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ABSTRACT

The rate of energy loss of ions (including electrons) moving through a gas is rigor-
ously calculated on the assumption that the ions and molecules are smooth elastic
spheres with no attraction at a distance, having Maxwellian velocity distributions cor-
responding to the temperatures T; and T„, respectively. The result is

where m and M are the masses of ion and molecule respectively, T; and T„, are their
temperatures, and f is the average energy loss per collision expressed as a fraction of the
average ionic energy.

~HERE are a number of problems in which ions (including electrons)
move through a gas with an approximately Maxwellian velocity distribu-

tion corresponding to a temperature higher than that of the gas, and an
expression for the rate at which the ions lose energy in elastic collisions is
required. For instance, Compton required it for his electron mobility equa-
tion. He deduced an approximate expression as follows. First he calculated
the average energy loss for ions of given velocity striking molecules at rest at
all angles from grazing to head on. He then corrected this for the motion of
the molecules by Ending how the energy loss for head on collisions was
altered by a (one dimensional) molecular velocity distribution, and multiply-
ing the expression for molecules at rest by this factor. The velocity distribu-
tion of the ions was not considered at all. Indeed there is no ion velocity
distribution if one is merely interested in the average fraction of its ozvn

energy which an ion loses per collision. What was actually needed, however,
was the average energy loss in all collisions expressed as a fraction, f, of the
average energy (of all the ions in a given volume). The result obtained was

where m and M are the masses and co and 0 the average energies of the ions
and molecules respectively.

The present paper gives the rigorous calculation of the energy loss on the
assumption that ions and molecules are smooth elastic spheres with no attrac-
tion at a distance, having Maxwellian velocity distributions.

~ National Research Fellow.
' Compton, Phys. Rev. 22, 333 (1923).
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The symbols which will be used are:
ns =mass of ion.
3II = " " molecule.
r =sum of radii of ion and molecule.

1'; =absolute temperature of ions.
f4 u " molecules

k = Boltzmann's constant.
n =number of ions per cm'.
X= " " molecules per cm'.
V= initial vector velocity of ion.
U A " molecule.

p = i'/(m+ 3I).
W= (1—p) V+p U= velocity of center of mass.
R= V—W=p(V —U) =initial velocity of ion relative to center of

mass.
D= unit vector giving direction of line of centers, from ion to mole-

cule, at collision.

Q
=' total energy loss of all ions in 1 cm' in 1 sec.

f= Q/ I (no. collisions per cm' per sec) (average ionic energy) I
= average fraction of average energy lost per collision.

To find the total energy loss, Q, we have simply to find the loss in each

type of collision and then integrate over all the collisions in 1 cm' in 1 sec. A

given type of collision is specified by given values of V, U, and D. In a
collision, that component of R, the velocity of the ion relative to the center of
mass, which is parallel to the line of centers, D, is reversed, and the perpendic-
ular component is unaltered. Hence the final velocity of the ion is

V'= V —2R DD

and the energy lost by the ion is

'mV' —-'mV" =-'mI4V DR D-—4(R D)iI = 2mR DVV D

where R' is the velocity of the center of mass.
The number of ions per cm' with velocity components between V and

V, +d V„V„and V„+d V„, V. and V, +d V. is

dn = n(m/2skT, )"'e "" i'"r'dV, dV„dV,
'

where n is the number of ions per cm and 1''; is their temperature. Similarly,
the number of molecules per cm' with given velocity is

de = .V(kI/2skT„)"'e "U ""~dU dU dL. i',

The number of collisions per cm' per sec. between ions and molecules of the
above velocities in which the line of centers at impact lies within the solid

angle de about the direction D is

dndt(V —U) D d(a =odndN(1/p)R Dir'did
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where 0 is the sum of the radii of ion and molecule. The energy loss per cm'

per sec. in these collisions of the given type is

(2mR Dftv D) In(m/27rkT )'"e "'" "'r*dV,dVydV. I

X I IV(M/2xkT )'"e ~U "'r dU, dU dUgI (o'/IJ)R Dd(o

Fig. 2,

D may be expressed in polar coordinates $ and 8 (Fig. 1) with the axis
parallel to R and the plane P = 0 containing R". Then

Cko = sin Hdgd0

R D = Rcps8

W D = lV cos x = W(cos 8 cos f j sin 8 sing cos g)

and the total energy loss per cm' per sec. becomes

oo oo oo oo oo oo 2 m' v /2

Jt Jt Jj Jt Jl Jl Jt J~ (2mnSo'/Il) (m/27rkT;) 'I'(M/2x k T ) '~'
—oo -oo —oo —oo —oo —oo 0 0

~
—mv /2kT& —3fU /2/'Tmg2$P CpS2 g Syn g

(cos 8 cos 1/ j sin 8 sin f cos g)d8dgdv, dV„dV, d U, d U„d U,

in which R, W, and/are all functions of V, . U..
The integrations with respect to 8 and P may be performed immediately.

For the remaining six integrations, V and U are replaced by R and W, ex-
pressed in polar coordinates. The result is

Q = 8(2s)'~'neo'k3" ImM(mT + MT) I'~'(m+ M) '(T, —T ).
Finally, f, the average energy loss per collision expressed as a fraction of the
average energy of the ions, is equal to Q divided by the number of collisions
per cm' per sec. a11 divided by the average energy:


