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ABSTRACT

The interaction of two atoms, each with one 2p electron, is studied by a method
similar to that used by Kemble and Zener. An atomic wave function whose radial
part is of the form const. re7*2 (that is, with no nodes) is used. Complete potential
energy curves are obtained for the twelve possible states, which are A, 3A,, T, 'L,
3, 311, 12,~, 32,7, two 1Z,%, and two 3Z,*. The most stable states are *Z,* (lowest)
and !Z,*, which arise from 7, =0 and mp =0, and in which there is the maximum
overlapping of charge. The states with least overlapping of charge are those where
mi=+1 and mp= +1, resulting in A, 34, 12,%, 12,7, 32,7, 8Z,*, which are all re-
pulsive. The II states lie in between, and are attractive. The present work gives
precision to the ideas of Heitler on orbital valency, yields a positive exchange energy
integral for the lowest states, and may be taken as supporting the conceptions of
Slater about directed valency.

UR knowledge of the rules underlying the formation of stable diatomic

molecules from their constituent atoms is still very limited, in spite of
the successes achieved by Heitler and London,! and by Kemble and Zener.?
The idea of spin valency is quite useful, but its general inadequancy has been
recognized by Heitler,® who has therefore proposed an “orbital” valency. Two
atoms can exert on each other forces due not only to the coupling between the
spins, but also to the coupling between the orbits, and the two types of inter-
action may give rise to effects of the same order of magnitude.* One must in
general take the oribital valency into consideration, and it is highly desirable
to formulate rules concerning the order of the resulting molecular states. This
is the purpose of the present investigation.

The special problem here studied is that of the interaction of two similar
atoms, each with one 2p valence electron. For simplicity, a hydrogenic wave
function for the atom has been assumed, and the possible influence of internal
s electrons has been neglected. Zener® has shown that it is legitimate, as an
approximation, to assume such a wave function. The method is essentially
the same as used by Kemble and Zener,? except that in the actual evaluation

* This work was done largely with the aid of a Parker Travelling Fellowship from Harvard
University.
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508 JAMES H. BARTLETT, JR.

of the integrals the procedure of Zener and Guillemin® has been followed.
Without doubt, one could improve upon the energy values by using a varia-
tional method, but it will be assumed that their order would be the same, and
it is primarily the order which is the object of this investigation.

We assume, therefore, the radial part of the atomic wave function to be
of the form R =const re~*/?, where « is an arbitrary constant.

Notation. a(nlm;/1)=wave function for electron 1 on nucleus a, with
quantum numbers m, [, m;. (Similarly for nucleus b).

For one electron, a =distance from nucleus a
b =distance from nucleus b.

For two electrons a, =distance of electron one from nucleus q, etc.
R =internuclear distance
r =interelectronic distance
6.1 =angle from internuclear axis to line joining ¢ and 1.

In the case under consideration, it is unnecessary to write explicitly # and /,
which are 2 and 1, respectively, for each electron. Accordingly, we shall ab-
breviate the notation to a(m,1).

Thus

a(11) = cia167*%/2 sin 6, e
b(02) = cabae™*42/2 oS bp,.

Kemble and Zener show how one may set up a secular equation for the
two-quantum excited states of H,, and then separate it according to the con-
stants of the motion, the spin-orbit interaction being supposed to be negligi-
ble. The same may be done in the present case, and one obtains a secular
equation of the twelfth degree, which has eight linear factors, and two quad-
ratic factors. The results are tabulated. The energy is measured from the
“unperturbed” value, namely that for infinite separation. 'Z,* means that
the electronic factor of the wave function is unchanged on reflection in a
plane through the internuclear axis (), and on reflection in the midpoint
of this axis (g). The notation of Kemble and Zener is also given.

8 C. Zener and V. Guillemin, Phys. Rev, 34, 999 (1929).
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WAVE FuNcTIONS AND ENERGY LEVELS

e mitastﬁfnmetry Wave Function “Diagonal”’ Energy
11 18,(8%) a(11)b(12)+a(12)b(11) E_li(ll+12)

11 3,4 a(11)b(12) —a(12)b(11) i—_%l—](ll—lg)

10 HI(SY) a(11)5(02)+a(12)5(01)+a(01)5(12) +a(02)b(11) %Sm(ls-{—l.,-i-ls—}-le)
1 0 m(4d) a(11)5(02)+a(12)5(01) —a(01)b(12) — a(02)b(11) 1—_187](13—14—15-#16)
10 3m,(sM) a(11)5(02) — a(12)6(01) —a(01)5(12) +a(02)b(11) 1—&9;(13“4—15—16)
10 3m,(4¥) a(11)5(02) — a(12)b(01) +a(01)b(12) —a(02)b(11) 1_1510(J3—1,+15—15)

1 —1 13,~(4%) a(11)b(—12)4-a(12)b(—11) —a(—11)b(12) —a(—12)b(11) %(11—12-—17—}—13)
—on

1 —1 33,~(SV) a(1)b(—12)—a(12)b(—11)—a(—11)b(12)+a(—12)b(11) 1—_:?(11-}-12—17——13)

12,M(SY) a(1)b(—12)+a(12)b(—11)+a(—11)b(12)+a(—12)b(11) 1—_&9—(11+Iz+l7+ls)

1
14+Sw0

— |
|

0 0 1Z,4(SV) a(01)5(02)+a(02)b(01) (Iy+I'o)

— 17
|
-

32, H(4N) a(11)b(~12)—a(12)b(—11)+a(—11)b(12) —a(—12)b(11) 1—1—5—(11—12+I7—13)
—Su

1
1=S0

—
(=)
[=]

2, H(4N) a(01)5(02) — a(02)6(01)

