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ABSTRACT

Formulas for the relations between the energies of multiplets arising from the
same electron configuration for all two-electron configurations up to ff and several
cases of three-electron configurations are worked out following Slater's method;
Slater's table of a's and b's being extended to cover f electrons. A systematic com-
parison of the known data with this first order perturbation theory shows poor agree-
ment in many cases and good agreement in many. The theory predicts the observed
alternation in the relative positions of singlet and triplet through S, P, D, F, etc, in the
pp, pd, and pf triads, and the dd and df pentads. In general the p electron configura-
tions fit very poorly; a uniform trend with atomic number is observed for P' and good
fits are obtained for 4p3d in Ti III, V IV, and Cr V. For d electrons the theory fits very
well in the first long period of the periodic table, and fairly well in the second. The S
of d' and the 'D of d'-'s are predicted much higher than the levels assigned to those mul-
tiplets when such an assignment is made. d' fits well except for 'P. An energy level
table of La II is given as recently analysed by Meggers and Russell. Here we have
complete 5d4f and 4f' configurations which fit the theory very well, these calculations
having assisted in the assignment of some of the singlets and resulted in a rearrange-
ment of singlet lines.

)1. I NTRODUCTlON

'HIS paper is a sequel to one' published last fall in which the first steps
were taken toward working out the second approximation for atomic

spectra with Russell-Saunders coupling. Before going on with that work it
was thought desirable to make a careful study of the application of the first
approximation formulas, given by Slater's method, ' to all of the known data.
That is the subject of this paper.

It will be recalled that the first-order calculation gives formulas for the
energy of each of the multiplets arising from a given electron configuration
in terms of certain integrals taken over the radial factor. of the wave function
for an electron in the central force field that lies at the basis of the calcula-
tions. These integrals represent the perturbation energy due to the electro-

* This paper was presented at the New York Meeting of the American Physical Society,
February 27, 1931.

' Condon, Phys. Rev. 36, 1121 (1930).
' Slater, Phys. Rev. 34, 1293 (1929).
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static repulsion of the electrons. It is inconvenient to work out these integrals
for they involve the unknown wave functions of the screened average force
6eld in which the electrons move. Instead these integrals are treated as
adjustable (except for restrictions such as that certain of them are essentially
positive, etc.) in order to see how well the data can be represented. If a good
6t is obtained that is, therefore, only a partial conhrmation of the theory,
for the question still remains open whether the relative magnitudes assumed
for the several integrals are really compatible with their de6nition as inte-
grals.

Since Meggers and Russell' have recently obtained for the 6rst time, in La
II, complete sets of lllllltlplets lnvolvlllg tile two-electron collfiglll atlolls pf,
df, f' we have thought it worthwhile to extend Slater's tables of a's and fl's to
provide the necessary coe%cients for applying the method to configurations
involving f electrons. These results are presented in f2. In $3 and $4 the
explicit formulas are given for the first-order energies in a number of impor-
tant configurations and in )5, (6, and )I comparison of the formulas with the
data is made.

$2. SLATER S COEFFICIENTS FOR f ELECTRON CONFIGURATIONS

In Slater's paper' there are a few details connected with normalization
that need to be straightened out. Slater, in his manuscript, had normalized
his wave functions in an unusual way: namely, so that the normalizing in-
tegral over the spherical harmonic factor was set equal to 47r instead of 1.
This requires the normalizing integral over the radial coordinate to be set
equal to 1/4lr. WVhen his paper went through the Physical Review office one of
us (E.U.C.) thought that a mistake had been made in the normalizing factor
and inserted a (2lr) I to normalize the C'(ml/p) on page 1308 in the usual way.
As Slater was in Europe at the time he did not have an opportunity to set
the matter straight again. Therefore this factor should be removed from the
C'(ml/p) on page 1308 and then it should be borne in mind, what Slater
does not merition, that the radial wave-function is to be normalized to 1/4lr
instead of 1. The usual normalization of each factor to 1, is the one we prefer.
To have this one needs to leave the 4 factor as printed on page 1308, to insert
2 & on the right side of the equation defining O(lml/8) on that page, to remove
the factor 4lr in the equation for I(nl) on page 1310and the factor (4ir)' in the
equations for Fl (nl; n'I') and G"(nl; n'I') on page 1311.

We have also found it convenient to treat the u's and b's of page 1311as
integers by associating the denominator of the u's and b's as they occur in the
tables of page 1312with the corresponding Ii. Therefore we write

F (nl nV) = F'(nl n'I')—
where Ii~ is Slater's F and DI, is the denominator of the fractional value for
a~(l, ml, I'ml') as given on page 1312. The corresponding definition of Gi, is
also made.

' See P of this paper,
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Having detected an error in Slater's table of b's by reaching an incon-
sistency in deriving the energy levels for the pd con6guration it was thought
worthwhile to check these tables by a complete recalculation using Gaunt's
formulas4 for the integrals. These formulas were also used to extend the
tables to the pairs, sf, pf, df, ff Th. is straightforward but laborious cornputa-
tion makes us now feel confident that there are no errors in Slater's table of
page 1312except the one originally detected. The value

I'(I, + 1; 2, y 2) = 45/245

is correct, instead of 9/245 as printed.
The extension to f electron values is covered in Tables I and I I.

