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ABSTRACT

Dielectric constant of distilled water. —The dielectric constant of distilled water
was measured with a vacuum tube source of voltage throughout a range of periods
extending from about T=1.31&10 ' second to T=8.49)&10 ' second corresponding
to vacuum wave-lengths of 3.918 meters to 25.47 meters. The value obtained for the
dielectric constant is t. =78.57 at 25'C and is independent of the period within the
above range of periods.

Temperature coefllcient of dielectric constant for distilled vrater. —The values
of the dielectric constant e obtained for various temperatures t between 10'C and
60'C satisfy the empirical equation

s, = 7857 [1—0.00461{t—25)+0.0000155{t—25)' ~ ] .

Between 4'C and 10'C the applicability of this equation is somewhat uncertain.
Dielectric constant of conducting solutions. —%'ith distilled water, tap water,

and aqueous KC1 solutions of conductivity ranging from 0.97 &10' e.s.u. to 178&10'
e.s.u. , and separating the conduction effects from the dielectric effects, we found the
dielectric constant only slightly dependent on the ionic concentration of the solution
and nearly the same as that of pure water. The errors of measurement are of the
order of 0.1 percent for low conductivities but, because of attenuation, become of the
order of 1 percent at the high concentrations of the salt.

Method. —The method employed consists in the measurement of standing elec-
tric waves between a pipe and a wire concentrically located within the pipe. The
liquid is the dielectric between the wire and the pipe. The frequencies employed were
accurately measured by a piezo crystal standardizing a zero beat method, and the
half wave-length within the dielectric were obtained by moving a piston in the liquid
and observing reactions on the source.

A theoretical discussion of the method is given.

INTRODUCTION

sOON after the discovery of piezoelectric oscillators and their adaptation
to the production of constant frequencies of oscillations' we began an in-

vestigation of waves on wires. The frequencies of an electric oscillator were
determined by comparison with the piezoelectric standard and the lengths of
the resulting standing waves on two parallel wires were measured. In this way

' G. %'. Pierce, "Piezoelectric Crystal Resonators and Crystal Oscillators Applied to the
Precision Calibration of %'avemeters, " Proc. Am. Acad. of Arts and Sciences 59, No. 4 (1923).
"Piezoelectric Crystal Oscillators Applied to the Precision Measurement of the Velocity of
S und etc. ibid. ao, N~. 5 (1925).
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an absolute determination of the ratio of the electro-magnetic to the electro-
static unit of electric quantity was attempted. After about a year of work on
this problem it became apparent that the inAuence of surrounding objects led
to errors and uncertainties which could not be suSciently reduced with the
parallel wire system.

To avoid this stray-field trouble it occurred to us to confine the field to the
space between a central wire and a surrounding tube. This apparatus we have
now had in operation for several years. The investigation with air or vacuum
as the dielectric is not yet good enough for publication since on account of
certain small mechanical inequalities of the pipe-system the precision de-
sired has not been attained. We have, however, obtained accuracies
better than one-tenth of one percent, and as a by-product to the primary
research on the ratio of the units we have employed a similar appara-
tus in the present investigation.

DETAILS OF THE CONCENTRIC PIPE SYSTEM

The present method of determining the index of refraction of poorly
conducting liquids resembles the older well-known scheme of measuring the
index by comparing the length of the standing waves on Lecher wires im-
mersed in the liquid with the length of the corresponding air waves. The
method is, however, here refined by replacing the wires of the Lecher system
by a brass pipe having a copper wire centrally within it along the axis of the
pipe, with the solution in the pipe. The pipe and wire are excited by a vacuum
tube oscillator at frequencies accurately known by their harmonic relation-
ship with a piezoelectric quartz standard. A movable brass plunger making
spring contacts with the pipe and wire and carrying a calibrated rod of the
same material above it permits accurate settings at the positions of maximum
reaction, which are half a wave-length apart. A sensitive galvanometer,
recording changes in the plate current of the oscillator exciting the pipe and
wire, indicates the half wave positions as the plunger moves along the pipe.
From the known frequencies and the wave-length in the dielectric the velocity
of the electric waves in the dielectric is computed.

As a device for producing standing electric waves the system of pipe,
wire, and plunger has the outstanding advantage of confining the electric
field to the medium between the pipe and wire. Suppose, for example, a set
of parallel wires is immersed in a water tank. If the tank is small, an apprecia-
ble part of the electric field associated with the charges on the wires may be
quite outside the water; difhculties also arise from reAections at the boun-
daries of the water; and an increase in size of the tank only reduces and does
not eliminate these disturbances. For the longer waves in the present experi-
ments the tank would need to be enormous. In the case of the pipe and wire
system, on the other hand, the electric currents are confined to the inner
surface of the pipe and the outer surface of the wire, so that the electric field
has radial symmetry and is completely within the dielectric.

