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Magnetic Dipole Fields in Unstrained Cubic Crystals

L. W. MCKEEHAN, Sloane Physics Laboratory, Yale University

(Received February 13, 1933)

Magnetic field components in certain cubic arrays of
equal parallel dipoles are computed by two methods for
points on the boundary of a dipole domain and for points
near a vacated dipole position. The results may be of use

in theories of ferromagnetism. Characteristic constants
for a nonpolar cubic array of dipoles, previously computed
by Bouman, are recomputed more precisely.

HE present state of ferromagnetic theory is
somewhat chaotic, but a few definite

conclusions have been reached and a direction for
further advances may be indicated. The high
stability of saturated magnetization in crystal
domains containing many atoms each is inexpli-
cable by magnetic forces but so-called exchange
forces are of the right order of magnitude to
account for it, These exchange forces have been
estimated from electrostatic energy associated
with states in which one electron in each atom of
every adjacent pair has its spin-axis parallel to
that of the similar disposable electron in the
other member of the pair. The argument is quasi-
classical in its postulation of Coulomb electric
forces between the electrons in question. It is
important to notice that the energy of elec-
trostatic forces between each magnetically dis-
posable electron and the other electrons of the
atom are supposed not to be a8'ected by the
choice of direction of the electron spin-axis. The
exchange interaction may thus be thought of as
depending only upon the spatial distribution of
the disposable electrons and the electrostatic
interaction between them. It is not yet clear how

easy directions for magnetization are determined.
They may be due to interactions between dis-
posable and other electrons in the same atom, but
there seems to be little evidence for a control of
the orientation of completed electron-shells by
crystal symmetry and such completed shells may
be statistically of spherical symmetry, so as to
have no resultant magnetic effect. It seems
worth while, at least, to consider the hitherto
deliberately neglected magnetic interaction be-
tween the disposable electrons. This is of the
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right order of magnitude to allow control of the
direction of saturation by weak magnetic forces,
and must appear in some form in the completed
theory. The complete solution can be outlined as
soon as we know the time-average distribution
functions for the magnetic field intensity and for
the occurrence of the "ferromagnetic" electrons
within each atomic domain. This paper makes an
attack upon the first of these distribution
functions. It seems more likely to be of value
because it is already known that the changes in
local magnetic fields which can be produced by
strain are of the right sort to account almost
quantitatively for the corresponding changes in
ferromagnetic behavior, and for magnetostriction.

We propose to calculate the magnetic field
intensity at selected points in certain cubic
arrays of equal magnetic dipoles. The four
easiest cases are presented by the simple cubic
lattice (S), the body-centered cubic lattice (I),
the face-centered cubic lattice (F), and the array
characteristic of diamond (D). The last of these
is a case of (F) having two dipoles specially
placed with reference to each lattice point. The
magnetic field intensity H at any point is
proportional to Pap —' where P is the magnetic
moment of each dipole and ap is the edge of the
unit cube. For greater generality we will compute
a field factor h, independent of I' and ap and
therefore related to H by the equation

H =hPap —'.

We must therefore replace each vector moment
P by a parallel unit vector y and each vector
translation V by a parallel vector v= Vap '.

We select any dipole as an origin of rectangular
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coordinates parallel to the cubic axes. Then the
position of any other dipole is fixed by a vector r
to it from the origin. The different arrays are
distinguished in Table I by selection rules for the
components r;, where the subscript i is suc-
cessively 1, 2 and 3 for each dipole. If two or
three components are to be referred to we use
subscripts i and j, or i, j and k. An arbitrary
integer, positive, negative, or zero is indicated by
n; or by n, and X is the number of dipoles per
unit cube.

TABLE I. Characterization of dipole arrays.

N is the number of dipoles per unit cube.

Name
Selection Rule

Simple cubic
rz', = ni ~

Body-centered cubic
r; =n;, and r; =n;+ —,'.

Face-centered cubic
r;=n; or n;+ —', ; Z;r;=n.

Diamond cubic
r;=n; or n;+-, ; Z;r;=n, and1,
r;=n;+-,' or n;+4', Z;r; =n+-,'.

