
FEBRUARY 1, 1931 PHYSICAL REVIEW VOLUME 37

RADIATION OF MULTIPOLES
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ABSTRACT

The radiation of multipoles formed by putting together elementary dipoles is in-

vestigated according to the classical theory and wave mechanics. It turns out that the
radiations are of two kinds:

The first part has the same frequency as the dipoles and is present only if
the multipole structure is present even without vibration.

The second part is always present. If I, the order of the multipole, is even then
the frequencies are 2v, 4v, up to ns. If n is odd then the frequencies are v, 3v, up to nv.

The relative intensities of subsequent multipoles are proportional to the square of
the ratio: dipole amplitude to wave-length, as has been found in other cases. This cal-
culation would apply to the infrared radiation of molecules.

ECENTLY there have appeared a number of papers on the radiation of
higher poles this radiation seems to explain the presence of forbidden

lines. ' Although e.g. Rubinowicz' paper gives rather complete general for-
mulas for the classical theory, it seems not useless to bring out the physical
facts as clearly as possible by considering the case of a combination of linear
oscillators, as they are present in molecules like CO2 (two) or CC14 (four).

I. Cr.AssrcAL TIIEoav

We consider quadrupoles, but there is no dif6culty in generalizing to
higher poles. The simplest quadrupole consists of two equal dipoles vibrating
in the direction of the line joining them but with opposite phases.

If the direction of vibration is the s-axis, the field of one dipole can best
be described by a Hertz-vector Z

Z =ZÃ=0
cos 2rrr(t —r/c)

Zg =Z=a
r

1 8 Z 1 BZE=hZ ———,II= —rot-
c' Bf' c Bt

If we have now the two dipoles the distance l apart along the Z axis and
vibrating with the same amplitude but opposite phase, we will get the re-

I. Placinteanu, Zeits. f. Physik 39, 276 (1926). A. Rubinowicz, Phys. Zeits. 29, 817
(1928);Zeits. f. Physik S3, 267 (1929);61, 338 (1930);I. Blaton, Zeits. f.Physik 61, 263 (1930);
I. Bartlett, Phys. Rev. 34, 125 (1929); A. F. Stevenson, Proc. Roy. Soc. A128, 591 (1930);L.
HuE and R. W. Houston, Phys. Rev. 36, 842 (1930).

~ I. Bowen, Proc. Nat. Ac. 14, 30 (1928); Astrophys. J. 6'7, 1 (1928); R. Frerichs and I. S.
Campbell, Phys. Qv, 36, 1460 (1930).
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sultant Hertz vector at any point by taking the difference between the con-
tributions from the two dipoles. The resultant Hertz vector will consist of
three parts:

a cos 2p v(t —r/c)
Z2 = —— ——cos 0.

r r

This part will not contribute to the radiation in distant places on account of
the factor 1/r

a sin 27rv(t —r/c) l
Z2 —2 ' —cos 0.

r X

This part does give radiation which will represent a spherical wave of the
same freguency as the one which would be emitted by a dipole, although its
intensity varies in a different manner with 8 and its amplitude is diminished
by the factor 2prt/X. The formula is

2prl 4s' sin 2prv(t —r/c)
+By = Eg = cos0 8 sin 0

X 'A2 r

The total intensity emitted is the fraction (Sar'/5) (P/V) of that emitted
by one dipole.

The third part is the most interesting one; it is always present, even if the
two dipoles are not apart (t=0) when at rest, that is to say if there were
e.g. two negative charges vibrating on opposite sides of a positive charge
with the same position of equilibrium. It arises from the difference of posi-
tion caused by the vibration itself. That is to say, we have to take r now not
as the distance from the point of observation to the dipole, or quadrupole, but
to the vibrating charge. If we call the deviation from the equilibrium posi-
tion in a given moment s', we have to put in (1)

r = ra+ s'cos0

and have for the dipole

cos 2s-v(t —r p/c) + 2p/Xs' cos 0 sin 2s.v(t —r p/c)
Z = 8

r

a cos 27rv (t —rp/c)—+
r

a cos 2xv(t —rp/c)

2s ap sin 2rrv(t —r/c) cos 2vrv(t —r/c)
cos 0 (6)

r

2pra' cos 0 sin 2s.2v(t —rp/c)+

If the two dipoles of opposite phase are present, the erst member drops out,
and we have

2m eos 0 sin 2pr2v(t —rp/c)
Z3 = —82

r r
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That represents a spherical wave, with the same angular distribution as
Z2, but with the double frequency and an amplitude proportional to the square
of the amplitude of oscillation. The total amount radiated is (47r'/Xo'(a')2/5)
times the amount radiated by one dipole.

