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ABSTRACT

If the cosmological term in the equations of relativistic mechanics is set equal to
zero, it has been shown by Einstein that a non-static model of the universe filled with
a homogeneous distribution of incoherent matter would expand to a maximum volume
and then start contracting. This, however, is a very special model of the universe
filled with a highly simplified fluid, and subjected to changes which can be shown to be
thermodynamically reversible; and it has recently been pointed out by one of the
present authors that we can also expect a similar expansion to a maximum volume
with much more general models of the universe allowing irreversible as well as re-
versible changes in the fluid filling the model. The present article gives a somewhat
detailed analysis of the behavior of a wide class of non-static models of the universe
when the cosmological term is set equal to zero, and shows that we may expect a
continued succession of expansions and contractions without reference to the reversi-
ble or irreversible nature of the processes taking place in the fluid filling the model.
The bearings of this finding on the problems of relativistic thermodynamics, which
have already been treated by one of the present authors, are again noted.

$ 1. Introduction. Einstein's original equations connecting the distribu-
tion of matter and energy with the space-time metric of general relativity
can be written in the form

—8x T„„=G„„—-',Gg„„

where T„„is the energy-momentum tensor, G„„ is the contracted Riemann-
Christoffel tensor, and g„„ the fundamental metrical tensor. The choice of
these equations as a starting point for relativistic mechanics has considerable
justification. In empty space, they reduce to

6„„=0

which has the support provided by the three well-known crucial tests of the
general theory of relativity. In weak static gravitational fields, only one of
the ten equations, that with p, = v =4, is of importance and this can then be
shown to reduce to Poisson's equation

4xp =
A@2 gy2 gg2

where p is the density of matter and P the ordinary Newtonian gravitational
potential. And finally, the energy-momentum tensor T„„is a quantity whose
divergence we wish to have equal to zero on physical grounds while the
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combination on the right-hand side of (1) is a quantity whose divergence is
known to be identically equal to zero.

As is well-known the original equations given above were later modified
by Einstein's addition of the so-called cosmological term to read

fj~' Glu& 2~gfj& + ~gP&

where the cosmological constant A. is a quantity independent of the spatial
and temporal coordinates, which would have to be regarded as a new funda-
mental constant of nature.

At the time the reason for making such a change appeared to be twofold.
In the first place, by adding the cosmological term there was obtained the
most general possible function, of the gravitational potentials g„„and their
first and second differential coefficients, the divergence of which is identically
equal to zero. In the second place, without the cosmological term it was im-
possible to construct a static model of the universe containing a finite density
of matter; but by adding the cosmological term it became possible to obtain
Einstein's well known static model for the universe, with reasonable values
for the density of matter and radius of the model, and no disagreement with
the three observational tests of the theory, provided A. was taken as a small
positive quantity.

More recently, however, the arguments in favor of changing from the
original form of the equations as given by (1) have seemed less strong. In the
first place, we know that A must in any case be a very small quantity in order
to agree with the three crucial tests of the thief.=ry of relativity, and we should
certainly prefer to take it equal to zero me& )y in the interests of simplicity
and definiteness. In the second place, if we do not set h. equal to zero, we have
to inquire into the significance and magnitude of this new fundamental con-
stant of nature, and the results of such inquiry have so far not seemed very
satisfactory. Finally, it now appears evident, both from theoretical and ob-
servational points of view, that non-static models of the universe are to be
preferred to static models, and it is entirely possible to construct satisfactory
non-static models of the universe without introducing the cosmological term,
a fact that has recently been specially pointed out and emphasized by Ein-
stein himself. '

For these reasons it becomes a matter of some interest to consider the
consequences of omitting the cosmological term from the equations of rela-
tivistic mechanics; even though in the interests of generality we must con-
tinue to keep in mind the possibility that h. may not be exactly equal to zero.

$2. Purpose Of the Present Article The purpo. se of the present article is to
consider the general behavior of non-static models of the universe, setting

' On the theoretical side, as pointed out by Tolman, Proc. Nat. Acad. 10, 320 (1930), we
cannot have a static universe if matter is changing over into radiation, and as pointed out by
Eddington, Monthly Notices R.A.S. 90, 668 (1930), we cannot regard the Einstein static uni-

verse as stable. On the observational side, the red shift in the light from the extra-galactic
nebulae indicates a non-static universe as first appreciated by Lemaitre, Ann. Societe Sci.
Bruxelles 47, Series A, 49 (1927).