(Iy—1Iv0)

where

I = fH’[a(ll)P[b(lZ)]?dv

I = fH’a(ll)b(ll)a(lZ)b(lZ)dv

Iy = fH'[a(u)]z[b(oz)]?dv

I = f H'a(11)5(11)a(02)5(02)do

I, = f H'a(01)a(11)5(02)5(12) cos (61 — ¢)d

Ig

Il

fH'a(ll)b(Ol)a(lZ)b(OZ) cos (¢p1 — ¢o)dv
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Iy = f H'[a(11) [6(12) ]2 cos 2(61 — do)dv
Ig = fH’a(ll)b(ll)a(lZ)b(lZ) cos 2(¢py — ¢o)dv
Iy = fH’ [2(01)]2[5(02) |2dv
Iy = fH’a(()l)b(Ol)a(OZ)b(OZ)dv

Iy = fH’a(Ol)a(lZ)b(ll)b(OZ) cos (¢1 — ¢2)dv
where H' is the “perturbative” part of the energy, e.g.,

2 2 2 2 _
H=—+4+————— » using atomic units.

(511)1/2 = f(l(ll)b(ll)d?)l, (SOO>1/2 = fd(OI)b(Ol)d‘U1, Slo = (511 500)1/2.

There remain to be solved two two-degree secular equations, namely

1) Li+ 1+ I+ Is — E(1 4 Su) 2(Is + 1) _
—Is+ In Iy + Io — E(1 4+ Soo)

and

@ lfl—[2+lv—ls—E(1—Sn) 2(=Is+ 1) ~0
+ Iy 4+ Iy Iy — I — E(1 — Soo)

The solution of (1) gives us two states of the 12, S¥ type, and the solution
of (2) two states of the 3T, A¥ type. It turns out that the influence of the
non-diagonal terms is negligible.

EVALUATION OF THE INTEGRALS

General formulae. One may classify the integrals according to whether it
is necessary to use the Neumann expansion or not in their evaluation. One
does not need to do so for the integrals I, I3, Iy, I5, and I;. The only term.
in the Hamiltonian which offers difficulty is the 2/7 term. The integrals in-
volving the Neumann expansion are termed “exchange,” and the others
“Coulomb.”

Before proceeding, the notation needs explanation. That used by Zener
and Guillemin® will be adopted.

T, =f e *urduy T,(a) =f e urtdu, v.(a) =T, — [ula)
A} a

® 1
A,(0, @) = f etxrdy = —1y (o)
o antl
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1
Brz(a> = f 6_“xx"dx = An(— 1, a) - An(l, (1)
1

f(m, @) = f e-aem0, () dx

where

—~—;>, x>1, and Q= xQo — 1.
x—

One may readily establish, by partial integration, the following recursion
formulae:

Apii(l,a) — 4,,(1,@) = {(m + DAL(1, @) — md (1, a)}

Amii(,0) + An(l,0) =—{2¢ + (m + DAn(1, @) + mAn(1, )}
Ampa(l,0) = Au(l,0) = —{(m + 2)Ani1(1, @) — mA (1, )}

foln+2,0) = fo(n,a) = —{ = 4,(1,0) +2fo(n+1,0) +n[fo(n+1,0) — fo(n—1,0) ]}

= ol= o= 2]~ o~

Jin+ 2,0 = i, 0) = — {30+ 1,0) = fo(m,0) - fa(n+ 1,00 = faln— 1,00}

1
= —{2f1<7'l -I" 1, a) - An—-l(1) Oé)

+ (n+ V[fi(n +1,0) — filn — 1,0)]}

We have here used the relations

dQ
(a? — 1)7— = 120, — MQn_1, n>0
dx

and
Jilm, @) = fom 4+ 1, a) — A1, a).
Now let
1 — ;1]
1«‘(71” )\) =f llLAl_
-1 (=N

then F(1) = [— Ei(p(1 +N) + Ei(— p(1 + \))]| where
0 e—u

— E(—x) = | -——du.

(— ) j; - du

In general,

1 e er p
F(n) = — [ — :l - F(n — 1),n =1
n—1L{1 =Nt (=1 —)r! n—1
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and
dF (n)

2N

= nF(n + 1).

Abbreviating,

1 eP er
n—tLd =Nt (= 1=

p

and

Fln) = — 1F(n — 1) 4+ Fi(n)

0

® ® 1 dF(n) 1
f TOF(n 4+ 1)ePd\ = f TN ;— —d)\—e_ﬂ"dk = ;ﬁf()\)F(n)e“"X

1

1 r° af(z dr,

For the most part, two kinds of coordinate systems have been employed.
One, with «, b, and ¢ as coordinates, and (1/R)adabdbd¢ as volume element,
is most convenient for integrals such as [e=**f(a, b)dv, since one can integrate
over b first and avoid the occurrence of integral logarithms in the final inte-
grand (using a wave function with radial part R=cre~*/2). The other, with
A\, u, and ¢ as coordinates, where a=(R/2)(A+u) and b=(R/2)(A—u), and
(R/2)}(N2—pu?)dNdudeo is the volume element, is best for integrals such as
Je =@t f(a, b)dv, the integration over u being performed first. The transfor-
mation is as follows:

M+ 1 M—1 = D1 — p?)
cosf, = —— cosfy = —— sin?f, =
+u N—p N+ w)?
N — 1)(1 — p?
Gin? 0, = ( )( M)'
N = w)?

Normalization. The normalized atomic wave functions are u=ce~*/2%r
sin feti® and u=cqe~*/* v cos 0, where 2mc,%/x¥*=1/32 and 2mc?/k*=1/16.
Let aa=«R.