Fig. 1 shows in detail the experimental arrangements adopted. The brass
pipe, 3.7 meters long and having an inside diameter of 4.1 cm and a wall-
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thickness of 0.32 cm, was mounted vertically against a wall between two
neighboring floors of the Cruft laboratory. A hard-drawn copper wire 0.163
cm in diameter was centrally fixed in the pipe held at the lower end by a can-
vas bakelite cap, and at the upper end by a. bakelite strip. In order to make a
watertight joint at the lower end, the bakelite cap was screwed to the end of
the pipe hard against a thin cardboard gasket which had been boiled in par-
affin. The pipe was filled from the top and emptied through a small hole (nor-
mally closed with a bakelite plug) in the bakelite cap.
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Fig. 1. Arrangement of apparatus.

Two electric osci11ators were used to cover the range from 4 to 25 meters
vacuum wave-length: one, an oscillator designed particularly for high fre-
quencies, covered the range from 4 to 5 meters; the other, an ordinary Hart-
ley circuit oscillator with parallel plate supply, was used from 5 to 25 meters.
These two oscillators and the piezo-electric oscillator, employing a quartz
crystal mounted in vacuum, were placed in a sheet iron box at the lower end
of the pipe. The pipe protruded below the cover of this box about 10 cm, and
made good contact with the cover by means of a bronze Qange clamped about
the pipe and bolted to the cover. Shielded cables included all electrical con-
nections from the observing position at the top of the pipe to the various os-
cillators in the box below. The electric oscillator was coupled ta the lower end
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of the pipe-wire by a single lead through a small condenser, which was varia-
ble in order to permit equal coupling at all frequencies. The adjustment to
zero beat between the electric oscillator and a harmonic of the crystal oscilla-
tor was accomplished by varying a condenser of the electric oscillator for
course adjustment; and finally, for fine adjustment, a resistance in the plate
circuit of' the electric oscillator was varied.

The reflection of waves at the input end occurs principally at the lower
surface of the water column, that is, the upper surface of the bakelite cap, due
to the large discontinuity in dielectric constants here. The waves are reflected
at the other end by a solid brass plunger making spring contact at its lower
face with the pipe and wire, and moved by a brass rod 0.6 cm in diameter
firmly fixed to the plunger, and upon which are cut marks 50 cm apart. As
the piston is moved the current in the plate circuit of the driving oscillator
remains constant until the piston is in the neighborhood of a potential node,
and then shows a marked change in value as the node is passed due to the
reaction of the waves on the oscillator. These nodal positions can be de-
termined with an accuracy of about 0.1 mm with water as dielectric.

STANDARD OF FREQUENCY

The length of a wave in vacuum was computed from the velocity of light
and the frequency of the particular harmonic employed. The piezoelectric
crystal used as a standard vibrates at a temperature of 25'C with a frequency
f0=5.886X10' cycles per second. In Table I are given the periods and half

TasLE I. Periods and vacuum half wave-lengths for diferent harmonics of the crystal standard.

P TX10s ) p/2 p TX10s ) p/2 P TX10' ) p/2

2 8.49
3 5.66
4 4.25
5 3.40

1273.5
849.0
636.8
509.4

2.83
2.42
2.12
1.89

424. 5
363.9
318.4
283.0

10
11
12
13

1.70
1.54
1.41
1.31

254. 7
231.5
212.3
195.9

wave-lengths in vacuum corresponding to the employed harmonics of this
crystal from the second to the thirteenth inclusive. Harmonic numbers are
tabulated in the first column under p. The fundamental frequency is charac-
terized by p=1. The periods (T) are in seconds, and the vacuum half wave-
lengths (Xo/2) are in centimeters.

THEORY

The velocity of propagation of electric waves along coaxial tubes in the
ratio of the angular velocity of the exciting current to the retardation angle
per unit length of the tubes. That is, if P is retardation angle per unit length
of tube, a&/2s the frequency of electric oscillator and s the velocity of electric
waves of frequency, &o/2s, then

The retardation angle P depends rather simply upon two coefficients of the
1ine; one involvinj the series resistance and inductance per loop unit length
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of the line, and the other involving the capacity and leakage conductance per
loop unit.