' Einstein, Herl. Ber. (1931),p. 235.
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the cosmological term equal to zero, and making only very general assump-
tions as to the nature of the fluid which fills the model, and as to the nature
of the processes which occur in this fiuid as the model expands or contracts.

In the article of Einstein referred to above, it was shown that on setting
A equal to zero we must expect a non-static model of the universe, filled with
incoherent matter exerting no pressure, to expand to a maximum volume and
then to start contracting. This, however, was a very special model of the uni-

verse, filled with a highly simplified ffuid, and subjected only to changes
which can be shown to be thermodynamically reversible, ' and it might be
questioned whether we could expect a similar behavior in the case of less
simple fluids and models in which irreversible processes might take place.
Nevertheless, it has been pointed out in a recent article by one of us4 that
we can also expect such expansion to a maximum followed by contraction in
the case of any model of the universe filled with a homogeneous distribution
of fluid exerting a positive pressure, provided we set the cosmological term
equal to zero. In the present article this behavior will be considered in more
detail.

In the next section, (3, we shall give those mechanical equations govern-
ing the behavior of non-static universes which will be needed later. In f4, we
shall then prove for any such non-static model of the universe, filled with a
fiuid which could exert only positive pressures, and having initially a finite
volume and finite rate of expansion, that there would be a finite upper bound-
ary beyond which the volume could not expand. Continuing in )3, we shall
then show that the model would reach its maximum upper volume in a finite
time and would then start contracting. And in fl6, we shall show that the
equations would thereafter require the contraction to continue to zero vol-
ume which would also be reached within a finite time. In (7, we shall then
discuss this mathematical conclusion that the model would contract down to
the exceptional point of zero volume, and show from a physical point of view
that we might expect contraction to the lower limit to be followed by a re-
newed expansion. Finally in $8, we shall make some remarks concerning the
possible application of these conclusions as to the behavior of highly ideal-
ized models, in interpreting the behavior of the actual universe.

)3. The 3Iechanfcs af the Non Statt'c Univ-erse. An expression for the line
element for a non-static model of the universe filled with a homogeneous dis-
tribution of fluid with properties which are independent of position but de-
pendent on the time, can be derived' and written in the form

ds
Zu(~)

(dr~ + r~d8' + r~ sin' gd&2) + dt'
[1 + r~/4R'J'

where r, 8 and P are the spatial coordinates, t is the time coordinate, R is a
constant, and the dependence of the line element on the time is given by the
exponent g(t).

' Tolman, Phys. Rev. 38, 1758 (1931).See 9.
4 Tolman, Phys. Rev. 39, 320 (1932).
' Tolman, Proc. Nat. Acad. 10, 320 (1930).
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For the proper pressure pp and proper macroscopic density ppp correspond-
ing to this line element we can write in accordance with the principles of
relativistic mechanics'

1
S~Pp ————e g —~g2 + A

R'

3
8~pop = —e—g + —,'g2 —A.

R2

(6a)

(7a)

provided we retain the cosmological term, or

1
8&Pp = ——e ' —g —4g'R'

3
8~pop = e + qgR2

(6b)

(7b)

if we set the cosmological term equal to zero, as is of prime interest for the
present article. The pressure and density are independent of position and de-
pehdent as shown on the exponent g(1) and its time derivatives g and g.

With the above choice of coordinates particles which are at rest with re-
spect to r, 0 and P will not be subject to gravitational acceleration, so that we
can regard the fluid as macroscopically at rest in these coordinates. As g
changes with the time, however, the proper volume

r2 Sin Oe'&"
bVp = hrb9by

[1 + r'/4R']'

associated with a small range in coordinates Sr805&, and the total integrated
proper volume of the model~

V = m2R'e'«2 (Sa)

will change with the time. Hence we can describe the changes that take place
in such a universe, as g increases or decreases, as expansions or contractions
in the proper volume of the elements of fluid which fill the model, and in the
total proper volume of the model.

Furthermore, in accordance with the expressions for pressure and density
we can easily obtain the relation

—(woo&&o) + Po —(&&0) = 0
dt dt

'

which shows that the change in the energy content of any given small ele-
ment of the fluid, as measured by a local observer using proper coordinates,
will be found equal to the negative of the work performed on the surround-
ings.

' Reference 5, Eqs. 34.
' Tolman, Phys. Rev. 3'7, 1652 (1931).Eq. (28).
' Tolman, Proc. Nat. Acad. 10, 409 (1930).Eq. (4).
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(10)po & 0

but cannot withstand tension. And at some initial time 1=0 let the model
have a finite volume and finite rate of expansion corresponding to

g=gp and g=go
where go is finite and go is finite and positive. We shall first show, with A = 0,
that there will be a finite upper volume beyond which the expansion cannot
go, that is a finite upper boundary for the quantity g.

