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Magnetic Refocussing of Electron Paths~
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A general method of magnetic direction refocussing, i.e.,

the refocussing of slightly divergent electron paths in a
uniform magnetic field, has been found, of which the
familiar 180' refocussing is a particular case. If we use a
wedge-shaped magnetic field, whose lines of force are
perpendicular to the plane of motion of an electron beam,
the field being produced by a solenoid or magnet pole
pieces of such a shape that the effective boundaries of the
field projected on the plane of motion of the electrons is
V shaped; and if the electron beam enters the magnetic
field perpendicular to one edge, with the strength of the
field set so that the electron beam will leave perpendicular

l

to the other edge; then the refocussing of slightly divergent
electron paths will occur. The position of best refocussing
is on a line through the point of divergence of the electron
beam and the apex of the wedge field. A magnetic field

approximating the desired field has been obtained and the
theoretical results have been checked for a particular
case in which the angle at the apex of the wedge field was
90'. The particular value of this general refocussing
property is that, with it, velocities of electrons can be
analyzed without the deHecting magnetic field straying
over into the region from which the electrons originate.

INTRoDUcTIoN
' 'N analyzing the velocity distribution of beams

- of charged particles by deviation methods, it
is usually desirable to increase the intensity of
the collected beam by refocussing paths of
particles which diverge from a given point by a
small, but finite angle. This is called direction
refocussing and has been found to occur at 180'
defIection in a magnetic field, ' ' ' at 127' 17'
defIection in a radial electrostatic field, 4 and at
360' deflection in a magnetic field superimposed
on a parallel electrostatic field. ' The disadvan-

tage of the regular magnetic refocussing in

experiments on electron 'scattering is the diffi-

culty of keeping the field in the magnetic
analyzer from straying over into the region from
which the electrons originate. ' Electrostatic re-

focussing apparatus has the disadvantages that
surface charges, contact potentials, and secon-

dary electrons from the plates may affect the
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results. Therefore, it was desired to find a
magnetic defIection method of analyzing electron
velocities in which the deHecting field could be
kept from straying over into the scattering space
from which the electrons come.

It was soon realized that the 180' magnetic
refocussing is a particular case of a general
refocussing property of wedge-shaped magnetic
fields, in which the electrons are refocussed at a
deHection angle equal to the angle of the wedge
bounding the field. Furthermore, the entrance
slit can be some distance from the field, leaving
the scattering space or collision area field free.

GENERAI. CZSE

The general case is illustrated in Fig. 1. If we
have a homogeneous magnetic field, II, perpen-
dicular to the paper, and bounded by planes
which are perpendicular to the paper and inter-
sect it in lines OI'Q and OWV, which lines make
arbitrary angles 8 and p, respectively, with the
normal to the line AO, then inside the region
QI'OWV electron paths will be arcs of circles
which are tangent at the edges of the field to
the direction of entrance and exit. Outside this
wedge-shaped field, it is assumed, there is no
field and electron paths are straight lines. A
homogeneous electron beam of velocity v, which
passes through an entrance slit at A making an
angle 0 with the base line will enter the field at
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Fro. 1. Refocussing of electron paths. Offset shows region
near 8 enlarged.

P perpendicular to OPQ. If the Beld II is set to
turn the electron beam in an arc of radius of
curvature R =a sin 0 = OP = OW, where EI is
determined by the equation,

RII(e/n3) = v,

then, the center of curvature of the arc PW will

be 0 and the electron beam will leave the field

at W perpendicular to the edge OUW and enter
the collecting chamber at B. All other beams,
such as AQV, of velocity v and passing through
A, but making a small but finite angle ~n with
the original beam will be refocussed so that they
will cross very close to B. Hence, for a given
point of divergence A of an electron beam
entering a wedge-shaped field perpendicular to
one edge and leaving perpendicular to the other
edge, best refocussing will occur at a point 8 at
a distance b from the apex 0 of the field and on
a line through A and 0, where 9 =a sin 0/sin y.