Symbol

(S)

(I)

(p)

(D)

We will first suppose that all dipoles are
parallel so that p is the same for all. The magnetic
moment per unit volume,

I=NPap ', (2)

or, for abbreviation,

5h, = oh;,P;+ fih, ;P;+fh;i Pi, . (4)

In a finite crystal h; in general depends upon the
crystal boundary so that we must either sum
bh; for all the dipoles in a specimen, which is
inconvenient, or resort to an artifice. One such
artifice, that of Lorentz, ' substitutes for the
dipoles beyond, a convenient sphere of radius

a continuum with uniform magnetization Np.
' H. A. Lorentz, Theory of Elec~«~. ,&, pp. 303—306 (1909).

corresponds to magnetic saturation. If, in calcu-
lating H we find a term depending on I, the field
factor h will depend in the same way upon Xp.

We let s; be the three coordinates of a point,
not occupied by a dipole (s&r), at which the h;

are desired, and put r —8 = t. The increment of h;
due to the dipole defined by r is

bh, = (3t,zt ' t ')p;+3t„t;p-;+—3-t,t,p„(3)

The correction term to the result of summing bh;

up to t~; is then calculable for some shapes of
specimen. For a spherical crystal the correction
term vanishes. For an infinite crystal it is
4zrN p/3. We accordingly write for an infinite

crystal
h=4zrNp/3+lim Qhh,

or in scalar form

h, =4zrNp, /3+lim pbh„,
that is,

h, = I4zrN/3+lim pbh;, }p, +lim +8k,;p,.

+lim Qbh, kpi, . (7)

The approximation to the final value is slow, but
this final value may be predicted with fair
certainty after a manageable number of terms
have been computed. It saves time and improves
precision to choose a symmetrical direction for 8,
for then the number of terms separately to be
computed becomes much less than the number of
dipoles included. The field distribution in each
dipole domain is the same and s therefore has
a limit, depending upon its direction, beyond
which it is unnecessary to increase its magnitude.
In general si; & 3'*/2.

Fig. 1 shows one unit cube in each array (that
lying between the origin and the dipole at
ri ——rz ———1, rz = 1) with the positions of its N
dipoles indicated by small circles and with one
dipole domain outlined about the origin. Corners
and other important points on the boundary of
each such domain are marked, on the prolonga-
tion through them of lines from the origin, with
their coordinates: s~s2s3.

If a line be drawn from the origin to any point
on the boundary of the atomic domain it is easy
to see from considerations of symmetry that a
given h; varies from a maximum to a minimum,
or vice versa, as we traverse the line. A general
survey of the field is therefore most easily made
by selecting points on the boundary of an atomic
domain. Since the field intensities at 8 and at —s
are always equal (and parallel) it is necessary to
consider only one-half of the atomic domain in
selecting such points.

Table II presents h; for selected points of the
sort marked in Fig. 1, for a series of values for

, and for two simple directions for p, in arrays
(5), (I) and (F). Each line in part C of this table
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Fro. 1. Dipole domains in cubic arrays: (S) Simple cubic, (l) Body-centered cubic, (F) Face-
d b', (D) D' d bic. Coordinates sis2s3 are given in terms of the edge of the unit
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which is outlined.cube. Circles show the positions of the dipoles associated with the unit cube w ic i

corresponds to including an additional group of
dipoles all with the same t. Since t is generally an
irreducible surd t2 is preferred as the argument.
The number of dipoles, PX, included at each
stage of the summation, is also recorded. It will

be noted that PX-47r&P/3. The term 4irXp;/3
is put last, in part A, which summarizes the
results, for two reasons. In the first place it tends
to smooth out those variations of the local field

with which we are chieAy concerned. In the
second place it is logically last because it arises
from the extension of the array to infinity.

The last column in Table IIA contains values
of h; computed by a second artifice, due to
Ewald, ' applied to the present problem by
Kornfeld' and justified in detail by Bouman. 4

We write, in analogy with (4)

h; =h,;p, +h;di;+h, i pi, .

