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ABSTRACT

Taking as model an atom containing two non-interacting electrons and a fixed
nucleus with charge Ze, the mass absorption coefficient is calculated by use of the pro-
per functions of the Dirac relativistic equation. Z is determined so as to make the
lowest energy level agree with the experimental value determined from the K absorp-
tion edge. The numerical calculation presented difficulty because of lack of tables of
complex gamma functions. The relativistic coefficient is found to be from 0 to 40 per-
cent smaller than the non-relativistic coefficient calculated by Nishina and Rabi, the
greatest difference occurring for the heavy elements and short wave-lengths; it agrees
slightly worse with experiment than the non-relativistic coefficient. The difference be-
tween theory and experiment is least for the heavy atoms, as would be expected,
since for the heavy atoms (large Z) the neglected electronic interaction-field is small
in comparison with the nuclear field. The variation of the relativistic coefficient with
wave-length is complicated, but in the range 3\ to Az (\e=wave-length of K absorp-
tion edge) it is more nearly linear with A® than the non-relativistic coefficient. The im-
portance of using the relativistic equation for heavy atoms and short x-ray wave-
lengths is emphasized by these results, which also show that the model chosen is too
approximate, even for the heavy elements.

The general normalizing factors for the discrete and continuous spectrum proper
functions of a hydrogen-like atom are given.

INRODUCTION AND RESULTS

SEVERAL attempts! have been made, with classical or semi-classical the-
»J ories, to calculate the atomic absorption coefficient for the K shell. More
recently Wentzel? and Oppenheimer? obtained approximate formulae using
non-relativistic quantum mechanics, while Nishina and Rabi* have given the
explicit formula which follows from the Schriodinger theory. The comparison
with experiment made by the latter authors shows fairly good agreement for
the heavy elements and poor agreement for the light elements.

The purpose of the present paper is to calculate the mass absorption
coefficient by use of the Dirac relativistic equation, and to compare the results

* Abridged Cornell Dissertation. Presented at the Cleveland Meeting of the American
Physical Society, Dec. 30-31, 1930.
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with experiment and with the non-relativistic theory. One can readily see
from correspondence principle arguments that for the K electrons of the
heavy atoms the relativity corrections should be important, and this is con-
firmed by the results.

The atom model used here as in the non-relativistic calculations consists
of two non-interacting electrons in the field of a fixed nucleus with charge

6

]

5 J/,Gfﬁ2
Pb Z-52 RO A
Au=138.5 XY 459’ =

4

|

| PR T veR

S 12
T ALLEN. 223
B 7 g/p,%»c
e

"

0
al a2 a3 o4

as ar a8 a8 Lo

Uy

Fig. 1. The mass absorption coefficient for lead. The curves marked Allen and Richtmyer
are plots of the experimental data.”

Z*e, where Z* is that charge (smaller than the true charge Z) which makes the
lowest energy level of the atom model agree with the experimental value. It
is obvious that this model will be most nearly correct when the interaction of
the K electrons with the nucleus is large compared with their interaction with
each other and with the outer electrons, i.e., for the heavy elements.
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Fig. 2. The mass absorption coefficient for tin. The curves marked Allen and Richtmyer are
plots of the experimental data.”

The calculation proceeds as follows: by use of the Dirac radiation theory?
combined with the Dirac relativistic equation® the general formula for the
absorption probability is derived. This formula contains a certain matrix
element which is then evaluated for the case of the transition between the K

8 P, A. M. Dirac, Roy. Soc. Proc. A114, 243 and 710, (1927).
¢ P. A. M. Dirac, Roy. Soc. Proc. A117, 610, (1928).
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level and a state of the continuous spectrum corresponding to the removal of
one of the K electrons. The resulting formula for the mass absorption coef-
ficient of the K shell is then calculated numerically. The last two operations
constitute what is new in the paper. The final formula is quite complicated
so that the numerical calculation is very laborious, especially because of lack
of tables of the gamma function of complex argument.

The results of the present calculation are collected in the Table I and Figs.
1-3. The relativistic theory gives values of the absorption coefficient which
are consistently lower than those of the non-relativistic theory, the difference
varying from about 40 percent for Pb at $\; to less than 1 percent for Al at
Mi. The calculated absorption coefficients for Al cannot be compared with
experiment because of lack of data for the long wave-lengths, but show how
closely the two quantum-mechanical theories agree for the light elements.
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Fig. 3. The mass absorption coefficient for zinc. The curve marked Allen is a plot of
the experimental data.?

It is found experimentally? that the mass absorption coefficient varies
linearly with A* where # ranges from 2.9 to 3 and apparently changes in value
with the wave-length. The classical and semi-classical theories referred to
above all give a linear variation with A3, The quantum-mechanical theories
predict a more complicated variation with N, the non-relativistic theory indi-
cating an exponent® 2.87 at A=3\; and 8/3 at A=A ;(A\r=wave-length of K
edge). The relativistic theory here developed gives an exponent which is
somewhat closer to three for the heavy elements over the range 3\x to A
For example, for Pb the exponent is 2.86 at A=A and 3.13 at A=3\;. For
the light elements the two theories agree closely for wave-lengths which are
not too short.

There are a number of reasons, aside from the inadequacy of the model,
for the disagreement between theory and experiment.® In the first place, the

7 F. K. Richtmyer, Phys. Rev. 27, 1, (1926); 30, 755, (1927). S. J. M. Allen, Phys. Rev.
28, 907, (1926).

8 As pointed out to me by Professor Kennard, the expression of the theoretical results in
terms of these exponents is misleading, since the relation given by the quantum mechanics may
be written CA)A*®M) | not X \»® (K independent of \).

¢ I wish to thank Professor F. K. Richtmyer for helpful discussions on these points.
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TaBLE 1. Mass absorption coefficient (/p) .