(Sw)t2 = 27r612fe_(’"2>(“+b>a sin 8, b sin 6, adabdbd

27[’612 o 5 0 1
TE(S) [ [awearnoe - noe -
1 -1

K5

Il

1/24-(a/2)°{44(1, @/2) — (6/5)45(1, @/2) + (1/5)40(1, a/2)}

(SOO) 1z

B 1
(21rcz“’/x5)(a/2)5f d\ dpe= M2 (N2 — 1)(N2 — u?)
1

-1

It

1/24-(a/2)*{44(1, @/2) — (18/5)45(1, a/2) + Ao(1, @/2)
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The integrals I, I3, Iy, Iy, I5.
Let

= 2
i = j—;[a(ll)]2[b(12)]2dv

2
f——cl4al2b22 sin? f,, sin? Bp,e~*(ertbady
r

2
f—512022012b22 sin? 04, cos? @y, (1o dy
’

2
i = f ~la(10)]2[5(02) 2o

2
f—612622012b22 cos? g, sin? e (ertbaldy
7

2
= [ ZHaton a2 e

Il

2 * 2

iy = f—- [2(01) ]2[6(02) |2dv ] —Cota12b9% cos? B, cos? B, e ¥t hdy
7 J oy

_ 2

i = f—~a(01)a(11)b(02)b(12) cos (¢1 — ¢2)dv
r
2

= f—-612622(112b22 8in 04, cos O, sin 05, cos 0,67 *(at% cos (1 — ¢)dv

,

i = fi[a(ll)]2[b(12)]2 cos 2(¢1 — ¢2)dv

2
= f—cl“alzbzz sin? @,, sin? @y,e7* (41182 cos 2(¢; — ¢2)dv.
y
We can now expand 2/7 as usual :—

2 2 b2 b2\?2
”—=““‘{1+_‘*COS’Y+<‘—>P2(COS')’)+"‘} by < by

r b1 b1 b]
2 by b1\?
=—{1+—cos'y+<—— Py(cosy) + - - - by > by
b by b2

where 7 is the angle between the lines b; and b», and

P.(cosy) = P,(cos 8;,) Pn(cos 05,

n (n — m)!
+ 2 22 (= 1) ———"P,"(cos 0;,) P ™(cos 04,) cos m(s1 — ¢2)
— (n + m)!
2m
f P,(cos v) cos m(p1 — ¢2)d(¢p1 — b2) = 2w Pn(cos 05,) Pr(cos 05,), m =0
0
(n — m)!
= 2r(— )™ ——P,™(cos 0y,) P,"(cos 05,), m #Z 0.
(n + m)!
On performing the integrations, one obtains, letting
vs(xb)
g51 = : + F4(Kb>
kb
v1(xb)
87,3 = Rk + (Kb)2F2(Kb),

(kb)?
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the following expressions :—

i1 = (16mc,*/3«%) f(ﬂ sin? 0,67*¢(gs,1 — (1/5)Ps(cos 6)gr.3]dv
i3 = (8mc122%/3k%) fa2 sin2 f,e7*¢[gs.1 + (2/5)Pa(cos 05)g7.3]dv
= (167c,2cy2/3k*) fcﬂ cos? B,e7%gs.1 — (1/5)Py(cos 03)gr,3]dv
19 = (8mcy!/3k?) j a? cos? 0,67 g5, + (2/5) Py(cos 05)gy.3)dv
15 = — (8mc1%:2%/5k*) fa? sin @, cos 8, sin @, cos 6,6 % g7 3dv
17 = — (8me?/5¢%) f{ﬂ sin? 8, sin? 6ye~*%gy 3dv
fa2 sin2 0,e*¢(T5/xb)dv = (8aT5/3k) [gs.1(a) — (1/5)g7,3(c) ]
f(ﬂ cos? B,e7*(Ds/xb)dv = (4715/3k%) [gs,1() + (2/5)g7,5(c) ]

f a? sin? 0,6+ [(kb)® + 6(xkb)2 + 18xb + 24](1/b)-dv

= (2r/k)(a/2)*{(a/2)*[(4/3)(4s — A) — (4/35)(A2 — 40)]
+ 6(a/2)2[(4/3)(A5 — As) — (4/15) (A3 — A)] + 18(a/2) [(4/3)(As — A2)
— (4/15)(As — Ao)] + 24(4/3)(d5 — A))}

fa2 c0s? 0,6~ (0 [(kb)® + 6(xkb)? + 18kb + 24](1/kb)-dv
= (2n/k%)(e/2)*{ (@/2)3[(2/3)(As — A.) + (46/35)42 — (2/5)A40]
+ 6(a/2)2[(2/3)45 + (4/15)45 + (2/15)4:1] + 18(a/2) [(2/3) 44 + (8/5)4,
— (2/3)40) + 24[(2/3)45 + (10/3)4,]}
Ty fa2 sin? §,e7**Py(cos 05)(1/xb)3dv
= (87rI‘7/K5) [’)’5/3&3 - I‘2/15 - 2’)’7/5&6]
Iy fa2 cos? 7% Py (cos 05)(1/xb)*dv

= (47T7/x%) [vs/3ad 4 2T3/15 + 4v7/5a3 — ae=/2|
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fa2 sin? 8,e*2(1/kb)3Pa(cos ;) [T7(kd) — (xb)® To(b) |dv

= (2me2/4%) [(@/2)7{ — (4/3)(4s — A4) + (64/T)(As — As) — (12/T)(4s — A0)}
+ (a/2)4{ — 8(ds — Ag) + 40(45 — A1)}
+ 15a3{2(Ag — Ag) — (76/15)(A4 — Ag) + (62/15)(A2 — A0)}
+ 9002 { — 8(ds — Ag) + (34/3) (45 — A1)}
+ 360a{(15/2)44 — (71/6)A5 + (10/3)44} ]

f(ﬁ c0s? 0ae*9(1/kb)3Py(cos 0,) [T7(kb) — (kb)® Ty(kb) |dv
= (2ma?/46%) [(/2)*{ (4/3)45 — (220/21) 44 + (124/7) 4 — 44}
+ (/2)4{845 — 644, + 884, ]}
+ 15a%] — 245 — (14/15)44 + (6/5)4z + (10/3)4,}
+ 9002 {845 + (14/3)45 — (26/3)4.}
+ 360a{ — (23/2)4, — (25/6)45 + 24,) |
+ 720{84; + 24.} ]

fa2 sin? f,e~*a(1/xb)3[T2(xkb) — (kb)5 Ta(xb)]dv
= (2ma?/4x%) [5(a/2)7{ (4/3) (A5 — As) — (4/35)(As — Ao)}
+ 30(a/2)4{ (4/3) (45 — A5) — (4/15)(45 — A1)}
+ 157 { (4/3) (A4 — As) — (4/15)(4s — 40)}
+ 120a2(A5 — A1) + 960(45 — Ao) ]

