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THE QUANTUM ANALYSIS OF THE BAND SPECTRUM OF
ALUMINUM OXIDE OE5200—X4650)

BY WILLIAM C. PoMERoY

ABSTRACT

Frequencies of lines in band spectrum of A10.—The spectrograms were
taken by R. T. Birge, using a new form of aluminum arc of his design. A table
of frequencies of all measured lines is given, extending over ranges of 135, 70 and
65 lines of both branches of the (0,0), (0,1) and (1,0) bands respectively. No
perturbations were observed within the range of measurement. Complete
numerical formulas expressing the frequencies of all individual band lines
within the range of measurement are given. The doublet separations are found
to agree in bands of the same final vibration state, Numerical formulas for the
doublet separation are given, in which the coefficients are consistent with the
theory applied to the mean of doublet components.

Quantum analysis of the band spectrum of A10.—A new method of locat-
ing band origins and verifying the combination principle is given, which applies
particularly to bands in which no perturbations are observed. The method
is direct and considers every possible choice of origins. The combination
principle is verified for these bands over a range of 50 consecutive lines.
Expressing the molecular energy terms due to vibration and rotation by

E ++ E +Bn'ps +a~Ps +I" m'+H m8+ the coefficients are evalu-
ated for the vibration states n =0 and n = 1, by a method suggested by Kemble.
The coefficients are consistent with their theoretical relations, involving the
vibration frequency, as deduced by Kratzer, Kemble and Birge. Further, the
coefficients are used to evaluate sets of rotational energy terms by means of
which the frequencies of all lines within the range of measurement are repre-
sented well within the limits of experimental error. The numerical formulas
for the frequencies of band lines are therefore of theoretical significance rather
than purely empirical.

Molecular constants of the A10 molecule. —The moments of inertia of the
Ala molecule for infinitely small vibration are found to be (46.02+ 0.02) X10 "
and (43.38+0.02) X10 "gm cm' for the initial and final states respectively,
and the corresponding distances of nuclear separation, 1.665X10 and 1.617
X10 ' cm. The constants of an assumed law of force of the form I' =EI(~—~0)

++2(~—r0)'+%8(r —r0)'+ are evaluated. Expressions for Z2 and E8
are new and are due to Birge.

INTRODUCTION

'HIS paper is concerned with a detailed analysis of the (0,0) (F4842),
(0, l.)(X5079), and (1,0)()'4648) bands' of A10 according to the

' Preliminary results of this work have been re'ported to the American Physical
Society in the following abstracts: W. C. Pomeroy and R. T. Birge, Phys. Rev. 2'7,

107 (1926) (Abstract 21). William C. Pomeroy, Phys. Rev. 27, 640 (1926) (Abstract 11).
' Bands are designated (n', n") where n' and n" are the vibration quantum numbers

of the initial and final states respectively, in emission. .



60 O'ILLIAM C. POMEROY

quantum theory' and the testing of recently developed theoretical
relations by which the elements of the rotational energy terms are con-
nected with vibrational energy constants. These relations permit the
representation of long band series by functions which are of theoretical
significance rather than purely empirical. 4

These bands, the so-called aluminum bands of the blue and green,
are degraded to the red. As will appear from the detailed discussion to
follow, they have no Q branch and the P and R branches consist of
doublets of the violet cyanogen type. The variation of doublet separation
with the rotation quantum number, k, is nearly linear to about k =100.5,
actually increasing somewhat more rapidly than k. The departure of
the frequencies of lines from a second degree law of variation is im-

mediately ap'parent from the fact that the lines of one branch shift with

respect to those of the other branch, overlap, and finally cross over,
this occurring twice within the measured range of the (0,0) band. This
crossing, which is unique in band spectra, was first recognized by Birge
and is illustrated by the numbering of the P and R lines in the accom-

panying spectrograms, Fig. 1. The assignment of vibration quantum
numbers to these bands was made independently by Birge' and by

Beginning with the work of Thalen (1866), Morikofer' has given a
brief but complete review of the studies of the band spectra of aluminum

up to the year 1924. For the most part these are concerned either with
the representation of band edges only, or with the question as to whether
it is the metal or the oxide which is responsible for. the band emission.
In a recent comparison of emitters of band spectra, Mulliken, ' using the
results of the present work together with other data, has shown con-
clusively that these bands are due to the oxide, A10.

