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ABSTRACT

The interaction of two atoms, each with one 2p electron, is studied by a method
similar to that used by Kemble and Zener. An atomic wave function whose radial

part is of the form const. re ~"" (that is, with no nodes) is used. Complete potential
energy curves are obtained for the twelve possible states, which are '6„'6, 'lI„'II„
'0&, 'lI, 'Z„, 'Zg, two 'Z, +, and two 'Z„+. The most stable states are 'Z„+ (lowest)
and 'Z, +, which arise from m~, =0 and m~, =0, and in which there is the maximum

overlapping of charge. The states with least overlapping of charge are those where

m~ = +1 and m~g= +1, resulting in '6„'6, 'Z, +, 'Z„, 'Z, , 'Z +, which are all re-

pulsive. The II states lie in between, and are attractive. The present work gives
precision to the ideas of Heitler on orbital valency, yields a positive exchange energy
integral for the lowest states, and may be taken as supporting the conceptions of
Slater about directed valency.

O UR knowledge of the rules underlying the formation of stable diatomic
molecules from their constituent atoms is still very limited, in spite of

the successes achieved by Heitler and London, ' and by Kemble and Zener. '
The idea of spin valency is quite useful, but its general inadequancy has been
recognized by Heitler, ' who has therefore proposed an "orbital" valency. Two
atoms can exert on each other forces due not only to the coupling between the
spins, but also to the coupling between the orbits, and the two types of inter-
action may give rise to effects of the same order of magnitude. 4 One must in

general take the oribital valency into consideration, and it is highly desirable
to formulate rules concerning the order of the resulting molecular states. This
is the purpose of the present investigation.

The special problem here studied is that of the interaction of two similar
atoms, each with one 2p valence electron. For simplicity, a hydrogenic wave
function for the atom has been assumed, and the possible influence of internal
s electrons has been neglected. Zener' has shown that it is legitimate, as an
approximation, to assume such a wave function. The method is essentially
the same as used by Kemble and Zener, ' except that in the actual evaluation

* This work was done largely with the aid of a Parker Travelling Fellowship from Harvard
University.

' W. Heitler u. F. London, Zeits. f. Physik 44, 455 (1927).
' E. C. Kemble and C. Zener, Phys. Rev. 33, 512 (1929).
' W. Heitler, Naturwiss. 17, 546 (1929).

This statement is rather inexact, but the precise formulation will be made later.
' C. Zener, Phys. Rev. 36, 51 (1930).
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of the integrals the procedure of Zener and Guillemin' has been followed.
Without doubt, one could improve upon the energy values by using a varia-
tional method, but it will be assumed that their order would be the same, and
it is primarily the order which is the object of this investigation.

We assume, therefore, the radial part of the atomic wave function to be
of the form R =const re ""I', where a is an arbitrary constant.

Notation a(n. lm~/1) =wave function for electron 1 on nucleus a, with
quantum numbers m, f, m~. (Similarly for nucleus b).

For one electron, c = distance from nucleus a
b = distance from nucleus b.

For two electrons ai ——distance of electron one from nucleus a, etc.
R = internuclear distance
r = interelectronic distance

0 & =angle from internuclear axis to line joining a and 1.

In the case under consideration, it is unnecessary to write explicitly n and l,
which are 2 and 1, respectively, for each electron. Accordingly, we shall ab-
breviate the notation to a(m~1).

Thus

a(11) = c~a&e '~~" sin O, ,e'&~

b(02) = c&b&e "' "cos Hq, .

Kemble and Zener show how one may set up a secular equation for the
two-quantum excited states of H&, and then separate it according to the con-
stants of the motion, the spin-orbit interaction being supposed to be negligi-
ble. The same may be done in the present case, and one obtains a secular
equation of the twelfth degree, which has eight linear factors, and two quad-
ratic factors. The results are tabulated. The energy is measured from the
"unperturbed" value, namely that for infinite separation. 'Z,+ means that
the electronic factor of the wave function is unchanged on reflection in a
plane through the internuclear axis (+), and on reflection in the midpoint
of this axis (g). The notation of Kemble and Zener is also given.

~ C. Zener and ~~. GuilIemin, Phys. Rev. 34, 999 (1929).
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States
~1a ~m Symmetry

EVAVE FUNCTIONS AND ENERGY LEVELS

Wave Function "Diagonal" Energy

1 0 II,(s~)

1II„(A&)

o 3II,(s&)

o 3II„(A")

1Z„-(A")

z,-(s~)

)1 —1

Io o

1~ +(SN)

1~ +(SN)

3r,„+(A+)

3Z„+(A+)

1~,(S")

1 1 3g„(A~) a(11)b(12) —a(12)b(11)

1
a(11)b(12)+a(12)b(11) ——(I+I )

1+S11

1
(I1—I2)

1—S11

1a(11)b(02)+ a(12)b(01)+a(01)b(12)+a(02) b(11) (I3+I4+I5+Io)
1+Sip

1a(11)b(02)+ u(12)b(01) —u(01)b(12) —a(02)b(11) (I —I —I +I )I—S1p

1a(11)b(02) —a(12)b(01) —a(01)b(12)+a(02)b(11) — (I3+I4—I5—Io)
1+S1o

1
u(11)b(02) —u(12)b(01)+a(01)b(12) —a(02) b(11) (f3 I4+Io Io)

1—S1o

1a(11)b(—12)+u(12)b(—11)—a(—11)b(12) —a(—12)b(11) (I1—I2—I7+I3)
1—S11

1
a(11)b(—12)—a(12)b(—11)—a( —11)b(12)+a(—12)b(11) — (I1+I2—I2—I3)

1+S11

1
a(11)b(—12)+a(12)b(—11)+a(—11)b(12)+a(—12)b(11) — (I1+I2+I7+I3)

1+S11

1
a(01)b(02)+ u(02) b(01) (Ig+I1p)

1+Soo

1
u(11)b( —12)—u(12)b( —11)+u(—11)b(12)—a(—12)b(11) (I1—I2+Iq—I3)

