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Variational Principles in Electromagnetism

H. BATEMAN, ¹rmcn Bridge Laboratory of Physics, California Institute of Technology

(Received December 20, 1933)

The familiar relation between the potentials in electro-
magnetic theory is regarded as a consequence of the
principles of angular momentum and center of mass
expressed by the symmetry of the stress-energy tensor.
The electromagnetic equations are derived from a La-

grangian function I equal to an arbitrary function of the
invariants EP —II2 and B II of the electromagnetic field
and rules different from that of Schrodinger are given for
the construction of a stress-energy-tensor.

' 'N a recent paper Fock and Podolsky' have de-. rived the equations of electromagnetism from
the Lagrangian function
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and have added the equation

Eg =—div A+(1/c)(BC/Bt) =0

after the equations

BE 1 BE]
curl H= +PE~, —div E+— =0 (3)'

c B$ c BI

have been derived by assuming the relations
EI= curl A, E= —(1/c) (BA/Bt) —VC, which imply
that

curl E= —(1/c)(BIi/Bt), div Ei=0. (3)"

A physical reason is needed for Eq. (2) and it has
occurred to the author that this may be furnished

by the requirement of symmetry of the stress-
energy-tensor associated with Eqs. (3).

In forming this tensor we. shall adopt the
principle that the components of the tensor
should involve only the quantities E, E„, E„
II„II„, II„E~occurring in the electromagnetic
equations. A tensor satisfying this requirement
and the laws of conservation of energy and
linear momentum has already been constructed, '
its components are

' V. Fock and B. Podolsky, Phys. Zeits. d. Sow. 1, 801
(1932).

' H. Bateman, Phys. Rev. 12, 459 (1918).

X,=E,'+H„'+ ,'(EP E' -IP),— —
X„=E,E„+EI,H„EgH„—
y', =E,E„+IiH„+EgH„
X,=E,E,+EI,H, +EgEi„,
Z, =E~,+Ei,H, EgFI„, —
Gg ——E„II,—E,IIy —E,E],
S,=c(E„H, E,H„+E,E—g),

W= ', (E'+H'+-EP), ~ ~ .
The conservation laws

BX,/Bx+ BX„/By+BX,/Bs = (1/c) (BG,/Bt)
~ ~ ~ ~ ~ (5)

BS,/Bx+ BS„/By+BS,/Bs+ BW/Bt = 0

are readily seen to be a consequence of Eqs. (3)
but the law of symmetry

Y, =Z„Z,=X„X„=V„S,=cG„S„=cG„,
S,=cG, (6)

associated with the principle of the conservation
of angular momentum and the property of the
center of mass, is satisfied only when E&= 0
unless there is no electromagnetic field. It should
be mentioned that a symmetrical tensor
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may be derived from the Lagrangian function
(1) by using Schrodinger's rule' but if E&NO the
conservation laws are not generally a con-
sequence of (3) and, moreover, this tensor in-
volves quantities which do not enter into the
electromagnetic Eqs. (3) and so is ruled out by
our requirement. It should be mentioned that
Schrodinger's rule does not always associate a
symmetrical stress-energy tensor with a Lagran-
gian function' so even if this rule were regarded
as of universal application the principle of the
conservation of angular momentum could not be
regarded as a direct consequence of the varia-
tional principle alone. There are cases, however,
in which Schrodinger's rule does not seem to be

applicable. To construct such a case let us
write'

h, =q„—P, —a, —w„

ky = Az Pg 6t —My'

e~ = 6,—cy —
orat

—P~,

e„=c,—a, —p~ —p„,

h, =P, —n„—c,—w„e,=a„—b,
(8)

«=~'+p, +v.+4~, h~=a*+b, +c.+w~,

r =-'(h 'yh '+k ' —hP) '(—e -'+.e '+e ' e,'—)
r = h,e,+h„e„+k,e, hgeg—

and consider the Lagrangian function

I. f(0=, r)

It is readily seen that

BL BL BL

~att ~Ox ~~y

BL BL
=e ——h, —=E, say,
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BL BL BL BL 8L BL
= et ——ht —=E t, say,

cia~ Bp„By, Bpq Bo Br

BL 8L
= h —+e —=II„say,

80' 87

BL BL BL BL BL BL
= ht —+et —=IIt, say,

Bo 87

consequently the equations of Euler and and so reduce to the equations of Maxwell when

Lagrange for the variation problem Et= IIt= Q. When Schrodinger's rule

Ldxdydsdt =0

take the form'

gE, +BE/Bt=curl H, div E+BE~/Bt=0,
(10)

gH~+BH/Bt = —curl E, div H+8H&/Bt =0,

' E. Schrodinger, Ann. d. Physik 82, 265 (1927).
4 H. Bateman, Proc. Nat. Acad. Sci. 13, 326 (1927).
~ The suSxes added to n, P, y, @, c, b, c, m are used to

denote partial derivatives of the quantities. This rule
does not extend to the suSxes added to e and h. For
convenience the unit of time has been chosen so that the
velocity of light is represented by unity.