535

Calculated Observed
Schrod- Percent Richt- Expon-
Ain X.U.t M/A  Dirac inger Differ- myer’? Allen” ent of
encett A (calc.)
Pb z=82
138.5 1.0 4.86 5.58 14.6 5.56 5.10to 6.35 2.86
125.9 1.1 3.70 4.32 16.9 4.18 3.76 to 4.79
115.4 1.2 2.85 3.41 19.8 3.22 3.00to 3.72
106.5 1.3 2.24 2.75 22.6 2.53 2.35to 2.95
98.9 1.4 1.79 2.24 25.4 2.03 1.89 to 2.37
92.3 1.5 1.44 1.85 28.1 1.65 1.53to 1.93
86.6 1.6 1.18 1.55 30.0 1.36 1.26 to 1.62
81.5 1.7 0.97 1.30 33.9 1.13 1.06to 1.36
76.9 1.8 0.81 1.11 37.0 0.95 0.89to 1.15
72.9 1.9 0.68 0.95 40.1 0.81 0.77 to 0.98
69.3 2.0 0.58 0.82 42.8 0.70 0.65to 0.86 3.13
Sn Z=50
423.94 1.0 28.5 29.8 4.6 37.0 45.9 to 47.7 2.75
385.40 1.1 21.9 23.1 5.5 27.8 34.7 to 36.1
353.28 1.2 17.2 18.2 6.3 21.4 26.9 to 28.0
326.11 1.3 13.7 14.7 7.4 16.9 21.4t022.2
302.81 1.4 11.0 12.0 8.4 13.5 17.2to 17.9
282.63 1.5 9.03 9.89 9.5 11.0 13.9to 14.6
264.96 1.6 7.48 8.26 10.4 9.02 11.5t012.1
249.38 1.7 6.24 6.97 11.7 7.52 9.6 to 10.2
235.52 1.8 5.26 5.93 12.8 6.34 8.0to 8.5
223.13 1.9 4.47 5.09 14.0 5.39 6.9to 7.4
211.97 2.0 3.82 4.40 15.2 4.62 5.9to 6.3 2.96
Zn Z=30
1280.8 1.0 161 163 1.5 254 2.67
1164 .4 1.1 125 127 1.3 199
1067.3 1.2 98.2 100 1.9 181
985.2 1.3 78.5 80.4 2.4 130
914.9 1.4 63.9 65.6 2.7 107
853.9 1.5 52.6 54.2 3.2 90
800.5 1.6 43.8 45.3 3.5 76
753.4 1.7 37.0 38.2 3.3 64
711.6 1.8 31.2 32.6 4.4 54
674.1 1.9 26.6 27.9 5.1 46
640.4 2.0 22.9 24.2 5.4 40 2.87
Al Z=13
7947.0 1.0 2453 2'59 0.3 2.67
7224.5 1.1 1905 1905 0.0
6622.5 1.2 1493 1505 0.8
6113.1 1.3 1205 1210 0.4
5675.4 1.4 987 987 0.0
5298.0 1.5 811 816 0.5
4966 .9 1.6 677 682 0.7
4674.7 1.7 571 575 0.8
4415.0 1.8 485 490 0.9
4182.6 1.9 416 420 1.0
3973.5 2.0 359 363 1.2 2.87

T The values of Mg are taken from the article by Grebe in Geiger-Scheel’s Handb. d. Phys,

XXI, p. 336.

11 The percent difference is calculated from the Dirac value as base.

true absorption coefficient is not measured experimentally, since scattering
The scattering coefficient, though small in comparison
with the true absorption coefficient over the range I\ to \i, varies in an un-

is always present.
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known' manner with the wave-length. In the second place, the experimenter
measures the absorption coefficient for all the electrons in the atom, so that
one must extrapolate the absorption curve for the L+ M-+ N+ - - - electrons
down to wave-lengths below the K edge and then subtract this from the total
absorption in this range to get the absorption coefficient for the K electrons.
Such an extrapolation, while it may introduce only a small error in the magni-
tude of the absorption coefficient, can easily change its variation with wave-
length. Finally, even an exact model of an ¢solated atom would be incorrect,
since the experimental measurements are usually made upon atoms in crys-
tals. In the writer's opinion the above effects are not large enough to account
for the discrepancy which, as already suggested by Nishina and Rabi,* must
be due to the inadequate model. The results obtained here show clearly that
for the K shell of the heavy elements the relativistic theory must be used in
conjunction with the correct model.

It should be possible to use a much better model for which the discrete
proper functions are obtained by the variational method which has recently
been used with such success, but how one can obtain more nearly correct
proper functions for the continuous spectrum remains a difficult problem.

THE PROBABILITY OF ABSORPTION

According to Dirac® the motion of an electron in an electromagnetic field
with the vector potential A and scalar potential V is described by the wave-

equation
W+ el e
[—~—_~ + p.6 <p+ —C-A) + psmc] ¥ =0, (1)

4

in which W is the energy parameter, p the momentum vector-operator with
components (h/2m2)(0/dx), - - - ,and p1, ps, and @ are certain matrices having
four rows and columns. The probability amplitude ¥ is also a matrix having
four rows and only one column. We shall let V represent the field of the fixed
nucleus, and choose the vector potential 4 of the external field so that its

scalar potential vanishes.
From Eq. (1) we obtain for the Hamiltonian function of the electron

I, = Hy— ep,6A
with (2)
Hy = — ¢p16-p — pymc? — eV.
H, is the Hamiltonian for the motion in the nuclear field alone. We now sup-
pose the electromagnetic field to be quantized according to the Dirac® scheme,
and obtain with Waller,! taking retardation into account, the following
Hamiltonian for the system atom plus field:

H = Hy+ > N,
’ 3

- Z p1(Bur) {er/Qeawi/hler——(er.)] + e—QWi/h[er—(Kt.x)]]VTI/2}

r
10 This variation is very difficult to determine experimentally. For the most recent data

see E. N. Coade, Phys. Rev. 36, 1109, (1930).
1 1. Waller, Zeits. f. Physik 58, 75, (1929).
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where N, and 0, are operators which obey the relation

]Vremrier/h — e?m'e,./th —_ e27ri9,/h’

x is a vector with origin at the nucleus which gives the position in space, and

2w, \1/2 hv,
U =\ " r; X, = ——1,, (3,)
4

2wco,

where o,dv,dw, is the number of components 7 of the radiation field with
given polarization r in the frequency interval dv, and with direction of motion
in the element of solid angle dw, about n,.