Each coefFicient (h, ;, h;;, h, i,) is composed of three

' P. P. Ewald, Ann. d. Physik I 4j 64, 253—287 (1921).
3 H. Kornfeld, Zeits. f. Physik 22, 27—43 (1924).
4 J. Bonman, Archives Neerlandaises [3A) 13, 1—28
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convergent sums so that we may put

Itii Itiitq+ttiitp+Itii qq~

and similar expressions for h;; and h;g, . The sums
containing t in the subscript are taken over all

points of the infinite array of dipoles. The sums
containing g in the subscript are taken over all
points of an infinite array reciprocal to the dipole
array.

In constructing the q-array from the dipole

b;= (a;yap)/[a, "(a;&&ap)]. (12)

In our cubic arrays the three fundamental
translations have the same magnitude (a;=1)
and are at right angles so that the reciprocal
array is also cubic and the b, = j.. We are now
ready to consider the separate sums of Eq. (5)
and its analogues. These are:

array we start with the defining equations:

r = Pr,a;, (10) q = gg,b;, (11)

h, ;iq ———q'Qt qgq(qt),

h, ;gq ———q'Qt, t~gq(qt),

h;;ip ——It;;ip ——q Qg, ( t)q,

kiiqq 41I P g' g cos {2ql (g1si+gqsq+gpsp) } exp (—qr'g'/q'),

hij qq =4qrg gig&'g cos {2qr(gisi+gqsq+gpsp) } exp (—qr g'/q').

(13)

(14)

(15)

(16)

(17)

In the primed summations there is no term with

q =0. The factor e is an arbitrary parameter upon
the value of which the It;; do not depend. (The
separate sums, such as It, ;&q, do depend upon q. )
Computations for two different e which give the
same h;; are almost certainly correct. All values
here given have been checked in this way.

The functions gi and g2 are defined according
to the scheme:

p(n) =2qr ' exp (—P')dP,

gp(~) =~ '[1—4(~)]
gi(iq) =iq '[gp(n)+2qr l exp ( —n')],
gq(n) =n '[3g&(u)+4qr '* exp ( —a')].

(19)

(20)

(21)

Further functions of this series may be thus
defined:

g (iq) =n '[(2qqt 1)g i—(u)
+2"qr ' exp ( —n')]. (22)

The probability integral g(n) is usually tabulated
to 4 or 5 decimals. Values to 6 or 7 decimals,
depending upon the magnitude of the argument,
were found more suitable in the present work.

Eqs. (16) and (17) may be used without
further modification provided that the dipole
array is first divided into its K simple cubic (5)
arrays in each of which a different value of s
must be used to define the single point where the
k;; are wanted. The summation for each 8 is
then over a simple cubic q-lattice. Inspection
shows, however, that for many q values the net
contribution from the N sums is zero. We
therefore prefer to choose one of the X values of
s which must all be used in (13), (14) and (15)
and to select the values of g; which contribute to
(16) and (17) by a rule analogous to that which
selects r; in the dipole array. Upon thus confining
the summation to one s and to the selected g; we
may rewrite (16) and (17) as follows

kjiqq 4qr&g'fg, 'g ' cos {2qr(g&s&+gqsq+gpsp) } exp (—qr'g'/q'),

Ii;;qq=4qrNQ'fg;g;g ' cos {2qr(gis&+gqsq+gpsp) } exp (—qr'g'/q').

(23)

(24)

The selection rules and the values of the auxiliary
factor f are given in Table III.

The choice of e fixes the number of terms
dependent on t and g which must be found to

attain a given precision. For a value of ~ near
unity the two series are about equally long. It is
better to have rather more terms in the q series
than in the t series because the functions in the
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TABLE III. Selection rules and values of the auxiliary factor f.

Symbol

(5)
(I)
(F)

Selection Rule

q;=n;.
g;=n;; Z, g;=2n.
qi = 2nip

and
g; = 2n;+1.
g;=2n;; Z;g;=4n,

and
gs = 2ns+ 1. 1/2

former are easier to compute. The values of e

here chosen were 2 and 3.
At any dipole position in these infinite cubic

arrays the field due to the rest of the dipoles is

4m'/3. At near-by points the field due to a
complete array is almost exclusively that due to
the nearest dipole, and hence has little interest
here. It is, however, worth while to inquire in
what field a slightly displaced dipole will find
itself, the rest of the array remaining undisturbed.
We arrive at the desired result by computing k;
at points with small s and subtracting bk; for
the dipole at the origin.