Combining equation (6b) with the inequality (10), we can write in general

$4. The Upper Boundary of Expansion. Let us now consider such a model
of the universe filled with a mixture of matter and radiation which might
exert a positive pressure

g+-'g'+ —~ ' «
R'

.Furthermore, since g will be positive as long as expansion continues we can
multiply (12) by the positive quantity 2e'«'g and write

or

3 . 2
2~8g/2gg + &317/2g3 + &f7/2g ( 0

2 R2

d 4 d—("'"g') + ——(~'") = o
dt R' d~

(13)

(14)

as an expression which will continue to hold as long as g continues to increase.
Integrating (14) between (=0 and any later time of interest t=t, and

substituting the values for g and g at time t =0 as given by (11),we obtain

4
g u/2g2 + gf7/2 ( g3ffp/2g 2 + gf76/2

R' R' (15)

or, taking the constant R as real for the models in which we shall be inter-
ested,

R2 R'
&o/2g02 + g &0/2 ——$3 fI/2g 2

4
(16)

as an expression which will hold as long as g continues to increase. Since go

and go are, however, finite by hypothesis this shows that there is an upper
finite boundary say y which g cannot surpass. So that we can necessarily
write

(17)

where y is finite.
f5. Time Necessary to Reach the Maximum From the ineq.uality (17)

we can then evidently write

1 1
(&8)
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and combining this with (12) we obtain

1
i ~ ——~ ' —-'i'

R
or

dg ——g
—v

dt R'

(19)

(20)

And integrating this between t =0 and any later time of interest t = t, we ob-
tain

1
g(go

R2
(21)

where jo is the rate of increase in g at t =0.
In accordance with this expression, however, noting from (11) that jo is

positive, we see that at a finite time

t & R2e~go (22)

g will become equal to zero, g will pass through a maximum, and the volume
will start to decrease.

)6. Time Necessary to Reach Zero Volume. It will also be of interest to
consider the behavior of the model after passing through its maximum vol-
ume. Since g will then evidently be negative, we may this time multiply (12)
by the negative quantity 2e"~'g, and integrating as in )4, obtain in correspond-
ence with (15)

4
g3g/2g2 + gg/2 ) g3gm/2g 2 + pe/2

R2 R2
(23)

where g and j are the values of the quantities indicated on passing through
the maximum point at the time t=t . Since, however, the velocity will be
zero when the model passes through its maximum volume, we may substi-
tute

g =0
and rewrite (23) in the form

4
&30/2g& ) —(cu»l& —col&)

R2

and with j negative this gives us

Jg 2
c&P(4 —( (cl7I2 »cul&—)&f&

R
(26)

provided we take the constant R not only as real but positive, which will be
the case for a closed model with the positive "radius" Reg/2.

Expression (26), however, can easily be integrated between t = t and any
later time of interest t =t to give
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e g/4 e4 " e«4 4r (t t„—)
(eum/2 —e4»)4/2 + sin & ——e4m/~ ( —— (27)

2 2 e g4r4/4 4 2R

or on rearranging

e«4
(e g ) ( R eg/4(eg~/2 eg/2)1/2 eg~/2 sin —1 + eg~/2

e gm, /4
~ (28)

And in accordance with this result, it is evident that e«' will reach the value
zero or g the value minus infinity at a finite time after the maximum

7r

(t —
& ) ( —Re -/'

2
(29)

We have thus shown not only that the model, starting with a finite vol-
ume and finite rate of expansion, would reach a finite maximum volume with-
in a finite time, but continuing beyond the maximum would go on down to
zero volume within a finite time later. In addition it will be noted, by com-
paring equations (6a) and (6b) and examining the method of analysis which
has been employed, that these results would also hold if the cosmological
constant A were taken as a negative quantity, as well as for the case which we
have treated with the cosmological term set equal to zero.

$7. Behavior of the Model on Reach4ng Zero Volume As a .result of the
preceding section we have seen that our equations lead to the conclusion that
the proper volume of the model would decrease to the value zero within a
finite time after passing the maximum. We must now inquire into the physi-
cal significance of this result, and into the further behavior of the model
after reaching this exceptional point.

In accordance with the inequality (26) we may write

2
// ( — (e4m/& —eu/&)&/&

Re'«4
(3O)

as an expression which holds at any time after passage of the maximum, so
that on reaching zero volume with g = — we shall have

g = —QO.