If the stationary states of the atom are specified by the J”’s, while N,’ is
the number of photons in the component 7, we obtain from the general trans-
formation theory the Schrédinger equation corresponding to the Hamil-
tonian (3)2

/2
[—. ~ WU + ZN/hvr] B N, - N )
2we 9t r

- ; 2[NS AT BT Ny - Neeyy N = 1, Nowa -+ +) (4)

+ (N + D)WVB TS’ Ny - - - Ny, NS 41, Ny - - -)]
with

AT = [$rn(xe0 s/ (Rericne: o hix
()
BT = [fon(ei8 sl (R)eriricre-» hix

where ¥,.(x) and W(J') are the characteristic function and characteristic
value for the motion of the electron in the nuclear field. |®(J’; N") [ 2 gives
the probability for the state (J’; N’) of the system, atom plus field.

In Eq. (4) the sum with respect to J’ is to include an integral over the
continuous spectrum if one is present. In this case the probability of finding
the atom in the range de’ about € is given by | ®(¢’; N’)]2 de’, where for the
continuous spectrum ¢’ is used for J’.

It should be noted that the sum over J’ in Eq. (4) includes the negative
energy states of the atom. They do not cause difficulty in our application to
absorption because here we can restrict ourselves to transitions between
states having positive energy. Waller'2 has shown the importance of the nega-
tive energy states in calculating scattering and dispersion.

We want to calculate the transition probability wde’’ for an absorption
process in which the atom jumps from an initial discrete state J’ to a final
state in the range de’’ about €’/ in the continuous spectrum, with absorption
of a photon of definite direction (in dw,) and definite polarization, regardless

12 |, Waller, Zeits. f. Physik 61, 837 (1930).
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of what the final frequency state of the field may be. We suppose for the
moment that the atomic states are non-degenerate.

The initial state of the field is to be taken as follows: only photons having
a direction of motion within a solid angle dw, about n,, a definite polarization
s, but arbitrary frequency »,,, where 7 expresses the variation in frequency of
the component s, are to be present. For physically interesting results, the
range of variation of », about the frequency corresponding to the atomic
transition must be at least as great as the natural line breadth.

Following the well-known method,’ we calculate the probability of the
above-mentioned atomic transition with absorption of a photon of frequency
v, and then sum over all such frequencies, obtaining finally for a time ¢ which
is large compared with the atomic period but small compared with the mean
life time of the state under consideration

2mwecit
wde’ = ———| s-B%(¢"; J') [*o(v)duwrde’’ (5)
l’l2V2
where
= W(") — W{J"), (0)

and p(v) is the spectral energy density per unit frequency range per unit solid
angle for a definite polarization.

Our temporary assumption that the atomic states are non-degenerate is
not true. According to the general theory of quantum mechanics, as pre-
sented by Born and Jordan,® when the assembly of atoms is in thermal equi-
librium before the absorption process occurs, we merely add together those
transition probabilities relating to transitions between the degenerate states.
Therefore we obtain finally for the transition probability wde’’

2me*c™

wde' = dw——— Z' s Bs(e"; J') l *p(v)de”’ (7
h2V2

where the sum is to be taken over all initial states having the same energy and
over all final states having the same energy.

In many practical applications we are interested in the absorption prob-
ability for arbitrary direction of motion and polarization of the absorbed
photon. We can obtain this from Eq. (7) by summing over all directions of
motion dw, and all polarizations s. When the wave-length of theincident
light is long compared with atomic dimensions, so that we can replace the
exponential factor in the matrix element B* in Eq. (4’) by unity, we can easily
carry out this summation, obtaining for the absorption probability w’de’’ per
unit time for arbitrary direction of motion and polarization of the absorbed
photon

1672%e2c?

3hty?

> | P T |P(v)de” (8

w'de

13 M. Born and P. Jordan, “Elementare Quantenmechanik,” pp. 299, 321, and 329
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where
| P|*=]B,

*+ | By|* +| B . (8"
SoLuTIONS OF THE DIrRAC EQUATION

The solutions of Eq. (1) for the case when A=0 and V =Ze/r have been
given by Darwin.* For given ] and #(=m —%) there are two sets of solutions.
We label these by introducing the quantum number j, which takes on the
values j =1+ % to agree with spectroscopic notation. The two sets are:1

j=1+1 j=1-1
$1 = — iMGF. P, Y1 = — il + ) MoF_, 1 Piy

Yo = — iMGF. P (9a) Yo = il — u — 1) MoF_,_ Py1 (9b)
Vo= (4 u+ )MGP> ¥s = MGy 1Py

Vo= — (I — w)MG P! Vi = MG P*t,

in which Mp is the part of the total normalizing factor associated with the
angular coordinates. The radial functions F; and G; contain their own nor-
malizing factor.

The function P;*(0, ¢) is a spherical harmonic defined by Darwin as
follows:

d Hu (cos?f — 1)
P = ( — u)!sin'f ( ) i eius, (10)

d cos 6

The radial functions F; and G, satisfy the equations

2 (W + eV dG, l
— (————+mo> Fit———G =0
h ¢ dr 4
(11)
2 (W + eV daF, 1+ 2
- (— —mc>G1+——+ Fi1=0.
h ¢ dr r
We shall use the solutions of Eq. (11) given by Gordon.! These are:
DiscRETE SPECTRUM: W/mc*<1
Ni— pr— n\ V2
e () g
N+ pi+ n, (12)
G, = M, (o1 + a2)
o1 = (N;+ 1+ Drecte %0 Fi(— n.; 200 + 1; 2kor) (13)
op = — nPi ek \Fi(— n, + 1; 2p; + 1; 2ker)

4 C, G. Darwin, Roy. Soc. Proc. A118, 654 (1928).

15 In interpreting Eq. (9) it should be noted that in certain cases meaningless spherical
harmonics are cancelled by a zero factor. Thus when /=0, and u=—1, y; in (9a) is to be taken
to be zero.