As early as 1891, Hasselberg' had measured the wave-lengths of about
3000 lines in the band spectrum of aluminum, photographed with the
aid of a plane grating. These are tabulated by Watts in his "Index of

' A brief account of the quantum theory of band spectra is contained in Sommerfeld,
"Atombau und Spectrallinien, " 4th edition, Ch. 9. A detailed account is given in the
recent report of the National Research Council on "Molecular Spectra in Gases" (in
press). The manuscript of this report was rendered available to the writer through the
kindness of R.T. Birge, one of its co-authors. The nomenclature of the report has been
adopted throughout this paper.

With reference to the empirical representation of long band series, see R, T. Birge,
Astrophys. J.46, 85 (1917);Phys. Rev. 13, 360 (1919).

' R. T. Birge, Phys. Rev. 25, 240 (1925) (Abstract 21).
' R. Mecke, Phys. Zeits. 26, 217 (1925).
' W. Morikofer, Dissertation, Basel (1925}.
' R. S. Mulliken, Phys. Rev. 26, 561 (1925).
' B. Hasselberg, Svensk. Vet. Akad. Handl. N. F. 24, Nr. 15 (1891).
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Spectra. " Later, Lauwartz, "using a concave grating, photographed the
bands and made an analysis of structure lines with the object of testing
Deslandres' law on long band series. He measured the wave-lengths of
four bands designated after Hasselberg as A P.4471), B(X4648), C(%842)
and D(X5079) and represented the frequencies of the lines of each band

by four series which we now recognize as the separate components of the
doublets of the R and I' branches" respectively. In each series, for three
arbitrary lines, he evaluated the constants c and b and the parameter n

in the formula
1/X = a+bm'

and calculated the frequencies of all lines in the series. Having compared
observed and calculated frequencies, he concluded that Deslandres' law

holds within the limits of experimental error only to 50 or 60 lines from

the head of the band. "
PBranch 8101z14 16 1820 zz z4 z6 z6 50 5z 54 56 58 40 4z 44 46 48 50 5z 54 56 58

~1I55I39I 45 I 4'4951 $5 55 5I 59 61 65
R Branch

65 6I 69 'Il 'I5 75 I'I 'I9 81 85 85 6'I 89 91 95 95

O~Q Band

I
1~0 Band 0~1 Band

Fig. 1. Spectrograms of a portion of the band spectrum of A10. The numerals
attached to the (0,0) band indicate the quantum number of the final state corresponding
to each doublet. The complete overlapping of P42 and R74 is clearly apparent.

Recently Eriksson and Hulthen" have published some results of their
analysis of these bands which are not in agreement with those of the

"J.Lauwartz, Zeit. f. wiss. Phot. 1, 160 (1903).
"According to Deslandres' formulation, there are two series starting at the head

of a band. The first of these —Lauwartz' C3C4 (in the case of the )4842 band) —includes
not only all of the P branch, but also that portion of the R branch between the head
and the origin. The other series —Lauwartz CIC2—includes the remaining portion of
the R branch. However, at a point about 50 lines from the head, where the C1C2 series
actually crosses the C&C4, Lauwartz failed to recognize the crossing, hence from this
point to the red, his C1C2, instead of being the R branch, is actually the P branch,
with a similar error for the series C3C4." It is of interest to note here that, according to the results of this paper, the assump-
tion of a second degree law of variation leads to an error of about 24 cm ' in the fre-
quencies of lines which are about 160 lines distant from the head of the (0,0) band."Eriksson and Hulthen, Zeits. f. Physik 34, 775 (1925).



writer. Their location of origins is based upon data which allow a
verification of the combination principle only for the final states, and
leads to an assignment of rotational quantum numbers which causes the
doublet separation to exhibit a marked discontinuity at the origin, while

the writer finds no evidence of such a discontinuity. The present assign-
ment of rotation quantum numbers is based upon a complete verification
of the combination principle and the exclusion of all other possibilities
of assignment, which facts should establish its correctness. The satellite
system observed on their spectrograms does not appear on those measured

by the writer, possibly because of difference in conditions of excitation.

