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ABSTRACT

A general method of finding the wave function for LS coupling which is similar
to that of Gray and Wills is described. The successive transformations which carry
the angular momentum matrices, S2, L? and J? to a diagonal form, are determined by
writing down these matrices in terms of the unperturbed wave functions and solving
the resulting linear equations for the transformation coefficients. This yields the wave
functions appropriate for LS coupling. The method is applied to give the wave func-
tions for all the states of LS coupling with the smallest value of ] MJI in the follow-
ing electronic configurations: 2, d2, 3, p%s and $3s. The matrix of the spin-orbit inter-
action is calculated with these wave functions and is factored according to J values
because J? is an integral of the motion. By adding the electrostatic energies as com-
puted by Slater’s method to the diagonal elements (the electrostatic energy is known
to be a diagonal matrix in LS coupling), the complete energy matrix is obtained.
Setting the determinant of the matrix equal to zero, the secular equation for each J _
value is found for the above electronic configurations. These equations determine the
position of the energy levels in intermediate coupling provided that second order per-
turbations may be neglected and provided magnetic effects other than the spin-orbit
interaction do not contribute appreciably to the Hamiltonian.

INTRODUCTION

IN A previous paper! the calculation of the matrix elements of the spin-
orbit interaction in LS coupling has been made for any two-electron con-
figuration from the commutation relations which angular momentum vectors
satisfy in matrix mechanics. This makes it possible to obtain in a simple man-
ner the secular equations for any two-electron configuration. Although the
method can probably be employed for more complex configurations, there are
difficulties connected with the necessary extension. Furthermore, if the pre-
cise form of the magnetic interaction terms in the Hamiltonian is not cor-
rect, other calculations which it may not be possible to carry out by this
method, must be made. For these reasons it is profitable to consider a quite
different approach to the whole problem.

It was remarked in the above mentioned paper that difficulties with the
unperturbed wave functions used by Slater? arose because these functions
were not written for definite values of the total angular momentum, J% In
this paper we propose to find the transformation to functions which make J*
a diagonal matrix. Now such a transformation is by no means uniquely de-
termined and, in fact, wave functions correct for any coupling scheme in an
isolated atomic system have this property. For in any such coupling scheme

1 M. H. Johnson, Jr. Phys. Rev. 38, 1628 (1931).
2 J. C. Slater, Phys. Rev. 34, 1293 (1929).
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198 M. H. JOHNSON, JR.

J?is always an integral of the motion so that the proper wave functions must
be written for definite values of J2. For several reasons it is preferable to find
the wave functions for LS coupling rather than those for jj coupling (say). In
the first place we know that in LS coupling the electrostatic energy is a
diagonal matrix. We can then avail ourselves of the calculation of electro-
static energies by Slater’s method in the cases where such calculations have
been made. By his method we can always obtain the electrostatic energies if
there are no two multiplets of the same kind in the group of states considered.
In any other coupling scheme we should have to compute the whole matrix
of the electrostatic energy, a task which it is profitable to avoid if possible. In
the second place it is often very easy in LS coupling to find the matrices of
other quantities such as the electric moment, the energy in a magnetic field
etc., directly from matrix relations. This may obviate the necessity of using
the wave functions, which are rather awkward sums of determinants, in find-
ing such matrices.

From our present point of view the situation is greatly simplified by the
existence of spatial degeneracy and the fact that Slater’s functions are writ-
ten for definite values of J,. J, is an integral of the motion so that in the trans-
formations we contemplate it is a diagonal invariant. It is therefore only
necessary in making these transformations to use linear combinations of func-
tions with the same value of M. Because of the spatial degeneracy we know
that all the states of distinct energy will be represented among the functions
for the smallest value of IM,] l Hence for the energy level problem it is only
necessary to consider functions for the smallest value of |1/ |. This will still
be true no matter how the Hamiltonian is modified (for an isolated atom) for
no internal interaction can affect the spatial degeneracy or the fact that J,
is an integral of motion. Then if the actual Hamiltonian differs from the one
which we shall employ, the transformations we determine can still be used to
advantage.