TABLE I. Bxtensz'on of faMe of a~(lmI, l'zzzI')

Electrons

+1
+ 1
+ 1
+1

0
0
0
0

+2
+2
+2
+2
+1
+1
+1
+ 1

0
0
0
0

+3
+3
+3
+3
+2
+2
+ 2
+1
+1

0

nzI' k= 0

+3
+2
+],

0
+3
+2
+1

0
+3
+2
+1

0

+3
+2
+1

0
+3
+2
+1

0
+3
+2
+1

0

+3
+2
+ 1

0
+2
+1

0
+1

0
0

5/75
0—3
4—10
0
6
8

10/105
0—6—8—5
0
3

—10
0
6
8

25/225
0—15—20
0
0
0
9

12
16

3/693—7
1
6—12

28

—24
18—42
6

36

9/1089—21
3

18
49—7—42

1
6

36

1/7361 .64
6

15—20
36—90

120
225—300
400

Note: In cases with two + signs, the two can be combined in any of the four possible ways.

$5. THE ENERGY LEvEt.s tN Two-ELEcrRoN CoNFtGURAnoNs

Slater has treated in detail the method whereby the energy levels of the
several multiplets are to be found in terms of the F and G perturbation in-
tegrals and has given some examples. He has shown that the electrons in

4 Gaunt, Phil. Trans. Roy. Soc. A228, 151 (1929).
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closed shells are without direct effect on the perturbation theory, although of
course, they have the indirect effect of determining the nature of the best

TABLE IT. Extension of table of b~(lm; l'mt, ')

Electrons l

sf

+ 1
91
+1
+1

0 3
0. 3
0
0

+1
+1
+1

+2
+2
+2
+ 2
+1
+1
+1
+1

0
0
0
0

+2
+2
+2
+1
+ 1
+1

+3
+3
+3
+3
+2
+2
+2
+1
+1

0
+3
+3
+3
+2
+2
+1

m)' k=0

+3
+2
+1

0

+3
+2
+1

0
+3
+2
+1

0
+3

+1
+3
+2
+1

0
+3
+2
+1

0
+3
+2
+1

0
+3
+2
+1
T3
+-2
+1
+3 1
+2 0
+1 0

0 0
+2
+1 0

0 0
+1 1

0 0
0

q-3 0
+2 0
q-1 0
q-2 0
+1 0
+1 0

15/35
5
1
0
0

10
8
3
0
0
6

0
0
0
0
0
0

45/175
30
18
9
0

15
24
27
0
0
3

25/225
25
10
0
0

15
20
9
2

16
0
0
0
0
0

24

1/7
1
1
1

10/315
20
24
20
25
15

2
2

25
0
9

16
0
0

10
0

25
15

1/189
3

10
7

12
15
16
28
21
15

9/1089
30
54
63
49
32

3
1

15
36
0
0

42
70
14
40

1/1524. 6
5

15
35

7
24
50
80
28
63
90

100
210
126

70
84

112
105

1/7361 ' 64
7

28
84
36

105
224
225
350
400
924
462
210
504
378
420

Note: In cases where there are two + signs, the two upper or the two lower signs must be
taken together.

central field on which to base the approximation. Therefore, we do not need
to give the details of the calculations but merely summarize the results.

Slater's F~ integrals are necessarily positive and decreasing with increas-



ing k, from their definition. Therefore, since the denominator D in the defini-
tion of our FI, increases rapidly, FI, necessarily decreases very rapidly with
increasing k. Since the G's are not essentially positive by definition, no defi-
nite statement can be made concerning their relative magnitudes; however, in
every instance we have found, the G~'s have been positive and rapidly de-
creasing with k. Although not consistent with its definition as an integral, it is
convenient to measure Fp, which occurs in the formula for each multiplet,
from an arbitrary low level of the spectrum. (Slater's theory provides an
integral I, dependent only on the configuration, to locate the height of the
whole multiplet. )

If one electron is in an s state the result is simply a singlet and triplet
whose I, is the 1 of the other electron outside closed shells, as Slater shows on
page 1315,duplicating by this method a result of Heisenberg.

For pp, non-equivalent p electrons, Slater gives the triplet intervals. The
complete formulas are, if 'I' is written for "relative energy of the chnter of
gravity of the 'I' terms, "

'5 = Fo+ &0F2+Gp+ &CG2

'5 = Fp+ 10F2 —Gp —10G2

'I' = Fp — 5F2 —Gp + SG2

'9 = Fo — 5F2 + Gp — 5G2

'D = Fo+ F2+Go+
'D = Fo+ F2 —Go—

Ke note that the arithmetic mean of the corresponding singlet and triplet
energies is independent of the G's while corresponding singlet-triplet intervals
are independent of F's. Also since G2&&Go usually we have '5&'5 and 'I' &3P
and 'D &'D; an alternation which is quite a general prediction of the theory.

For p' equivalent p electrons, the '5, 'I' and 'D are ruled out by the exclu-
sion principle and the formulas for what is left are the same as those for the
arithmetic means of singlet and triplet in pp, namely

'5 = Fp+ 10F2

'I' = Fo — 5Fg

'D = Fo+ Fp.