THE SPEcTRQGRAMs AND THEIR MEAsUREMENT

The following analysis is based upon the writer's measurements of
spectrograms taken by R. T. Birge in 1915 in the second order of the
21 foot concave grating of the University of Wisconsin with a dispersion
of about 1.33A per mm. As a source of emission, Birge devised a new

form of aluminum arc, the lower electrode (anode) consisting of a 1/2 in.
carbon rod into which short lengths of 1/8 in. aluminum rod were in-

serted so as to project about 1/2 in. above the end of the carbon. A solid

1/2 in. carbon rod served as the cathode. The arc was operated at 160
volts and with as high a value of current as was possible without causing
the aluminum to collapse (about 9 amps. ). The discharge from the
ca,thode was confined to the aluminum tip of the anode rendering it in

the spheroidal state as in the Pfund iron arc. The spectrograms, which

contained considerably more data than had previously been obtained,
were measured with the 200 mm comparator purchased by Professor
Birge through the generosity of the Rumford Fund Committee. The
standards of wave-length used were those of Meggers, Kiess and Burns. "
Both components of each doublet line were measured at least twice, in

most cases on different spectrograms. For each doublet, the wave-

lengths of the separate components, their difference and mean value were
calculated. Each difference and mean was converted to wave numbers

(cm ') and corrected to vacuum. Results for the most part should be
accurate within 0.00SA (0.02 cm ') or better for distinct lines. All series
relations are based upon the mean of frequencies of the doublet com-

ponents, the values of which are tabulated in Tables I, II and III.
While it was expected that small irregularities in successive differences
of frequencies would occur, none were observed which could be classed as
perturbations, a fact which is quite significant.

'4 Meggers, Kiess and Burns, "Redetermination of Secondary Standards of Wave-
Length from the New International Arc, " Bull. Bur. Stan. 19, 263 (1924).
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VERIFICATION OF THE COMBINATION PRINCIPLE

In addition to the fact that no perturbations were observed within
the range of measurement, the band lines faded out toward the origin
to such an extent that the establishment of the origins by the usual
criterion of missing lines was impossible. Their approximate locations
were determined, however, by a visual examination of enlargements of
spectrograms, bearing in mind that the intensities of lines of the R and P
branches should be roughly symmetrical with respect to the origin. The
method adopted for considering every possible choice of origins may be
readily understood with reference to the following representation of the
combination principle which is taken from the report of the National
Research Council. '

(2)

(3)

(4)

(5)

R and P represent the frequencies of lines, the subscript referring to the
Anal state in emission. F' and F" are the initial and fina rotational
energy "term" values respectively, the functional form of which will be
discussed later. j is an integer, the meaning of which is explained by the
following considerations of nomenclature: according to experimental
results which will be discussed later, the nuclear angular momentum, m,
has been shown to have very nearly half integral values. If the resultant

angular momentum is parallel with the nuclear, i.e. , the electrons have
no angular momentum about the 6gure axis, we write m =j—e =k —o..
Now, it is uncertain whether the resultant angular momentum is an
integer (j) or a half integer (k). If the former, the electronic momentum

«( =j—m) is for these bands essentially 0.5, and if the latter, the electronic
momentum n(=k —m) is essentially zero. The adoption of the integer
j(=k+—,) leads to the condition that missing lines correspond to j'=0,
or j"=O.

Eqs. (2) and (3) may be regarded as defining the lines of the R and P
branches of the band. 26F' and 26F" represent changes in the rotational
term values for a change of two units in j, and may be termed "com-
bination differences. " According to the combination principle, all bands
having the same initial vibration state should yield sets of values of
26F' which are numerically identical and similarly, all bands having the
same final vibration state should give like sets of values of 26F". The
problem then consists in assigning values of j to the lines of the three
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bands such that the combination differences defined by Eqs. (4) and (5)
will give the required agreement.

The following is a direct method by which every possible assignment
of origins (or values of j) may be considered. Having arbitrarily desig-

nated each line by its numbering from the head, for each band an array
of differences was constructed of the following form:

Rg I f Ra I g+] Ra P$+2

+s+1 I t +s+1 p t+1 +s+1 I i+2

+@+2 I t' +s+2 . I t+1 +@+2 I t+2

~ ~ ~ ~ ~ ~ ~ ~ ~ 0

and each diagonal of each array was arbitrarily numbered. The form of

50—

+ 40--

0

~ ~o-

~ 20—

jo—

Fig. 2.