TuE METHOD OF FINDING WAVE FuNcTIONS FOR LS COUPLING

Our method of obtaining the wave functions for LS coupling is perfectly
straight-forward. We compute the matrices of L2, S? and J? with the unper-
turbed functions and then find the transformations to make these matrices
diagonal. We know that the wave functions for LS coupling must be written
for definite values of L2, S?, J2, and J, so that this is an obvious procedure.
The matrix components in which we are interested may be calculated from
the following formulas which can be obtained by an application of the equa-
tions that Condon® has given for matrix elements calculated with Slater’s

3 E. U. Condon, Phys. Rev. 36, 1121 (1930). The notation used here is very similar to
Condon’s. The single electron wave functions are written as #,(1). The 1 stands for all the co-
ordinates (including spin) of electron 1 and the subscript « stands for the set of single electron
quantum numbers 7y lo 714 and msq. The antisymmetric wave functions are

va = (V)72 2(— DPPus(1)up(2) - - - ug(N)

where the sum is extended over all the permutations, P. Matrix components are written in the
Dirac notation )
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wave functions. Rather than use J2, we use L.S which must also be diagonal
if L2, §* and J* are diagonal. .
(A|L2] 4" = 4{(a] .| )| 1| 8") — (| .| B)@B]| l.]| &)} if A’ differs
from 4 in « and B8
AL A) = M2+ D {lalla + 1) — mu?}
= 2 lallat 1) =migmigt 1)} (Hadamig + Ima, | 1] nplgmigmss)

all pairs
a,B

(4| L2 4") = 0 otherwise
(4] 52| 4% = 4{(a] s.| &)B] 52| B) = (@] 52| B)(B]| 52| &)} if 4’ differs
from 4 in o and B
4 ‘ S2‘ A) = Mg*+ 3N — N’ where N = number of electrons
N’ = number of pairs @, 8 with the

same #, /, and m;

(4|582| 47) = 0 otherwise
(| L-s| ) =2{(a|l.]a)@B]s.]8) + B 1] 8) (] s.] &)
— (| 1] BB 52| &) — B 1| &) (] s.| )} if 4’ differs
from 4 in « and 8.
(4| L-s|4) = z{ ;(ajlz|a~)(a"1sx|a'> - Zﬂ:(ﬁll,[a’)(a!s,[ﬂ)}if

A’ differs from 4 in «
(A| L-S|4) = MrMs
(4| L-S| 4”) = 0 otherwise.
In these formulas
(@|la| B) = 3{lalla + 1) — mya(mig = 1)} V2 (nalamry & 1| 1| nalgmigmas)

(@] 52| B) = §(alattraia £ 1| 1| nslgmagmas)

“lmlay = [ dampa
where the integration implies a summation over the spin coordinates. The abbreviation
@lf18) = [ wulBruse

which is consistent with the above notation, is also introduced. Thus, for example, formula (b)
on page 1129 of Condon’s paper is, in this notation

A|F| A = (| f] )

if A’ differs from A4 only in the individual set of quantum numbers c.
** In carrying out this summation it must be remembered that the exclusion principle oper-
ates to eliminate the terms for which '’ is equal to any of the other quantum numbers g - - + &.
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Zmla
D Mae-

All the diagonal elements of the unit matrix are unity and all the nondiagonal
elements are zero. The signs must always be so chosen that M;=M;’. We
see that L? and .S? have no components between states of different M and My
values as is required by the fact that both these matrices commute with L,
and S.. Although the furmulas appear formidable, they are actually very
easy to use when one has become familiar with the notation.

The required transformations are easy to obtain because the matrices L?,
52 and L.S commute with one another. The matrix S? is usually the simplest
so that we first find the transformation, R, which carries it to a diagonal
form.*