The formulas for dd and d', also ff and f, show similar relationships. For
dd we have

'5 og = F + 14Fo + 126Fo + (Go + 14Go + 126Go)

'P, 'P = Po + 7Po — 84Fo y (Go + 7Go — 84G4)

'D, 'D = Fo — 3Fo + 36Po + (Go — 3Go + 36G4)

'F = F — 8P'o — 9F y (Go — 8Go — 9G4)

'G, 'G = P, + 4Fo + F& + (Go + 4Go + Go)

(dd)
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where the upper sign is for the singlet and the lower for the triplet. For d'
the Inultiplets are '5, 'P, 'D, 'F, 'G and their energies are given by the same
formulas upon omitting the terms involving G integrals.

For pd the formulas are

'P, 'P = Fp + 7Fp + ( Gg + 63Gp)

'D, 'D = Pp —7Fp y (3Gg —2IGp)

'P, 'I' = Fp + 2Fp + (6Gg + 3 Gp) .
This shows the same alternation in sign of the leading G integral but differs
from the preceding ones in that the F and G parts are not similar.

The formulas for pf are

'D, 'D = Fp + 12l'p + ( 3Gp + 36G4)

'F, 'F = Fp —15Pp y (15Gp — 9G4) (pf)
'G, 'G =Fp+ 5Fp+ (45Gp+ G4).

The formulas for df are

'P, 'P = Fp + 24Pp + 66Pp + ( G~ + 24Gp + 330Gp)

'D, PD = Fp + 6Fp —99Pp y ( 3G~ + 42Gp —165Gp)

'F, 'I' = Fp —11Pp + 66F4 + ( 6Gg + 1'9Gp + 55Gp)

'G, 'G = Fp —15Fp —22F4 y (10G& —35Gp — 11Gp)

'II, 'II = Fp + 10Fp + 3Fp + (15Gy + 10Gp + Gp).

Finally the formulas for two non-equivalent f electrons are

'5, 35 = Fo + 60Fp + 198F4 + 1716F6 +
'I', '& = Fo + 4SFa + 33F4 —1287F6 +
'D, 'D = F() + 19Fg-
'F, 'F = Fp —10Fp—

99F4 y 71SF6 +
33F4 — 286F6 y

'G, 'G = Fo —30Fg+ 97F4+ 78F6 +
'II, 'II = Fo —2SFg—

'/, 'I = Fo + 2SF~ + 9F4+

(G, + 60Gp + 198Gp +
~Go y 4SG, y 33G, —
~Go y 196, — 99G4 y
~iGo —1CGg — 3304—
,,'Qo —30gg + 97G4 +
Qo —2SG& — SiG4-

(Gp + 25Gp + 9G4 +

1716G,)

1287Gp)

715G,)

286Gp)
(ff)

6

13G,)

Gp),

from which the values for f' can be obtained by ignoring the part involving G

integrals and remembering that the allowed terms are '5, 'I', 'D, 'F, 'G, 'II
and 'I.

The most striking thing about these results perhaps is the uniform way in
which an alternation of the relative height of singlet and triplet is predicted,
since in most cases the G of lowest index will be enough larger than the others
to dominate the whole expression in the G's. Russell and Meggerss called
attention to this alternation in 1927 and "commended it to the attention of
theoretical investigators. " Its explanation by the quantum mechanics must
be counted as an important success for the theory.

~ Russell and Meggers, Sci, Papers Bur. Stand. 22, 364 (1927).



)4. TIIREE-ELECTRON CONI IGURATIONS

It would be a waste of time to work out all possible three-electron con-
6gurations at present, therefore we con6ne ourselves to cases for which we
have been able to And experimental data with which to check the results. The
addition of an s electron to p', d' or pd gives three important cases.

According to the vector coupling viewpoint the addition of an s electron
to p' gives the results '5—&'5, 'P~'P and 4P, and 'D—&'D. In the formulas
for p's the F integrals are of the type F(np') while there now appears a G
integral to represent the action of the s electron, which is G, (np, n's):

'S = Fp + 10F2 — G&

P —Fo i~F2 + G]

5F2 —2Gq

FO + F2 Gl

where Fo ——2Fp(np, n's)+Fp(np') Thus 3.GI is the '& 'F inter—val anIf the
quantities '5, (oF+2'F)/3 (which is the center of gravity of this combina-
tion), anrf 'D have the same intervals as '5, 'F and 'D in p'.

Similar results hold for d's. Here too the singlets of d' become doublets
and the triplets split into doublets and quartets:

25 = Fo + 14F2 + i26F4 — Gg

'P = 1&0 + 7F2 — 84F4 + G2

84F4 —2Gg

in which

'& =Fo-
2F —F0

4F =FO-
'G = I'o+

3F&2 + 36F4 — G2

SF2 — 9F4 + G2

SF2 — 9F4 —2G2

4F2 + F4 — G2

(d's)

F, = Fo(nd') + 2Fp(nd, n's)

G, = G, (nd, n's).