Generalization to higher poles will give the following result: Assume that
we have a pole whose order is n. n is defined in this manner: Let the unit
vector g; indicate the direction of one of the constituent unit dipoles which
make up the higher pole. Let r be the unit vector in the direction of observa-
tion.

Then a pole of order n is one for which

Q(p;r)"' = 0

for all rand m, '(n and g;(g&r)" NO for some r. In fact the left hand side is a
spherical harmonic of order n. With this definition, a dipole has n=1, a
quadrupole n = 2, a tetrahedron n =3.

Let us now define a vector which will depend only on the orientation of
z to a system of coordinates fixed in one pole

I- = ZS'(S'r)" '

we will need later besides a scalar, defined by

0„=(L„r')

where r' is a unit vector perpendicular to r.
We find then two diferent kinds of radiation.

(1) If there is a "statical" multipole structure of order n and strength p„
present, we get a radiation (Hertz vector) of the same frequency as the fre-
quency of the constituent dipoles, but with the factor

(2) If the multipole has its origin only in the motion (that is if the field in
equilibrium corresponds to a pole of higher order), part (1) is absent. But
there is always present a radiation with a Hertz vector

8 gn —1

Z = — I.„co"-s'
v2(itr——r/c) cos 2irv(I —r/c) .

nl Br" ~

If n is odd, we have

gn 2~ n—j

Z = —(—1) &"-'»' L — cos" 2—~v(t —(r/c))
n! r )o

( 1) &n—1) /2 +n P~ n 12s=n—I—
z -2-&.-2» «-&&»I &Hi

2n snl r Xo ca o s
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If n is even

Accordingly we get radiation which has the frequency (n —2s)v.
The only similar case where this seems to have been stated explicitly' is

the case of n equal particles moving equidistant on a circle, which arrange-
ment of course forms a pole of n fold multiplicity.

II. WAVE MECHANICS

In this case it is simpler to treat absorption instead of emission. The
transition to emission is always easily made by using as external field the
Lande-Dirac ghost field.

We assume a harmonic oscillator, whose Schrodinger equation is

d'P Sx'M 4m~M 8$
2m'Mv's'P =

ds' h h Bt

with the solution

c—2xfkv/ p —
k r /2+ —(f)f/

with the abbreviation

g= 2x — s.

H„is a Hermitian polynomial.

If there is now a perturbation function present of the form

we find
Ch/, g, 2/r i

k/ J
l'VA/, +8@.

dt h

If we have a light wave polarized parallel to s and propagated parallel to x,
its electric field will be

E, = icos 2x/s(t —x//c). (11)
The perturbation function is then given in the first case (of a statical mul-

tipole structure) by

' J. J. Thomson, Phil. Mag. (VI) 6, 673 (1903);G. A. Schott, Electromagnetic Radiation,
Cambridge 1912, p. 102.

4 See f. e. E. U. Condon and P. M. Morse, Quantum Mechanics, New York, 1930, p. 4.7.
A. Sommerfeld, Wellenmechanischer Erganzungsband, Braunschweig 1929 p. 17.



RADIATION OI" MULTII'OLES

from which we get'

dc„+3 2' Z 2'
c k

— pme„E—jz kkf /+qd» .
dt h Xp m!

The latter integral gives of course the same selection rule as for a dipole s = + 1
and only modifies the intensity of the absorption by the same factors as in
the corresponding classical example.