My

Mg

RS2?2R-! = (S?)/
RL2R™! = (L%’
R(L-S)R™! = (L-S)!
~where (S?)’ is diagonal and commutes with (L?)’ and (L.S)’. The last two
matrices can therefore have components only between the degenerate states
of (S%)’. Thus R tends to simplify the matrices L? and L.S. Let 7" carry (L2%)’
to a diagonal form, leaving (S?)’ invariant.
TLYT = (L))"
(ST = (SH)” = (8%
T(L-S)'T* = (L-S)"”
where (L?)’" is diagonal. Now (L.S)’’ can only have components between
states which are degenerate in both (L?)’’ and (5?)’/, and so is further sim-
plified. As L? and .S? had no components between states of different M and
M g values, the transformations R and 7" have no components between states
of different M, and different Mg. Hence L, =L, and S,’” =S,. The trans-
formation TR carries us to a representation in which L2, §?, L, and .S, are
diagonal matrices. Finally let U carry (L.S)’’ to a diagonal form, leaving
(L2)'" and (S?)’’ invariant.
UL-S)'U-* = (L-S)"
U(LZ)’/U—I = (L2)III pu— (L2)II
U(S2)IIU—-1 —_ (SZ)III — (S2)l
Where (L.S)’’’ is diagonal. This transformation involves together the states
of a single multiplet. After it the wave functions will be correct for LS coup-
4 R is determined in the manner in which any principle axis transformation is found. The
determinant of the matrix S? is set equal to zero in order to obtain its characteristic values. (It
is not actually necessary to do this as the characteristic values of 5% are known from the com-
mutation rules which the components of S obey.) The set of homogeneous linear equations

RS?=(S?)'R together with the normalization condition determine the transformation coeffi-
cients.
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ling as we still then have secured that L2, S?, J? and J, be diagonal matrices.
We can combine the three transformations into a single one, UTR, which
will enable us to pass directly from the unperturbed functions to the func-
tions correct for LS coupling. It is apparent one advantage of treating L2, S?
and L.S separately, instead of attempting to make J? diagonal directly, is
that we factor the transformation into relatively simple parts.

The spin-orbit interaction is

112 = Zf(n)lksk

Its matrix components in the initial representation are easily found from the
formulas Condon? has given. They are

(] Hs | AY) = 3(nale| f| na'la) [lalla + 1) = mra(miy £ 1)]112
(Mmie £ 1mge £ 1| 1| mygm,,) if A’ differs from 4 in «

(A l H, [ A) = Z(nala ! fi nala)mlamaa

a

(4| H;| A7) = 0 otherwise
whete (tala | f |taler) = f Ruatel) ) Ruat1 (1)

Then the matrix of the spin-orbit interaction in L.S coupling is given by
Hy" = (UTR)Hy(UTR)™.

H,'"" should be factored according to J values since J? is an integral of the
motion and is diagonal in this representation. We observe that the energy
matrix will always factor according to J values after the transformation UTR
though the form of the interaction terms be quite different than the above.
For no matter what the internal interactions in the atom may be, J? will
always be an integral of the motion.

As we remarked before, we can obtain the whole energy matrix by adding
the electrostatic energies to the diagonal elements of H,''’. It is easily shown
that the diagonal element of the whole energy matrix are the energies of the
states of the atom if LS coupling is physically realized (that is if L? and S% are
also integrals of the motion). The secular equations in any case are found in
the usual way by setting the determinant of the energy matrix equal to zero.
As the matrix is factored according to J values, we obtain a separate algebraic
equation for each J value which is of the same order as the number of states
with this J value.

The procedure we have followed is closely related to the method used by
Gray and Wills® to find the wave functions for LS coupling. If we examine the
meaning underlying their manipulation with the operators L,+4L, and
S:+1S,, we see that they determine linear combinations of the unperturbed
wave functions which make L2, S? L, and S, diagonal (strong field functions).
Thus the result of their first process is just the transformation TR with the

5 Gray and Wills, Phys. Rev. 38, 248 (1931).
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difference that they determine all the strong field functions whereas we deter-
mine only those for the smallest value of | |. Similarly their second process
with the operators J,+1J, gives the transformation U, again for all the wave
functions. Our method is essentially the same as theirs, the only difference
being in the manner in which the transformations are determined. The pos-
sible advantages of the present method are in the first place the compactness
furnished by the matrix notation and in the second place the fact that it is
only necessary to use the wave functions for the smallest value of fMJ l

To illustrate our procedure in detail the complete calculation is given
below for the configuration p% Only the results, that is the transformation
UTR, the energy matrix in LS coupling and the secular equations are given
for the configurations d?, p3, p%s and p3s .