Iy f a?sin 6, cos 0, sin 8, cos O,e**(1/kb)*dv
= (27T7/15«%a®) [— 16v7(@)/a? + 4a’l's(a) ]
f(ﬂ sin 6, cos 0, sin 8, cos B,e7*4(1/kb)?[I'7(kb) — (kb)?® I'y(xb) |dv

= (2ra/4x%) [(a/2)% { (4/3) (A g — A ) — (152/21) (A, — Ag) + (1/15) (A2 — A o) |
+ (a/2)4{8(4s — A3) — 40(A3 — A1)}
+20a{ (A — Ag) — (1/5)(As — A5) — 2(ds — Ao)|
— 48002(A5 — A3) + 360a{(23/3)As — 545 — 24} — 240{164; — 84,}]

Evaluation of the integral

f(ﬂ cos? f,e7* 2 Py(cos 0,) (1/xkb)3dv = J
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This is a conditionally convergent integral,” the value of which depends
upon the particular coordinate system used. Since the companion integral
has been evaluated in the \, u system (merely for convenience), this procedure
must be followed here, even though much more laborious than the evaluation
in the a, b, system. Setting p=a/2,

7= [ [ eeomrnan /i @/220u + 15/0 - w902 = )
{1 =302 = 1)(1 — u9)/20\ — w)?}dNdp

= (2ra?/4s) [ [ [eromou+ 004+ /0 - w-ana
=6/ [ [0 = Dot D2 = W0+ 0/ -
+ N+ WY - u)s}dxdp]

"= (2ra?/4u) f “edN I — (3200 — D{(1 =\, + 1L}

where

Io= f due (e + 1)\ + 1)/ (h — )
I = f due (A + 12N + u)/(A — u)*

I = f due (e + 1200+ @)Y/ (8 — w)?

Io = 2M{NF(0) + AN + DF(1) + (2 + DF(2)} + A (= 1)

+ 2N + DF0) + (A + 1)F(1)

NF(2) + 2NN 4+ DFQ3) + (2 + D)F(4)} + NF(1)

+ NN+ DF(2) + (2 + 1)7(3)

I, = — 4 {NF(1) + MM + DF(2) + (A2 + 1)WF(3)} — 4\ {N2F(0)
+ 2+ DFW) + W+ DFQ) | — [NF(= 1) + 2:0* + 1DF(0)
+ (O + DFE()}

I

J = (2ra?/4x5) f we‘_ﬂ"d)\{S)\(l — MYFE) 4 (3/2)(1 — M)(1 — IHE(3)

+ (24N — N — 14N3 — N)F(2) + (21N® — 5\/2 — 6N2 — 1/2)F(1)
+ (N — 238 — MF(0) + (3\%/2 — N¥/2)F(— 1)},

™ This was not realized at first, and the a, b coordinate system was used. This gave a wrong
result, and I wish to thank Mr. H. M. Mott-Smith, Jr. for his kindness in helping to locate the
error,
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Applying formula (3), one obtains
J = (4r/k%) (vs/3a® 4+ 2T3/15 4+ 4v:/5a% — aZe™2/2).

This differs from the result using the a, b coordinate system in that the last
term here does not occur in that result.
The integrals s, 14, 15, 13, 110, and 71;.

72 = ¢ f dvydvaay sin 04Dy SIn 65,0z SIn O4,bs sin fy,e~ (x/2) (@rtaztortba(2 /r)

14 = %2 f dvidvaay Sin 6,Dy Sin 05,05 COS O4,bs COS Oy,6™ (41D (artarthitda)(2 /7)

i = 12692 f dv1dv;0; sin 0,01 COS 0,0z SIn 04,0y COS 05, COS (1 — o) €™ (k/2) @rtaztbitsa) (2 fy)
28 = ¢ fdvld'vzal sin 6,0y sin 0s,a; sin 64,bs sin By, cos 2(py — o)e™(x/D (artartbida) (2 /y)
f10 = ¢3* f dvidvaay €OS 04,0y COS B5,a2 COS 0a,Da COS Op,e™ (kI (@rtartbitb) (2 /r)

i = 1%, f dv1dv2a; €OS B,,by Sin 0,3 Sin Og,ba COS O, COS (1 — o)™ (x/V (artaztbitb) (2 /y),

We use Neumann’s expansion:

0 T

2 Al Ag
'E Z D, P \ (08 \ P (u1) Py (uz) cos v(¢p1 — ¢2)
7=0 v=0 2 1

1
v
the upper arguments for A, >4, and the lower for Ag<\;

D,y = (— 1)%(2 —I—l)[(T_V)IT 1 2
ey = (— 1)%, (27 — € = € = € = - - = 2,
r 4+l !

One does not need to concern oneself as to whether the above series con-
verges rapidly or not (for the integrals in question), for orthogonality relations
reduce the number of terms to three or four. In general, but not always, the
second term is so small compared with the first that its contribution may be
neglected.

Let us denote the terms arising from 7 =0 by 7,(9, 74(" etc. Also, let

* o
or(m, n, a) = f Q,()\)e—“"”)\mAn<)\, —2—> an

1

- iwvv Dfs(m + v, @) (/2

© A
s (m, m, a) = f Qr()\l)e‘“)“”)\lmd)uf ey dN,
1 1

= f‘f(m: a/2) A”(li a/Z) — Or (m; n, a)
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Tables of ¢,, 5., etc. are given later.