Let r, 1, c, g be respectively resistance, inductance, capacity, and leakage
conductance per loop unit of length for the pipe and wire; p, ~ be respectively
the permeability and dielectric constant of the medium between the pipe
and the wire.

2/
= r/f(a

$ = g/ca

( (1+li') ' "+
1)

"'
nh) =+I

2

(1+1')"'—1)"'
g(I/) =+ See Footnote 2.

It will be later shown that in these experiments gS & 1 so that, since p, = 1,
the retardation angle P is given by the leaky-line equation:

where

P =—2&/2(] —2/$) &/2j'(/2)

C

= "+$
h=

1—$$

c'=ra. tio of the units.

(2)

Since from Maxwell's theory the velocity of electromagnetic waves in vacuum
is numerically equal to the ratio of the units (a fact that we have checked
experimentally to better than one part in 3000), the index of refraction,
corresponding to Eq. (2), is, in view of (1),

X—61/2(1 2/$) I/ f(h2) (3)

The index N is directly measured in these experiments as the ratio of the
wave-length is vacuum to the wave-length in the water.

Eq. (3) then gives a means of calculating the dielectric constant 2 from
values of N and the line coefficients q and s. It will be noted that s and h both
involve ~ through c, the capacity per loop unit of length.

With the object of still further simplifying (3) let us examine the magni-
tudes of g and s for the actual line. By substitution of the values of g and c in
terms of the inner radius of the pipe and the outer radius of the wire it may be
shown that

27T

' Cf. G. %'. Pierce, "A Table and Method of Computation etc, " Proc. Am. Acad. ST,
No. 7 (1922), where these functions, wh&ch occur frequently in electromagnetic theory, have
been computed and tabulated for values of k between Q and 25Q.
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where y is the specihc conductivity of the medium between pipe and mire in

e.s,u. and l is the period in seconds corresponding to angular velocity ar. Since
it is known before hand that e is sensibly independent of frequency, s will be
a maximum where the product Ty is largest. This occurred in our experi-
ments for waves of period 2 X 10 ' second and for a conductivity of 178 X 10'
e.s.u. Since ~ is approximately 78.5 for water we find

s ~0.96.

The exact value of g for a particular frequency cannot be calculated unless
the value of the resistance per loop unit of pipe and wire is known. A value
of ii sufficiently near the actual value to discuss negligibilities in Eq. (3) may,
however, be obtained by assuming that the resistance of the pipe is negligible
in comparison with the resistance of the wire.

With this approximation it may be shown, by putting in numerical values,
that for the conditions in the present investigation

and
q &0.0035

gs &0.0034.

These results permit considerable simplification in Eq. (3). In the first place,
it is evident from inspection of tabulated values of the function f(h) that for
all values of h for which f(k) contributes to Eq. (3) a multipher different from
unity the expression for h may be reduced to

without affecting the accuracy by one part in a thousand. Finally, the maxi-
mum error which would be produced by neglecting gs in comparison with
unity under the radical of Eq. (3) will be approximately ls/i2 or about one
part in six hundred. But so large an error would occur only for the highest
conductivities and lowest frequencies, for which, because of high damping,
the accuracy of the experimental determinations is reduced to approximately
one part in two hundred; so that the final accuracy of computed observa-
tions will not be appreciably afIIected if we write for all cases in these experi-
ments,

where
!v= e'"f(h)

h = 2yT/c

(4)

Eq. (4) is the theoretical expression for the index of refraction of water and
aqueous solutions for the particular frequencies, conductivities, and physical
dimensions employed in the work herein described. y and ~ are respectively
the conductivity in e.s.u. and dielectric constant in e.s.u. of the water or the
solution, and T is the period of the electric waves.

M EA SUREMENT5 OF THE DIELECTRIC CONSTANT OF DISTILLED WATER IN

THE RANGE oF PERIoDs 1.31 X 10-' to 8.49 X 10-' SEcoND

Table II gives a series of results obtained for distilled water at approxi-
mately 25'C. The first column contains the number of the harmonic of the
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standard crystal oscillator with which the electric oscillator was held at
zero beat-frequency, From Table I the corresponding vaIues of the half
vacuum wave-length Q/2 are taken and are tabulated in column II.
Column III contains the temperature, column IU the measured value of half
wave-length in the water at temperature t, conductivity y; column U the
half wave-length reduced to 25'C by use of the coefficient obtained below;
column VI the value of index of refraction E at 25'C. The next to the last
column contains approximate values of 2yT/e, in which only a rough value of
~ is needed. For k=0.0212, in the top line of the table, the value of f(h) as
de6ned above is 1.00005 and can be replaced by unity. For larger values of
p2yT/e is still nearer unity; so throughout the table the correction for j is
negligible, making ~ in the last column of this table the same as the square of
the sixth column.