The method of Lorentz is applicable without
any special precautions and gives better approxi-
mations the smaller the value of s. Results for
representative points in (I) and (F) are given in
Table IV, which is similar in its general con-
struction to Table II. The principal difference,
besides the omission of one dipole, is that r'
replaces t2 as the argument in part C. This is now
more convenient because t' is no longer necessarily
a small submultiple of an integer and because
groups for the same r, which produce zero field at
the origin, produce only small field components
at near-by points. Since each value of r gives rise
to several values of t the number of terms
separately computed is no longer equal to the
number of entries in part C of the table. It is
therefore reported (as PT) in a separate column
for each group of Phh„.

The results have again been checked by the
method of Ewald, but in this work it .was
necessary to find gi(~t) and g2(et) for the smallest
value of the argument —~s—to about 10 figures,
in order to justify 5 or 6 figures in the results.
The terms in Eqs. (13), (14) and (15) which
depend upon this argument are almost equal to
the corresponding terms in (4) by which the
result for a complete array must be corrected.

These correction terms must also be computed to
about 10 figures, but this presents no particular
difficulty. Values of p(n) to 9 decimals have been
reported by Burgess, ' who also gives formulae for
computing values to any desired precision. The
few values here needed were so computed to 10
or more figures as an additional check upon the
tabular entries.

A result of some generality may be derived
from Table IV. If one dipole in an infinite lattice
oscillates through its mean position it may
acquire extra magnetic stability for particular
directions of its line of motion. This will still be
true if a compact group of dipoles oscillates as a
whole. This result does not permit any generali-
zation about the stabilizing or disturbing effect
of an elastic wave which displaces layers of
dipoles in succession. When we consider thermal
agitation we do not see in the first place how
thermal motions can be limited as to direction.
Furthermore we find that if vibrio, tions along all
crystallographically equivalent directions are
equally probable the average increase in stability
is zero. This may be seen for a particular case in
Table V.

It does not appear that the observed directions
of easy magnetization in real cubic crystals,
which are (100) in iron (I) and (111) in
nickel (I"), could have been predicted from the
results here obtained.

A case treated by Bouman4 falls within the
scope of this paper and has been recomputed
here although it is not a case of ferromagnetism.
The dipole array is composed of two inter-
penetrating face-centered arrays in each of which

separately the vectors p are so arranged, con-
sistently with full cubic symmetry, that the
magnetic moment per unit cube is zero. This
makes the results sensibly independent of the
crystal boundary. In magnetically stable arrange-
ments h at each dipole must have the direction
of that dipole axis, y. Bouman shows that the h;
depend upon six constants u, b, c, d, e, f (these are
A, 8, C, D, E, F in his notation multiplied by the
volume of a unit cube to make them pure
numbers). Since 3a=2b+c=d+2e=3f=4ir we
need only compute c and d.

' J. Burgess, Trans. Roy. Soc. (Edinburgh) 39, 257—321
(~89s).



MAGNETIC FIELDS I N CRYSTALS

~+ 4{"e {4I

Og4
C4p, o

g ~0 cd0~M

&U gcd &.~
~~~ t"

0~~~
O0N g~ 0

co C4
CO

g CD 0

O2~
o8

0 ~ Q
C40

CO

{ '«{

Sw ~4

P.
CG M

O {4I dl

~ ~

g~
E~a

cd {{&

~ 0}~ (U~k, ~ V

0 ~ Cb
".a o

'"
cd 0}

g

w { 0OdlV

C4 PgI-I

~ ~

g~g

. CI}A

oad'
.~ cd~
~~~ EI

CA

Ow~
{LI mo}

dI
0&'~4 I-I-d 8

Co

o
pO
QJ ~V~~

N

g P}w
9}

~H

~m0 ~

8g

BOO0
"08

~,~

+E~

+co Wctu
H OgHt 04

X p„II
~OO~O~

%CO CD
C4 Cl O
GO+ O
LQ LQ

N CQCOcDOOW rVOCOCI}O N Cl Cl CDCDO
LQ LQ LQ 00 CD CD LQ ICQ C4 Cl CO & Cl & CO CG LQ
LQHHOLQLQk t t t t t MCAClt tt CII ClH 0}Cb 00 00 00 C4 Cl 00 0}Cb Cb CD CD&