18 W. Gordon, Zeits. f. Physik 48, 11 (1928).
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where (
2 (o, n
Fila; By 2) = D @ ix"
n=0 y P
14
(a,n) = ala+1) - (a+n—1). (14
M, =radial normalizing factor.
n,=radial quantum number.
pr=((+ 1) = af)l2. (15)
; 2wme (1 ( W>2 )1/2 1 1
° h me? B a,N, (16)
N; = (nzr + (@ 4+ D2+ 20m,) 2 an
7y + 2 -1/2
W = me? i'=mc2{1+ — } .8)
Ny (e + (G + PP — a2
h? 2mwe*Z
a4, = —— = . (19)

' drimerZ’ _I;o—_

CONTINUOUS SPECTRUM: W/mc?>1

Fi = —i———————M. (61 — 02) (20)

Gl = Mr(o-l + 02)
gy = Ai’Pl—le—ik,"TIFKpl + 1(] "‘I" 1; 2p1 “I— 1; 21:k0,1’)

o, . ) (21)
oy = Brovlemi¥ o Fi(py + iq; 201 + 1; 24k0'7)
4 I+1+14Q pr + ¢
R - = q. (22)
B pL— iq I+1—-140
alW
mc?
¢ = o= (O et (23

,  2mmc W\? 1/2
w =" ((m_>_1> (24)

The discrete states of the Dirac electron are specified by the quantum
numbers 7., I, j, and . These may have the following values:

nr=0,1’2,...
1=0,1,2, -
j=tt} 20
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{(When », =0 the state j=I—} is to be excluded.)
[-il=u=]j],

where [j]is the greatest integer contained in 7.
The states of the continuous spectrum are specified by W, [, j, and %, with
W arbitrary but =mc? and [, j, and u the same as for the discrete spectrum.

NORMALIZATION OF THE WAVE FUNCTIONS
DISCRETE SPECTRUM

We require to normalize our solutions in such a way that
0 T 27
f f Y*ridr-sin 0d6dy = 1,
0 0 0

where
W = Y* + Yale® + Y™ + Yadst.
Suppose first that j=/+%. Then we find from Eq. (9a) that

W* = Me[FF{ PLaPll + PRLPLT) 4+ GGG+ w + 122 P 25
+ (= wppehpren ]
or
W* = MR[FF] + GGl | [PiaPris + PiiPi |,
as may be readily demonstrated.!”
From the known relation
fff’ Pyt sin 00008 = ——(1 + w10} — w)! (26)
vPy*v sin =— 0 —w)!
o Jo Y a+1 "
we find
M@z+1 ) ! (27)
N ) T T+ a4+ DI — !
The integral

I = f [F[Fl* ‘|- G;Gl*]r2dr
0

can be evaluated as follows: one can easily show, by use of the generating
function for the Laguerre polynomials,'8 that

0" S + l 6—1.4 ‘
'_Zo < s )1F1(" s; 04 1; 210 = m; ! arbitrary. (28)

17 Cf. e.g., D. R. Hartree, Proc. Camb. Phil. Soc. 25, 225 (1929).
18 Courant and Hilbert, “Methoden der math. Physik,” p. 78.
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0 2 2 *
2 (r ’ p)<s i p)f aPemFi(—7; 2o+ 15 2)iF1(—s; 20+1; x)dx- 1277
0

r N
£ e—xt/(1=8) —zr/(1-7)
= f xgﬁg_l'
0

dx
(1 — 2+i(1 — 1)+t
r(2 1 s+ 2
I CE1D> ( " ”)(:rw.

(1 - 57)2/21-1 3=0 S
Therefore
* I'(2o + 1
f aPe = (= 15 20 + 1; 00101 (— 5520 + 15 w)dx = _“(_ﬁ‘“—lﬁn- (29)
0 s + 2p>
s
Thus from Eq. (13)
f‘” o2 I'Cor+ )N, +1+41)2
017 dr = .
’ (Zko)“z“(nr * 2pl>
Ty
0 (2 1)n,?
f oo¥ridr = (o + 1)7:_ o
’ (2/?0)2"1“(”’ Pz)
n, — 1

0
f 0'1027'2(17 = 0.
0

Since from Eq. (12)

I 2 fw[zw 24 02 + 20109(p; + ) |1
= n, 7,
N+ Pl + n. Yo na 7 M 4
we obtain
1 N ) (2ko) 20T (2 . 1
M2 (n,,l,l+——)= W + pt 4 7e) (2ke) ptmt 1) . (30)
2 n 2N, [P(20, + D[N+ 14+ 1)+ n, (n, + 2p)]

Now let j=I—%. Then from (9b) we find

k
W = M?[F__F_y +G—z—1th—1][Pz"Pl*“ + PputipFutt]) (31)
and obtain in an exactly similar manner
1

1
M02 <l,l - —;u> = (32)
2 dr(l 4+ ) — u — 1)!

and
1 ) (2ko) 2+ .
M2 (n l z—-> _ (N + p + n,)(2ko)?+T(2p + 2, + 1) (33)
2 12N [T(20 + D[N — 12 + n,(n, + 2p)]

where in Eq. (33) the argument of IV and p is not /, but —/—1. This change
of argument occurs whenever j=7—1,
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CONTINUOUS SPECTRUM

The angular normalizing factors are the same as for the discrete spectrum.

We first obtain an asymptotic expansion for the radial solutions, since
we must here use a special normalizing method because the solutions are not
quadratically integrable.

The asymptotic expansion of 1Fi(«; 8; x) is given by

Fila; By x) ~ ;—EB—)e"x"‘”ﬂ + —F«(?—)——(— x)7e. (34)

Using Eqgs. (34) and (21), we find, omitting the prime on kq,
Ar‘(zpz -+ 1)(1:)’:‘1’“91 et (kor+qlog2k,r)

Dot ig+DQ2k)? 7 35
BI‘(zpl + 1)(__ ,l')—iq—pl e—i(k0r+qlog2kor)
gy~ .
L Tl — ig+1)(2ko)? r
Therefore, from Eq. (20)
Gy~ M.C cos (kor + g log kor — 61)
in (& —I—r log % 81) (36)
FINM,CDsm or + g log kor .
r
in which
m
o = p;7+argf(pl+iq+l)—6o—qlog2. 37)
¥ = A/B (377)
21(2 De /2| 4 4 \V?
_ 200p + Do | 1.(__> (38)
(2ko)?| Do + ig + 1)| \B*
I/I/’ 1/2
mcﬁ - 1 ] {] _— Q 1/2
et I
- +1 1
mce*

We shall use the Weyl normalization method.?
Call the radial normalization factor M, (W, 1,j) = M(W). Then with proper
choice of M(W)

Il

0 W,
I f M*(W")ridr v MW)[F(W)F*(W') + G(W)G*(W') |dW
0 1

(39)

It

{1 Whel’l W1 < W’ < Wg,
0 when W’ lies outside the interval (Wi, Ws).