TAm. a II. DistNed meter, of condlctieity y =0.97 X10~ e.s.N,.

2
3
4
5
6
7
8
9

10
11
12
13

) p/2

1273.5
849.0
636.8
509.4
424. 5
363.9
318.4
283.0
254. 7
231.5
212.3
195.9

25.5

25.4

g

25.7

&/2(t, v)

143.95
95.93
71.89
57.50
47.94
41.08
35.96
31.97
28.77
26.16
23.97
22. 11

~/2(25, ~)

143.79
95.82
71.81
57.44
47.89
41.03
35.92
31.93
28.73
26. 13
23,95
22.09

X(25, &)

8.856
8.860
8.867
8.868
8.864
8.868
8.864
8.864
8.866
8.861
8.862
8.870

2yT/»

.0212

.0141

.0106

.0085

&c6

78.43
78.50
78.62
78.64
78.57
78.64
78.57
78.57
78.61
78.S2
78.54
78.68

Mean =78.SZ
Meal departure = + 0.05

The mean value of ~ at 25'C is

egg= 78.57+0.05

for distilled water.

MEASUREMENTS OF THE TEMPERATURE COEFFICIENT OF

THE DIELECTRIC CONSTANT OF DISTILLED WATER

Water temperatures from 3' to 60'C were obtained by filling the pipe with
water just above the freezing point, allowing the pipe to warm slowly to room
temperature, taking velocity measurements as diferent temperatures were
reached. For higher temperatures heat was applied to the pipe by passing
current through several coils of resistance wire wound around it, as shown in
Fig. j.. The pipe was covered with asbestos packing to prevent rapid tem-
perature changes. This precaution, in addition to the stirring produced by
moving the plunger, insured a practically uniform temperature throughout
the water in the pipe except near the ends, which regions could not be in-
cluded in the temperature coeScient measurements. The temperature of the
water before and after the w'ave-length measurement was read by a mercury
thermometer provided with a cylinder for collecting water and holding it
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around the thermometer bulb as the thermometer was raised to read. This
method a11owed temperatures to be determined within about 0.2'C once the
operator developed sufhcient speed in pulling up the thermometer and taking
readings.

The values obtained for e& were found to satisfy the empirical equation

e, = 78.57 [1—0.00461(t—25)+0.0000155(t—25) ' ]
for temperatures between 10' and 60'C, as seen by reference to Fig. 2 where
the curve is the curve of the equation and the points are observed values of ~&.

Three diAerent vacuum wave-lengths ) 0 were employed, and the points for
the three difkrent values of ) o all fall near the curve in the specified range of
temperatures 10' to 60'C.

87

85

S3

( } A ~ ?5+7 meters

(x) A~ lol&
(s) Q ~ $.63

I I

D ISTI LLF D WA TE R

P.97 X lP q.s.u.

lo 20 so m so 6o
Tgl1PE,FEATURE ('C)

Fig. 2. Locus of empirical equation for the dielectric constant of distilled water as a function
of temperature. Observed values for three wave-lengths are included.

For temperatures between 5' and 10'C there is a significant departure
from the curve of the equation and the longer wave-lengths seem to give
values of e~ departing farther from the curve. These anomalies appear at
values of temperature for which the water has anomalous behavior as to
density.

INDEX OF REFRACTION AND DIELECTRIC CONSTANT OF TAP
WATER AND OF AQUEOUS KCL SOLUTIONS

Tables III, IV, and V give measured values X/2(t, y) of the half wave-
length in tap water of conductivity y =11.9X10' e.s.u. , aqueous KCl-solu-
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tion of y =4/X 10'e.s.u. and KC1-solution of y = 178X10'e.s.u. , all measured
for the various values of X0/2 indicated in the second column of each table.
Using the temperature coefrjIcient formula of the preceding section and ex-

TAar. E III. Tap mater, of conductivity y=11.9X10~ e.s.u.