LQ O O t O O cD O O t O O cD O O 0}0}0}Q~ 0}0}0}0}0}0}0}0}0}0}0}H

O
LQ

O
LQ

t Cl O
QON O

CD Cb Cb LQ CQ CQ CD CD LQ 00 00 LQ CD CD CD O O WH CDCDt LQ LOCA 0}GOD 0}00 CD CD CD CD CDLQ
LQ LQLQt CDCDW W CGHHCQ& WC' COCO&LQHHOLQLQt t t t t t &CIlCltt MCjlH(X&0}000000ClCjlQOCQCbCbcDcD~

LQOOt OOCDOOt OOCDOOOLO}0}CF'CF&0}0}0}Ct}0}CQCb Cb Cbo}H H H H

CD

LQ

CD

LQ
LQ

CD CD CD OOOOOOOOOOOOOOO
CD CD CD CD CD CD CD CD CD CD CD CD CD CD CD
CI}CO CG CG CG CO CO CG Co CI}CO CO CO CI} CQt t t t t t t t k t t t t k
CD CD CD CD CD CD CD CD CD CD CD CD CD CD cD

cD O O cD O O cD O O cD O O CD O O 0}0}0}0}0}0}0}0}0}0}0}0}0}0}0}H

COWLQCOCQCDCDLQ&&LQCDCDCD CDO O 4 Cl 00 CD CDQOO}0} CGCON CDCDClOOO OO O CGCIl CD ' LQLQLQClClHHOHHOO}Cbo}
GO 0} t N ~ HHcDGOGOOOOOOO&4% rM
Cb ~ H LQ CO Cjl Cjl LQ Cl Cl Cl Cl & W W Cl Cl Cjl Cjl
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

I I I I I I

I l&H IH I

I I I I I

O I I i&CO I& IHH w t H H H ~ w LQ cD co LQ 00 00 00 I I 00

O

O

O
O

O

O

O

O O

O Ot

O O

LQ O O

LQ O O
LQ Il

O OO t tH

ILQ
ILQ

LQ LQ
LQ LQ

O

Dl 00 Cb
Cb& 00
CD cD 00

CD
LQ

GOHHWCOCOt t COHHCOCGCOCI}OOtnnclceoocDcDOt t Omncloooocet WWClo}Cn&WCQClClcOOOOcDCDCI}
Cl&COCGCI}t t LQQOQOLQQOQOQOCOCI}CQ

CQ H H CD W CD 00 00 0}CD CD 0}Cb 0}W 00 00 CD

QOOOQOOOQOOOQOOOQOOOW 4 4 rVW 4 4 WW 4 4 OWN 4

00 00
LQ LQ

CO

00 OOOOOOOOOOOOOOO
LQ 00 QO QO QO QO QO QO 00 QO QO GO 00 00 00 QO

CD CO CD CD CO CD CD CD CD CD CD CO CD CD CD
CI} CQ CO CO CI}CQ CG W CQ CQ CG CO CQ CG CG

CQ 00 00 00 00 00 00 00 00 00 00 00 0000 00 00
QOOOQOOOQOOO OOOO OOOO W W W & W W W W W W W W W W &

O
CD 00
CD& CO
OCD
OcD OHH

~ ~

HH CDCI} Cot t COO} COCO CO COCO CO
A Cl N Cl A 00 00 Cl O O Cl & W Wt CDWWCDCGCOCI} CO
Cl Fl O O O CO CO H LQ LQ H W W W

OOOOOOOOOOOOOOOOOOOOOOOOOO OOOO
I I I

I I I I

I CQ W I ce I I 0000&&&LQLQCDt E cDO}O}0} I I 0}

O

O

OO

O

OO

O

O O

O O

O O

1Q O O O

O O IO
lQ t It

O O OO t t

ILQ
ILQ

CD' Cb & LQ LQ LQ LQ Cl CD CD & M Cl Cl0000 Wt ~ ~ H 0}0}LQ LQ CI} HH CG H HH CD CCI Clt ClWCGCGCOt t LQGOQOLQQOQOQOCGCQCD
COHH cD0}Cb QOQOCb CD COO} W Cb Ct}0000 CDO