The relation to d' is evident on comparison. Further we see that the doublet-
quartet interval is the same for the P and the F multiplets, being equal to
3Gg.

In the case of pds we encounter the erst instance in which it is impossible
to get complete formulas by Slater's diagonal sum method since this conhgu-
ration gives two different 'P, 'D and 'F. This comes about because pd gives
"P,D, F and the added s electron makes the singlets into 'P,D,F, and splits
each triplet into ' 4P,D, F. In such a case the method gives simply the arith-
metic mean of the two doublets of similar I. value:

('F) = Fo + &Fo

'F = Fo + 7Fo —( GI'" + 63Go&') —Gg'" —Gp'"
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('D) =Pp —7Pp

'D = Fp —7Pp+ (3GI' —21Gp" ) —GI'" —Gp'"

('F) =Fp+ 2Fp

(spd)

'F = Fp+ 2Fp —(6Gi" + 3 Gp"") —Gi'" —Gp"

in which ('P) indicates the mean of the two 'P's and

F, = F,(es, e'p) + Fp(es, e"d) + F,(e'p, e"d)

Fp ——Pp(e'p, e"d)

G 'p = G, (es, e'p) G ' = G, (es, e"d)

G,"" = G (IeP, e"d) GCPP = Gp(e'P, e"d).
Slater has worked out p', the result being that the energies increase in the

order 'S, 'D, 'P and the interval ('P 'D) is to (—'D —S) as 2:3.
For the configuration d' we find the energy levels to be,

'P = 3Fp
— 6F2 — 12F4

4~ = 3Fp —147F4

('D) = 3Fp + SPp + 3F4

2F = 3Fp + 9F2 — 871 4

F = 3Fp 15F2 72F4

'6 = 3Fp —iiF2 + 13F4

'H = 3Fp — 6F2 — i2F4

where (PD) indicates the mean of the two 'D's.

(d')

)S. COMPARISON WITH EXPERIMENTAL DATA, CONFIGURATIONS

WITH P ELECTRONS

The simplest case for comparison with the data is p', where the theory pre-
dicts that the multiplets come in the order 'P, 'D, 'S, as Slater noted. From

TABLE III. P' configurations

Element

Theory
C I
N II
0 III
Si I
Ca I
Ge I
Sn I
Pb I
Bi II

Config.

2P'
CC

CC

3P2
4P2

CC

5P2
6P2

('S—'D) /('D —'~)

1.500
1.13
5. (? on 'S)
1.14
1.48—0.01
1.50
1.39
0.62
0.51

Reference

Paschen and Kruger, Ann. d. Physik 7, 1 (1930).' Fowler and Selwyn, Proc. Roy. Soc. A118, 42 (1928).' Slater, Phys. Rev. 34, 1317 (1929).' Russell, Astrophys. J. 66, 190 (1927).' Rao, Proc. Roy. Soc. A124, 475 (1929).
Gieseler and Grotrian, Zeits. f. Physik 39, 377 (1926); Sur, Phil. Mag. 3, 736 (1927).

' McLennan, McLay, and Crawford, Proc. Roy. Soc. A129, 584 (1930).
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f3 we see that the ratio ('S—'D)/('D —'P) =3/2 according to theory. Slater
gives the normal configuration of Si I as an example, and we find several more,
as given in Table III.

From this it would appear that some influence depresses the 'S in general,
and that the doubtful 'S given by Fowler and Selwyn for N II is probably
wrong. Pb I and Bi II are so far from Russell-Saunders coupling that a good
fit would hardly be expected.

The configurations p' and p4 may be discussed here because they are sim-
ilar to p'. For p' the theory says that the ratio ('P 'D)/p—D 4S) eq—uals 2/3.
Table IV gives the known instances.

TABLE IV. p' coepgurations

Element

Theory
N I
0 II
F III*
S II
As I
Sb I
Bi I

Con6g.

2p3
C4

g

3p3
4p3
5p3
6p'

(P- D)/(D- S)

0.67
0 ~ 50
0.51
0.46
0.65
0.72
0,91
1.12

Reference

' Compton and Boyce, Phys. Rev. 33, 147 (1929);Ekefors, Zeits. f. Physik 03, 442 (1930).' Russell, Phys. Rev. 31, 27 (1928).' Dingle, Proc. Roy. Soc. A122, 144 (1929).
4 Ingram, Phys. Rev. 32, 172 (1928); L. and E. Bloch, C. R. 188, 160 (1929).
~ Rao, Proc. Roy. Soc. A125, 240 (1929).' Charola, Phys. Zeits. 31, 458 (1930),* No intercombinations are found between the quartet and doublet systems, and the

relative term values are probably quite inaccurate.

The continued increase in this ratio as the total quantum number in-
creases is to be noted particularly. The closeness of the ratio for N I and 0 II
would indicate that the ratio for the unreliable F III should perhaps be closer
to 0.51.

For p' the theory gives the same result as for p'. Table V gives the ex-
amples.

TABLE V. p' configurations

Element

Theory
0 I
Se I
Te I

Config.

2p4
4p4
gp4

(S—D)l(D- P)

1.50
1.14
1.71
1.71

Reference

' Frerichs, Phys. Rev. 30, 398 (1.930); Hopfield, Phys. Rev. 3/, 160 (1931).
~ McLennan and Crawford, Nature 124, 874 (1929).