APPLICATIONS

The configuration p?
From Slater’s notation® the wave functions for the smallest value of l My
M;=0, are

’

p? M Ms
I (0w (-1w) |-1]1
ol (1a) =% oo
I} (o) (0-n) o] O
V| 1) (1-%) |o] o
Y| (1-%) (0-%) | 1 |-t

The angular momentum matrices determined by our formulas are

I INNY
I|2 0 0 -l Vz 0 %] 0 2z 0 0
I 2 0 % V7% 1 0 4
2= 1I|o 4 2|0 Ls=|o 0 0 $2=]o|0o 0 o]0
™ 0 2 2 72 V% - 0 |
vlo 0 2 0 V2 0 |- 0 0 2

The transformation R is very easy to obtain and is

I 0 0
V%2 0 V%
R=|0o/0 | 0|0 =R"
Viz 07,
(6] 0 J

* X%

6 Reference 2. In each bracket is placed the set of quantum numbers « for one of the
electrons. The quantum numbers #a, ks, 78, Ig * * + #g, Iz are omitted from the brackets as these
quantum numbers do not change in the set of wave functions for one electronic configuration.

*** The reciprocals of any of our transformations are easily obtained because of their uni-
tary character. Thus R™1=R*. As all our transformations are real, it is only necessary to inter-
change the rows and columns of a transformation matrix to obtain its reciprocal,
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2] o Jo 2] o Jo -1fo o 1o
00 2270 0 0
\J
9=|o]o 0o ofo @=|opz 4 oo ts)=|o| o Jo
002 00 2 ! |
ol o |z ol o |z oo o 1]

We observe that in fact (L?)’ and (L.S)’ have components only between the
degenerate states of (52)’. The transformation T is equally simple.

(59"

(s’

1l o Jo
V75 Y% 0
T=|0[NE 0|0 =T
00 1
ol o I
2| o |0
6 00
@'={olo o ofo (L-9)" = (L-8)'
00 2
ol o |2

The invariance of (L.S)’ to 7" is peculiar to this case and does not represent the
general situation. The product TR

| 0

V% V25 Y%
Vi3V VA
VW 0-V%

TR=]0

0 0]

is the transformation from the initial to the strong field functions. Finally for

U we have

(59" = (59’

Vs| 0 0 V%%
ol1 o ofo
u=|olo 1 oo
Vizl0 0 0%
Blo 0-BN\A
] 0 0
0 00
@y =1 (L-9)'=|olo o oo
0 0 -l
0 o |z
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The transformation to LS coupling is then

I TV
R V% |Vis 0 V1517

12 0 [¢]
0 0
(52)'"= 0lo o olo (Lz)m=
0 12
0 Q 12

'0,| 0 V% V25 Y%%| 0
UTR='S,| 0 VY V¥3| O

p [V2[0 0 0 HR
3, VB[V 0 V7% |Via

Zz] 0 Jo 73 0 Jo
230 0 230 0
0lo o olo Uy"=lolo o ofo
0 0 12 0O 0 1.2
o] o |2 Jol o Jo

The connection between the Roman numerals and the ordinary multiplet
notation as shown by the labelling of UTR, is evident when we remember
that the characteristic values of the angular momenta are of the form 1(1-+1).
These characteristic values are the basis of the usual multiplet notation.

The matrix of H, calculated with the initial wave functions,* is

42| 0 aVz-dfr,

0

Ola 0 0

0

=% 0 0 0
A% 0 0 -a

ay%

0| 0 o/%-af%

-Bfy

Applying UTR, we obtain for the spin-orbit interaction in L.S coupling

"
H, =

sz
1 Dz
! So
3 P‘
3 Po

°%, D, 'S, %R

R

%2 \a% 0 0

V%2 0 0 0
0lo o0 o

010 0-35{0

0|0-aZ O

This is in agreement with the result previously found for this configuration.
As the secular equations, determined from the above matrix, have already
been given, we will not write them down again.

* In this matrix and following matrices of the spin-orbit interaction, a is an abbreviation

for (nl|f|nl).
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The configuration d?