More interesting is the case arising from the existence of the oscillatory
Ke will put the perturbation function multipole.

which leads to

gn —1

U = —s"o-„e E,
~!

where

dCk+, 2~i eE 27r " ' j 1 y "+'
C k On ~k~k+alk, s

dt h n! ) o 21Iv
2~ )

iCk o- hV 1—eE— Ik, s
(~Mvh) "t' I! 3dc' 2~+"(kt(k + e) ~)~&2

(12)

Ik, s 1 "&&Pe+,dg = j! g"e-~'a, a,+,dg
~k~k+s '

(13)

To evaluate this integral, we use first the following formula, ' where an
upper index j indicates j fold differentiation in respect to the argument

and therefore

If we write

Ha"' = 2k (2k —2) (2k —2j + 2)+„

we have

EIa~' (P) = j!a~~ ~ = 2~ k(k —1) (k '—j + ])+&,.(p)

But on account of the formula'

H(, ——(—1)~e& e
—&'

dgk

5 Of course, we have been quantizing not the motion of one charge, but of a characteristic
vibration (normal coordination). As these are independent (no natural interaction), there are
only transitions between diA'erent states of the scme vibration possible, as G. Dieke has kindly
pointed out.
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we have
dk —j m

». s(o)-= ( —1)' ' —,—. Z( —1 —)'—
= Ofor k —jodd

and finally

a,'k) = k! (k —i)!
2'( —1) &" "&'— for k —i even

&'!)'
(s

—')
(16)

= 0 for k —i odd.

We now use Sommerfeld's method'

1 = Jf I'"( n)H,d)'
d k+s

s-r' (f-"—».)df
d|.k+s

p oo dk+a k

g, . r. „;..
) d,

-

i 0)1

= 0 for k + s ) k + m or s ) e

a;&"'(i+ds)(,i + ds —1) (i + r& —k — )fs' +"&' 'e r'dl for s «s

if we now put

we have
i++ —k —s=3

(k)I = Qa&~),+, „(l+ k + s) l ) e r'&&ds

l=0, 1 Go

(2l)!
The integral is 0 if l is odd and z' ' —if / is even = 2j.

g f22t

Accordingly, we have

Ik, ,(") = 0 if s —e odd

(n—s) /S (4j) I

(2j+ k+ s), 2j
&=o 2"(2j)

(n —s —2j)! 1
. ( 1)s+(s—n) &222)'+&s+s+nk (

e —s (2j+ k+ s —r&)!'
1

2
' Condon and Morse, reference 4, p. 50.
' Sommerfeld, reference 4, p. 59.
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. (4j)!
~1/2( 1) &k n&/221—+k kk —k) g ( 1)/ (2j+k+&) )

(2j) 12

(2&1 —2j) ! 1

()I —j)! (2j + k —&/)!'

with n —s =2g.
That means that for n odd the transitions i, 3, 5 n and n even the transi-
tions 2, 4, 6, n are permitted, and accordingly the frequencies v, 3v, 5v

nv or 2v, 4v nv absorbed and emitted, in analogy to the classical theory.
In normal cases, the formula are not as terrible as they look. For example,
for n = 2 (quadrupole) we have s = 2

(k + 2)!
I2 &" = (7r)'"2 "k!——= (2r)""2"(k y 1)(k + 2).

(k!)'

If n =3 (tetraeder) there are possible two transitions
s= i, frequency v

(k+ 1)!2! 4! 1 (k + 3)!
I'2 1&2& = —(21)1/222+2k )

(k —1)!' (2!)' 4 (k + 1)!'
1 (k + 2)(k + 3)= —

&
)"'2' '&kk'&k k k)

4 k+ 1

s =3 frequency 3v

k!(k + 3)!
Ik 2&'& = (21)"'2' = (21)'"(k+ 1)(k+ 2)(k+ 3).

kP

In general, we have for s =n, frequency nv

k!(k + s)!
12 &n& (2&)1/222 —(2&)1/222(k + l). . . (k + 2)

k!2

which will make the factor in (12) proportional to Ik (k+1) . (k+I)]& or
k "l', if k))n; this corresponds to the fact that the amplitude of light emitted
classically is proportional to u" as c' k~the energy of one dipole.
The relative transition probability from k+s to k for a pole of the n order to
the same probability of a pole of (22 —1) the order is

hv /3IIc2 is the ratio of the energy of vibration to the intrinsic energy and can
be rewritten

k)/2,
k( )' 1(2 )' ( )'

Rubinowicz' has found a similar result for atoms.