The new data of Frerichs show that 0 I is not in as good agreement with
the theory as indicated in one of Slater's examples, his ratio being 1.55. Slater
took his data from a remarkable energy-level diagram by McLennan, Mc-
Leod and Ruedy, Phil. Mag. 6, 565 (1928), in which the wave number differ-
ence for 'S —'D is given as 39,500, although the main point of the paper is the
identification of this transition with the auroral green linet
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We have found two complete P's configurations, which should be similar
to p' as indicated in )4. The ratio ('S 'D)—/('D P)—, where P = (2'P+'P)/3,
which should be 1.50, is 0.58 in As I' and 3.58 in Sb III.'

pp, pd, and pf give similar triads, in which the means of singlet and triplet
should lie in the corresponding orders: I' D 5, D F P, F G D, lowest energy
first, with the ratios (S D)/—(D P) =9—/6; (P —F)/(F D) =—5/9; (D —G)/
(G —F) = 7/20, respectively.

We have found the pp complete only for C I', N II', and 0 III",but since
these all occur with the means in the wrong order we do not give the details.

This failure of C I, N II, and 0 III to agree with the theory appears also
in the known pd configurations, the mean of the F's being low in every
case. 8»" Yt II,"La II," and Ge I" 4p54, also have the pd means in the
wrong order. The means of Ge I 4p4d, and Zr III Sp4d" come in the right
order with the ratio (P —F)/(F —D), which is theoretically 0.555, having the
value 0.28 and 3.58, respectively. More interesting is the behavior of 4P3d in
the isoelectronic sequence Ca I'5 Sc I I' Ti I II', V IV' and Cr V' . The first
two come in the wrong order, giving (P —F)/(F D) = —0.1—5 and —0.06,
respectively, but the last three agree satisfactorily, the ratios being +0.45,
0.49, and 0.548. Since P —F= 10F2(4P3d) and F D= 18F~—(4P3d), we can get
two values of F2 for each of these last three ions. Taking the average of these
two, we have F2(4P3d) for Ti III, 427; V IV, 569; Cr V, 707 cm '. These are
perfectly linear, as shown by the plot in Fig. 2, together with corresponding
F's for d'. We have a further check on the three singlet-triplet separations in
terms of the two parameters GI and G3, which it is fruitless to apply to the
cases in which the means fitted poorly, but interesting in the other three cases.

T.&ALE VI. 3p 4d singlet -triplet separations

1P 8P
1D 3D
1P 3P

GI
G3
Gl
G3

Ti III
obs. calc.

2810 2785—2056 —1970
5270 5310

435
15.2

6520
3720

V IV
obs. calc.

4761 4873—1588 —1935
6784 6590

534
30.2

8000
7400

Cr V
obs. calc.

6894 7208
826 —1704

8161 7648
614
47.4

9200
11600

6 Rao, Proc. Roy. Soc. A125, 240 (1929).
"Lang, Phys. Rev. 35, 445 {1930).
' Paschen and Kruger, Ann. d. Physik 7, 1 (1930).
' Ingram, Phys. Rev. 34, 427 (1929).

"Fowler and Selwyn, Proc. Roy. Soc, A118, 42 (1928)."Meggers and Russell, B. S. Jl, of Res. 2, 733 (1929).
~' Meggers and Russell, see $7.
"Rao, Proc. Roy. Soc. A124, 467 (1929).
'4 Kiess and Lang, B. S. Jl. of Res. 5, 311 (1930).
"" Russell, Astrophys. J. 66, 190 (1927)."Russell and Meggers, Sci. Papers Bur. Stand. 22, 329 (1927).
'7 Russell and Lang, Astrophys. J. 66, 19 (1927).
"White, Phys. Rev. 33, 542 (1929).



Ti III, V IV and Cr V all alternate properly, as pointed out in )3. Table VI
shows the results of Fitting the data to the formulas for the separations by
least squares.

It is seen that, in the opposite order from the means, Ti III its best and
V IV next. The G's are again approximately linear functions of the ionic
charge. G' becomes greater than G', which is allowed,

For pf in La II" the ratio (D —G)/(G —F) is I.05 instead of the theoretical
o.85.

There is one more instance of a conFiguration with p electrons in which one
gets a determined ratio, namely pds. In this case (see (4) nothing can be pre-

d
O V

«50 V
AJ3 Q0 V

\

(Q

0

{Q lA60 0 0

Fig. 1. The coII6guration d'.

dieted concerning the quartets, 'I', 'D, 'I'; but the theory predicts a constant
ratio between the means of the two '8's„ the two 'D's, and the two '~'s which
occur. If we designate these means by I' D I', we have the order D Ii I' as in

Pd, with the same ratio (I' F)/(F D) = 5/9. In—Sc I"—these means have the
~rong order, D I' F; and in Yt I" and Zr II" the above ratio has the values
&.86 and 2.08, respectively, much too large.

In general the predictions of the theory have been seen to 6t very poorly
f«conFigurations with p electrons, a uniform trend having been observed in
P', and good Fits having been obtained for pd in the higher members of the CaI
isoelectronic sequence.