The departure from perfect refocussing will be
called the spread and will be defined as the
distance S in the offset of Fig. i. This is the
separation, at the position of best refocussing j3,
between the original or normal electron path
APWB and paths such as AQU making a small

angle ~a with the normal path at A. UB or s
is the "spread along the base line" and when
multiplied by sin y gives 5, the spread.

If now a beam of slightly greater velocity
@+AD starts out along AP, its radius of curvature
in the magnetic field will be larger, it will follow
the dotted line APC, and intersect the base line
at C. I'he dispersion of the apparatus is defined
as the distance D, on the offset of Fig. 1. This
dispersion is the ability of the apparatus to
separate beams of slightly different velocities.
The dispersion along the base line is d or BC
and when multiplied by sin p gives D. The
spread and dispersion are defined as perpendic-

ular to the electron path, since in practice, the
plane of the collector slit is usually placed
perpendicular to the path. The function of
practical importance is, of course, the ratio of
D to S which gives a measure of the theoretical
resolving power of the apparatus.

To find the spread, S, in terms of o. , 0, y and
a, we proceed as follows:

In Fig. 1, let AOB be the X axis and let the
Y axis be perpendicular at A. Considering the
path AQUU of the beam of velocity v making
an angle +o. with the normal beam, we proceed
by standard methods of analytic geometry to
obtain the coordinates (x&, y&), (x3, y3), (x3, y3),
and (x4, y4) of the points Q, T, V and II, knowing
that Q T=R =a sin 0, and QT is perpendicular
to AQ.

xy =a cos 0 cos (0+41)/cos 44,

y~ =a cos 0 sin (0+n)/cos n,
(2)

x3 =a[(1/cos 43) cos 0 cos (0+a)
+sin 0 sin (0+43)j,

(3)
y3 ——aL(1/COS c4) COS 0 Sin (0+a)

—sin 0 cos (0+a) j,

x3 =
L
—n+ (n' —4mc) l]/2n3,

(x3 a) cot y)

whkre m =csc' 7

n = —2(x3+y3 cot y+a cot' y),

c = (x3'+ v33+2ay3 cot y+a' cot' y —a' sin' 0),

Then

ol

y4
——0,

x4=X3+y3(y3 —y3)/(X3 x2).

s = (a+9) —x4

S=a(sin y+sin 0)
—Isin y[x3(X3 —x )+y4(y3 —y3))/, X3 —x3) I. (7)

Now by expanding functions of o. and approxi-
mating by dropping powers of o. greater than
two, we get

S= (an3/2)L(sin3 0/sin y)+(sin3 y/sin 0)j. (8)

When 0 = y, this reduces further to 5=co,' sin 8,
and for 0=y=90', the familiar 180' case, we

get 5=co.', a result already known.
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AI/I = —u'/2, (10)

where AI is the change in current through the
solenoid necessary to compensate for a change
o. in original direction of the beam. Also, since
V~v' we find,

6 V/V=-2(dv/v) =2(d I/I), (11)

To find D, the dispersion, we know that the
increase in velocity Av causes an increase in the
radius of curvature AR such that AR/R= Av/v,

if the field II is kept constant. If we draw in
the new radius as R+AR and determine the
new position and the new angle with which the
beam leaves the field, we can find its intercept
on HOB. We get this distance in terms of a, 0,

7, and AR, dropping all powers of AR greater
than one, and substituting for hR, we find,

D=a( isn8/sin p)(hv, ~v)(sin 8+sin y). (9)