I

0 1, 2 3
Slope" of Diagonal, l (cm )

Graphical construction employed in a direct veri6cation of the combination
principle.

each diagonal indicates that it represents a possible set of combination
differences. The problem thus reduces to finding four diagonals which

agree in pairs, two for the initial state and two for the final state. Now,

suppose that a particular diagonal numbered b represents a set of values
of R;—I';. Then a set of values of R;—I';+2 is given by the diagonal 5+2.
Thus, according to Eqs. (4) and (5), we must find a diagonal a of the (0,1)
array which agrees with diagonal b of the (0,0) array (same initial vibra-
tion state), and a diagonal c of the (1,0) array which agrees with diagonal

5+2 of the (0,0) array (same final vibration state). The process of finding

the particular set of diagonals which gave agreement was greatly facili-
tated by plotting for each array the "slope" of diagonals (average of



J3AND SPECTRUM OF ALUMINUM OXIDE

approximately constant first differences) as a function of. the arbitrary
numbering. These slope curves were practically straight lines as shown

in Fig. 2. Now, it is quite obvious that a pair of diagonals whose elements
agree throughout must have the same slope, hence we examine the slope
curves systematically and note every set of four diagonals for which
the slopes agree in pairs, the two diagonals of the (0,0) array differing

by two in numbering. Two such sets are indicated ifi the figure. We now

refer back to the diagonals of the arrays by number and find that but one
of these sets of four (in this case a, b, and c=46, 40, and 37 respectively)
gives agreement of absolute values of the elements of the diagonals.
The combination principle is thus verified and the values ofj determined
to the exclusion of all other possibilities of assignment.

Having verified .the combination principle and determined the com-
bination differences, it is required to assign values of j to these differences
and to the lines which were combined to give them. The approximate
expression for any combination difference is"

25F=4Bm (6)
and its rate of change with m is 4B, the diagonal slope mentioned above.
The experimentally determined values of rg(=25F/48) are found to
form a set of approximate half integers and each m is increased by
approximately —, to give the integral jwhich designates the corresponding
2b,t. Eq. (4) indicates that the value of j which designates each 25F
also applies to the corresponding R and I lines while Eq. (5) indicates
that the value of j which designates each 26F" is to be diminished by 1

and increased by 1 to give the values ofjwhich apply to the corresponding
R and P lines respectively.

Tables I, II and III, arranged with j as argument, give the values of the
frequencies of all measured lines (mean of doublet comp'onents corrected
to vacuum) and the combination differences. The agreement between
the values of R; P; for the (0,0) an—d the (0,1) bands and between the
values of R; I';+q for the (—0,0) and the (1,0) bands, indicates the ac-
curacy with which the combination principle is verified.

"See Eq. (20) below.

TABLE I
Frequencies and combination

differences

of all measured lines of the (0, 0) band

Rj P; R,—P; R;—P, j Rj P;,R;—P; R;-P;
6
7
8
9

10
11
12

20626. 53
24. 82
23.04
21.18
19.24
17 ' 24

13
14
15
16
17
18

20615.14
12.98
10.74
08.46
06.11
03.67
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Continued
of all measured lines of th

j Rj P;
e (0, 0) band

R; —P; R) —Pg+g

188.94
191.18
193.40
195.63
197.84
200.03
202.24
204.43
206.63
208.78
211.02
213.19
215.38
217.54
219.66
221.85
223.97
226. 15
228. 28
230.41
232.60
234.70
236.80
238.92
241.03
243. 15
245. 29
247.33
249.41
251.47
253.57
255.68
257.75
259.80
261.81
263.87
265.89
267.88
269.94
271.96
273.96
275.98
277.96
279.96
281.97
283.96
285.95
287.92
289.84
291.81
293.75
295.67
29'?.58
299.52
301.45
303.34
305.25
307.14
309.02
310.93