"Kiess and Kiess, B. S. J1. of Res. 5, 1210 (1930).
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(6. COMPARISON WITII EXPERIMENTAL DATA, d EI ECTRONS

For d' the theory predicts (see )3) the energies of the rive Inultiplets
'5, 'P, 'D, 'F, '6 in terms of three integrals, the '5 being predicted extremely
high. In no instance, where a 5 is reported, is it anywhere nearly high enough,
and so we have investigated the other four levels, making a least-squares 6t
of the separations of 'P, 'D, 'G from the low 'F, which three separations the
theory gives in terms of the two parameters F2 and F4.

In the isoelectronic sequence Sc II", Ti III', V IV", and Cr V", it was
found possible to make the excellent fits plotted in Fig. 1 for 3d'. The pre-
dicted height of '5 in Sc I I is shown, the other '5's being correspondingly high.
«ssell and Meggers reported a '5 between the 'D and 'P of Sc II, but
later, in a note to their Yt paper" they ascribe this not to 3d' but to 4s'. The
3d' '5 as predicted would be in the midst of the configuration 4p3d with which
they get their strong combinations, and so difficult to find. In Ti III, Russell

R
i000xi0 .- r'(sd')
800 ~ F~(4p5d).-" .-T'Pd'l
600

400

200

I'ot P, (4p3d)
r cGJ scBle dll ect

!
ly in hundreds

Cr Voct~ Ti t~~ V tV

Fig. 2. Values of some integrals for the Ca I isoelectronic sequence.

and Lang report a '5 just under the 'G, but with a question mark. This un-
doubtedly does not belong to 3d'. In V IV and Cr V, %hite reports a'5just
above the 'G, but since these spectra were analyzed practically by extrapola-
tion from Sc II and Ti III these levels also are probably not part of 3d'.
The values of F' and F' as determined in this way show a striking linearity as
plotted in Fig. 2. Slater's F'(3d') and F'(3If') are plotted in place of our F2 and
F4 in order to show their relative magnitudes. Table VII gives these values
(Dg = 49, D4 ——441):

&(3d')
F4(3d'}

Sc II

36180
22/40

TABLE VII.

Ti III

52840
32520

V IV

69300
47020

Cr V

84330
60880

These values are in good accord with Slater's rough estimate that F is ap-
proximately half of F'.



Russell" has completed the 3d' also in Ti I, the levels being shown in
Fig. I, together with the theoretical levels with F2(3d') =899.5 and F,(3d')
=66.15. This is again an excellent ht except for '5, as was pointed out by
Slater. Meggers and Russell" have found all but the '5 in the 4d' of Yt II,
but here, see Fig. 1, not a very good fit is obtained of' the rest of the levels,
although the perturhations are not great. This plot is made with F~(4d')
=625.2 and F4(4d') =55.1.

In contrast to these reasonable fits we have the Zr III 4d' of Kiess and
Lang, "in which not only is the '5 much too low, but the tao intervals between
no three of the other levels may be 6.tted with possible values of the two para-
meters F~ and F4, either it is necessary to assume that one of the integrals is

30009
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— 0-
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Fig, 3. The configurations d's, dd, and

6 l.5 ——
p-

4

0-
5c Il Ti ll Zr II
3d4d 3d~ 3d~

d'. (Scale in thousands of wave numbers. )

negative or that F' is many times greater than F'. In the 5d' of La II (see f7
for energy levels) we have a somewhat dilferent situation. No '5 is reported,
and of the four remaining levels there are three, and just three, which may be
fitted with possible values of the parameters. These are 'I', 'F, 'G with
F,=495 and F4 35.4. (The two pa——rameters fit the two intervals exactly, of
course. ) This leaves the 'D almost 5000 cm ' too high.

In d s wc hRvc cxRctly thc same sltuRt1on Rs 1n d wh, cn wc take thc
weighted means of 'I' and V', and 'F and 'F, as analogous to 'I' and 'F, re-

spectively. Here again we can get good least squares fits of the F, 'D, I', 'G
levels of 3d'4s of Ti II2' and 4d'5s of Yt I". These are plotted in Fig. 3. In
Ti II a '5 is observed at about the same relative position as the '5 of Ti I,
while calculated it should be much higher. Again in Yt I no '5 is observed.
The values of the parameters are, for Ti II, F~ ——1014.7, F4= 59.2 and for Yt I,
F2=433.6, F4=32.1. Ke have F'=1.91F' and '1.51F4 respectively in these

20 Russell, Astrophys. J. 66, 347 (1927).
~' Russell, Astrophys. J. 66, 283 8 927).
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two cases. In Zr II",4d'Ss, we have the first instance in which a '5 is found
reasonably high. In this configuration, although we cannot get a very good
fit, in contrast to the 4d' of Zr III almost any three of the five levels will give
reasonable values of the parameters, and we can get an approximate fit of all
five by taking Fp 905——, F4 55 as——indicated in Fig. 3 (Fp G4= 8000 cm '
measured from Kiess and Kiess' low 4F4, , see )3). The fit would not be much
improved by omitting any one of the multiplets from consideration so here we
have probably a generally large second order perturbation. We have afur-
ther check in this configuration on the doublet-quartet separations, which
should be the same for P and F terms, being equal to 3G2. We have for Ti II,
P —P = 6620 F—F= 4558; and for Yt I, P —P = 3964, F—Z =4357.

