6 —34 0 0 3v(10) 2v(14) 0
410320 0 0 2v(10) 0 0 -3 ~ 0 3v() 0 0
210520 0 0 0 v(14) 0 0 -26 0 8 0 ---| =0.(7)
410420 0 0 0 0 3v(10) 3v(6) 0 —48 0 3v(14)
310520 0 0 0 0 2v(14) 0 8 0 —44 4v(10)
410520 0 0 0 0 0 0 0 3v(14) 4v(10) —62

We have solved this equation approximately, the results being given in Table II in terms of the
constant B in the energy expression — Be?/aoc.
The error in the final value of B we estimate to be less than one unit in the last figure quoted.

THE QUADRUPOLE-QUADRUPOLE INTERACTION

The secular equation for the quadrupole-quadrupole interaction is

viNipvaA2p

100100 —4\ 3456y —5764(6)y —576y(6)y 576y 0 0 0 0 0
320320 3456y —-24 2+/(6) 2+(6) 0 0 0 0 0 0
320420 —5764(6)y 2v(6) —34 0 3V(6) 2+v(14) 0 0 0 0
420320 —576(6)y 2(6) 0 —34 3v(6) 0 2vy(14) 0 0 0
420420 576y 0 3v(6) 3+(6) —48 0 0. 3v(14) 3vy(14) 0
320520 0 0 2+/(14) 0 0 —44 0 4+(6) 0 0
520320 0 0 0 2+ (14) 0 0 —44 0 4+v(6) 0 --- | =0.(8)
420520 0 0 0 0 3V(14) 4~(6) 0 —62 0 4v(14) ---
520420 0 0 0 0 3v(14) 0 4+(6) 0 —62 4vy(4) ---
520520 0 0 0 0 0 0 0 4v(14) 4v(14) —80 ---

The results of the approximate solution of this equation, in terms of the constant C in the energy
expression — Ce?/agp'?, are given in Table III.
The final value, C=1135.21, is reliable except for the last figure.

DiscussioNn oF RESULTS

We have thus found for the interaction energy of two normal hydrogen atoms at the large distance
R= pa, the expression
6.49903 2 124.399 ¢2 1135.21 ¢?
W= — —_ - — e, 9)
aop® aop® aop?

It is interesting to note that the value A = 6.4976 found by Hassé for the dipole-dipole coefficient by
the use of a variation function ¥ (1) Y100 (72) {14+H'(A+Brra+ Crirs+Drdrs)} is very close to
our value for »,=4, »,=4, which is based on a variation function involving all terms (unsymmetric
as well as symmetric) out to 7,°#,%. This indicates that the unsymmetric terms are of minor importance.

10 We use here shortened symbols, such as F,, F,, for Fyxiu, (&, 91,"01) Foaroua(£2, 92, @3), etc.
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The approximate second-order perturbation energy Wy'' = (Ho')2/ Wy°, with Wy'= —e?/a,, leads to
the values 4 =06, B=135, and C=1417.5, the last two values being given by Margenau.” It is seen
that the value of 4 is too low, and those of B and C are too high. This means that the dipole-dipole
interaction is due more to excited states with negative energy (less than €?/ay above the normal state
of the system of two hydrogen atoms) than to excited states with positive energy, whereas the dipole-
quadrupole and quadrupole-quadrupole interactions are due more to the latter than to the former
states.

As has been pointed out by earlier authors, the van der Waals forces are more important than ex-
change forces for values of R greater than about 7a,. At this distance the dipole-quadrupole force is
about one-half as large as the dipole-dipole force, and the quadrupole-quadrupole force is about
one-eighth as large, the dipole-dipole attraction becoming relatively still more important at larger
distances. This van der Waals calculation, based on product wave functions, is not significant for
values of R much less than 7a, because of neglect of the resonance phenomenon and because of failure
of the expansion given in Eq. (2).

While our treatment has not led to an exact solution of our problem, the use of the functions
Fiu (§,9, @) has permitted the reasonably accurate approximate solution to be made with considerable
ease, and we feel that these functions may be found useful in the treatment of other problems of atomic
and molecular structure.!

