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It is shown that existing calculations for the intensity of x-rays diffracted by a Auid at various
densities can be applied only over a small range of densities, and it is pointed out that this is
due to the distribution of atoms about any one atom chosen for the calculation. The distribu-
tion is discussed qualitatively for gases and liquids, and a reasonable approximation to the true
distribution is assumed. From this a set of intensity vs. angle curves are drawn for several
densities. These curves are compared with Stewart's experimental curves for ether at various
densities,

density of the gas. The equation for the intensity
of coherent x-rays scattered from a monatomic
gas is

INTRODUCTION

X-RAY diffraction patterns of gases and of
liquids have been studied by many investi-

gators, but relatively little work has been done
on the diffraction patterns of a fiuid at various
densities. For a review of gas diffraction, one
should refer to the paper of Wollan, ' and for a
review of liquid diffraction, reference should be
made to the article by Debye and Menke. ' A
calculation of the diffraction effects of a gas at
various densities was made by Debye' in 1925,
but the results of this calculation are applicable
only to a relatively rare gas. Excellent experi-
mental studies of the x-ray diffraction by ether
at various densities have been made by Stewart4
and Spangler, ' and the results of these studies
are interpreted qualitatively in terms of the
cybotactic theory. Recently, Harvey' has made
a brief preliminary report of work on the
diffraction of x-rays by nitrogen at high pressure.

Debye's calculation showed that diffraction
effects in a gas should occur simply because two
atoms cannot approach each other closer than a
certain minimum interatomic distance, a. Upon
the assumption of no atoms at a distance less
than a from any one atom, and a continuous
distribution of atoms thereafter, this calculation
led to the result that the intensity of x-rays
diffracted by a gas should depend upon the

I=Kf' I l —(0/ V) C (sa) I,

where f is the atomic scattering factor, s
= (47r sin 0)/X, 0/V is proportional to the ratio
of the actual density to the maximum density
of the gas, and

3 sin se —cos scC(sa) =
(sa)' sa

A plot of the intensity of x-rays vs. sa at several
values of 0/ V and using an arbitrary f', is shown
in Fig. 1. Although the general manner of
variation with density is in accord with experi-
ment, the shapes of the curves for high values
of 0/V do not agree with those of available
experimental curves. Moreover, the definition of
0 is such that 0/ V = 1 corresponds to the case of
a gas under pressure, but considerably removed
from the liquid case. Thus, for very dense gases,
or for liquids, this equation would lead to
negative values for the intensity. The cause for
these discrepancies at high densities is obviously
that the assumption of having continuous dis-
tribution of matter beyond the smallest distance
of approach of two atoms is not valid for a
fluid at high densities.* Paper presented at the Cambridge Meeting of the

American Physical Society, December, 1933.
~ E. O. Wollan, Rev. Mod. Phys. 4, 205 (1932).' P. Debye and H. Menke, Ergeb. der Techn. Rontgen-

kunde II, 1 (1931).' P. Debye, J. Math. and Phys. 4, 133 (1925).
4 G. W. Stewart, Trans. Faraday Soc. 29, No. 148, 982

(1933).' R. D. Spangler, Phys. Rev. 45, 756 (1934).' G. G. Harvey, Phys. Rev. 45, 848 (1934).

2. DERIvATIQN oF MoRE SUITABLE EQUATIoN

In the present paper, an attempt is made to
find an expression which will more nearly ap-
proximate the experimental curves for x-ray
diffraction by a fluid at various densities. Use
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FIG. 1. Plots of Debye's equation for several values of 0/ V.

is made of the method of Zernike and Prins, ~

which has been applied successfully to certain
gases, liquids and solids. Consider a monatomic
substance, having spherical atoms, in which
each atom is surrounded in the same way as
every other atom. If x-rays are incident upon
this substance, the intensity of coherent scattered
x-rays as a function of angle is given by

I=Xf' &+)( 4~r'g(r)L(sin sr)/sr jdr, (3)
0

where f is the atomic scatteri'ng factor, r is the
distance measured from any one atom, and g(r)
is the density distribution function of atoms
about any one atom. Thus, in order to calculate
the intensity, I, it is necessary to know the
atomic scattering factor f, and the density
distribution function, g(r). It can be seen that
this equation will result in essentially Debye's
equation, if the integration of the second term
is taken with the lower limit a, and with g(r) a

7 F. Zernike and J. A. Prins, Zeits. f, Physik 41, 184
(1927).

constant. A more reliable calculation of the
intensity could be made, however, if the density
distribution function were known, or if a more
reasonable approximation to it were made.

The general features of the distribution of
atoms about any one atom in a gas or liquid

can be seen from several considerations. For a
gas, the density distribution can be calculated
from Morse' s' potential function, and this shows

that there will be no atoms closer than a certain
minimum distance and that there will be a slight
concentration of atoms at about this distance,
beyond which the density of atoms will rapidly
become constant. For a liquid, in which the
atoms are approximately close packed, the same
minimum distance of approach should exist, and
there should be a marked concentration of atoms
at this distance, with a deficiency of atoms just
beyond, after which the density distribution
curve should oscillate about the average density
a few times before becoming constant. Experi-
mental support for this type of distribution may
be found in the work of Debye and Menke' on

mercury.
The calculation of the intensity of coherent

scattered x-rays by a Quid can be made if the
true density distribution function is known, or if
a reasonable approximation to it is assumed.