Furthermore, in accordance with our general expression (12) we can write

so that we shall also have

g ~ e
—g 3g2

R2

g ~ QP

(32)

(33)

on reaching zero volume. The exceptional point g = —Qo is thus reached with
the velocity g and the acceleration g both equal to minus infinity.

The conditions for an analytical minimum are thus unsatisfied and the
analysis fails to describe the passage through the exceptional point of zero
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volume. From a mathematical point of view, however, it is evident that our
differential equations of motion (6b, 7b) can be satisfied if we have a renewed
expansion taking place at this point, and from a physical point of view as
previously emphasized by one of us' it is evident that contraction to zero
volume could only be followed by renewed expansion. Furthermore, as noted
in a similar connection by Einstein, "it is possible that the idealization upon
which our considerations have been based should be regarded as failing in
the neighborhood of zero volume" so that the analysis fails to give a correct
description of the behavior at the lower limit of volume. It hence appears
reasonable to conclude for models of the kind we are discussing that the con-
traction to zero volume or more generally to the lower limit of volume would
result in a sudden reversal in the direction of the velocity j, followed by a
renewed expansion of similar character to the previous one.

)8. Conclusion The m. ain results of the foregoing analysis may now be
summarized and a few remarks made concerning their significance.

It has previously been shown that the line element for any non-static
model of the universe containing a uniform distribution of fluid can be writ-
ten in the general form

4s
eg(t)

(dr'+ r'd8'+ r' sin'8d&f&-') + dt'
[l + r2t'4R~t~

(34)

where R is a constant and the dependence of the line element on the time is
given by the exponent g(t). The "radius" for such a model is Re't', and the
changes that take place in the model, as g increases or decreases, can be de-
scribed as expansions or contractions in the proper volume of the elements of
the material filling the model, and in the total proper volume of the model as
a whole.

Let us now consider the special case of a "closed" model with Areal" and
positive, filled with a perfect fluid which could not withstand tension, and
having at some initial time a finite volume and finite rate of expansion. Ap-
plying the equations of relativistic mechanics with the cosmological term
omitted, it has then been rigorously shown that such a model would expand
to a finite maximum volume which would be reached within a finite time, and
would then contract to zero volume which would also be reached within a
finite time later. Furthermore, although the mathematical analysis fails to
carry us through the exceptional point of zero volume, it has been shown
plausible on physical grounds to expect that contraction to the lower limit
would be followed by renewed expansion, thus leading to a continued succes-
sion of somewhat similar expansions and contractions.

~ Tolman, Phys. Rev. 38, 1/58 (1931).See $7. ~

fl Reference 2.
"The assumptions that the material filling the model has a perfectly homogeneous dis-

tribution, and that this material is a perfect Quid incapable of shearing stresses, may fail at
very small volumes,

'2 It should be emphasized that these conclusions apply to "closed" models with R real.
The theoretical possibility for "hyperbolic" models with R imaginary has recently been pointed
out by Heckmann, Gottingen Nachrichten II, 126 (1931}.
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This result applies of course in the first instance only to the class of sim-
plified cosmological models that we have considered. Nevertheless, in view of
the fairly general nature of the assumptions that were necessary, the result
may at least be taken as indicating a possibility that the actual universe or
parts thereof might also exhibit such a continued succession of expansions
and contractions.

Furthermore, it may again be pointed out, as was emphasized in a prev-
ious article, ' that this result has been obtained solely by applying the prin-
ciples of relativistic mechanics, without the necessity for any assumption
as to the thermodynamic nature of the processes which take place in the Quid

in the model as a consequence of the expansion and contraction. We are
hence led to the conclusion that the continued series of expansions and con-
tractions would recur even though the processes taking place in the Huid

might be thermodynamically irreversible in character. "
This latter conclusion is of particular interest since the classical thermo-

dynamics would have led us to expect that the continued occurrence of ir-
reversible processes would result in a condition of maximum entropy where
further change would be impossible. As shown in detail in the article men-
tioned, however, relativistic thermodynamics would permit a continued suc-
cession of irreversible expansions and contractions without the entropy ever
reaching an unsurpassable maximum.

"Reference 4.
'4 If the processes taking place in the fluid are thermodynamically reversible we may ex

pect a series of identical expansions and contractions as previously studied in detail (Ref. 9)
When the processes are thermodynamically irreversible, however, we may expect a series of
non-identical expansions and contractions of gradually increasing amplitude as studied in the
article mentioned. (Ref. 4).