When 8= y, this reduces to D=2a sin 8(hv/v),
and for the 1SO' case, D=2a(hv/v), which is
the known value, where a is then the radius of
curvature. To get an idea of the values of 0 and

y which will give the best combination of D
and S, we plot the ratio of D to S in Fig. 2 in
units of (2/n')(Av/v), as a function of 8 and y.
The greater the ratio of D to S, the better the
theoretical resolving power. The graph indicates
that the maximum value of D/'S occurs for
values of 0 and p determined by 2 sin p=sin 0,
giving a value of Dy'S one and a third times that
for either the 1SO' case or the (8=45', y=45')
case. The value given by the graph for y=0, or
0=0, is meaningless, since refocussing does not
occur under those conditions. To satisfy the
requirements of our original problem, that of
keeping the deHecting field from straying past
the entrance slit, we choose 0 =45, so that the
entrance slit will be distant from the edge of
the field by an amount equal to the radius of
curvature in the- field. Then we choose y=45',
so that the edges of the field are 90' apart, so
that we may secure the desired field with a
square solenoid. For this case then, S=au'/2,
D = 2a(hv/v), and D/5 = (2/a') (Av/v), (from Eqs.
(S) and (9)). Now, since IX~ I, where I is the
current through the solenoid producing the
field II, and since RFI~v (Eq. (1)), then we
get AI1/11. = AI/I, and AR/R = Av/v = —AII/II.
Now, if we let S=D, we get,

Dy

Av
~ac v

FIG. 2. Theoretical values of D/S (resolving power) as a.
function of 0 and y.

where AI is the change in current necessary to
compensate for a change 6 V in accelerating
voltage. These Eqs. (9).and (10), can be checked
experimentally.

APPARATUS AND RESULTS

A diagrammatic sketch of the apparatus is
shown in Fig. 3a. The cross-hatched square
marked H represents the projection on the plane
of cross section of the apparatus of the square
solenoids which produced the 90' v edge-shaped
field. These two. solenoids (S X 8 X 10 cm, 10
turns per cm) were placed end to end and
separated about tv o centimeters to permit
insertion of the apparatus as shown in Fig. 3b.
The intensity of the field produced in this
manner as measured along the perpendicular
bisector of the edge of the solenoids in the plane
of cross section of the apparatus is given. in
Fig. Sb by the dashed curve. Although this field
does not accurately correspond to the theoretical
held, since it does not cut o6 sharply at the
edge of the solenoids, nevertheless, it was
considered satisfactory for the present experi-
ment since it did give good refocussing.

An: oxide-coated filament f, Fig. 3a, supplies
an electron current of one milliamp. which is
accelerated through a 150 mesh grid g by a
potential of 100.0 volts. This produces a fan-
shaped beam of electrons which sprays the v alls
of the cylinder Go. Those electrons which pass
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I IG. 3a. Diagrammatic cross section of apparatus for FIG. 3b. Perspective view of apparatus, showing arrange-
securing refocussing at 0 =45', y =45'. ment of the so1enoids.

through the slit 5~ (1X5 mm) form a narrow
beam with an entrance angle a, which can be
varied by rotating a ground glass joint. to which
the gun is attached. Witk no magnetic field on,
this beam travelled straight down the tube
through a guard slit 52 (3 X 7 mm), and a
collecting slit 8~ (1X5 mm) to the collector C&

giving a current called C~. Zero angle was
assumed for 0. for the position which gave a
maximum current C~. When the field II was
applied, the electron beam was bent as shown
by the dotted lines on Fig. 3. It then passed
through a similar set of slits $4 and 55 to-col-
lector C2. Its path length from 5~ was 100 mm
in both cases. The radius of curvature of' the
beam was calculated to be 28 mm. The currents
C~ and C2 were always expressed as C~/Go and
C2/Gp where Go is the gun emission. The metal
parts, shield, slits and collectors, indicated by
heavy lines in Fig. 3a, were made of copper or
brass and those parts subjected to electron
bombardment were sooted to reduce secondaries.
This was all enclosed in a glass tube and evacu-
ated to a pressure below 10—' mm Hg.