1—S11

1
a(01)b(02) —a(02) b(01) (Ig—I1o)

1—Soo

where

H' a ii b 12 1 dv

I2 = H'a 11 b 11 c 12 b 12 dv

I3= H'a 11 'b02 'dv

I4 = H'a 11 b 11 u 02 b 02 dv

I~ = Jf II'a(01)a(11)b(02)b(12) cos (P& —Pq)dv

I = f II'a(11)b(01)a(12)b(02) cos (Pq —gq)dv
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Iz JI
H' [a( 1 1)]' [b(12)]' cos 2(gz —yz)dv

Io = Jt H'a(11)b(11)a(12)b(12) cos 2(d z
—Pz)dv

I9 B' a 01 ' b 02 'dn

I zo
= jt H'a(01) b(01)a(02) b(02)dv

I» = FX'a 01 a 12 b 11 b 02 cos Qy
—

Qg dv

where H' is the "perturbative" part of the energy, e.g. ,

2 2 2
IZ' =

R r ag
I using atomic units.

bI

(S„)'"= ta(11)b(11)dvz, (Soo)"' = Jta(01)b(01)dv» Szo (Sll Soo)'".

There remain to be solved two two-degree secular equations, namely

Iz + Io + Iz + Io —E(1 + S&&) 2(Io + Il~)
—I~+ I» Io + Izo E(1 + Soo)

and

(2) + I.;+ Igi Io —»o —E(1 —Soo)

I, —I, + I, —Io —E(1 —S)z) 2( —I, + I„) = 0

The solution of (1) gives us two states of the zZ, S~ type, and the solution
of (2) two states of the oZ, A~ type. It turns out that the inHuence of the
non-diagonal terms is negligible.

EVALUATION OF THE INTEGRALS

General forrrzzzfae One may clas.sify the integrals according to whether it
is necessary to use the Neumann expansion or not in their evaluation. One
does not need to do so for the integrals I&, I3, I9, I5, and I7. The only term.
in the Hamiltonian which offers difficulty is the 2/r term. The integrals in-

volving the Neumann expansion are termed "exchange, " and the others
"Coulomb. "

Before proceeding, the notation needs explanation. That used by Zener
and Guillemin' will be adopted.

e "u" 'du P„n = e ~e~ 'du, y„o = P„—P„n
't) a

f 00 1
A„(o oz) = ' e *x"dx = —I'„-,(ou)
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1

B„(n) = e- *x"dx = A„(—1, n) —A„(1, n)
—1

f, (»z, n) = [ e 'x"'Q, (x)dx
1

where

1 s+i
Qp = lzl x ) 1 ezKl Qz = xQp

2 s —1

One may readily establish, by partial integration, the following recursion
formulae:

1
A„+,(1,n) —A,„(1,n) = —{(»z+ 1)A,„(1,a) —»zA„, z(1, n) j

A +z(1,n)+A (1,n)
1—{2e + (»z + 1)A,„(1,n) +»zA . z(1, n) j

A „+z(1,n) —A „„(1,n)
i—{(m + 2)A „z., (1, n) —z»A,„,(1, n) j

fp(zz+ 2, n) —fp(zz, n)
1

{ A„(1 a)+2fp(zz+1 a)+zz[fp(zz+1 a) fp(zz 1 n)] j

f,(zz+ 2, a) —f, (zz, n)
1—{3f,( Jz + 1,a) —fp(zz, a) + zz [f,(zz+ 1,a) fz(zz —1—

) n) ] j

i—{2f,(zz + 1, a) —A„,(1, a)

+ (zz+ 1) [fz(zz + 1, n) —fz(zz —1, n)] j

We have here used the relations

aIld

Now let

d
(T, —1) — = zzSQ„—zzQ„z, » )0

fz(»z, n) = fp(»z + 1, n) —it (1, n).

e»dp
I'(zz, X) =

(z —&)"

then F(1) =e &~[—E,(p(1 + X)) + L;(—p(1 + X))] where

e
—tc—E;( x) = —dz—z.
Q

In general,
i e F

F(zz) = ———
zz —1 (1 —X)"

P
I'(zz —1),zz A 1

( —1 —X).-'
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and
dF(n) = nF(n+ 1).

d)

Abbreviating,
e p e~

and

F&(n) =-
n—1 , (1 —),)"-'

( —1 —X)
"—'

P
I'(n) = — F(n —1) + F&(n)

e —1

1 dF(n) 1

J f(X)F(n + 1)e p"dX =
~~ f(X) — e—&'"dh = —f(X)F(n)e '"

1 1 m dX 2e

1 f "
df(X) dF, (n)——t .-" F(n) —f(~) —dZ.

2'6 1 dX d)
(3)

For the most part, two kinds of coordinate systems have been employed.
One, with a, b, and &b as coordinates, and (1/R)adabdbd&t& as volume element,
is most convenient for integrals such as fe "'f(a, b)dv, since one can integrate
over b first and avoid the occurrence of integral logarithms in the final inte-
grand (using a wave function with radial part R=cre """) The. other, with
X, p, and &b as coordinates, where a=(R/2)(X+@) and b =(R/2)(X —

&a), and
(R/2)'(X' —&«')d)&dpd&t& is the volume element, is best for integrals such as
fe "&'+~'f(a, b)d&&, the integration over p being performed first The t. ransfor-
mation is as follows:

cos 8„=
'Ap+ 1 Xp —1

cos 8b = —sin' 8, =
'A+ p X —p,

(l' —1)(1 —&')
sin' 8b ———

(1 —
&
)'

(l ' —1)(1 —
&

')

9 +&)'

¹rmulizaHon. The normalized atomic wave functions are u = cl e """r
sin He~'~ and u=cqe ""&' r cos 0, where 2vra&'/&&'= 1/32 and 2vrcq'/&P = 1/16.
Let n=zR.