Fig. 2(a) shows a typical distribution curve for
a gas, and Fig. 2(b) represents an assumed

distribution, which leads to the equation

sin sa o sin sr
I=EP I+M + 4~r'p

a srsa

' P. M. Morse, Phys. Rev. 34, 57 (1929).

Integration of the last term of this equation
results in (4z./3)a'pC(sa) where C(sa) is defined

by Eq. (2), and p is the constant average density
in atoms per unit volume. The upper limit of
this integral gives rise to no observable diffraction
effects, as long as it is large compared to the
interatomic distance, a. This can be seen from
plots of C(sr), for this function is appreciable
only for small values of sr, and if r is very large,
s must be very small; that is, diffraction eRects
due to matter at very large r are confined to
very small angles. The coefficient of this term
represents the amount of rnatter removed from
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FIG. 2. Density distribution of atoms about any one in a gas, (a) as calculated, (b) as assumed.

the sphere of radius a in the continuous distribu-
tion. The coefficient of the second term, 2', must
equal the amount of matter removed from the
sphere of radius a, less the one atom at the
origin. The closest packing of spheres is the face
centered cubic arrangement, and in this case,
the volume per atom is a'/2'' so that (4~a'/3
—a'/2*') p represents the amount of matter to be
concentrated at a distance a. Thus, one obtains

(4m. a'y sin sa
1=&f' ~+}—a' ——}p

E 3 2'J sc

4' a'
——2-'—pC(sa) . (5)

3 2-'

If a'/2l is the volume per atom, in closest pack-

ing, then the density of close packed atoms
would be po= 2l/a', the maximum density of the
substance. Introducing this, and simplifying,

I=Nf'I 1+(p/po)L4. 92(sin sa)/sa
—5.92C (sa)] I. (6)

Curves plotted from this equation show that for
values of p/po less than 0.5, better qualitative
agreement with experimental curves is obtained
than with Debye's equation, but for higher
values of p/po, negative intensities at small
angles appear. These negative intensities are
obviously due to the crude approximation of
density distribution for the liquid. The density
distribution for a liquid should be roughly of the
type shown in Fig. 3(a), and for purposes of
calculation, that shown in Fig. 3(b) has been
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Fio. 3. Density distribution of atoms about any one atom in a liquid, (a) as it probably is and (b) as assumed.
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assumed. This distribution leads to the equation

sin SQ sin s'p

I=Xf' 1+& + 47rr'p dr, (7)
SQ sr

Et, e'er'

at 44.I Aycei'

Coact, lotos' Ci. r~~

which becomes

I= 1Vf' {1+(p/p )o[Kg(sin sQ)/sa

—Xm@(sb)j I, (8)

where the coefficients E~ and E2 depend upon
the ratio b/a The r. atio b/a =1.18 has been found
to be both reasonable and suitable, and this
results in a value of E2=9.7. However, this
value of X2 is too large, partly because of the
assumption of close packing and partly because
of neglect of density variations beyond the first
concentration and first dip. To allow for these
two effects we arbitrarily take a somewhat
smaller value for X2. Xi is then immediately
fixed by the condition that all the matter
removed from the continuous distribution must
equal the excess in the concentrations. The
equation obtained in this way is

I=Xf {1+(p/po){5(sin sa)/sa
—6C (1.18su) jI. (9)

The maximum intensity will occur at a definite
value of sc, so that the scattering angle for
maximum intensity will depend upon a, the
smallest distance of approach of atoms, and will
depend on the density only inasmuch as the
factor f' tends to shift the peaks for small
density towards small angles.

3. APPLICATION OI EQUATION TO EXPERIMENTAL
RESULTS

From Eq. (9), plots of intensity vs. sa may be
made for several values of p/po, and compared
with experimental results. Such plots are shown
in Fig. 4(b), for which plots, a value of f was
used to approximate the effective f for ether.
For comparison with experimental curves, one
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FIG. 4. Plots of intensity vs. 8, in the case of ether curves
and ~~s. sa in the rase of curves calculated from Eq. (9).

should have data on a monatomic gas for which
the scattering factor is known, but no such data
exist. However, experimental curves for ether
at various densities have been obtained by
G. W. Stewart and R. D. Spangler, and a set of
their curves, which they very kindly sent us, is
reproduced in Fig. 4(a). Similarities between the
calculated and experimental curves can be seen.
By means of certain arbitrary refinements, one
can produce nearly exact fits between the curves,
but it is felt that such manipulation in the case
of ether is meaningless.

4. SUMMARY

The interpretation, here presented, of the
diffraction of x-rays by Huids at various densities
is based on the ordinary theory of x-ray diffrac-
tion, but it cannot be made rigorous without a
more complete knowledge of the density distribu-
tion of atoms about any one atom in gases and
liquids, and the manner in which it changes in
going from the gas to the liquid state. However,
by introducing reasonable approximations to
these distributions, it is shown that the general
characteristics of diffraction curves of a Huid at
various densities can be predicted.