For different angle settings 0. of' the gun, the
magnetizing current I necessary to give a maxi-
mum current C~ was determined. I in amperes
was plotted against a in degrees in' Fig. 4 for
different positions of the solenoids re1ative to
the apparatus as indicated by the distances A~
and A~ in mm (see Fig. 3a). The dotted curve in

Fig. 4 is the theoretical curve DI/I= —0.'/2~
(Eq. (10)), plotted arbitrarily from o. =0, I=1.6
amp. The shape of the curve is important rather
than the relative positions. The Hatter the curve
the better the refocussing. The position of the
coils is not critical as it can be seen that changes
of a few millimeters in A~ or A~ does not affect
the refocussing appreciably.

To find the dispersion of the apparatus, I was .

found for maximum current to C2 for different
accelerating voltages V of the electrons. If I in
amperes is plotted against V in volts, the
experimentally determined points in Fig. 5a are
obtained. The straight line is the theoretical
curve, Eq. (11),drawn arbitrarily from the point
V=100 and I= 1.4'7.

DISCUS SION

The graphs in Fig. 4 indicate the excellent
refocussing obtained. Comparing the shape of
the curves for positions of Ai and A2 near the
calculated position, curves Fig. 4b, c, and d,
with the shape of the theoretical dotted curve e,
we see that refocussing is better than calculated.
This is probably due to the finite size of the
collector slit. Furthermore, due to the fact that
the solenoids are small and square the field
bulges out more at the center of the edge than
at the corners, so the effective edge of the field
in the plane of the electron beam is not parallel
to the edge of the solenoids, but slightly rounded.
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the solenoids are closer to the collector than
best position.

If the collector is moved away from the edge
of the solenoids along the electron path or
equivalently, the solenoids moved away, . or A&

and A2 decreased, then the rays start to diverge
again and the + and —a-rays are on different
sides of the normal ray in such a manner that
for +0, the field has to be decreased, while for
—a it has to be increased as indicated by curve
Fig. 4f. Thus these (I, n) curves give criteria for
determining the best position of the solenoids
for best refocussing on a given apparatus: the
curve must decrease for + and —0. and the
maximum should be as Hat as possible for best

FIG. 4. Experimental test of spread. Dotted line, theo-
retical; solid lines, experimental (I, a) curves for different
positions of solenoids.

aynp

This would have the effect of improving the
refocussing since if the two diverging rays leave
the field sooner than they would with a straight
edge to the field, they will not be deHected so
much and will come nearer perfect refocussing.
Another contributing factor to the good re-
focussing may be the fact that the field is not
perfectly homogeneous, but falls off towards the
apex of the solenoids, fulfilling to some degree
the conditions for the third order refocussing
described by Bock.' The "—o,"-ray will then be
deHected in a circle of greater radius and will,
therefore, come closer to perfect refocussing.
The interpretation of the curves in Fig. 4 can be
carried further. It will be noticed (see Fig. 1)
that at the position of best refocussing, the +a-
divergent ray (AQVU) and —a-divergent ray
both fall on the near side of the normal ray.
Thus the field has to be decreased to bring both
the + and —e-rays back to the collector, giving
a maximum in the (I, a) curves as shown in

Fig. 4b, c, d, and e.. If, however, we move the
collector towards the solenoid along the electI'on

path, or equivalently, move the solenoid closer
to the collector, i.e. , increase Ai and A~, the
+a-ray will now fall on the opposite side of
the normal ray from the —n-ray. For this
position, the 6eld has to be increased for +a
and decreased for —0. to give the maximum C2.

This is v hat the curve Fig. 4a indicates, and we
see from the large A& and A2 (see Fig. 3) that

97 98 P9 IH vo(ts V

FIG. Sa. Experimental test of dispersion. Solid Srte,
theoretical; points, experimental.
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FIG. Sb. Straying of magnetic field due to separation of
solenoids. Dashed line, field without compensating coils;
dotted line, field due to compensating coils; solid line, field
due to solenoids and compensating coils together.
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refocussing. This best position is approximately
that calculated. The apex of the solenoids should
be placed on a line connecting the entrance and
collecting slits, with the distances a and b

determined from b = a sin 0/'sin y. In the experi-
mental case for 8 = y =45', and c= b, the calcu-
lated values were (A&, 18.2, A2, 18.2 mm).