(S& )' ' = 2nc&' JI &:
&"&2&& +"a sin 9, b sin Hb adabdb

dX d»e ~""(X' —1)(X' —&«') (1 —p')
a' 2

= 1/24 (n/2)' I A 4(1, a/2) —(6/5)A2(1, n/2) + (1/5)A p(1, n/2) I

00 1

(5 ) & = (2nc /&& )(&&/2)~ (& d&&e
~"&'(X'», —1)(X2 —»~)

—l

1/24' (a/2) ~
I A 4(l, n/2) —(18/5)A 2(l, n/2) + A 0(1& &&!/2)
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Let
Th,eintegrals Ij., I3 I9 I5 I7.

2

J
I
—[a(11)]'[b(12)]'dv = —e 'a 'b ' sin'8. sin'8&, e "&~~+'»dv
r r

(' 2 2

JI
—[a(11)]2[b(02)]'dv =

Jl e, 'c—s'a&sbs' sin' g„cos' Hb, e '&~~+'»dv

0 2 P 2
I
—[a(01)]'[b(12)]'dv =

I
—e 'e 'a 'b ' cos'8, sin'8 e "'~+~»dv

2 (' 2

j —[a(01)]'[b(09) ]'dv =
~

—es'aq'bss cos' g, cos' Hq, e ~&o'+s'd&
r

jt
—a(01)a(11)b(02)b(12) cos (y& —d s)dv
r

p 2

j c&'c,—'a, 'b, ' sin H„cos H„sin Hq, cos Hb, e "&'~+"' cos ($& —&bs)dv
r

Z7—Jf—[a(11)]' [b(12)]' cos 2(gq —&Sq)dv

f' 2
eq aPbss s—in'8, sin'8&, ,e "& ~+' & cos 2(P& —P,)dv.

We can now expand 2/r as usual:—

2 2 b2 2—= — i + —- + —s,&-.,)+
r bg bg

2 bj 2

= —i+ —-. + —W ~ )+
b2 b2 b2

where' is the angle between the lines bl and b2, and

P„(cos y) = P„(cos 8&,,)E„(cos8&„)

(n —m)!
+ 2 g( —1) E„(cos8&,,)P„(cos 8&, ,) cos m(&bi —@s)

(e + m)!

Jj P„(cos p) cos m(py —$2)d(py —Q2) = 2v'P„(cos Hy, )P„(cos Hp, ), m = 0
0

(I —m)!= 2x( —1)" P„"(cos8&„)P„(cos8&„), m W 0.
(I + m)!

On performing the integrations, one obtains, letting

y&,(«b) +P(b)
Kb

v7(eb)
gy, s = — + (zb)'I's(«b),

(eb)'
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the following expressions:—

p& ——(16&re~ /3~') Jl
a' sin'O, e "'[gp g

—(1/5)Pp(cos Op)g rp]d'v

i& = (Sec~ ep'/3e') J"a' sin'a„e "'[gpss+ , (2/5)Pp(cos 8p)g7 3]dv

= (16~c~ cp'/3~') I a'cos'O„e "'[g„. &
—(1/5)Pp(cosop)g73]dv,

v

ip = (Srrcp'/3~') a' cos'O. e "'[gp, & + (2/5)Pp(cos Hp)gp 3]av

ip = —(S~c~ c"/5r') Jl .a sin 9, cos 8, sin Op cos Ope "'gr pdv

iq = —(Sacr'/5s') Jl a' sin'8, sin'Ope '
g7 pdv

Jl
a' sin'O„e "(I';/eb)dv =- (S~I'„/3z"") [gp, r(n) —(1/5)g7„(u)]

Jl' a' cos' H, e "'(I,p/eb)dv = (4z-I'p/3zP) [gp, &(n) + (2/5) g7 3(n) ]

Jt a sin' g„e "&'+ ) [(rcb)P + 6(eb)' + 18gb + 24](1/eb) dv

= (2v./r&P) (n/2) ' j (n/2) ' [(4/3) (A p
—.4 ~) —(4/35) (A 2 A p) ]

+ 6(n/2) ' [(4/3) (A p
—A p)

—(4/15) (A p
—A r) ] + 18(n/2) [(4/3) (A 4

—A p)

—(4/15) (A p
—A p) ] + 24 (4/3) (A p

—A &) }

JI a cos 8, e&'+ ) [(zb) + 6(eb) + 18r&b + 24](1/gb) dv

= (2v-/r&') (n/2)' [(n/2)'[(2/3)(A p
—A,) + (46/35)A, —(2/5)A p]

+ 6(n/2)'[(2/3)A, + (4/15)A, + (2/15)A, ] + 18(n/2) [(2/3)A4+ (8/5)Ap

—(2/3) A p] + 24 [(2/3) A p + (10/3) A r ] }

rr J[ a' sin' O,e "'Pp(cos 8 p) (1/eb) pdv

= (8 I',/ ') [7,/3 ' —I' /15 —2y /5 ']

r I a'cos'e, e "'Pp (cos8 )(p1/~ ) bPdv

= (4vI'r/K ) [yp/3nP+ 21'p/15+ 4yr/5uP —u'e /2]
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Jf a' sin' g,e " (1/«b)'Pp(cos g,) [r,(«b) (Kb)' r, («b) ]dv

= (2prnP/4«P) [(n/2) P {—(4/3) (A p
—A4) + (64/7) (A 4

—Ap) —(12/7)(Ap —A p) j

+ (n/2)'j —8(Ap —Ap) + 40(A3 A() j

+ 15n j 2(A p A 4) (76/15) (A 4 A p) + (62/15)(Ap A p) j

+ 90n' {—8 (A „—A p) + (34/3) (A p
—A () j

+ 360n{ (15/2)A( —(71/6)A. + (10/3)A p} ]