19 E. W. Barnes, Trans. Camb. Phil. Soc. 20, 253 (1906).
20 H. Weyl, Math. Ann. 68, 220 (1910).
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If we write down Egs. (11) for the energy value W, and their complex
conjugates for the energy value W', multiply each of the resulting equations
by 7%, then multiply the first equation for W by F*(W'’), the second by

—G*(W'), the first for W’ by — F(W), and the second by G(W), and finally
add, we obtain the equation

2T
;;(W — WO F(W)F*(W') + GV)G*(W")]
— 2 [G*(WHF(W) — GW)F*(W")]. (40)

Substituting Eq. (40) in Eq. (39), we get

— ” * ’ szbf _M(w/‘) 9 W) * AN Al ] ’
I —fo M*(W")dr le T —[PGW)F*(W') — G*(W")F(W) |dW

W2 M(W)

h
= lm — MW RGOV, RIFH(W, R) = GV, RIF(W, R) 4w

R 27(' W, I 7 —
since 7?GF =0 when »=0.

We may therefore use our asymptotic expansions for F and G. From Eq.
(36) we can write

(W)

he V. M
I = lim —M*(W")C*(W") f ————[C(W)D(W’) cos Ru. sin Ru’
2r w, W' — W

R—x

— C(W)D(W) sin Ru-cos Ru’|dW,

where
Ru = koR 4+ qlog koR — &y,
or
) 2wmec < <W>2 1)‘”
" o mc? (41)

PR b (Y )
me\: \ 12 R h mc? R
(- GF))
We can choose R large enough so that «(W) for W< W< W, is an increasing
function of W, and so can find the inverse function W =f(«), which is con-

tinuous and possesses a continuous derivative for W>mc2. We make a sim-
ple rearrangement in 7 and change variables from W to u, obtaining

N [ M)]C[f(n) ]
)f f') — f(u)
{ [f(u’)] — [f(u)]} sin Ru-cos Ru'|f"(u)du,

he
= lim Z——M*(W’)C*(W ——— " [D[f(w) ] sin R(w' — u)

R

ke
= lim ;M*(W”)C*(W')(]RI + IR") .

Row 4T
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Consider
}E—I}lIR” = I%l_tg cos Ru' j:? M[f(w)]C[f(w) ]f’(u)DUf(Z"?}] :zg(u)]sin Ru. du.

Now D’(W) exists for W>mc?, and the remaining functions in the integrand
are continuous, so that we can apply the well-known result? that

b
lim Y(t) sinnt dt = 0

when y/(¢) is integrable in (a, b). This gives us

Iim [RN = .
R—w
By the same argument we can show that limg., Iz’=0 when W’ is not
in the interval (W, W,). When W< W' < W,, we can write, putting »' —u
=1,

g sin Ry
Iz = D(W' ' — y)|C = (W =) d
(W) f L Ml =] U = DI = o ™
uf—uy sin Ry fl(u, - y)
= D(W’ "=y el — d
( )fu’% Mf = N]Clfw — y)] AT
ul—uy 1
+ D(W") f_ M[fw = NIClw = Nf @ = ) [f(u’ — 9) — f(w)
1

— — | sin Ry-dv = Ig""" + Iz,
f’(u’)y] R e

Since the function in the square brackets in Ig!V is finite at y =0, the same
argument as above shows that limp., IV =0. Further,

lim Iz = D(W")M(W")C(W")r

R

by the Dirichlet integral.?
Finally, therefore,

I =%Yhe| M(W")| 2| C(W")| 2 D(W"),
and we must take
MAW, 5,1+ %) =2/keD|C| 2 (42)

Since the above calculation has not made use of a particular value for j,
we have also
MAW,1,l—3%) =2/kD|C|?, (43)

where in Eq. (43) the argument of pand 4 is —!—1, not /.

2 See K. Knopp, Unendliche Reihen, p. 363.
22 Knopp, reference 21, p. 366.
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SELECTION RULES

The selection rules for the matrix elements B* in Eq. (4’), when retarda-
tion is neglected, have been shown by Darwin! to be

Al =1,
Aj =0, £1, (44)
Au =0, + 1.
The table below gives the possible transitions:
Initial State Initial State
n. I 14+% u n, Il l—% u
Final State Final State
n' 14+1 1432 o n' I4+1 143 2’
n, 1+1 143 u n, 1—1 1—1% 1 (45)
n/ 1—1 1—1 ' n' 1—1 1-—3/2 o

with #’=wu, w41, and arbitrary #,”. The only degeneracy of the possible
final states of the discrete spectrum is that with respect to #’. If n,” stands
for the energy W of a state in the continuous spectrum, all possible final
states having this value W fall together.

TuE Mass ABsoRPTION COEFFICIENT OF THE K SHELL

The atomic absorption coefficient 7, for a given energy jump is defined as
follows:

7,1 (v)dv = energy absorbed per second = Jw-w'dW (46)

where w'dW (=w'de’’ of Eq. (8)) is the transition probability for the energy
jump under consideration, and I(v)dv is the intensity of the incident radiation
in the range dv. Thus

(T)rI()dy = hw-w'(W; 0,0, $)dW,

since in the K shell #,=1=0, and j=1.
The formula for the mass absorption coefficient (r,/p)x? becomes, since
AW ="h. dy,

Ty Nh 1 N b2y 1
—) = w (W;0,0 —) = ———w <W; 0, 0, —> , (47)
o/ x AlQ) 2 A8wep(v) 2
where IV is Avogadro’s number, 4 is the atomic weight, and p(v) is defined
in connection with Eq. (5).