The wave functions for M; =0 are

dz ) ML Ms
I| (2-%) (1=2) |1 |-
Iy (i-%) (0-%) | | |-
| (22) 2-%2) o]0
Y| (1'2) -1-2) {0 ]O
Y| (0%) (0-'2) |O]O
YL (2-%) (-2'2) |0 ]0
YI| (t=%) (-1¥2) |0]O
T ( 1ve) (-2%k) |-
X| (<1v2) (0v2) |-t ]

The transformation into L.S coupling is

I I IV YUXTWW X
3F4 370 V35| V235 2V%s O Vs 223|370 V35
3B, Vs Vo |15 Vs O 2V VTis | Vs Vo
R [%VE|0 0 0 0 0% V5
R | ¥%|0 0 0 0 0 [F %

UTR='S,|0 0 |V % V% 4% V&|0 0
'D,| 0 O V% V% YA 1% V| 0 0
‘G| 0 O |Vho &% 3V%s V50tV O ©
3P, | Vs s |20 V%0 O -2Vo Viio | Vs 176
an Vs TVis| Y0209 O Vo~ Vs -2s

If we transform the matrix of the spin-orbit interaction into LS coupling, we
obtain a result which has already been given.! For this reason we do not write
down the matrix of the spin-orbit interaction and the secular equations.

The configuration p?

The wave functions for M;=1 are

p3 i, [Ms
(1-%) (o) (0-%) |1 |
(=) (1tr) (-1-%) |||

(12) (0%) G-1-%) |0 |%
(1%2) (0-h) (1) |0]|n
(1-%) (0%) (-1Y2) |0 Lk

4*<HE(E!=!H
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The transformation into LS coupling is

I ITION VY

395/1 W?VVEW/%-ZV%Wo

Ry, [TGALE 0 VT
UTR="Py, [/ 4B % 0 1%
453/2 0 0VB Y55

ZD% o Vo5 2WTis Vs

The matrix of the spin-orbit interaction in LS coupling is

ZDs/,l
T=52 o

J=3/2

J=1/2

The electrostatic energies calculated by Slater’s method when referred to the
2D multiplet are?

2D: 0
2P 6/25F% = 2X
4§: — 9/25F? = — 3X.

Taking 2Ds,; as the reference level the secular equations are

J=5/2 —W=0

J=3/2 — W3 — WX + W(9a¥%4+ 6X?) + 15/4Xa*> = 0

J =13 — W+ 2X = 0.
The secular equations are in agreement with those obtained by Inglis” for this
configuration.

The configuration p’s

The wave functions for M;=% are

7 D. R. Inglis, Phys. Rev. 38, 862 (1931). This calculation also confirms the results obtained
by D. R. Inglis and M. H. Johnson, Jr. (Phys. Rev. 38, 1642 (1931)) who found the matrix of
the spin-orbit interaction in LS coupling for this configuration by working backwards from the
secular equations.



THEORY OF COMPLEX SPECTRA

PZ

207

S M,

(1-%)
(%)
(1-%)
(%)
(%)
(0%)
(~1%)
(0%)

EEERLEELG

(0%)
(0-1n )
(0% )
(-1% )
(-1-%)
(0-%)
(1-%)
(-1'2)

(04 )
(0-% )
(0%)
(0-%)
(0k)
(0%)
(0%)
(0%)

QO O O - - -

The transformation into LS coupling is

1 I

I Y wr ¥ yir

ZB/Z
4%/1
205/2

a7z iTz 1507

Vo Vo Vho
V% % 0

% <% 0 Y%]o0
V% V5 0 V%|Vio
0 Vo Y& V| O

Sy
By
“R,
2 Dsé

2
UTR=4

0 0 0
05V %0% %1%
B b %
‘IO% O

0 V5B Y% V5| 0
W% 0 Y% | s
Wz 51l 0-%%| 0
0 Vis-2s Vs 0

BN
=

. |5% 5% 1,

BB 0 %B|V%

The matrix of the spin-orbit interaction transformed into LS coupling is

J=5/2

J =32

J=1/2

105&
4Py,

=
X

z Ds/z"’ By,
047
a7, 8/

20‘3’; 4! %z "By,

z A 0 2% 34,
4Ry, (47 95 %5

*R, [ %5 9%

4 Pyz
2 P’/z

’IS,/Z

4F‘/1 1Ff/z 5%,
584, %VT-2aV%;
LA
L2a1B.al% O

The electrostatic energies calculated by Slater’s method, are?