Jf a' cos' g, e "'(1/«b) 'p (cos g p) [r,(«b) —(.b) p r, («b) ]d.
= (2~n'/4«') [(n/2) '

j (4/3) 4, —(220/21)A, + (124/7)Ap —4A, j

+ (n/2)4{8Ap —64Ap + SSA(j

+ 15n' j —2A, —(14/15)A 4 + (6/5)Ap + (10/3)Ap }

+ 90n' j SA p + (14/3) A p
—(26/3).4 ( j

+ 360n {—(23/2)A ( —(25/6) A p + 2A p) }

+ 720{SAp + 2A(} ]

f ap sinp g,e "'(1/((b)p [rr(«b) —(«b) p rp(«b) ]dv

= (2~n'/4«') [5(n/2) '
j (4/3) (A p

—A() —(4/35) (Ap —A p) j

+ 30(n/2)'j(4/3)(A, —Ap) —(4/15)(Ap —A() j

+ 15n'{(4/3)(A4 —Ap) —(4/15)(Ap Ap) j

+ 120n'(Ap A() + 960(Ap -4p)]

I'r Jt a' sin g. cos g, sin g p cos g pc "'(1/«b) "dv

= (2prF /15«'nP) [
—167 (n)/nP + 4n'1' (n) ]

c'sin 9, cos9, sin8t, cosg~e "' 1 ~b ' I"; ~b — ~b "I 2 ~b dv

= (2vrn'/4«P) [(n/2)'((4/3)(-lp —-f4) —(152/21)(A (
—-12) I (1/15)(A2 A p) }

+ (n/2)'{8(Ap —'1p) —40(Ap —.f() j

+ 20n j (Ap A4) (1/5)(A( Ap) 2(Ap Ap) j

—480n'(A, —Ap) + 360n{(23/3)A4 5 lp 2Ap} 240{16fp SA(}]

Evaluation of the integral

Jf ap cosp g, e «pp(cos g p) ( f /«b) pdv = 1
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This is a conditionally convergent integral, ~ the value of which depends
upon the particular coordinate system used. Since the companion integral
has been evaluated in the X, p system (merely for convenience), this procedure
must be followed here, even though much more laborious than the evaluation
in the a, '6, system. Setting p=n/2,

I = Jt Jf e ~&"+»&2(2m/K')(a/2)'(Xp + 1)'(1/(X —p)')(X' —p')

j 1 —3P ' —1)(1 —p')/2(l& —p) '}dXdp

= (2~+'/4«') Jt Jf e
—&'+&'(Xp + 1)'P, + p)/(X —p)'dXdp

—(3/2) Jt Jf (X' —1)e "+&'(Xp + 1)'j(1 —X')(X + p)/(X —p)'

+ (X + p)'/(X —p)'}dhdp

(2+&&~/4&&&') f &, p"d&[IO —(3/2)(X —1) j(1 —X )I& + I2}]
1

where
1

Io = dye '"(&p + 1)'9 + ~)/(~ —~)'
—1

des '"(~~ + 1)'(1 + ~)/(1 —~)'
aJ

pl
d~s '"(&~+ 1)'-(1 + ~)'/(~ —~)'

—1

2P j)2P(0) + 2P(), 2 + 1)P(1) + ($2 + 1)2P(2) } + X'I~'( —1)

+ 2X(l&' + 1)F(0) + (X' + 1)'F(1)
I, = 2X jl&~p(2) + 2X(X' + 1)I~(3) + (X' + 1)'F(4) j + X'F(1)

+ 2X(X' + l)p(2) + (X' + 1)'F(3)
I2 ———4X'- jX'F(1) + 2X(X' + 1)F(2) + (X' + 1)'F(3) } —4X jX'F(0)

+ 2X(X' y 1)p(1) + (X' + 1)'F(2) j —j X'F( —1) + 2X(X' + 1)F(0)

+(~+1)p(»j
(2~«'/4I&') f e &"dkj3X(1 —X')'F(4) + (3/2)(1 —X')(1 —9X')P(3)

1

+ (24). —X' —14K' —X)p(2) + (21K' —5X'/2 —6X' —1/2)F(1)
+ (9X' —2X' —X)p(0) + (3X'/2 —X'/2)p( —1) j,

' This was not realized at first, and the a, b coordinate system was used. This gave a wrong
result, and I wish to thank Mr, H. M. Mott-Smith, Jr. for his kindness in helping to locate the
error.
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Applying formula (3), one obtains

J = (47I/K')(y5/3n'+ 2I'2/15 + 4y7/Sn —n2e /2).

This differs from the result using the a, b coordinate system in that the last
term here does not occur in that result.

The integralsi 2, i4, i6, i 8, i1o, and i11.

i& = c~' dvIdv&a~ sin g, ,b1 sin Ht, ,~ sin g, ,b2 sin of„e «~') ('&+'&"~&+~»(2/r)

i» = c1'c2' dv1dv2a~ sin g, ,b1 sin gf, ,aq cos H, ,bg cos Hf, ,e «"'( &+ 2+~&+»(2/r)

io = c1'cm' dvIdv2aI sin H, ,b1 cos gf, ,a2 sin 8, b2cos gf, cos (tt!, —@,)e
—«1+ 2+ 1+f2 (2/r)

Ss ~ Cg' dV1dV2a1 Sin t4,b1 Sin gf, ,a2 Sin H, ,b2 Sin Hf, , COS 2(y1 —y2)e ' '1 n~+&1+&~ (2/r)

i&0 c2' dv~dvqa~ cos 8,,b, cos 8&,a, cos Hn, b, cos Hf, e-«f )( I+n~+fi+f»(2/r)

cg c2 dvIdv2a1 cos g, ,b& sin Hq, ag sin H, ,b2 cos gfv, cos (@I —@2)e «I') & I+ ~+&1+ »(2/r).

Ke use Neumann's expansion:

1 2 X1—= —Z ZD~: Q,
r R =o .=o

the upper arguments for ) 2)X1, and the lower for X~ &'A1

(r —v)
D,„= ( —I) «.(2r + 1) ——,eo ——1, e, = e2 —— . ——2.

(r + v)!

One does not need to concern oneself as to whether the above series con-
verges rapidly or not (for the integrals in question), for orthogonality relations
reduce the number of terms to three or four. In general, but not always, the
second term is so small compared with the first that its contribution may be
neglected.