These show reasonable agreements, but Zr II is badly off, for here we have
'P —'P= —1877, and 'F—F=+5404.

The dd configuration gives us a pentad, ' 'SPDFG, with three F's to fit
the means and three G's to fit the separations. The first and best instance of
this configuration is the Sc II 3d4d of Russell and Meggers. " Here we can fit
the PDFG means as shown in Fig. 3 using Fp(3d4d) =107, F4(3d4d) =6
(Fp= 62330). The S mean is observed some 1600 cm ' too low, which could
be caused by the 'S being about 3000 cm ' too low. When we consider the
separations (singlet triplet) w—e find that we can obtain a fairly good fit of the
P D F G separations, with the observed S separation much too small, as
shown by Table VIII.

TABLE VIII. ScII 3d 4d seParations

3S
lp 3p
'D —'D
1P 3P
1G 3G

Ob6.

3872—4275
4384—3935
4864

Calc.

6368—4385
4492—3810
4760

These are calculated using G, =2230, Gp = 36.7 and G4 ——3.5, making G'(3d4d)
= 2230, G'(3d4d) = 1800, G'(3d4d) = 1540. (The G', unlike F', carries here its
full meaning as an integral. ) The 5 separation is about 2500 cm ' too small,
which would indicate a 5 about that much too low. This is in good agree-
ment with the predictions of the calculation of the means and indicates that
this 'S is perhaps incorrect, the correct one being some 2500—3000 cm '
higher. An error in the assignment of a singlet term, especially a 5, is quite
likely to occur, since the identification of such terms is very di%cult. An in-
teresting example of this sort will be discussed in )7.

The other instances of the dd configuration are not as good. Of the 4d5d
of Yt II", no three of the means will fit with reasonable values of F2 and F4,
the D and the 5 in particular being very low. Since the S separation was also
large and negative where the theory, by comparison with the other separa-
tions, says it should be positive, Professor Russell assigned the 61367 '5 to
4d5d, discovering that the 59615 level he had assigned was not real; but this
still is perhaps not the right level, since we have now a separation of only
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+167 whereas the S separation should probably be a great deal larger. The
other levels do not fit well enough to say anything definite. In the 4dSd of
Zr III'4, Kiess and Lang do not find a 'G, but of the means of the S P D Ii

singlets arid triplets, no three will fit with positive values of Ii2. Of the La II"
5d6d means the I' D Ii G will fit very well, with Ii2 ——115, I"4 =4 (Fo =54430),
with the S much too low, as in the case of Sc II, but this fit is not borne out
by the separations, which are entirely skew, the P separation even being
—2176 when it should probably be positive.

The other d configuration which we have found almost complete is d'.
Here we get 'PUGH, 4PIi, and two 'D's. Russell" in Ti II 3d', has found all
but one 'D, and Kiess and Kiess have found all the multiplets of the 4d' of
Zr II." The theory predicts-, surprisingly, that 'IX and 'P should have the
same energy. Of these, in our two instances, the 'H fits well, but the 'P is
considerably separated from it. Of the two 'D's only the mean is given by the
theory, but in Zr II this comes far from fitting well. However, in both cases
we can fit the other five levels, 'FGII and 4PF surprisingly well with our three

Tsar.E IX. La II.

1F
3F

15773
14888

6p2

'S 66592
3P 61779
'D 62026

'P 30353
'P 28833

'D 24462
'D 27538

'F 32201
'F 27477

6p4f

6s'

'S 7473

6s6p

'P 45692
'P 32699

6s5d

'D 1394
'D 2760

6s4f

'D 40458
'D 38835

'F 37210
3F 37034

&G 39221
'G 37479

5d2

'P 5949
'D 10095
'F 1183
'G 7473

'S 54794
'S 55230

'P 56037
'P 53861

'D 55184'
'D 53067

'F 52138?
'F 54819'

'G 56036
'G 53659

Sd4f

'P 27424
'P 23003

'D 18895
'D 22174

'F 24523
'F 18411

'G 16599
'G 21478

'H 28525
3H 18835

'S 69505
'P 63960
'D 59900
'F 57939
'G 59528
'H 56080'I 62408

' The 'D2 and '.F2 of the 5d6d may possibly be in(, erchanged. ('F4=55321, 'F3 —54840,
'F2 =53885.)
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parameters, as indicated in I ig. 3. For Ti I I we have F,(3d') = 845, F4(3d') = 54
(3FO ——17750); corresponding to F' = 1.74F'. The mean of the 'D's is predicted
at 22140, which would throw the 'D not found at about 31000, very high in-
deed. For Zr II we have I'q= 683, F4=36 (3FO ——16000); corresponding to
F'=2.11F4. The mean of the 'D's is predicted at 19523, observed at 14214
(multiplets at 13869 and 14559).