2D: 2F9(Ps) + Fo(P%) + 1/25E2 — 1G!
4P: 2F%(Ps) + FO(P?) — 5/25F% — 2G!
2P: 2F(Ps) + FO(P2) — 5/25F% + 1Gt
3§:2F°(Ps) + F°(P%) + 10/25F2 — §G'.
8 E. U. Condon and G. H. Shortley, Phys. Rev. 37, 1025 (1931).

ol
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It is convenient to use the midpoint between the 2Dj;; and the *Py;; levels as a
reference point from which to measure energies. The electrostatic energies
become

D: 3/25F 4 3Gt = «
1P: — 3/25F2 — IG' = — «
2P: — 3/25F2 + 3Gt = g8

4S': 12/25F% + iG! =
The secular equations are
J =135/2 W2 — (@ — a/4)? — a¥/2 =0
J=13/2 — W 4+ W8 — %a) + Wia?+ a/6(2a + 58) + (3a)?}
— o8 — 1/12aa(a + 4B8) + 1/16a*(4a + B) + (3a)* = 0
J=% =W W{—a+B+y— 9} — W{—a®+) + 8y
+ a/6(Ta — 12y — 88) — (3a/4)?} — aBy
+ a/12(11ay + 3af — 138v) + a¥/16(Ta — 178 + 15v) + 3(3a/4)% = 0.
The configuration p’s
The wave functions for M;=0 are

2

p3 5 M Mg
Il (1-%) ( 0%2) (0-1k) (0=%) 1 1]~
T (1-%) ( 1) (H-%) (0-%) 1
Imf (1e) (0%) (H-1) (0-2) o]0
Ty (1%2) (0-%) (-1%) (0-%) {o]o
Y| (1-%) (0%) (~1%) (0-%) {010
T (1-%) (0-%) (-1%) (o%z) 10}0
M| (1-%) (0%) (-I-k) (0%z) |0]o
Y| ( 1%) (0-2) (~I-%) (o%) {olo
| (~1%2) (0-%) ( Ok) (0%) |-1]1
X| (-1%) -1-) ( 1%) (or) |-1]1

The transformation into LS coupling is

ITIOIN VVYWWIX X
3D, Voo VIR |/4V% V75 21¥-14l%5 VFs -Val%| Vo Vo
3p, VBB e O Vi % O V7% 1%
'’ |0 O|% O-%2 % 0 -2 0 O
55,10 0|V% V& V& Vi Y& Y% 0 O
'D, | O O % 4% % V% %% 0 0
3pl% %[0 0 00 00|k
35,10 0|V V& V%% V% ¥%| 0 O
,|% %0 0 0 0 0 0%
3D, | 1T 7hs Vois~1olols ViR Voo fets s 1l
3P, [V VT [HiFs 0 WiTs KV O -HlB G Vie

UTR =
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The matrix of the spin-orbit interaction in LS coupling is

3 03

J =3 393'3—

3R, %5, 'D, °0,

%, 1 0 aaf%-243

J=2 %,]a 0 00
D, la%2 0 0 0

3D, |40 0 ©

,Pl 3R JS‘ 3DI
'O 0aZs-a%
3p, |0 0 a3-34%

35, la%avB 0 O
D, |-af-%/%0 O

°R,
J=0 3&[7

The electrostatic energies calculated by Slater’s method are, when referred to
the 3D multiplet,

D: 0

D 2Gr =q
P:  6/25F? =8
1P: 6/25F% + 3G' = v
5§ — 9/25F% — Gt = §
35 — 9/25F2 4 G = 4.

We find the following secular equations with the 3D; as the reference level.
J =3 —W=0
T =2 W= Wia+ 8+ 8) + WHa(8 + 0) + 85 — 9/4a?)
— W{aBs — a¥/4(Ta + 55)} — Zada? = 0
T=1 W= WB+ v+ u + WHB( + ) + vu — 9/4a?}
— W{Bvu — a/4(68 + 3v + 5u)} — 5/12a%u(28 + v) = 0
J=0 —W4+g=0.
In conclusion it is the writer’s pleasant duty to acknowledge his indebted-
ness to the counsel of Professor J. C. Slater under whose direction this work
was done, to the discussions and criticisms of Professor E. C. Kemble and Dr.

L. A. Young, and finally to Harvard University for the award of a Whiting
Fellowship which made the completion of this work possible.