Let us denote the terms arising from ~ =0 by i2'", i4&'&, etc. Also, let

Qo A
a„(m, n, n) = Q, (X)e ~"~'X'"tl X —dX

1
'2

n

Q(n!/v!) f, (m + v, n) (n/2)"
v=-0

oo PXI
s, (m, e, n) = Q, (X,)e ~"~"X "ding ! e ~"~"X "dX2

1 1

= f, (m, n/2) A„(1,n/2) —a., (m, e, n)
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Tables of o„s„etc.are given later.

i, &o& —2c&4(2&o)2(R/2)o JI (h z 1)(1 z&&)z(hoz —1)(1 —
&z ')(h z —z&&z)

j2
()„' —tz ')Q e " &" ~+"~& "d&z&dt&odhzdhz

X2
(hz' —1/5)Qp e "&&&&~+&'~&&'dh&dhz

Xg

= («/144) (n/2)' f sp(00)/25+ 36sp(22)/25+s, (44) —6 [sp(02) +sp(20) ]/25

+ [sp(04) + sp(40) ]/5 6 [sp(24) + sp(42) ]/5 j

iq&p& = (&&/144)(n/2)o {sp(00)/'5+108sp(22)/25+so(44) —24[sp(02)+so(20) ]/25

+ 3 [sp(04) + sp(40) ]/5 12 [sp(42) + sp(24) ]/5 j

z'zp& & = (&&/16)(n/2) [ f sp(00) + sp(04) + so(40) + sp(44) }/9 + 36sp(22)/25

—2 f s,(02) + so(20) + so(42) + so(24) }/5]

Let

f 00 PX1

tz(2zzz 2&z n) I Qz(h&)e
—~&„&oh zmdh& I Pz(ho)e

—ax2/zh zndhz

1

= (3/2)sz(2&&z, 2zz + 2) —(o)sz(2&&z, 2&z) .

Then

io&z& = 10cz'(2&o)'(R/2)p (h ' —1)(1 —&«&)'(h.
"-—1)(1 —

&« '&(h ' —t&&'-)

(hz —
&zz ) e &" +"~ Qo Pz Pz(z«) Pz(zzz)dzz&dz&. dh&dhz

X.

= 10cz'(2&o) '(R/2)' ~~ (4/15)'(h ' —1)(hz' —1) (h&' + 1/7)

Xg
(h, '+ 1/7)Q, Pz e &" +" "'dh, &th,

= («/720) (n/2)o [tz(00)/49+ 36tz(22)/49 + t.(44) + 6 f tz(02) + t, (20) }/4&)

f zo(04) + to(40) }/7 —6 f tz(24) + tp(42) j /7]

iz&z& = —(«/120) (n/2) o [—tz(00)/21 + 12t:(22)/49 + tz(44)/3

—6 {to(02)+ to(20) }/49+ f to(04) + tz(40) j/7 —2 {to(24) + to(42) j/7]

z &&p&= («/20) (n/2)' [ f tz(00) + tz(04) + tz(40) + tz(44) j /9+ 4to(22)/49

—2 f to(02) + tz(20) + tz(42) + tz(24) }/21]
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Let
00

z&4(2m, 2zz) = Q, (X,)e "~&9,„'"'dX, I P, (X,)e—~~~&'-7, zz"diaz
I 1

= (1/8) [35s4(2m, 2zz + 4) —30s 4(2m. , 2zz + 2) + 3sz(2m, 2n)]
Then

('
zz' ' =18cq'(2')'(R/2)'(16/315)' JI (X&'—1)(Xz'—1)e '"&~~+"2"'Q Pz dX&dkz

Xg X2

=K(1/105) '(n/2) ' [z&4(00) —zz&(02) z&4—(20) + zzq1(22) ] .

The other integrals for ~=4 will be somewhat similar. Since the contribu-
tions from v = 2 are small with respect to those from v = 0, the influence of
r =4 has been neglected.

I &lP& X
& dQ&i p&'& = —c~-'c„.-'(2~) 'D&&(R/2) P

Jl
—— — (X&' —1)(Xz' —1)(4/3) '
dh X2 &9, X&

(X ' —z)(X z —-'-)e-~&"~+"-'"d7 dX

= (g/96)(n/2)'[{s, (1 2) —s&(10) —sp(02) + sp(00) }/25 + js, (34)
—s, (32) —sp(24) + sp(22) } —(';) {s&(14) —s&(12) + s&(32) —s&(30)

—sp(04) + so(02) —sp(-2) + sp(20) }]

(3(i/160) (n/2)' [ {sz(24) —sz(22) —s&(14) +s&(12) }/49+ j sz(46) —sz(44)
—s, (36) + s,(34) }/9 —(1/21) {sz(26) —s,(24) —s~(16) + s&(14)

+ sz(44) —sz(42) —si(34) +»(32) }]
0

i«&" = Gy cz (2zt)-'D»(R/2)'
J (Xiz&i —1)(Xzpz —1)(X,' —1)(Xz' —1)

dP& Xi dQ& X,
(1 2 ~ 2)() 2

z& 2)e—a&'&,+'&2)/2

dX X9 dX

P1 (p 1)P & (ttz 1)P 1 (z& 2) P & (tp& 2) d1& ldll& 2 dzld&&z z

$6( lyy = 'LG, etc.

For the evaluation of is&'), we use the formula

d2 2
(X 1) = 2 [(X 1)Qz XQy + Qp]

dX'

d'Qz Xp
ip&" = 3c&'(2p)'Dzz(R/2)' I (X~' —1)-'(Xz"- —1)'— (16/5)'J dX' 7«

(Xg' —1/7) (Xz' —1/7) e ~ '" ~+"2' "dXgdXz

= (&/480)(n/2)'[sz(44) + (1/7) jsz(04) + s, (14) } + sp(24) —Ssz(24)/7
—s&(34) sp(04)/7 —(8/7) j sz(42) +(1/7) {sz(02) + s&(12) } + sp(22)

—Ss,(22)/7 —s~(32) —sp(02)/7}+(1/7) {sp(40)+(1/7) jsz(00)+sz(10) }
+ sp(20) —Ssz(20)/7 s&(30) sp(00)/7} ].
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The integrals i6& ', i6&", and is&" have been assumed negligible, because of the
smallness of the preceding terms.