00 O O 00 O O 00 O O QOOOQOOOW W W WW W & W W W W W WW W



922 L. W. Mc KEEH AN

TABLE IV, PART B. Columns 1, 2, 3: Same as in part A. Column 4: Coordinates of point, s&'s2's&')&(10)~, not appearing in part A. Column 5:
kj9l2 A3 in terms of h&b2h3 as given in columns S and 9 of part A for sls2s3 )&(10)' as given in column 8. For ease in reading only the order of
h1h2hq is given, Thus 8 1 2 means that h&' =h3, h2' =hi, h3' =h2.

100

1/8~ 1/8~ 1/8~

0 100 0
70 70 0

0 70 ?0
55 55 55

100 0 0

70 70 0

70 70 0

55 55 55

0 0
70 0
70 0
70 70
0 70

55 55
55 55
55 55

0 100
0 0

70 0
0 70

70 0
0 70

55 55
55 55

100
70
70
0

70
55
55
55
0

100
70
70
70
70
55
55

1 2 8 (F)
1 8 2
I 8 2
1 2 8
1 2 8
1 2 3
1 2 8
1 2 8
8 1 2
2 8 1
2 8 1
3 1 2
2 3 1
3 1 2
2 8 1
3 1 2

100

1/8~ 1/8& 1/8&

0 100 0
70 70 0

0 70 70
55 55 55

100 0 0

70 ?0 0

70 70 0

55 55 55

0
70
70
70
0

55
55
55
0
0

70
0

70
0

55
55

0 100
0 70
0 70

70 0
?0 70
55 55
55 55
55 55

100 0
0 100
0 70

70 70
0 70

70 70
55 55
55 55

128
182
182
123
123
128
128
128
312
231
281
312
281
812
281
312

TABLE IV. PART C, Numbered columns contain values of Zhh; as required in part A. At the left of each group of numbered columns are three
columns headed ~r~, ZN and ZT which give, respectively, the highest value of r2, the total number of dipoles and the total number of terms for
each tabular value of Ebb;.

