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Variational Principles in Electromagnetism
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The familiar relation between the potentials in electro-
magnetic theory is regarded as a consequence of the
principles of angular momentum and center of mass
expressed by the symmetry of the stress-energy tensor.
The electromagnetic equations are derived from a La-

grangian function L equal to an arbitrary function of the
invariants E2—H? and E-H of the electromagnetic field
and rules different from that of Schrédinger are given for
the construction of a stress-energy-tensor.

N a recent paper Fock and Podolsky! have de-
rived the equations of electromagnetism from
the Lagrangian function

1 0%\?2
L=—§—(E2—Hz)—%-(divA+——) (1)
c dt

and have added the equation

E,=div A+(1/c)(8%/0f) =0 (2)
after the equations
10E 1 9F;
curl H=——+VE;, divE+-—=0 (3)’
c a¢ c at

have been derived by assuming the relations
H=curl 4, E= —(1/c)(dA4/dt) — v®, which imply
that

curl E= —(1/c)(aII/dt), div H=0. (3)"

A physical reason is needed for Eq. (2) and it has
occurred to the author that this may be furnished
by the requirement of symmetry of the stress-
energy-tensor associated with Egs. (3).

In forming this tensor we shall adopt the
principle that the components of the tensor
should involve only the quantities E,, E,, E.,
H,, H, H, E,;occurring in the electromagnetic
equations. A tensor satisfying this requirement
and the laws of conservation of energy and
linear momentum has already been constructed,?
its components are

1V. Fock and B. Podolsky, Phys. Zeits. d. Sow. 1, 801
(1932).
2 H. Bateman, Phys. Rev. 12, 459 (1918).

X,=E2+H2+3(E2—FE—H?),
X,=E,E,+H,H,—EH,,
Vo=E E,+IH,+EJI,
X.,=E,E,+H,H.,+EH,,
Zy=E.E,+H,H,—EH,,
G,=E,H,—E,H,—E,E,,
Sz= C(EﬂHz"‘EzHy"_Ea:Et) ’
W=3i(E2+H2+Ep2),
The conservation laws

0X ,/0x+0X,/0y+0X./0z=(1/c)(3Ga/3E)

4)

. . . . . (5)
0S./9x+0S,/0y+0S./dz-+W /ot =0

are readily seen to be a consequence of Egs. (3)
but the law of symmetry

Y.=Zy) Zo=X., Xy=Ys, Sp=cGs, Sy=cGy,
S.=cG, (6)

associated with the principle of the conservation
of angular momentum and the property of the
center of mass, is satisfied only when E,=0
unless there is no electromagnetic field. It should
be mentioned that a symmetrical tensor

04 .
X.=E2+H2—1(E*+H*—E?) —2E, ,
ax
04, 94,
X,=E.E,+H,H,—E, ( + ) =Y,
ady ox
(7
104, 9® 1
Gy,=E,H,—E., H,—E, (— — ) =-S5,
c Ot ax c
1 9%
W= %(E2+IP+E;2) ""2Et - ‘6—‘
¢ 0!
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may be derived from the Lagrangian function
(1) by using Schrédinger’s rule? but if E;#0 the
conservation laws are not generally a con-
sequence of (3) and, moreover, this tensor in-
volves quantities which do not enter into the
electromagnetic Eqgs. (3) and so is ruled out by
our requirement. It should be mentioned that
Schrodinger’s rule does not always associate a
symmetrical stress-energy tensor with a Lagran-
gian function* so even if this rule were regarded
as of universal application the principle of the
conservation of angular momentum could not be
regarded as a direct consequence of the varia-
tional principle alone. There are cases, however,
in which Schrédinger’s rule does not seem to be
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applicable. To construct such a case let us
write®

he=vy—B:—0i—Ws, €:=b.—Cy—a:i—¢s,

hy=o,—vz—bi—w,, ey;=cs—a,—B:i—dy,

hzzﬁx-ay_ct_wm ez:ay_bx_')’t—(lsz,
(8)

ee=az+Bytv:+é, hi=a:+by,+c.tw,
o=5h’+h +h2—hl)—3(e’+er+el—ed),
T=hyesthye,Fh.e,—he
and consider the Lagrangian function
L=f(o, 7).
It is readily seen that