203.28
205.71
208.08
210.43
212.80
215.16
217..50
219.81
222. 18
224.51
226.89
229. 19
231.50
233.83
236. 12
238.45
240. 72
243.04
245.35
247.59
249.90
252. 17
254.43
256.70
258.98
261.23
263.49
265.69
267.91
270. 16
272.40
2'?4. 64
276.83
279.01
281.20
283,38
285.59
287. 73
289.90
292.09
294.22
296.38
298.53
300.67
302.81
304.94
307.08
309.18
311.23
313 ' 35
315.43
317.52
319.57
321.62
323.70
325.73
327.78
329.82
331.84.
333.85

20590.80 20301.8681
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103
104
105
106
107
108
109
110
iii
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
13'?
138
139
140
141
142

294.7485 ' 92
87.52
80.21
72.84
65.41
57.88
50 ' 28
42.62
34.90
27.07
19.17
11.20
03.17

80.92
75.84
70.68
65.44
60.12
54.71
49.25
43.68
38.09
32.36
26.58
20.71
14.74 '195.08
08.73
02.59

396.42
90.15
83.79
77.40
70.90
64.30
57.65
50.90
44. 10

86.88
78.62
70.27
61.87
53.38
44.80
36.20
27.50
18.73
09.87
00.95

091.92
82.87
73.72
64.51
55.22
45.82
36.39
26.86
17.31
07.65

37.21
30.20
23.13
15.98
08.79
01.50

294. 1.4
86.66
79.12
71 ' 52
63.81 19997.92

88.13
78.22
68.28
58.26
48. 15
38.00
27.75
17.43
07.04

56.01
48. 16
40 ' 24
32.22
24. 13
15.96
07.71

199.40
91.00

896.59
86.06
75.46
64 F 80
54.07
43.26
32.39
21.41
10.40

799.31
88.15
76.92
65.62
54.24
42.80
31.30

82.54
73.98
65.30
56.61
47.82
38.93
29.97
20.93
11.85
02.65

093.40
84.60
74.64
65.15

by interpolation.ands. Frequencies obtained

TABLE I—
Frequenci ef and combination differences

j Rj P; R; —P; R; —P~.~g

19 01.14
20 598.54
21 95.88
22 93.16
23 20644.46 90.33 54. 13 59.96
24 43.94 87 ' 45 56.49 62 ' 48
25 43 37 84 50 .. 58 87 65 02
26 42. 73 81.46 61.27 67.56
27 42.00 78.35 63.65 70.08
28 41.20 - 75.17 66.03 72.60
29 40.33 71.92 68.41 75.11
30 39.40 68.60 70.80 77.65
31 38 38 65 22 '?3 16 80 16
32 37.30 61.75 75.55 82.68
33 36.13 58.22 77.91 85.22
34 34.88 54.62 80.26 87, 75
35 33.56 50.91 82.65 90.26
36 32. 18 47. 13 85.05 92. '?8
37 30.71 43.30* 87.41 95.28
38 29.17 39.40 89.77 97.80
39 27.57 35.43 92.14 100,34
40 25.86 31.37 94.49 102.84
41 24. 12. 27.23 96.89 105.36
42 22. 28 23.02 99.26 107.86
43 20.34 18.76 101.58 110.34
44 18.36 14.42 103.94 112.86
45 16.29 10.00 106.29 115.37
46 14.17 05.50 108.67 117.88
47 11.95 00.92 111.03 120.37
48 09.63 496.29 113.34 122.83
49 07.28 91.58 115.70 125.34
50 04.84 86.80 118.04 127.85
51 02.31 81.94 120.37 130.33
52 599.70 76.99 122.71 132.80
53- 97.03 71.98 12S.05 135,29
54 94.27 66.90 127.37 137.75
55 91.44 61.74 129.70 140.24
56 88.52 56.52 132.00 142.68
57 85.55 51.20 134.35 145.15
58 82.51 45.84 136.67 147.66
59 79.37 40.40 138.97 150.10
60 76.17 34.85 141.32 152.55
61 72.88 29.27 143.61 155.00
62 69.50 23.62 145.88 157.43
63 66.03 17.88 148.15 159.85
64 62.51 12,07 150.44 162.29
65 58.94 06.18 152.76 164.76
66 55.27 00.22 155.05 167.20
67 51.55 394.18 157.37 169.66
68 47.69 88.07 159 ' 62 172.08
69 43.80 81.89 161.91 174.51
70 39.80 75.61 164.19 176.93
71 35.75 69.29 166.46 179.35
72 31.59 62.87 168.72 181.75
73 27.38 56.4p 170.98 184.20
74 23.10 49.84 173.34 186.59
75 18.72 43.18 175.54 188.97
76 14.30 36.51 177.79 191.41
77 09.75 29.75 180.PO 193.80
78 OS. 14 22.89 182.25 196.17
79 00.45 15.95 184.50 198.59
80 49S.65 08.97 . 186.68 200.91