% The p in 7,/p is not to be confused with p(»). The former is the mass of an atom, while
the latter is energy density.
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Consulting the table (45) of possible transitions, we see that the sum over
the degenerate states in Eq. (8) extends over the initial values of %, the final
values #/, and j=3%, 3/2, the only possible final / being 1. We thus obtain

(r,,> 2merc N [ Z
4 K_ SAV ur,u/

1 1
+ 2| P (W,1,-2~, w'; 0, 0,7, u

u U

2

e

Carrying out the angular integrations indicated by the definitions (8’) and
(4’) of the P’s, and using the angular normalizing factors given by Egs. (27)
and (32), and finally summing over # and %', we easily obtain

( n) 4qare?cN [8 ' ]“"’roG ”
—) = —|—= 740G 1r2dy
o)x 34y L3,

0 1 0
+3 ’ f F_sGor?dr + -g-f FoG_ortdr
0 0

3 1
P<W,1,——,u';0,0,—, u>
2 2

2

2]. (49)

Writing p = (1 —a?)'2, p’ = (4 — a?)'/?, a = k,’/k,, and taking
@+ 1240291

A4 = eitanT1Q/(1+1)
Q
(50)
2 2y1/2
_enrtoye L
Q

we find for the functions Fy, Gy, G1, G_,, and F_,, using Eqgs. (12), (13), (20),
(21), (30), (42), (43), (38), and (38'),

(1 — p)ko )”2
Fo = (2ko) p=lg=kur, 51
0 = 2k (r(2p+1) ne 51
(1+ P)}?0>”2
G - 2k p pp—1,—kyr 52
0 (2ko) T2 + 1) reee (52)
o - (2ako)?" | T(p" + ig + 1) | eo7/2 <2 >1/2 <q - Q)—IH
‘ 020" + 1) ne) \g+0/
[esttanTNaremakor o LB (o g 4 15 20"+ 1; 2dakor) (83)

+ emittenT e bekorl e =L (o + dig; 20" + 15 2iaker) ).
(2ako)?| T(p + ig + 1) 1eq7r/2 (2 )1/2 (q _ Q>_1/4
2r(2p + 1) he '

G-, L
q+0Q

[eittanTIm1makorlp LB (p 4 i + 15 2p + 1; 2iaker)  (54)
+ emilten™ alotakerly= L\ (o 4 ig; 2p + 1; 2iaker)].
_ (2ako)? | T(p + ig + 1) | o7/ <£>1/2<q_—_Q>1/4
i2T(2p + 1) he/ \qg+0/

‘-2
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- [eittan™Rimtekerlpp= i\ (p + dg + 15 2p + 1; 25aker) (55)
— it alotakorl LBy (p + dg; 2p + 1; 2iakar)].

Integrating and rearranging, we obtain

© 1 — 1/2 T r_*_z +1 6‘”"/2 _ —1/4
[rars o (o) sl oy
0 2hckol'(2p + 1) (1 — ia)o'+e+1 g+0

Tl +p+1)
(2" + 1)

2ia
[e-—itan_lQIZ oF <p'+p+ 1,0 —ig+1;20 +1;— 1 X > (56)

— 1a

2ia
+ eitnTrale, 7, <p’ +o+ 1,0 —ig; 2" +1; — 1 >:|

— ia

1—» )1/2 | D(p + ig + 1) | evr2 (q - Q>—1“

f FgG_ngdr = 2%qer. < -
v ch'kor(Qp + 1) (1 —_ 7/(1)2;)—{—1 q + Q

2ia
'[6““"—10/_1'2}?1 <2p+1,P“ g+ 1;20+1; — 1 ) (57)

— 1a

L ‘ 2ia
+ eitanlalo. 7, 2p+1,p—zq;2p+1;*1 :

— 1a

1+ >1/2 l I(p+ig+ 1) | earl2 <q — Q>1/4

j F_oGoridyr = 12%eqr- ( .
o 2hickol(2p + 1) (1 — ig)w+t ¢ +0

21a
: [e—mn"lw—l-zpl (20+ 100 = g+ 1320+ 1, - - ) (58)

— ia

. -1 . Zia

— eitanalp. ,F) <2p—|—1,p—lq;2p+1;— )]
1 —da

The two hypergeometric functions in (56) cannot be readily evaluated in
their present form because of very slow convergence or non-convergence of
the usual series. There are two possible methods of evaluating them numer-
ically. One method is to express them as definite integrals and then to inte-
grate numerically. Because p’—p—1 is so small, the numerical integration
will be inaccurate or laborious if no further transformation of the resulting
integrals is made. A convenient transformation which is satisfactory over
the range of values of @ and ¢ which corresponds to #A\; <A =\, is that which
results in the integral J defined by Eq. (62) below.

Using the relationship

oI'1(a, B v; x) = I’_(JITG—’_—;S fl w11 — w)re1(1 — ux)~fdu, (59)

and making some simple transformations, we can write
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2ia
2F1<p’+p+1,p’—iq+1;2p’+1;— *)

1—ia

~ <1 + ia>fa~»—1 {1 N J* } ()
1 —da B(p' —p, o' +p+1)

o 2ia
of'v (o +p+ 1,0 —ig; 20" +1; — —

1 —1ia

_ (1 -+ ia>"q—f"{1 n J } (61)
1 —ida B —p,p' +p+1)
where
+1/2/ 1 o'+o /1 p'—p—1 1+ ia p/—ig
7= (— - ;> (~ + l) a [<—.._,_> - 1] - (62)
—12 \2 2 1 — 24at

Bla, B) = T g (63)

and

The other method of evaluating the hypergeometric functions in Eq. (56)
is to transform them to another combination of hypergeometric functions
which do converge fairly rapidly. By use of the transformation® connecting
Y; with Y3 and Y, one finds readily from Eq. (60) that

By 4 +])+]—<1+a2)p’ir,[3( . , )(1——’&1)»
o' — 0+ p = o et =0 T )

1+ ia
. 2F1(_ o —p, 1+ ig—p'51+dg — p;~——> (64)

1 —ia

+ B(— p+ig, o + +1>(1_ia)iq
p+ig, o'+ p )

1+ <a
-2F1<1+p~p',~p’-iq;p—iq+1; >

1 — ia
The series for the hypergeometric functions in Eq. (64) converge fairly rapidly
for any range of wave-length. The chief difficulty in the use of this formula
is the calculation of the gamma functions. High accuracy can be obtained
from this formula with less work than from numerical integration, but for
three-figure accuracy the latter is much quicker. All the calculations in this
paper were performed by numerical integration.