It has been found possible to get a magnetic
field which more exactly satisfies the theoretical
conditions desired, i.e. , homogeneity and a sharp
cut-off. The most practical method is to add
two small narrow square coils which fit over the
ends of tne large solenoids at each side of the
gap. ' These produce a fiel.d shown in Fig. 5b by
the dotted line. The number of turns and the
position and dimensions of these coils can be so
fixed that the stray field outside the entrance
slit will be approximately compensated and the
field will be of the form of the solid line. This
also makes the field inside the solenoids more
homogeneous. In an analyzer, designed and
built by I3r. Hergenrother of this laboratory
for analyzing scattered electrons, two small coils
(10.2 X 10.2 X0.7 cm) carrying the same number
of ampere turns per cm as the solenoids are
added on each side of the gap of the solenoids
which are similar to the ones used in this experi-
ment. This combination gives a field whose
value is shown in the solid line of Fig. 5b. A
more direct, but less practical method of re-

ducing the stray field is by reducing the eRective
gap of the solenoids. This effective decrease in

gap can be secured either by reducing the
thickness of the apparatus and putting the
solenoids closer together or by increasing the
cross-sectional area of the solenoid s. If the
cross-sectional area is increased, care must be
taken that the solenoids are long enough to
avoid stray fields from the outer ends.

A further application of this general refocus-
sing property would result theoretically in perfect
refocussing. Suppose for a convenient 8, say 50',
we let y= 180'+0. Then sin 8= —sin y, cos 0
= —cos y, 5= 0, and D = 0. With this arrange-
ment the boundaries of the magnetic field would

have an angle of 1.80'+20 and the beam v ould
refocus at A, the point of entrance. There would

~ Similar coils on the end to increase homogeneity inside
solenoids were used by A. Buhl and I'. Coeterier, Phys.
Zeits. 33, 773 (1932).

be perfect direction and velocity refocussing to
the accuracy of our approximations. For 0.= ~3',
the direction refocussing would be accurate to
1 part in 10,000. For 6 V= 1 volt for 100 volt
electrons, the velocity refocussing would also be
accurate to 1. part in 10,000. To use this arrange-
ment for e/I or mass analysis the plane of the
initial beam would have to be tilted slightly so
that the refocussing point would be separated
from the entrance point. For velocity analysis,
two charged deflecting plates would have to be
inserted where the beam leaves the magnetic
field to give a vertical separation between beams
of different velocities. -

Another way of securing more perfect re-
focussing is to so shape the right-hand boundary
of the magnetic field, see Fig. 1, that the di-
verging rays will refocus perfectly at B. The
shape of the edge for this third order refocussing
can be most easily obtained by graphical meth-
ods. Lines from B are drawn tangent to the
circles of curvature in the magnetic field for
different values of n. The loci of the points of
tangency of such lines will be the desired edge
of the field. This can be secured approximately
by so shaping one side of the solenoids. This
third order refocussing method is an alternative
to the variation in. intensity of the magnetic
field method described by Hock. '

The refocussing described here occurs only in
the plane of the electron beam. If the set-up
shown in Fig. 1 were duplicated for every plane
through HOB in the figure of revolution obtained
by turning the figure about HOB as axis, then
all rays leaving A making an angle O~o. with
AOB would be refocussed at B. The desired
field could be obtained by a ring solenoid of
proper shape in which the wires with which the
solenoid is wound are far enough apart to permit
the electrons to pass through without unduly
distorting the field. This arrangement would
constitute an electron "lens" if the rays that
had angles of entrance other than 0~0. were cut
off by proper diaphragms. The magnifying
properties of the lens would depend on the ratio
of 0 to y and focussing would be accomplished
by variation of the magnetizing current.

In conclusion, I wish to thank Professor A. L.
Hughes, under whose direction this work was
carried out.