4r2 ZN ZT

3 S 2
4 14 5
S 26 S

11 50 12
12 5S 14
16 64 17
19 SS 21
20 112 26
24 186 80
27 16S 86

0.75154
.32912
.3668S
.88S06
.86190
.84S?5
.86146
.85547
.86022
.85414

0.48890
.19002
.211S2
.1951S
.20S94
.20185
.20S69
.20523
.20797
.20446

3
6

11
16
19
22
29
35
42
49

0.89302
.1S990
.20781
.19825
.20512
.19S71
.20490
.20193
.20427
~ 20181

0.86162
.15374
.17256
.15S42
.17004
.16859
.169S8
.16694
.16926
.1662S

0.09538
.08894
.0897S
.0856S
.08S96
.08709
.08S90
.08SO?
.08S74
.037S7

0.22691
.10964
.11969
.11157
.11S48
.11473
.11S30
.1165S
.11794
.11628

0.32224
.1485S
.15947
.14725
.15739
.151S1
.15720
.15465
.15667
.15409

6
9

15
19
21
27
81
86
44

0.24255
.11716
.12792
.11924
.12657
.12261
.12648
.12460
.12604
.12421

0.2S007
.18529
.14771
.1376S
.14615
~ 1415S
.14599
.143S7
.14554
.14348

4r~ Z.V ZT 10 12 18 14 15 16 17 1S

2 12 8
4 1S 6
6 42 10
S 54 13

10 7S 1S
12 S6 20
14 134 26
16 140 29
1S 176 86
20 200 41
22 224 45
24 24S 49
26 320 5S

1.26626
.S48S4
.99517

1.08298
.98941
.96825
.99998
,9S67S
.97251
.96652
.98024
.9S499
.9S009

0.7310S
.4S719
.57456
,59687
.54287
.55618
.57781
.56972
.5614S
.55S02
.56594
.56S69
.565S5

5
S

15
20
2S
81
41
44
58
59
66
78
S7

0.4S225
.27918
.85516
.37257
.8267S
.88S66
.85659
.8501S
.84814
.84016
.84698
.3492S
.846S5

0.66862
.45574
~ 52933
.54815
.50281
.51894
.58192
.52547
.51S49
.51560
.52231
.52463
.52224

0.24393
.1S255
.20808
.20S92
.19568
.19S96
.20417
.20280
.20080
.19947
.20189
.20205
.20136

0.27S43
.16116
.20505
.21511
.1SS6?
.19552
.205SS
.20217
.19S11
.19639
.20030
.20166
.20025

0.52286
.84370
.40S14
.42408
.8S434
.89448
.41004
.40447
.39S40
.395S6
.40169
.40371
.40162

8
5

10
18
17
21
2S
80
37
41
47
52
62

0.2992S
.173S9
.220S1
.28157
.20880
.21063
.22170
.21774
.21339
.21156
.21574
.21719
~21569

0.8455S
.200SO
.25497
.26739
.28475
.24321
.25600
.25143
.24641
.24429
.24911
.25079
.24906

The anal expansions for c a.nd d in rapidly convergent form (method of Ewald) are

c = 87cpcf n &~+ 1 28&&3ZP n—iyn+ 768~+3 n 2y" +768+—8„,n ~[1—@(2 'm'n *E)j
—32g+C, n 'y" —32+C„,n &[1—p(2 'm'n 4) j, (25)

—16e+C dn 'y" —16+C « *[1 @(2 '7r'n—'~) j (26)



MAGNETI C F IELDS I N C RYSTALS 923

TABLE V. Conditions: Array (I). TABLE VI. Coegcients for Bolman's series.

plp2p3

111
3k 3l 3k

s1s2s3 )& (10)3

55 55 55

55 55 55
55 55 55
55 55 55
55 55 55
55 55 55
55 55 55
55 55 55

Mean value

z(I; —4 up;/'3)*

+0.4332

—0.1444—0.1444—0.1444—0.1444—0.1444—0.1444
+0.4332

0

*This is here proportional to the excess negative
potential energy of a dipole of moment p at the designated
point over its negative potential energy when at the origin.

In these expansions x =exp (—~/e'), y = exp
(—~e'/4), e and p(n) have already been defined
and the coefficients A„., etc. , except as given in
Table VI, have the value zero for all values of n.

The results, checked as usual for two values of
e (2& and 6'/2) are

c = —4.47894, d = 34.2708,

2
3

5
6
8
9

10
11
12
13
14
16
17
18
19
20
21
22
24
25

1

4
4—12
8

16
—19—40

44
16
20

—48
16

—56
20
76
80—152

—56
96—3

1

4—4—12—8—16—19
40
44—16
20
48—16

—56
—20

76—80—152
56

—96
—3

6 1
14 2
18 4
22 1
26 8
30 2
34 4
38 11
42 8
46 18
50 8
54 12
62 20
66 28
70 18
74 40
78 2
82 16
86 29
90 40
94 20
98 40

1
5
9

13
17
21
25
29
33
37
41

49
53
57
61
65
69
73
77
81
85
89
93
97

+nd

1 2
4 6

13 10
36 14
40 18

8 22
61 26

172 30
104 34

4 38
144 42
236 46
121 50
204 54
296 58
172 62
400 66
392 70
40 74

272 78
321 82
520 86
888 90
200 94
424 98

1
2
2

3
2
6

6

7
8
2
8
8
4

10
4
4

10
10
8
9

5
9

13
17
21
25
29
33
37
41

49
53
57
61
65
69
73
77
81
85
89
93
97

1

8
8
5

12
8
4

16
12
9

12
8

12
16
16
8

16
17
8

24

8

Note: For values of n not given the coeAicient is zero.

correct to one digit in the last figure in each.
Bournan's value for d/2 is 17.14 which is correct
as far as it goes. His value for c/2 is —2.20 which

is not so satisfactory, but the change does
vitiate his qualitative conclusions.

not