O = 20020 (R/2)® f O = D1 = w20 — DA — w0 — wr?)
(\e? — 122Qo <12> ¥ EOAND 2y dpodN1d Ny
= (2/1024)(a/2)? f Nt = D(? = D(/3)202 — 1/5)

A
(\g? — 1/5)Q0()\2> e RO 120N N,
1

= (k/144)(0/2)° {50(00) /25 + 3650(22) /25 +50(44) — 6[50(02) +50(20) ] /25
+ [50(04) + 50(40)]/5 — 6[s0(24) + s0(42)]/5}
i = (x/144)(/2)?{50(00)/5+ 10850(22) /25 +s50(44) — 24 [50(02) +50(20) ] /25
+ 3[50(04) + 50(40)]/5 — 12[50(42) + 50(24)]/5}
i10@ = (k/16)(c/2)°[ { 50(00) + 50(04) + 50(40) + s50(44) } /9 + 3650(22)/25
— 2{56(02) + 50(20) + 50(42) + s0(24)} /5]
Let

© A
t2(2m, 21’1, a) = f Q2()\1)e‘“*1/2)\12md)\1 Pz()\g)e_o‘)‘?/?)\z?nd)\g
1

1

= (3/2)s2(2m, 2n + 2) — (§)s:(2m, 2m).
Then

iz(Z) = 10614(271")2(R/2)9 ﬁ>\12 haad 1)(1 - ,ul)z()\g? - 1)(1 - ,ugz)O\lﬁ —_ ,U.f“’)
A2

A
()\22 — M22)e—a(h+>\;)/2.Q2 <)\ >P2 <)\1> Pg(/.l,l)Pg(/.l.z)d,lnd,u.gd)\ld)\z

1

= 1061"(21r)2(R/2)9f(4/15)2()\12 — D= (N2 +1/7)

a? + 1/7)0: <;‘j> P, (i:) a0 120N g
= (k/720)(/2)*[12(00) /49 + 36£2(22) /49 + 12(44) + 6 {£2(02) + £(20) | /49
— {12(04) + £,(40)} /7 — 6{12(24) + 12(42)} /7]
1@ = — (k/120)(a/2)°[— #(00)/21 + 1225(22) /49 -+ t2(44)/3
— 6{22(02) + £5(20) } /49 + {1,(04) + 12(40) } /7 — 2{t:(24) + 12(42) } /7]
i10® = (¢/20)(e/2)°[ {£2(00) 4 £(04) + 12(40) + £2(44) } /9 + 412(22) /49
— 2{£(02) + #2(20) + 1,(42) + t2(24)}/21]
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Let
© M
u4(2m, 2n) =f Q4()\1)6_““1/2)\1“‘d)\1f Py(Ng) e /2NN,
1 1

=(1/8)[35s4(2m, 2n + 4) — 30s,(2m, 2n + 2) + 35,(2m, 2n)]
Then

. A A
i ® =18¢,4(21)2(R/2)%(16/315)2 j ()\12—1)()\22—l)e—"“xﬂﬁ)/?@()\z) P4<)\1) dhidhg
1 2

=x(1/105)%(ct/2)®[24(00) — 214(02) — 2,(20) +2,(22) | .

The other integrals for r=4 will be somewhat similar. Since the contribu-
tions from 7=2 are small with respect to those from =0, the influence of
7=4 has been neglected.

i = — c[—’cf(Zvr)?[)n(l\’/Z)"f flgf( 2) fg\‘( )0\1 — )2 — 1)(4/3)2
(A2 — D)(\g2 — 1)e Ot i2g) N,
= (k/96)(a/2)°[ {51(12) — 51(10) — 50(02) + 55(00)} /25 + {s1(34)
— 51(32) = 50(24) + 50(22)} — (3) {s2(14) — 5:(12) + 5,(32) — 51(30)
— 50(04) + 50(02) — 50(22) + 50(20)} ]
is® = (3x/160)(a/2)°[ {52(24) — 52(22) — 5:(14) +5,(12) } /49 + {5,(46) — s52(44)

— 51(36) + 51(34)} /9 — (1/21) {52(26) — 55(24) — s5,(16) + s,(14)
+ 55(44) — 55(42) — 51(34) + 5:(32)} ]

~
-
°

(20 D(R2)° j O — Dtz — DOE = (N2 = 1)
dP d0Oy
(A2 = ) (Na? — pa?)emaOrbho /2 d}\l( > dc;\ < )

Py (u1) P/ (1) Py (2) Py (ue)dNidNg - dprdus
= — is(l) i11(2) = i0(2>, etc.

For the evaluation of 75, we use the formula

(N — 1)2—Q—2 = 2[(\* = 1)Q2 — NQ1 + Qo]
is® = 3614(2ﬂ)2022(R/2)9f()\12 — D~ 1)2_(1{_2;( >(16/5)2

(N2 — 1/T)(N2 — 1/T)e a0t 12g)  dhy
(k/480)(ar/2)%[s2(44) + (1/7) {52(04) + 5:(14)} + s0(24) — 852(24)/7
— 51(34) — 50(04)/7 — (8/7) { 52(42) +(1/7) {52(02) + 51(12)} + 50(22)
—852(22) /7= 51(32) = 56(02)/7} +(1/7) {52(40) +(1/7) {52(00) +51(10) }
+ 50(20) — 852(20)/7 — 51(30) — 50(00)/7}].
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The integrals 724®, 7,®, and 43 have been assumed negligible, because of the
smallness of the preceding terms.