TABLE III. o'p (m, n, n)

10

o-p(p, p, n)
p(O, 2,n)

o-p(0,4,n)
o-p(2, 0,a)
o p(2, 2,n)
o.p{2,4,n)
~p(4, 0,n)

p(4, 2, )
p(4,4,a)

0.01391
.05647
~ 4202
.02152
.09948
.8257
.04180
.2438

2.4886

0.0'3170
.0'9742
.04750
.0'445
.01496
.07945
.0'720
.02824
.1748

0.0'800
.0'2043
.0'7474
.0'1058
.0'2884
.01128
.0'1539
.0'4674
.02051

0.032162
.034827
021436

.0'2737

.0'6430

.0'2019

.0'3717

.0'9446
, 0'3237

0.04611
.0'1235
.0'3149
.047504
.0'1577
.0'4203
.049714
.0'2168
.0'6183

0.041787 0.0'536 0
.043340 .0'942
.047565 .041942
.042143 .056313
.0'4138 .041138
.049714 .042419
.042679 .05768
.045417 .041438
.0'13424 .043192

.051644
, 0'2743
.055245
.0'1906
.0'3252
.0'6378
.0'2270
.0'3995
.0'8122

TABLE IV. sp(m, n, n)

6 7 8 10

Sp(o,o,n)
Sp(0,2,n)
S,(O,4,n)
Sp(g, o,n)
Sp(&,2,a)
Sp(2,4,n)
Sp(4,0,a)
Sp(4,2,n)
S.(4,4,n)

0.0'753
.01261
.0268
.02508
.05069
.1460
.1421
.3485

1.345

0.0'1798
.o22678
.0'466
.0'474
.0'800
.01700
.01849
.03599
.0949

0.0'470
.0'650
.0'1000
.0'1058
.0'1601
.0'283
.0'3221
.0'5417
.01124

0.0'1302
.0'1715
.0'243
.0'2620
.0'370
.0'580
.0'669
.O21O22
.O21 812

0,04375 0.041117
.04476 .041378
.04640 .041780
.04694 .041933
.04928 .042485
.0'1345 .043405
.0'1555 .043917
.0'2214 .045301
.0'3520 .047803

0.0'340 0
.0'410
.05514
.0'5580
.0'697
.05914
~ 041045
.041360
.041891

.0'1055

.0'1251

.0'1528

.051659

.0'2023

.0'2569

.0'2916

.0'3681

.0'490

TABLE V. ~i(~,n, n)

10

o-&(1,0,n)
o-g(1,2,n)
o-i(1,4,n)
~~(1,6,n)
o.g(3,0,n)
o 1P)2)n)
trl(3 4 n)
og(3, 6,n)

o.o26761
.02649
.1927

2.7214
.0'9821
.04322
.3470

5.177

0.0'1588 0.0'41080
.0'4730 0'10197
.O2253 .023644
.18784 .020763
.0'2122 .O'5211
.0'6839 .0'13697
~ 03513 .0'5194
.3079 .03096

.0'11307

.0'2464

.0'7171

.0'3072

.0'1384

.033150

.0'9602

.0'4280

0.043249
.046422
.0'1604
.0'5523
.043874
.047926
.0'2055
.0'7327

0.0'9636
.041765
.043921
.0'11383
.0411264
.042121
.044860
.0'1454

0.0'2927 0.0'907
.0'5049 .0'1488
.0410227 .0'2799
.042594, 0'6367
.G'3369,0'1030
.0'5944 .0'1722
.0412354 .0'3311
.0'3217 .0'7703

Sl(i,o,n)
S (1,2,n)
Si(1,4,n)
Sg(1,6,n)
S (3,0, )
Sg(3,2,a)
Sg(3,4,n)
S,(3,6,n)

TABLE VI. s~ (m, n, a)

n=3 4 5 6 7 8

0.0'2959 0.0'730 0.0'1953 0.0'5525 0.0'1623 0 .0'4907
.0'482 .0'1064 .0'2653 .04715 .042030 .0'599
.0'998 .0'1804 .0'399 .0'994 .0'2678 .0'760
.0296 .0'390 .0'705 .0'1544 .04383,04103
.0'929 .0'1818 .0'4182 .0'10612 .0'2877 .0'8169
.01837 .0'300 .0'6216 .0"1468 .043786 .0'1037
.0516 .0'-625 .0'1070 .0'2259 .04538 .G41395
.232 .0176 .0'230 .0'407 .0'857 .0'204

9 10

P.P51518 0,PP477
.0'1808 .0'5607
.0'2230 .0'676
.0'2885 .0'847
.0'2401 .0'7253
.0'2960 .0'877
.0'3821 .051096
.0'526 .051448

REsUz, rs
The results have been tabulated in Tables I—XV. The values are based

partly on integral logarithm tables given by Jahnke —Emde, and the accuracy
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is limited thereby. The tables are, therefore, subject to revision on this ac-
count. Except for this, they are accurate up to a possible change of the last
figure. In this connection, it is urged that the tabular method is the economi-
cal one, in that the calculations may be checked easily.