We have seen that the theory works much better for d electrons than for
P. It has been good in every instance in the first long period of the periodic
table, and better in the second than the third.

ft7. LA II AND TIIE f EI.ECTRON CONPIGURATIONS

W. F. Meggers and H. N, Russell have recently completed the analysis
of La II, obtaining the first complete pf, df and f' configurations. Through
their kindness in allowing us to use these data we have been able to obtain
two beautiful fits of the df and f' configurations, and to prove the actual
service of this theory to spectroscopists by helping to straighten out the
analysis at two or three points.

Since these data are unpublished as yet, Meggers and Russell have kindly
allowed us to publish a preliminary energy table, the levels being measured
up from the low 5d' 'F2. We give only the centers of gravity of the multiplets
in Table IX.

Of these the p', pd, pf, d', and dd have already been discussed, and were
not found to agree particularly well with the theory The .new 5d4f and 4f2 re-
main to be considered, which will be done in some detail.

~zo

6 10

Fig. 4. Illustrating the method of locating poorly fitting multiplets and a method of estimating
the values of the integrals.

As we received the data from Professor Russell, the df 'II was placed at
18169,rather close to 'II, instead of having the extremely great separation of
about 10,000 units and being the highest level in the configuration. An at-
tempt to fit the means by the method illustrated in Fig. 4 was made. This is
incidentally the method used on many of the previous configurations. The
formulas to which we are fitting these means are as follows:

p—
D-
F—
6=
IX =

25214 = Fp + 24F2 + 66F4

20534 = Fp + 6' —99F4

21467 = Fp 11F2 + 66F4

19038 = Fp —15I'g —22F4

18502 = I~p + 10F2 + 3F4

Cate.
25216

20506

2119i
19323

22598



Since Fp occurs uniformly, we plot in Fig. 4 the value of these means against
the coefFicients of F~. Then the line determining F~ must be so drawn that its
separations from these points are as closely as possible proportional to the
coefficients of F4 and in the direction shown by the arrows. It is seen at once
that we can thus fit G,F,D, and I' quite well, but that H is far too low. From
the slope of the line we get F~ 115,——from the average separations F4= 16 (and
from the height at zero abscissa, Fo= 21400). From the level diagram in Fig. 5

we see that changing none of these values mill tend to improve the general fit,
so that these are approximately as good as can be found. A more exact deter-
mination of these values, such as a least squares fit, gives an accuracy which
is meaningless. The calculated means are shown in the above table. From
the calculated H mean it would seem that the 'II should be about 8200 units
higher.

When we consider the separations we have the following formulas to de-
termine the G's

'F —'F = —4421 = —2( Gi + 24G3 + 330Gi;)

'D —'D = 3279 = 2( 3Gi+ 42G3 —165Gg)

'F —'F = —6112 = —2( 6Gi+ 19Gi+ 55Gs)

'G —'G = 4879 = 2(10Gi —35Gg — 11Gr)

'H —'P = + 666 = —2(15Gi + 10G3 + Gs)

Calc.
4638

It is inconvenient here to use such a method of fitting as described above, but
such a diagram will readily show that the II separation relative to the others
should be very large and negative. A least squares fit of the P D F G separa-
tions gives G1=357.6, G3=29.7, G~ ——3.78, and the calculated separations
show in the table, a good fit. These values correspond to G'(Sd4f) =12,500,
G'=9350, G'=5750. This calculation shows that the 'II should be about
12,000 units higher.

In the data as received from Professor Russell, the 4f"I was placed at
52,052 instead of the value noted in the table, and two possibilities given for
"5and 'D, as noted below. The f' consists of seven levels to be fitted with four
parameters as follows:

69505

63963

59900

= Fp + 60Fa + 198F4 + 1716F6

= Fp + 45' + 33J~4 —1287F6

= Fp + 19F~ —99F4 + 715F6

3F-
IG

3e =
1I—

57939

59528

56080

52052

= Fp —10Fg— 33F4— 286F6

78F6

51F4 — 13F6

= Fp + 25Fg + 9F4 + F6

= Fp —30Fg + 97F4 +
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coefficients F2, F4, F6 to the separations of all the levels from the low 'II. This
gives a surprisingly good fit of the 6 intervals in terms of the 3 integrals, with
the value of F'=21,000, F'=23,500, F'=1930. Unfortunately F' comes out
a little larger than F' whereas it must be smaller.

Thus we have obtained quite pleasing results with these two f-electron in-
stances, the theory having stood the test of prediction and been of actual
service in the analysis of the spectrum, both in the assignment of '5 and 'D,
f', the former of which Professor Russell says he had little possibility of as-
signing definitely, and in the rearrangement of the levels in both df and f .

Kiess and Lang" have completed the 4d4f configuration of Zr III except
for the 'H, but when the other four means are plotted as in Fig. 4, it is seen
that no three of them will fit in any fashion. The P, D, and F separations
alternate but the G does not.

In conclusion we may say that this first approximation seems to be most
accurate for those configurations with lowest total quantum numbers in com-
parison with the angular momentum quantum numbers, the 3d and 4f in par-
ticular giving good results.

Ke wish to thank Professor H. N. Russell for his helpful interest in this
work, and him and Dr. Meggers for permission to publish their lanthanum
data.