The hypergeometric functions occurring in Egs. (57) and (58) can be re-

duced to elementary functions by the use of the relation

o1 (o, B; a5 4) = (1—x)~F (65)

2 E, W. Barnes, Proc. Lond. Math. Soc. (2), 6, 141 (1908).
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Making these transformations and noting that Q =1/a, we obtain for the
three integrals

< 1—0p >1/2 IF(P'+iq+1) leq("/i‘“&n—’a) /q_.Q>—1/4
2hckoT(2p+1) T(p" — p)(1 4 a2) (e +etDr2 \q—i—Q :

et TGy un o {B(p — pp’ +p 4 1) + J*) (66)
+ eitan = nlal (B — p, o 4 p + 1) + 7.
1—0p )1/2lp(p+iq+1) leQ(ﬂ'/?*—?tan_la) /q—Q)“”“

f FoGl72d7’ = 2”,+pd"l

0

r FoG_or?dyr=2%qr- <
Jy

2hckoT'(20+1) (1 4 q2)pt1r2 \q+Q
. ,_ie"”ta"_la -+ gi[tan—lq/p-&—tan"‘a]] (67)
® 1 1/2 T 1 1 60(7/2"*2"811—‘«1) — 1/4
f F._QG()T?(Z}' = 22PaP.< + p > l (P+1q+ ) ! /q Q .
0 2hcko'(20+1) (1 + g?)e+1r2 \q+Q
. {e—ﬁtan“la — ig’i[taﬂ.—lq/p-{-tan_la]]. (68)

Substituting in Eq. (49) we obtain finally for the mass absorption coef-
ficient for the K shell

(n> N 2%ga(r—ttan”le) [8 (2a)>'(1 — p)
x AZ 3wmc T(20 + D1 + @)1 L3 (14 a?)”

p
TG +ig+ D

g—Q\™"
( ) | B(o" — p, 0"+ p+ 1) + T [2(1 + cos ¢)

TG’ = n]? \¢g+0 (69)
(2a)%| T(p + iq + 1) P{ (q - Q>”2 .
3 1 —_— 1 6
* (1 + a2 G+l ) UHsm?
— —_ —1/2
1—9—£ (j_{_—g) (1 — sin o) —}—%(1 — pY)l2.cos 6}]
in which
¢ = tan~' 3Q + tan~'¢/p’ — 2(p' — p — 1) tan~ta + 2 tan"! x.

x =arg [Blo' —p, o' +p+ 1)+ J]

6 = 3tan"la + tan~lq/p
24+ x 1

@ = 0 = =gt = Q2 ot et et = (2 — 3);
2—9 a

= N/N — 1;and y = k/mc\.

The two expressions in Eq. (69) which are most difficult to calculate are
the absolute value of the gamma function of complex argument, and the
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integral J. The gamma function can be most conveniently calculated from
the asymptotic expansion

log| I'(x + iy) | ~ 3(x — %) log (a2 + 9% — ytan~t y/x — «
w© —_ —1
b ilog2ed 3 By, cos [(2n — 1) tan y/x]‘ (70)
a1 2220 — 1) (22 + y2)n—1/2
where the B,, are the well-known Bernoulli numbers. By taking x large and
using the difference equation satisfied by the gamma function, Eq. (70) forms
a relatively easy method of calculation.

Under adverse circumstances, the calculation of the integral J could be
very laborious. Fortunately, when the wave-length is confined to the range
Nk to Ai, the integrand of Eq. (62) does not change rapidly and has no im-
portant oscillations, so that an approximate formula of integration may be
expected to give sufficient accuracy. The formula used is one given by Wool-
house,? namely,

16,807

133,380[f(1/14) + 7(13/14)]

' 7
fo S5z = —=[j0) + /(D] + )
128[14)+ 34>]+—71—(l o
o+ ol11/4) + S/ + ).

It would be very difficult to obtain a numerical value for the error in-
volved in using this formula when evaluating an integral as complicated as J.
However, the writer has tried the formula in evaluating known integrals of
functions which have closely the same shape as the actual integrand in J, and
from these trials he is convinced that in the wave-length range mentioned
above at least three- and very probably four-figure accuracy can be expected.
This is further supported by the close agreement of the results for Al (Z=13)
with those calculated from the Nishina-Rabi formula, an entirely independ-
ent procedure. The effect on the absorption coefficient of an error in calculat-
ing J depends of course upon the relative magnitude of the two parts of Eq.
(69). In the range under consideration the term containing J is from 2 to 3
times as large as the other term.

Mass ABSORPTION COEFFICIENT AT THE ABSORPTION EDGE

At the absorption edge, where A =\, Eq. (69) cannot be used to calculate
the absorption coefficient because there a =0 and ¢=Q=c. A limiting proc-
ess is necessary, and it is most convenient to pass to the limit for the indi-
vidual proper functions and then to integrate, instead of passing to the limit
directly in Eq. (69). Another more simple method if only the form of the
proper functions is necessary, is to solve the radial differential Eqs. (11) when
W =mc?, but this has the disadvantage for our purpose of requiring another
normalization using Weyl’s method.

2 Woolhouse, Journ. Inst. Act. 27, 122, (1888). Cf. Whittaker and Robinson, “Calculus
of Observations,” p. 158.
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We want to find lim,_,, F; and lim._,, Gi. To do this we consider separately
the radial normalizing factor and the functions ¢; and o3 (see Eq. 21)). From
the well-known Stirling formula, we can write?

l I'(p +ig+1) l ~ (2m)U2g—p'~1I2g—aml2,
also

| A 1 ~1, and (2k)? = (2ko)*'a”,
so that from Eq. (38)
| C| ~2r@p + 1)(2ke)*"(a/2m )12 (72)
Also, from Eq. (38'),
e R
since ¢*=Q?+a?=1/a%+a2. Therefore, from Eq. (42),
= (ALY (YL e L
|C| \ heD hea) T +1) a  e@)VM(2 +1) a’

using Eq. (19).
It is a known property?” of the degenerate hypergeometric function that

fm Y g (1- -1, 2/4) — 7.() (75)
:,IEI‘(a—I-I)l 1 ja ;— €3 = Ja(2),

€
where J,(2) is the ordinary Bessel function. It is evident, therefore, that
lim oy = lim Bre'~le=iakor 71 (o + iq;2p" 4+ 1;24aker)

a—0 a—»O. (76)
= — zI‘(Zp' + 1)(2ko)_”'?—ljgp'((skof)lm).