TasLE II1. oo (m, 1, @)

a a=3 4 5 6 7 8 9 10
70(0,0,0r) 0.01391 0.0231700.0%800 0.0°21620.04611 0.041787 0.05536 0.051644
00(0,2,a) .05647 .029742 ,0%2043 .0%4827 .0%1235 .043340 .05942  .0%2743
00(0,4,a) L4202 .04750 .0%27474 .0°1436 .033149 .0%7565 .041942 .055245
a0(2,0,a) .02152  .0%445 .021058 .0%2737 .047504 .042143 .0%313 .051906
7o(2,2,a) .00948 .01496 .022884 .0%6430 .0%1577 .0'4138 .041138 .053252
a0(2,4,a) .8257  .07945 .01128 .0%22019 .0%4203 .049714 .042419 .0%6378
a0(4,0,a) .04180 .02720 .0%1539 .033717 .0%9714 .042679 .05768 .052270
00(4,2,a) .2438  .02824 .0%4674 .0%9446 .0%2168 .045417 .041438 .0°3995
oo(4,4,0) 2.4886  .1748  .02051 .023237 .0%183 .0%13424 .043192 .058122

TaBLE IV. so(m,n,a)

a a=3 4 5 6 7 8 9 10
S0(0,0,a) 0.02753 0.0%17980.0%470 0.0313020.04375 0.041117 0.0°340 0.051055
S0(0,2,a) .01261  .022678 .0%650 .0%1715 .0%476 .041378 .0%410 .0%1251
S0(0,4,0) .0268  .02466 .021000 .0%243 .0440 .041780 .05514 .051528
S0(2,0,a) .02508 .0%474 .0%1058 .0%2620 .04694 .041933 . .055580 .051659
So(2,2,a) .05069 .02800 .021601 .03370 .04028 .042485 .0%697 .052023
So(2,4,a) .1460  .01700 .0%2283 .03580 .031345 .043405 .0%914 .052569
So(4,0,a) .1421 01849 .023221 .0%669 .031555 .043917 .041045 .052916
So(4,2,a) .3485  .03599 .0%25417 .021022 .0%2214 .0¢5301 .0%1360 .053681
So(4,4,a) 1.345 .0949  .01124 .0%21812 .0%3520 .047803 .0'1891 .0%490

TABLE V. oi(m,n,a)

a a=3 4 5 6 7 8 9 10
1(1,0,a) 0.026761 0.0215880.0%41080 .0311307 0.043249 0.059636 0.052927 0.08907
a1(1,2,a) .02649 .024730 .0210197 .032464 .046422 .041765 .055049 .051488
a1(1,4,a) .1927 .02253  .023644 .0%7171 .0%1604 .043921 .0410227 .052799
a1(1,6,a) 2.7214 L18784  .020763 .023072 .035523 .0311383 .042594 .056367
a1(3,0,) .029821 .022122 035211 .0%1384 .043874 .0411264 .0%3369 .0%1030
o'1§.\3,2,a) .04322 .026839 .0213697 .033150 .047926 .0%2121 .055944 .0°1722
a1(3,4,a) .3470 .03513  .025194 .0%9602 .032055 .0%44860 .0¢12354 .0°3311
a1(3,6,a) 5.177 .3079 .03096 .0%4280 .0%7327 .031454 .043217 .0%7703

TaABLE VI. s (m, n, a)

o a=3 4 5 6 7 8 9 10
S1(1,0,a) 0.0229590.0%730 0.03%19530.0455250.0416230.0%4907 0.051518 0.05477
S1(1,2,0) .02482 021064 .0%32653 .04715 .042030 .05599 .051808 .085607
Si(1,4,a) .02998  .021804 .03399 .04994 .042678 .0%760 .052230 .0%676
S1(1,6,a) .0296 .02390  .03705  .03%1544 .04383 .04103 .052885 .08847
S1(3,0,a) .02929  .021818 .034182 .0%10612 .042877 .0%8169 .0%2401 .087253
S1(3,2,a) 01837 .0%300 .0%6216 .0°1468 .0'3786 .0%1037  .0%2960 .0%877
S1(3,4,a) .0516 .0%625  .021070 .032259 .04538 .041395 .0%3821 .051096
S1(3,6,a) .232 .0176 .02230  .0%407 .04857 .04204 .05526  .0%1448

REesuLTs

The results have been tabulated in Tables I-XV. The values are based
partly on integral logarithm tables given by Jahnke—Emde, and the accuracy
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is limited thereby. The tables are, therefore, subject to revision on this ac-
count. Except for this, they are accurate up to a possible change of the last
figure. In this connection, it is urged that the tabular method is the economi-

cal one, in that the calculations may be checked easily.

TaBLe VIL. oy(m,n,«)

a a=3 4 5 6 7 8 9 10
72(0,0,a) 0.023185 0.0%797 0.0%2158 0.046154 0.041818 0.05552 0.051709 0.08540
a2(0,2,a) L011511 .022225 .035079 .0%12825 .043459 .05979 052865 .0%0861
a2(0,4,0) .0792 .01004 .021729 .0%3574 .048318 .042099 .0%5628 .0%1576
a2(0,6,a) 1.092 L0814  .02955  .021484 .032777 .045917 .041388 .053492
a2(2,0,a) .023976 .0%958  .0%2528 .04708  .0%2060 .05618 .051897 .08593
2(2,2,a) .01511  .022775 .03%130 .0%1510 .044001 .041113 .0%3224 .0%960
2(2,4,a) .10773  .01295 .022147 .0%4311 .0%981 .042433 .0%6432 .051780
02(2,6,a) 1.509 .1069 .01209  .0°1823 .033335 .046970 .041609 .053991
2(4,0,) .02545  .0%21224 .03310  .0%8415 .042401 .0%7066 .0°2142 .0%663
a2(4,2,0) .02296 .023799 .0%3789  .031862 .044789 .041305 .053712 .051090
o2(4,4,0) .1787 .01892  .022904 .035533 .0%1214 .042926 .057566 .052053
02(4,6,) 2.63 .1628 .01729  .022418 .034247 .048588 .041937 .0%4696