~Band lines obscured by heads of other b
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RePresentation of the structure lines of the bands. Let it now be required
to formulate expressions for the frequencies of band lines on a de6nite
theoretical basis. The theory which has been applied in this analysis
has been outlined by Birge" and further details are contained in the
report of the National Research Council. ' The following account is
intended as an explanation of the method of analysis used by the writer,
rather than as a development of the theory.

TAax.E II
Iireguencies and combination differences of all measured lines of the (0,1) band

6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26 19681.01
27 80.61
2-8 80.14
29 79.61
30 79.02
31 78.37
32 77.63
33 76.82
34 75.96
35 75.05
36 74.06
37 73.04
38 71.91
39 70.74
40 69.50

P;

19659.68
58.00
56.21
54 ' 40
52.52
50.60
48:60
46.54
44.40
42. 21
39.96
37;66
35.29
32.86
30.38
27.84
25.22
22.53
19.78
16,96
14.12
11.21
08.22
05. 17
02.08

598.91
95.67
92.38
89.02
85.61
82. 15
78.60
75.00

R; —P; R; —P;+2

61.23 66.89
63 ' 65 69.40
66.02 71 ' 92
68.40 74.44
70.80 76.94
73.20 79.46
75.55 81.95
77.91 84.44
80.29 86.94
82.67 89.44
85.04 91.91
87.43 94.44
89.76 96.91
92.14 99.41
94.50 101.90

Pt

41 19668.20 19571.33
42 66.85 67.60
43 65.43 63.83
44 63.94 60.00
45 62.36 56.10
46 60.76 52. 11
47 59.08 48.06
48 57.33 43.96
49 55.51 39.81
50 53.64 35.59
51 51.70 31.30
52 49.69 26.99
53 47.63 22. 59
54 45.50 18.11
55 43.29 13.60
56 41.04 09.04
57 38.73 04.39
58 36 ' 32 499.67
59 33.87 94.90
60 31.37 90.06
61 28.78 85.17
62 26. 12 80.22
63 23.40 75.23
64 20.60 70.14
65 17.76 64.98
66 14.85 59.79
67 11.89 54.51
68 08.84 49.18
69 05.74 43.79
70 02.56 38.34
71 599.30 32.82
72 96.00 27.24
73 92.62 21.63
74 89.21 15.91
75 , 85.66 10.15

R; —P; R

96.87
99.25

101.60
103.94
106.26
108.65
111.02
113.37
115.70
118.05
120.40
122.70
125.04
127.39
129.69
132.00
134.34
136.65
138.97
141.31
143.61
145.90
148 ' 17
150 ' 46
152.78
155.06
157.38
159.66
161.95
164.22
166.48
168.76
170.99
173.30
175.51

Pl+&

104.37
106.85
109.33
111.83
114.30
116.80
119.27
121.74
124.21
126.65
129.11
131.58
134.03
136.46
138.90
141.37
143.83
146.20
148.76
151.15
153.55
155.98
158.42
160.81
163.25
165.67
168.10
170.90
172.92
175.32
177.67
180.09
182.47

We assume the molecular energy "terms" due to vibration and rotation
to be given by"

gn+p En+8 ~2yD ~4+Ii m6+II ms+ (&)

where m=j —c=k —0..
'6 R. T. Birge, Nature 116, 783 (1925); Phys. Rev. 27, 245 (1926)' For convenience we use the va1ue of the energy "term" which is defined as energy

. in ergs divided by ch and is therefore measured in cm '.
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Kemble, " using only the first three terms of the right member of
Eq. (7) has considered in some detail thedependenceof 8", B„and D„
upon the value of the vibration quantum number, n, and the resulting
relations between rotational and vibrational energy. The relations are
much simplified by considering the special case of the non-vibrating

molecule, i.e., n =0, for which the molecular energy, neglecting electronic,
is entirely rotational and is given by