It can easily be shown that

’

Fi(p' + ig 4 1;20" + 1520k o) = ——1F1(p" + ig;20" ;28kd'r)
iq

o (77)
ol—dg ., .,
— ———1(p" + ig;20" + 1;2ikd'7).
p' + ig
With Eqgs. (77) and (21), we find
g1 & oy = rP TleT kT [A —F1(p" + 1g;20" ;21ko'r)
o+ iq
, . (78)
-1
+ [i B —4° _q] (e’ + ig;520" + 1 ;2iko’r)]-
o'+ 1igq

38 The symbol «, as used in this section, has the following significance. if f(a) « g(a) then

lima-’o f(a) /g(”') = 1'
27 G. N. Watson, “Bessel Functions,” p. 154.
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From Egs. (78), (76), and (50), we find after some calculation
(01 + a2) ~ a-r'T(20" + 1)(2k0) ' [Jopr—1((8ko) ') - (2kor)/?
+ 0+ 1= o (R ],
lim (01 — 03) = 26r0(2p" + 1)(2kg)# T3, ((8k07)11?),

a—0

so that finally, with Egs. (20) and (74),
lim Fy; = a/e(Z) 2T o ((8kor)11?) (79)

a0

lim G, = 1/e(Z) 12 [(2kor) V2 51 ((8Fe)V2) 4 (141 — p")Topr (812 ] (80)

a0

After some simple calculations, using the formula?®

f J.(at) exp (— pu¥)—1dt
0

P<v M> (a>
_ 2 D7 p (= at/apt)p (——V LTS P 1'a2/41)2>
. Zj)"r(v + 1) P w1 2 ’ ) )

we find for the mass absorption coefficient at the absorption edge

Ty

( > PN\ 2%exp(—4) [8 o >[F(p’+p+ 1)T
p Jiase 3rmed Z7T(2 + 1) L3 PLrey+1

(20" F1(p" = p — 1;20"52) + (2 = o)L’ — p320" +152)]2 (81)

3 —_ 2
+3-2% [au = pW] ]

Eqs. (69) and (81) for the mass absorption coefficient have been derived
for a one-electron atom. Actually, of course, the K shell contains two elec-
trons, so that one might expect, in the absence of interaction between the
electrons, merely to multiply the values for the one-electron atom by two.
This is incorrect. In the one-electron atom the lowest energy level is doubly
degenerate since there are two possible directions for the “‘spin’’ magnetic
moment of the electron, represented analytically by #=0 or —1. In the two-
electron atom, however, the lowest state is non-degenerate. If the Pauli ex-
clusion principle were not in force, the degeneracy of the lowest state would
be four, since in the absence of interaction each electron may have the values
u=0 or —1. Since, however, no two electrons may have the same quantum
numbers, and because of the identity of the electrons,?® three of the degener-

28 Watson, reference 27, p. 394.
20 W. Heisenberg, Zeits. f. Physik 38, 411 (1926).
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ate states are ruled out, so that multiplying by two for the two K electrons
and dividing by two because there is no degeneracy leaves Egs. (69) and (81)
unchanged.

Since the completion of this paper an article by Stobbe’® has appeared in
which the mass absorption coefficient is calculated by means of the non-relati-
vistic quantum mechanics. Stobbe uses a screening constant for the K electrons
which is considerably smaller than that necessary to make the energy of the
model agree with that experimentally determined from the K edge. He justi-
fies this procedure by pointing out that in the final state with one K electron
ejected, the energy of the remaining electrons is different from that in the
initial state, so that the absorbed frequency does not correspond exactly to
the change in energy of the ejected K electron alone.

The present calculations can easily be adapted to a model with a smaller
screening constantby lowering Z to compensate for the decrease in s;the results
then apply to different atoms, for instance to gold (79) instead of lead (82) if
s is changed from 4.512 to 1.512. With the smaller screening constant, how-
ever, the \,’ of the model will no longer agree with the experimental value.
We want the abscissas of the computed and observed curves to coincide at
the experimental N;. Now the absorption coefficient depends on a matrix
element which is a function of A" and W, the energy of the ejected electron.
In the present calculations W was connected with a wave-length N’ of the
incident x-rays given by W=mc2+h(v' —vi') =mc*+hc(1/N —1/\,’). In the
adapted calculations »,’ is replaced by », corresponding to the actual ab-
sorption edge and so W must be connected with a wave-length A given by W
=mc2+hec(1/N—1/\:). We must now use A and not N\’ in Eq. (47) since the
factor multiplying the matrix element in this equation arose originally from
the change in energy of the atom as a whole. The new absorption coefficient
is therefore

Il
L
>
~
N

)
p

where
1 1 1 1

A N N N

When one calculates this new absorption it turns out, however, that the
agreement with experiment is worse. This does not mean that if one calcu-
lated the absorption coefficient for gold using a larger screening constant that
one would find better agreement with experiment, but merely that the use of
a large screening constant for lead agrees better with experiment than the use
of a small one with gold, and is probably to be attributed to the rapid loss of
accuracy of the model as Z is decreased.

That the agreement with experiment is worse can be seen roughly from
the following considerations. At the absorption edge N/N' =(Z'/Z)? by
Moseley’s law, where Z’ is the atomic number used in the calculation and Z

30 M, Stobbe, Ann. d. Physik (5), 7, 661 (1930).
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that of the atom to which it is now applied. But the observed absorption co-
efficients are closely in the ratio (Z'/Z)?® at the edge; and the theoretical values
are already too low. It is therefore not thought worth while to publish the
modified values.

The writer wishes to thank Dr. I. I. Rabi for suggesting this problem, and
also to express his appreciation to Professor E. H. Kennard for his constant
interest and for the many stimulating discussions throughout the writer’s
graduate study.