TaBLE VIIL. s(m,n,0)

a a=3 4 5 6 7 8 9 10
S2(0,0,a) 0.03677 0.03195 0.04582 0.0417780.05558 0.05178 0.08577 0.06187
S2(0,2,) .0%93 .03255  .04728 .0%216 .0%664 .05208 .05662  .0%214
S2(0,4,a) .02135  .0337 .0498 .04274  .0%81 05251 .06778  .06249
S2(0,6,) .0212 .0207 .03150 .04373 .04104 .0%313 .0594 .08298
S2(2,0,a) .02139  .03360 .0%983 .04282 .05845 .0%259 08811 .06259
S2(2,2,a) .0222 L0351 .03131  .04360 .041037 .0%313 .08957  .08300
S2(2,4,a) .0243 .0388 .03195  .0*491 .041345 .0%391 051162 .0%359
S2(2,6,) .011 .0221 .0335 L0475 .04187  .0852 .05147  .06449
S2(4,0,a) .0241 .03803  .03201 .04518 .04143 .0%415 .051247 06381
S2(4,2,c0) .0279 .021494  .03295 .04705 .04186 .0%517 051517 .0%455
Sa(4,4,0) .021 02331 .0851 .031061 .04260 .0%683 051932 .08568
S2(4,6,a) .08 .0124  .0%81 .0%188  .0#41 .0%98 .05261  .08745

TaBLE IX. Sun'(a/2), etc.

a a=3 4 5 6 7 8 9 10
(Seo)¥2| 0.4825 0.2256 0.025086 —0.1597 —0.2649 —0.3187 —0.3326 —0.3190
Soo .2328  .05088 .0%2587 .02556 .07020 .10156 .11062 .10174
(Su)v? .8089  .6947  .5778 .4679 .3702 .2871 .2185 .16405
S11 .6542 4826  .3339 .2189 .13695 .08241 .04774 .02692
S1o .3903 .1567 .022939 —.0747 —.09807 —.09147 —.07268 —.05233

In order not to make the labor prohibitive in other cases, some more
straightforward method should be employed to obtain the entries for sy(m,
n, &) and similar quantities. As it is, the accuracy for small values of « is
quite small. This is not serious, however, for the approximation method itself
can be expected to give good results only for large values of the internuclear

distance.
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TaBre XI. List of Integrals
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R > a? R<a
R+u
db 2a 2R
|R—a.
a2 RZ
f bdb 20<R2 + _{) R(a2+~3—>
1 1
f bidb 2a<R4 + 2a%R? + T‘l") R(a“ + 2R%? + —5-R4>
J
db 2a 2R
B2 R — g2 2 — R?
a» (® -+ 02/3 o RY)
bt (R — q?)3 (02 — R?)3
f sin26,db 4g0 4
—R
g 3R2 3
= J a? sin? 0, db/be
n2 b2db
fsm b 4a3 (R2 az) 4 R( . R2>
3R 5 35\ T
= f a? sin? 6,db
f 2 g 2
S 4 1 4 1
db 3 R* R? — a? 3 a? — R?
= faz sin? 64—
bl)
sin* 0ydb
f sin’ 0ud 16 a 16,
) . db 15 R4 15
= faz sin? 6, sin? 6, —
b‘l
a® cos? 0, 2a 2R 1 IZR3
f b2-—db ﬁ — (J,—? :{k—; (20,2 -+ Rz) — —((;2+2RZ)=———R+
db 2a a? 2R R?
f P»(cos 9,,)'-—2 I?ZT—(L—ZIT‘ ;;———_ R2';
a2 cos? f, sin? Bbdb 4a° (_52_4- 4q? ) 4 R a®+ 4R* 4 4 R3
b? 3R \S5(R?2 — a?) 3 S(a2 R2) 15 '3 a?—R?
f 2 0,db 20 — 22 m-2r-2g
a— — — —R = —
cosTo 3R 3 3
2 R /2
2 0,db —a? I€2> —_— (—R2 2)
f°°s 3R2< ot 3 a\se T
2 ad 2 R®
P. 0,)db — — — —
f 2(cos 8,)d T s 2
g . db 16 a® 4
fa smaasmﬁb-cosoacosﬁyﬁ BETHT + ER
f ab cos 8, cos Bbdb 4q3 i 2 R
b2 3R 3
f a? cos? 6, cos? el}ib 2 al 16 @ 2 Ra? 4
b2 3 R2— a2 15 R* 3 a2 — R 15
a? sin? 0, cos?0, 4 ¢* 16 & 4
1 —R
f b2 3 R* 15 R 15
f a? cos? deb 2 ad 4 @? 2  Ra?
b2 3 R? 3 R? 3 a? — R?
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iy = (x/384)[Ic — (1)IIIc]
iy = (k/384)[I¢c + (2)IIIc] = (x/192) [1Ic — ()IV¢]
iy = (x/192) [ITc + (2)IV¢]

15 = — ich/640 i7 = — kVIc/1280
TaBLE XIIT

« a=3 4 5 6 7 8 9 10
21/k 0.332 0.303 0.280 0.255 0.232 0.213 0.195 0.179
73/k .338 .324 .305 .285 .262 .241 .220 .200
29/K .359 .346 .332 .315 .296 .278 .252 .231
5/x —.0056 +.0009 -+ .0044 -+.0064 +4-.0067 +.0062 +4-.0053 +-.0042
i1/k —.0312 —.0242 —.0181 —.0131 —.0094 —.0066 —.0045 —.0031

I = 2k/a — 4¢,? fe“““cﬂ sin2 0,(1/xb)dv = k[2/a + i1/x — (1a)/192]

I;

Iy

Ts

= %/ — 2 f dvag®/b — 2 f dva;2/b + 35 = «[2/a + 45/x — (11a)/192
— (Ia)/384]

= 2/o — 4fdva02/b + iy = x[2/a + iy/x — (I1a)/96]

=5, In=1dy, Is =15 Is=1is I11 = in 2 — i

I,

Il

ZKSn/a - 4(311)”2 fd?)dlbl/b + 1:2

I,

I

ZKSIO/Ol e 2(S00)”2 fd‘?)(llbl/b - 2(311)1I2 fd‘l)dobo/b + i4

Im = ZKSQO/Ot - 4(500)1/2 fd?)dobo/b "\L 7:10

The resulting integrals, after the small quantities before mentioned have
been neglected, are listed in Table XIV. The relative energies are given in
Table XV, and plotted in Fig. 1.