oL 9L OL L dL dL
L h—=F,, sy,
da; ¢y dc, b, o ot
oL 9L oL oL oL oL
—_—=—=—=¢,——h,—=E, say,
da, 9B, Oy, 0d¢: do o7 ©
oL oL oL dL dL dL
——=——=——=——=hy —+e —=I, say,
day  Ows dy, 8. do Ot
JdL dL aL oL oL oL
—_—=——=—=—— =, —+e¢,—=H,, say,
dw, 0a, by dc. do ar
consequently the equations of FEuler and and so reduce to the equations of Maxwell when
Lagrange for the variation problem E,= H,=0. When Schrodinger’s rule
oL oL dL oL
b dexdydzdtzO Ty =0 —+by —+Cyg —+w, —
. day dby Cy 0wy
6 oL oL oL oL
take the form byt ) —
VE+OE/dt=curl H, div E+9E,/t=0, o) 0bz  9by,  9b.  Ob
10 oL oL oL oL
vH;+0H/dt= —curl E, div H+9dH,/dt=0, Fay—t By —F vy —F ¢y — (11)
3 E. Schrodinger, Ann. d. Physik 82, 265 (1927) “ v O O
. Schrédinger, Ann. d. Physi , .
4 H. Bateman, Proc. Nat. Acad. Sci. 13, 326 (1927). + E-F EI;+ 6_L+ _a_L___a I
5 The suffixes added to «, 8, v, ¢, @, b, ¢, w are used to g a8 Ay P az i Yy
denote partial derivatives of the quantities. This rule ® v £ t
does not extend to the suffixes added to e and A. For 0zy=0 xFy
convenience the unit of time has been chosen so that the =1 x=y

velocity of light is represented by unity.
6 These are the equations considered by the author in
Phys. Rev. 12, 459 (1918).

is applied to this function L it gives a tensor T
whose components cannot be expressed simply in
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terms of the quantities E,, E,, E,, E:, H,, H,, H,, H; consequently we shall endeavor to
replace it by some other rule. It is readily seen that if

oy " 9L 8L 4L L AL AL 9L oL QL oL OL 4L AL dL AL AL
" 9a, 0y Oas day Oay 0B, Oas DYy Oas 0w, dasda, da,db, das dc,
- oL 8L 9L oL 9L oL 9L oL oL oL L oL AL oL 9L oL (12)
* 08, 0bs  OBs das OBy 3Bw  0Bs dve Ob:Ows by das b, dbs b, s
dL 4L 0L\? 9oL oL 9L oL aL oL L aL oL oL
st ()2 W
da; Ay day day 08, o, vz 6a, ow, 9y aa,, ab da. 6cx

and the other components are defined by corresponding equations, we obtain a tensor for which
Egs. (5) are satisfied. This tensor includes the tensor (4) as a particular case, indeed

X,=E2+H2—1(E2+H:—E2—Hp),
X,=E,E,+H,H,—EH,+HE,, (13)
Y:c =.ExEy+HzHy+Eﬂz_HtE=y

and so the components of (4) are obtained by putting H;=0. On the other hand, a symmetrical

tensor is obtained by writing

dL dL 9oL oL 4L dL OL oL

¢y 0y Oy 0y 0B, 0By  0vz Ovy

(i) () - ()~

with similar equations for the other components.
These equations give

X,=El+H2— (B4 H*+E2+HE),
X,=E.E,+H.H,,
X.=E;E.+H,H,,
Go=S,=E,H,—E,H,,
W=3(E2+H2—E2—II2)

(15)

but now the Eqs. (5) are satisfied only under
certain conditions which are fulfilled when E,
and H, are constants and there will be a density
of negative energy at a great distance from all
the electric and magnetic charges if these con-
stants are different from zero. When E;=H;=0
the tensor reduces to the familiar electromagnetic
tensor, also

0L dL 4L 9L oL oL 4L oL

i — S

dw, dw, 0dazd0a, 8b, b, dc, dcy
14)

)6 -G -G) -G

S5

Y- s
e ()

—20——=T,say,
do o7

so that L becomes a function of S and 7. It
should be mentioned that S. R. Milner’” has
already suggested that (S?*472)% can be used as a
Lagrangian function and on a previous occasion
the author? has shown that 7" can be used in this
way. The foregoing analysis shows that a very
general function of .S and T can also be used for
the portion of space-time not occupied by electric

7S. R. Milner, Proc. Roy. Soc. A120, 483 (1928). In
Milner’s case S=o, T'=—1.



484 H. BATEMAN

charges. The conditions at the outer boundary of this region may be fulfilled for all variations if
the boundary is a moving wave-front beyond which there is no field. In the region occupied by
electric charges additional terms must be added to the Lagrangian function. It should be men-
tioned that the tensor (15) can also be found by writing

6L L oL oL 9L oL 9L 9L oL oL oL oL 9L oL OL oL

+ )
90, 38: a8, O, 08, Oa.dB, Oadb; 0as b, da,db, da.db,

e () () () () ()

and similarly for the other components.