6 These are the equations considered by the author in

Phys. Rev. 12, 459 (1918).
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is applied to this function L it gives a tensor T
whose components cannot be expressed simply in
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terms of the quantities B„B„Z„B&,H, B„, H„H&, consequently we shall endeavor to
replace it by some other rule. It is readily seen that if

BL BL BL BL BL BL BL BL BL BL BL BL BI. BL BL, BL
2 X„= + + + + + + +

BcKt aky a(isa'Ay Bcxy BPy Bcxs B'ry aai Bwy Bar Bay Ba~ ab& Bas Bc~

aL BL BL BI BL BL BL BL BL BL BL BL BL BL BL BL
+ + + + + —+ +

ay, ap. Bn, ap„ap, ap. By. Bbg aw. Bb. aa. ab„ab. Bb. ac, -
(12)

BL BI t'BLi' BI BI BI BI BI BI (BL)' BLBL BLBI
+I I + + + +I I

+ +
Bng Bp, &Bn,) Bu„ap, Bn, By, Bag Bw, .Eaa ) Ba„ab, Ba, Bc,

and the other components are dehned by corresponding equations, we obtain a tensor for which
Eqs. (5) are satisfied. This tensor includes the tensor (4) as a particular case, indeed

X,=E,'+H, ' ,'(E'+ H—' -EP HP—), —
X„=EE„+H,H„EtH, +H—gE.,

F,=E,E„+H,H„+EgX, H,E„—
(13)

and so the components of (4) are obtained by putting Ht, 0. On the ——other hand, a symmetrical
tensor is obtained by writing

BL BL BL BL BL BL BL BL BL BL BL BL BL BL BL BL
2X„= + =2K,

ap& ap& a~& Bn& BP& BP& By& By& Bw& Bw& Ba& Ba& Bb& Bb& Bc& Bc&

OBLI' /BL&' (BLq' (BLI' (BLI' (BL&' (BLI'
I +I I

—
I I

—
I

EB4.) &an. ) hap. ) Cap.) (aw, ) &aa,) Cab, ) &ac,)

(14)

BLi ' (BL
+2r

Ea~) Ear)
=S, say,

E 2+H 2 1 (E2+H2yE 2+H 2)

X„=E,E„+H,H„,

X,=E,E,+H,II„
G =S,=ZyII, —E,II„,
W = ,' (E'+H' EP —IIP)——

t
BLq' paLy' BL BL

I
-I

(15) ( B0' ) E BT ) Ba' BT
=T, say,

so that L becomes a function of S and T. It
should be mentioned that S. R. Milner~ has
already suggested that (S'+ T') & can be used as a
Lagrangian function and on a previous occasion
the author' has shown tliat T can be used in this
way. The foregoing analysis shows that a very
general function of S and T can also be used for
the portion of space-time not occupied by electric

but now the Eqs. (5) are satisfied only under
certain conditions which are fulhlled when Z&

and H& are constants and there will be a density
of negative energy at a great distance from all
the electric and magnetic charges if these con-
stants are different from zero. When E&=H&=0
the tensor reduces to the familiar electromagnetic
tensor, also

'I S. R. Milner, Proc. Roy. Soc. A120, 483 (1928). In
Milner's case S=o, T= —r.

with similar equations for the other components. k(H' E')
These equations give



484 H. BATE MA N

charges. The conditions at the outer boundary of this region may be fu1611ed for all variations if
the boundary is a moving wave-front beyond which there is no 6eld. In the region occupied by
electric charges additional terms must be added to the Lagrangian function. It should be men-
tioned that the tensor (15) can also be found by writing

BL BL BL BL BL BL BL BL BL BL BL BL BL BL 8L 8L
2Xy —— +

Bng BPg Bn~ BP~ Bn„BP„Bn,BP, Bag Bbg Ba, Bb~ Ba„Bb,„BG,Bb,

(BLl' (BL)' (BI y' (BL) (BLl' (BLl' (BLI' (BLl'
I +I

I an, ) lan. ) I Bn„J EBn.) EBa,) EBa,i KBa„) EBu.)
and similarly for the other components.