TaBLE XIV. Integrals.

a a=3 4 5 6 7 8 9 10
I/x 0.196 0.088 0.047 0.025 0.013 0.009 0.005 0.003
I3/x .068  —.026 —.046 —.042 —.032 —.021 —.014 —.010
Is/k —.043 -—.140 —.140 -.110 -—.067 —.042 —.026 —.013
I/« —.006  4-.0007 .0044 .0064 .0067 .0062 .0053 .0042
In/k —.031  —.0240 —.0181 —.0131 —.0094 -—.0066 —.0045 -—.0031
I/« .082 .005  —.0217 —.0183 —.0139 —.0086 —.006 —.0028
L/ .074 .009 .0198 .0173 .0161 .0126 .0103 .0060
Lo/ .096 .070 .035 .032 .017 .0081 .0035 .0021
Is/x —.043 -.030 —-.039 -—.028 -—.021 —.015 —.010 —.006
Is/k .01 .01 .007 .005-
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TaBLE XV. Relative energies.

a a=3 4 5 6 7 8 9 10
SZ,*/k .100 .064 .032 .015
3Au/k .329 .162 .103 .056 .032 .019 .0118 .0062
13,7/ .225 .142 .081 .048
2,k .074 .026 .012 .003
1A, /K 167 .063 .0188 .006 —.001 —.001 —.001 0
13,k .053 .011 —.0005 —.0042
SIT,/x 137 .010 .009 —.003 —.002
3y /k .05 —.002 —.027 —.024 —.018 —.012 —.009 —.006
I, /k .065 —.042 —.059 —.053 —.033 —.019 —.010 —.006
UL, /x —.06 —.076 —.110 —.087 —.069 —.050 —.037 —.025
15t/ .04 —.07 —.11 —.079 —.054 —.036 —.023 —.011
33,k —.18 —.22 —.177 —. 146 —.102 —.057 —.033 —.017

DiscussioN

Fig. 1 shows the relative energies plotted as a function of the internuclear
distance. The lowest term,® for intermediate values of kR, is the 3Z,*.. For
hydrogen, we may set k=1, and the minimum of this curve lies at about 2.0A.
The value of the heat of dissociation is 2.9 volts, approximately.

Y/x

Fig. 1. Relative energies.

It is not possible to say, to the degree of approximation used here, whether
the II, state has a weak minimum or is repulsive. For the same reason, the
relative positions of 12+ and I, may actually be somewhat different. The

8 This result has been predicted for B, by J. E. Lennard-Jones, Trans. Faraday Soc. 25,

681 (1929).
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reason for this uncertainty lies partly in the fact that we have neglected 7®
and 4®, and partly in the low degree of accuracy to which s, may be given.

Apart from these minor details, it is safe to .assert that the curves do
represent the interaction of two hydrogen-like atoms, each with one 2p elec-
tron, insofar as this interaction is to be found by a first order perturbation
calculation of the Kemble and Zener type.

Heisenberg? has shown that there is reason to believe that the behavior of
ferromagnetic substances may some day be understood, when it becomes
possible to carry through detailed calculations. A necessary condition for
ferromagnetism seems to be that the exchange integral for the lowest states
be positive. This was found to be likely for » =3, where % is the principal
quantum number. From our results, it is seen that a positive exchange energy
integral is obtained for =2, =1, so that the possibility of ferromagnetism
does not seem to be governed by the principal quantum number in so simple
a fashion. The sufficient conditions for ferromagnetism have yet to be given.

One also sees from the curves in the figure that the “Coulomb” integrals
are in general more important than the “exchange” integrals. The states
arising from m;, =0, m; =0 lie the lowest, those from m;, =0, my= +1 are
next higher, and those from m;, = +1, m; = + 1 are highest. This means that
the most stable configuration is that in which there is the maximum overlap-
ping of charge, in accordance with the ideas of Slater!® on directed valency.
Orbital valency may be associated with the “Coulomb” integrals, and spin
valency with the exchange integrals. The latter concept may, however, be
misleading.

Though this analysis is strictly applicable only to the case where two
excited hydrogen atoms interact (leaving out of account the influence of the
s orbits) one might expect that similar conditions would obtain for boron, or
excited lithium. Unfortunately, the band spectrum of B, has not been ana-
lyzed, so that a direct check of the theory is wanting. The inner s electrons
would probably have some influence, but whether the order of the energy
levels would be affected or not is open to question.

In conclusion, I wish to express may deep appreciation to the many people
with whom the problem has been discussed. It was suggested by Professor
Heisenberg, whom I also wish to thank for his help on previous problems.
Acknowledgment must also be made to Dr. Dirac for discussion of allied
problems. The work was continued at the Eigendossische Technische Hoch-
schule, Ziirich, and completed in Urbana. Thanks are due Mr. W. H. Furry
for assistance in checking part of the calculations.

Note added to proof, Feb. 17, 1931: The influence of the inner 2s electrons
is now being studied, and will be made the subject of a later paper.

% W. Heisenberg, Zeits. f. Physik 49, 619 (1928).
1o J. C. Slater, American Physical Society meeting, Dec. 29, 1930, paper 17.