2
3

5
6
7
8
9

10
11
12
13

) 0/2

1273.5
849.0
636.8
509.4
424. S
363.9
318.4
283.0
254. 7
231.5
212.3
195.9

26.6

26.5

142.66
96.14
71.73
57.36
47.93
41.12
36.01
31.98
28.83
26. 15
23.97
22. 15

142.16
95.80
71.48
57.16
47.76
40.98
35.88
31.87
28.73
26.06
23.89
22.08

N(25, y)

8.958
8.862
8.909
8.912
8.899
8.878
8.874
8.881
8.866
8.885
8.885
8.873

2yT/e

0.2S7
.171
.129
.103
.086
.074
.064
.057
.051
.047
.043
.040

625

78.95
77.91
79.04
79.26
78.85
78.66
78.55
78.71
78.45
78.78
78.78
78.57

Mean=78. 71
Mean departure = + 0.23

TABLE IV. KCl solution, about 1/870 normal, of conductivity p =47 &(10' e.s.u.

),/2(t, y) X/2(25, p) N(25, p)
' 2pT/~

1273.5
3 849.0
4 636.8
5 509.4
6 424. 5

363.9
8 318.4
9 283.0

10 254.7
11 231.5
12 212.3
13 195.9

26.6
it

26.8
jc

26.7
26.9
27. 1
27.3
27.4
27.3

90.63
68.77
55.82
47.16
40.69
35.79
31.86
28.80
26. 15
23.96
22. 18

90.31
68.53
55.62
46.97
40.53
35.66
31.73
28.67
26.02
23.83
22.07

9.401
9.292
9.159
9.038
8.977
8.928
8.919
8.884
8.898
8.906
8.877

0.687
.516
.413
.344
.294
.258
.230
.207
.187
.171
.159

79.92
81.21
80.62
79.44
78.84
78.45
78.45
78.45
78.15
78.68
78.32

Mean =79.24
Mean departure= + 0.88

Test.E V. KCL solution, about 1/70 normal, of conductivity &=178X10' e.s.u.

8
9

10
11
12
13

Xo/2

318.4
283.0
254.7
231.5
212.3
195.9

)/2(t, ~)

32.87
29.64
27.06
24.66
22. 78
21.26

X/2(25, ~)

32.83
29.60
27.02
24.63
22.75
21.23

N(25, 7)

9.698
9.560
9.427
9.401
9.331
9.228

2yT/g

0.960
.856
.770
.697
.639.593

78.73
78.94
78.57
79.56
79.56
78.70

Mean =79.01
Mean departure = + 0.33

tracting the square root we have the approximate relation hX/X = —0.00236
for change of wave-length with change of temperature, and have reduced the
measured values of 'A/2 to the values at 25'C recorded in the column marked
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"&/2(2$, y)*" Dividing this into X,/2 we obtained X(25, y). Then employing
the formula E~ e'"f(k), which has above been shown to be a correct approxi-
mation within the limits of period and conductivity here occurring, we have
calculated the values of e given in the last columns of the tables. In examin-
ing these results it should be borne in mind that large conductivities and long
~aves have a higher attenuation and introduce greater difhculties of meas-
urement, which accounts for the fact that departures of readings from their
average values are greater with the larger conductivities and with the longer
vacuum wave le-ngths .(In fact with the solution of Table V the two nodal
points necessary for determining the) /2 in the solution could not be obtained
for X0/2 greater than 318.4cm). Taking into account these larger sources of
error we see that the addition of salts in sufhcient quantity to increase the
conductivity from 0.97X10 to 178X10' increases the index of refraction, in

0 aaoo

g 94M

h.
0
x QQOO-

H

~ I~X IO (0)

T Q5

~ A

47X IO
7

(e)

I
I

I

C ~ I l.9x lO

8 K2 l6 QO
Q(AVKm~nJ6-~ (hjr ~EQJ )

Fig. 3. Theoretical variation of the index of refraction of tap water {y=11.9)&10') and
aqueous solutions of KC1 {y=47X10 and y~178)(107) with wave-length, assuming the true
dielectric constant ~ independent of the conductivity. Observed points are included.

a manner dependent on y and ) 0, but when the eHects of conductivity are
eliminated so as to give the true dielectric constant e, the value obtained for
~ differs from e of distilled water by less than 1 percent. It is not yet known
whether this small difference is due to errors introduced by the high attenua-
tion at the higher conductivities; errors which do not arise when water or
low-conductivity solutions are employed.

Fig. 3 exhibits graphically as a function of wave-length the values of the
index of refraction X taken from the sixth column of Tables III, IV, and V.
The smooth curves are the loci of Eq. (4) for the conductivities listed above
the tables; and are plotted assuming that e is independent of y and of- the
same value as for distilled water. The fact that the observed values lie near
these theoretical curves is evidence for the validity of the assumption that ~

is sensibly independent of y for the conductivities here employed.