APPENDIX
The functions F,,, (& ¢, ¢)

We define »
Fonu(§, 9, 0) =An(£) Or(9)Pu(0),

An(E) = {(r—=N=1) VLN 1}l ¥22L, M),
L being an associated Laguerre polynomial,

Oxu(®) = {LENH1) (A —p) 11/2(N+w) 1} 2P#! (cos 9),

with

P being an associated Legendre function, and
P,u(p) = (27) eike.

The functions are orthogonal and normalized for the weight function £ sin ¢, satisfying the equa-
tion

0 T 27
[ f J Fynew (8, 9y @) Fonal, 9, @) £ sin 9d odddE=8,1,6118,0,.
0 0 0

Fou(§ 3, o) satisfies the differential equation
(V2+ 1/ - %) Fv)\uz - [('V— l-)/E]Fﬂ\u'

The following relations involving the A’s can be easily derived from the properties of the associated
Laguerre polynomials:

EAn=—{(r =N (NP 2+ 20An— { (PN (P =N =1) }HAy g, 2
EAn=—{(r=N A+ D)E+NF2) (P +HN+3) [ 42, a1
+22r =N {(rHAF D GANF2) A, a1 — 60 {(p A+ D (=N =1) }HA,, a1
+2@2r N (=A== A=2)}} A, 1, = { AN = A=1)(r =2 =2)(r =X =3) }}Ass, a4

1 Added in proof: Professor J. H. Van Vleck has pointed out to us that the functions were used in the treatment of
dispersion by hydrogen-like atoms by B. Podolsky, Proc. Nat. Acad. Sci. 14, 253 (1928).
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Ehn=— (1 =N AN D) A2 GAA43) A (A 45) ] s, a0
F2Q@v =2 {(r N+ D) (r+N+2) (v A+3) (v +N+4) Ay, 242
=5Q@r=N{(r=A=D) A+ G+HNF2)(r+N+3) A1, a2
200 { (4 A+ 1) (A2 (= A= D) (r=A=2) } 3, 14
=SQ@r+N AT D =A== A=2)(r—=N=3)}}A,_1, 22
F2QBv+2M0{(r=A=1)(r=A=2)(r=A=3)(r —N—4)} A, 5, r42
—{HFNE=2A=D=A=2)(r—=A=3)(r—A—4)(r—A—=5)}A,_3, rs2.

From these we obtain similar relations in the F’s. The following special cases are needed in evaluating
the matrix elements in Egs. (6), (7) and (8):

€F100= —\/Z_F200+2F100)
£ cos § Fip0= -2\/2~F310+4\/7F210,
53(3 cos 2% — 1)F100= *—24:F420+24\/ (6)F320.

The evaluation of the matrix elements

In order to illustrate the method of construction of the matrices in Egs. (6), (7) and (8), we shall
evaluate some of the integrals. Let us first consider the integral'®

gcoxq'vg'vlw:fj F*VllF*VZI{V12+1/£1_ i+V22+1/E2— ;}} FulFunglde.
By using the differential equation for F.., (£, 9, ¢), the equation becomes

Gcou’nz'uluz:f . 'fF*ul'F*ug’{ - (Vl— 1)/&1 — (I/g- 1)/52} FVI}"V2$12£22 sin 01 sin 02d£1d01d¢1d€2d'02d(p2

=f' . ‘fF*vl’F*ug’{ - (Vl— 1)52—' (Vg“ 1)51} FVvagglgz sin 01 sin Ogdﬁldﬂldmdégdﬁzdm.
For Eq. (6) (\i=Xe=1, uy=pu,=0) this becomes
Scon’vg'vlugz f' N 'fF*ul'F*yg'[(Vz‘—1){(V1_1)(V1+2)}%FVJ-FIFI/;),“*‘(V]— 1){(112“'1)(V2+2)}%FV;F»2+1