TABLE VII. o.2(m, n, n)

o-2(0,0,n)
(0,2, )

o2(0,4,a)
o-~(0,6,a)
o2(2,0,n)
o-2(2, 2,n)
o.2(2,4,a)
o'g(2, 6,a)
o.2(4,0,a}
,(4,2,a)-.(4,'4', n)
(4,6, )

0.0'3185 0
.011511
.0792

1.092
.0'3976
.01511
.10773

1.509
.0'545
.02296
.1787

2.63

.0'797
Ou225

.01004

.0814

.0'958

.0'2775

.01295

.1069
0»224

, 0'3799
.01892
. 1628

0.0'2158
.0'5079
.0'1729
.0'955
.0'2528
.0'6130
.0'2147
.01209
.03310
.0'789
.0'2904
.01729

6 7

0.046154 0.041818
.0'12825 .043459
.0'3574 .048318
.0'1484 .0'2777
.04708 .042060
.0'1510 .044001
.0'4311 .04981
.0"-1823 .0'3335
.048415 .042401
.0'1862 .044789
.0'5533 .0'1214
.0'2418 .0'4247

0.0'552
.0'979
.042099
.045917
.0'618
.041113
.0'2433
.046970
.0'7066
.041305
, 042926
.048588

0.0'1709 0
.0'2865
.0'5628
.041388
.0'1897
.0'3224
.0'6432
.041609
.0'2142
.0'3712
.0'7566
.041937

10

06540
.0'0861
.0'1576
.0'3492
.0'593
, 0'960
.0'1780
.053991
.0'663
.0'1090
.0'2053
~ 0'4696

TABLE VI II. s2(m, n, n)

S2(0,0,a)
S (0,2, )
S,(0,4,a)
Sg(0,6,a)
s2(2,0,a)
S2(2,2,n)
S.(2,4m)
S2(2,6,a)
S,(4,'0,

'
)

S2(4,2,n}
Sg(4,4,n}
$2(4,6,n)

0.0'677
.0'93
.0'135
.0'12
.0'139
.0'22
.0'43
.Oii
.0'41
.0'79
.021
.08

0.0'195 0
.0'255
.0'37
.0'07
.0'360
.0'51
.0'88
.0'21
.0'893
.0'1494
~ 0'331
.0124

.04582

.04728

.0498

.0'150

.04983

.0'131

.0'195

.0'35

.0'201

.0'295

.0'51

.0'81

7 8

0.041778 0.0'558 0,0'178
.04216,0'664 .0'208
.0'274 .0'81 .0'251
.04373 .04104 .0'313
.04282 .0'845 .0'259
.04360 .041037 .05313
.0'491 .0'1345 .0'391
.0475 .04187 .0'52
.04518 .0'143 .0'415
.04705 .0'186 .0'517
.0'1061 .04260 .0"683
.0'188 .0441 .0'98

0.0'577
.0'662
0'778

.0'94

.06811

.0'957

.0'1162

.0'147

.051247
061517

.0'1932

.0'261

10

0.0'187
.0'214
.0'249
.0'298
.0'259
.0'300
.0'359
.0'449
.06381
.0'455
.0'568
0'745

Tsar. E IX. S '(a/2), etc.

(S ) 1/2

Soo
(s )'~'
Sl1

S10

a=3 4 5

0.4825 0.2256 0.0'5086
.2328 .05088 .042587
.8089 .6947 .5778
.6542 .4826 .3339
.3903 . 1567 . 0'2939

—0.1597
.02556
.4679
.2189—.0747

7 8 9 10

—0.2649 —0.'3187 —0.3326 —0.3190
.07020 .10156 .11062 .10174
.3702 .2871 .2185 ~ 16405
.13695 .08241 .04774 .02692

—.09807 —.09147 —.07268 —.05233

In order not to make the labor prohibitive in other cases, some more

straightforward method should be employed to obtain the entries for s, (m,

n, a) and similar quantities. As it is, the accuracy for small values of n is

quite small. This is not serious, however, for the approximation method itself

can be expected to give good results only for large values of the internuclear

distance.
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TAIII.K XI. List of Integrates

b4db

2a R2+-

2a R4 + 2a'R' + —a4

(R' + a'/3)
2a

(R' —a')'

2R a'+—

2R a +2Ru + —R
5

2R
a' —R2

(a' + R'/3)
2R

(a' —R') '

sin'Obdb

a2 sin2 O, db/b2

—R u

sln2 Ob
b2

db
a2 sin2 O„—

b4

3 R2 R' —a'
4 1—R ~

3 a' —R'

db
Q sin O~ sin Ob-

b2

fu2 cos' O,
— -db

b2

2 2 I

db
P2(cos O,)—

b2

2 2 ~
~

u cos O~ s1n2 Ob

b2

COS2 Obdb

2 aCOS2 Ogdb

E2(cos O,)db

f db
a'sinO sinOb. cosO, cosO, —

b2

ab cos O cog Ob
db

a2 cos2 Oo cos2 Ob—db
b2

f u' sin2 O, cos2Ob

b2
db

a cos Ob
db

16 a'

15 R'

2a u"
———.(2a2+ R2)

R' —a' 3R2

2u a

R' —a' R2

4a' R'+ 4u'

3R4 5 (R' —a')

—a'+ R'

2 a

5 R'

16 a'

15 R'

4a'

3R'

2 a' 16 a"
+R' —u' 15 R'

2 a' 4 a'
—+ ——

3 R' —a2 3 R'

2R 1 2 2R'———(u'+2R') =—R+
a —R 3 3 a2 —R'

2R R2

a2 —R2 a2

4 a'+ 4R' 4 4 R3—R.— —=—R+——
5(u2- R2) 15 3 a2 —R2

4 2
2R ——R = —R

3 3

—R2+ a2
2 R 2

2 Ra' 4
R

3 a' —R2 15
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ORBITAL VALENCY

i = ( /384) [Ic —{-,') IIIc]
i, = (»/384) [Ic + (go)IIIc] = (»/192) [IIc —(-,')IVc]

ig = (»/192) [IIc + (-,')IVc]
io = —«Vc/640 iy = —»VIc/1280

TABLz XIII

iI/»
i3/»
jg/»
is/»
«7/»

0.332
.338
.359—.0056—.0312

0.303
.324
.346

+ .0009—.0242

0.280
.305
~ 332

+ .0044—.0181

0.255
.285
.315

+ .0064—.0131

0.232
.262
.296

+ .0067—.0094

0,213
.241
.278

+ .OQ62—.0066

0, 195
.220
.252

+ .0053—.0045

10

0.179
.200
.231

+ .0042—,0031

I) ——2»/n —4c)g Jf e "a' sin' 8,(1/»b) dv = » [2/n + i)/» —(Ia)/192]

Io = 2«/n —2 ~dvaog/b —2 Jf dva)g/b + io = »[2/n + go/» —(IIa)/192

—(Ia)/384]

Ig ——2»/n —4
J dvap'/b + ig ——- «[2/n + ig/» —(IIa)/96]

4

Jg $5~ 27 $7) 26 E6& 28 $8) 211 $11 = $6

l' = 2N/ —4(o , )'"fAb/) +;, ,

&o = 2»S&p/n —2(Spg)'" )f dva)b, /b —2(S„)'")l dvaobo/b + gg

I)p = 2«'Soo/n —4(Soo)"'
J

dvapbo/b + i) p

ThI. resulting integrals, after the small quantities before mentioned h»e
been neglected, are listed in Table XIV. The relative energies are given in
Table XV, and plotted in Fig. 1.

TAB&.E XIV. IntefJrols.

I1/»
I3/»
Ig/»
Ib/»
I7/»
I2/»
I4/»
IIoj»
I8/»
Is/»

A =-3

0.196
, 068—.043—.006—.031
.082
.074
.096—.043

0.088—.026—.140
+ .0007—.0240

.005

.009

.070—.030

.01

0.047—.046—. 140
.0044—.0181—.0217
.0198
.035—.039
.01

O. 025—.042—.110
.0064—.0131—.0183
.0173
, 032—.028
.007

0.013—.032—.067
.0067—.0094—.0139
.0161
.017—.021
.005

Q.009—.021—.042
.0062—.0066—.0086
.0126
.0081—.015

0.005—.014—.026
, 0053—.0045—.006
.0103
, 0035—.010

10

0.003—.010—.013
.0042—.0031—.0028
.0060
.0021—.Q06
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TABLE XV. Relative energies.

10

.329

.167

.137

.05

.065—.06

.04—,18

~ 100
.162
.225
.074
.063
.053
.010—.002—.042—.076—.07—.22

.064

.103

.142

.026

.0188

.011

.009—.027—.059—.110—.11—.177

.032

.056

.081

.012

.006—.0005—.003—.024—.053—.087—.079—.146

.015

.032

.048

.003—.001—,0042—.002—.018—.033—.069—.054—.102

.019 0118 0062

—.012—.019—.050—.036—,057

—.009—.010—.037—.023—.033

—.006—.006—.025—.011—.017

—.001 —.001

DISCUSSION

Fig. 1 shows the relative energies plotted as a function of the internuclear
distance. The lowest term, ' for intermediate values of gR, is the 'Z„+.. For
hydrogen, we may set z = 1, and the minimum of this curve lies at about 2.0A.
The value of the heat of dissociation is 2.9 volts, approximately.

Fig. 1. Relative energies.

It is not possible to say, to the degree of approximation used here, whether
the 'Il, state has a weak minimum or is repulsive. For the same reason, the
relative positions of 'Z, + and 'II„may actually be somewhat different. The

~ This result has been predicted for 82 by J. E. Lennard-Jones, Trans. Faraday Soc. 25)
681 (1929).
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reason for this uncertainty lies partly in the fact that we have neglected i6"'
and i6&", and partly in the low degree of accuracy to which s& may be given.

Apart from these minor details, it is safe to.assert that the curves do
represent the interaction of two hydrogen-like atoms, each with one 2p elec-
tron, insofar as this interaction is to be found by a first order perturbation
calculation of the Kemble and Zener type.

Heisenberg' has shown that there is reason to believe that the behavior of
ferromagnetic substances may some day be understood, when it becomes
possible to carry through detailed calculations. A necessary condition for
ferromagnetism seems to be that the exchange integral for the lowest states
be positive. This was found to be likely for n 3, where n is the principal
quantum number. From our results, it is seen that a positive exchange energy
integral is obtained for n = 2, /=1, so that the possibility of ferromagnetism
does not seem to be governed by the principal quantum number in so simple
a fashion. The sufficient conditions for ferromagnetism have yet to be given.

One also sees from the curves in the figure that the "Coulomb" integrals
are in general more important than the "exchange" integrals. The states
arising from m~, ——0, ns~b

——0 lie the lowest, those from m~ ——0, m~b= +1 are
next higher, and those from nz~, ——+ 1, nz~b ——+ 1 are highest. This means that
the most stable configuration is that in which there is the maximum overlap-
ping of charge, in accordance with the ideas of Slater" on directed valency.
Orbital valency may be associated with the "Coulomb" integrals, and spin
valency with the exchange integrals. The latter concept may, however, be
misleading.

Though this analysis is strictly applicable only to the case where two
excited hydrogen atoms interact (leaving out of account the inHuence of the
s orbits) one might expect that similar conditions would obtain for boron, or
excited lithium. Unfortunately, the band spectrum of B~ has not been ana-
lyzed, so that a direct check of the theory is wanting. The inner s electrons
would probably have some inHuence, but whether the order of the energy
levels would be affected or not is open to question.

In conclusion, I wish to express may deep appreciation to the many people
with whom the problem has been discussed. It was suggested by Professor
Heisenberg, whom I also wish to thank for his help on previous problems.
Acknowledgment must also be made to Dr. Dirac for discussion of allied
problems. The work was continued at the Eigenossische Technische Hoch-
schule, Ziirich, and completed in Urbana. Thanks are due Mr. W. H. Furry
for assistance in checking part of the calculations.

Note added to Proof, Feb. 17, 1931: The inHuence of the inner 2s electrons
is now being studied, and will be made the subject of a later paper.

' W. Heisenberg, Zeits. f. Physik 49, 619 (1928),"J.C. Slater, American Physical Society meeting, Dec. 29, 1930, paper 17.