—2(21!1112-1/1"" Vg)FuyFuz—f—(l/g—— 1){(V1+1)(V1“2)}%Fu1—1Fv2

+ (V] —_ 1) { (V2+ 1)(1/2 - 2) } %FV,FW—QEIEQ Sin 171 sin 02d£1d1¥1d¢1d52d02dcp2,

and hence we obtain

n=—1){(rn—1)(n+2)}}

3C0y, vat1, w1, m=(r1—1){(ra—1)(v2+2)}4,
011, ve, w1, ve=(v2e— 1) {(m1+1)(ry1—2)}},
cn=1—1){(r2+1)(r2—2)}4,

5C°u1, v2, v1, v2 — —2(21}1112—1/1—112),

3CO0i+1, va, w1,

:}Covl, va—1, v

-~

and

all others being equal to zero.



692 I.J.

In Eq. (7) we have
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30 vivg, 11 =ﬂf~ . -ny,*Fy2*£1£22 cos 91(3 cos? 92— 1) F1F 1812822 sin ¢4 sin dad £1d91d o1d Eoddod o2

=3f- : ~an*sz*{48\/7FsmF4zo—96w/ (3) F310F320—96V2 F210Fy20

+192\/ (3)F210F320} £1£2 sin 171 Sil’l 192d£1d01d<p1d52d02d(p2,

and hence
323,11 =192+ (3)B,

and 3C'yy, 11=48V2B, all others being equal to zero.

3’ 33,11= —96v (3)B,

30 94,11= — 96V2B,

To illustrate the evaluation of the integral A let us consider Ay, 11:

An, n= r . 'f{Floo(&) Fio0(£2) } 2£,28,? sin 9 sin 92d£1d01d 01d E2dF2d oo

- f . f Foo(£1) Froo(£) {2 Faool £1) Fano £) — 2V2 Faoo(£2) Froo(£2) — 2V2 Froo(£2) Faool£2)
+4 F100(£1) Fro0(£2) } 182 sin 94 sin 2d£:d91d 018 €209 2d o,

or, making use of the orthogonality and normalization of the F’s, Ay, n=4.
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The Magnetic Moment of the K* Nucleus

J. J. GiBBONS, JR. AND J. H. BARTLETT, JR., Department of Physics, University of Illinois
(Received March 16, 1935)

Starting with the K+ field given by Hartree, a 4s wave
function has been found by numerical integration. The
orthogonality correction diminishes the value of the wave
function at the origin by about one-third. The experimental
value of the hyperfine structure separation of the 25 normal
state is 0.015 cm™. From this is calculated a molecular

HERE have recently been published two
independent determinations of the h.f.s.
separation of the normal state of the K?®® atom.
Jackson and Kuhn!' have used a spectroscopic
method ; Millman, Fox and Rabi? have relied on
the method of molecular beams. The numerical
agreement is good, and 0.015 cm™' may be taken

as the value of the separation.
From this, Millman, Fox and Rabi estimate
the value of the nuclear magnetic moment to be
1D. A. Jackson and H. Kuhn, Nature 134, 25 (1934);

Proc. Roy. Soc. A148, 335 (1935;.

2 Millman, Fox and Rabi, Phys. Rev. 46, 320 (1934).

These authors were able to determine the spin as well as
the h.f.s. splitting.

magnetic moment of 1.2 nuclear magnetons, as compared
with the value of 0.38 nuclear magnetons calculated by
Millman, Fox and Rabi on the basis of the modified
Goudsmit’s formula. The disagreement seems to be due
chiefly to the possibility that the single electron wave
functions of Fermi and Segré are not mutually orthogonal.

0.38 nuclear magneton, using the semi-empirical
formula due to Goudsmit® and Fermi and
Segré.* 5 Since previous cases of low magnetic
moments have been associated with isotopes of
even mass number, the above value seemed
somewhat anomalous, and we therefore thought
it of interest to ascertain whether or not the
“anomaly’’ could be removed by the use of a
Hartree wave function. This we now proceed to
investigate.

3S. Goudsmit, Phys. Rev. 43, 636 (1933).

4+ E. Fermi and E. Segré, Zeits. f. Physik 82, 729 (1933).

5 E. Fermi and E. Segré, Memorie, R. Accademia d'Italia
4, 131 (1933).