P =8pm'+Dpnz'+P pm'+ pnz'+

TABLE III
Frequencies and combination digerences of all measured lines of the (1,0) band

P; R; —P R; —P+2 j P; R; —P; Rg Pj+Q

6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23 21505.00
24 04.31
25 03.49
26 02.62
27 01.69
28 00.65
29 499.53
80 98.32
31 97.02
32 95.65
33 94.19
34 92.64
35 91.02
36 89.32
37 87.53
38 85.63
39 83.71
40 81.65
41 79.50
42 77.29
43 74.97
44 . 72.59
45 70.12

21462.88
60.13
57.29
54 ' 36
51.35
48 ' 25
45.08
41.84
38.52
35.11
31.63
28.06
24.41
20.67
16.84
12.95
08.98
04.91
00.75

396.52*
92.21
87.83
83.37

. 78.80
74. 16
69.45
64.62

53.65
56.06
58.41
60.78
63.17
65.54
67.90
70.26
72.61
74.98
77.35
79.69
82.04
84.41
86.78
89.11
91.50
93.82
96.13
98.49

100.81
103.14
105.50

46
47
48
49
50
51
52

'

53
54
55
56
57
58
59
60
61,
62

59.92
62.47 64
64.97
67.51 66
70.06 67
72.59 68
75.12 69
77.65 70
80.18 71
82 70 72
85.21 . 73
87.73 74
90.27 75
92.80
95.32 77
97.80 78

100.34
102.85 80
105 ' 34 81
107.84 82
110.35 83
112.88 84
115.39 85

21467.56
64.93
62. 19
59.37
56.49
53.49
50.44
47 ' 30
44.05
40.72
37.32
33.83
30.26
26.58
22.85
19.00
15.08
11.09
07.02
02.83

398.56
94.22
89.80
85.28
80.67
75.96
71.22
66.34
61.40
56.34
51.21
46.00
40 ' 70
35 ' 31
29.83
24.26
18.60
12.87
07.06

21359.71
54.73
49.67
44 55
39.34
34.03
28.65
23.21
17.65
12 F 01
06.29
00.50

294.60*
88.67
82.62
76.50
70.31
64.02
57.66
51.22
44. 70
38 ' 07
31.36
24.56
17.69
10.76
03.70

196.59
89 ' 41
82. 15
74. 79
67.35
59.81
52. 19
44 ' 51
36.74.
28.90
20.93
12.91
04.80

107.85
110.20
112.52
114.82
117.1,5
119' 46
121.79
124.09
126.40
128.71
131.03
133.33
135.66
137.91
140.23
142.50
144.77
147.07
149.36
151.61
153.86
156.15
158.44
160.72
162.98
165.20
167.52
169.75
171.99
174.19
176.42
178.65
180.89
183.12
185.32
187.52
189.70
191.94
194.15

117.89
120.38
122.85
125.34
127.84
130.28
132 ' 79
135.29
137 ' 76
140.22
142.72
145.15
147.64
150.08
152.54
154.98
157.42
159.87
162.32
164.76
167 ' 20
169.66
172.11
174.52
176.97
179.37
181.81
184.19
186.61
188.99
191.40
193 ' 81
196.19
198.57
200 ' 93
203.33
205.69
208.07

*Band lines obscured by heads of other bands. Frequencies obtained by inter-
polation.

~8 E. C. Kemble, J.O.S.A. 12, 1 (1926).
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For this condition, Do, I"0 and JIO have been evaluated in terms of other
constants as follows:

D0 —4B——O'/(o+

Fo= (2—n(oo/6Boa)D(P/8

Ho =3FODO/Bo —5Do'/Bo'+Fo'/Do —8DO'z/3&'

(9)

(10)

(11)

Eq. (9) was obtained by Kratzer, "Kemble' and others while Eqs. (10)
and (11) were first obtained by Birge."co' and x have the same meaning
as in Kratzer's equations"

(12)

(13)

i.e., co is the vibration frequency for infinitely small amplitude expressed
in cm ' and 2''x is its initial rate of change with the vibration quantum
number, n Fro.m Eq. (13) it follows that

Z"+'—Z"= (a' —(n+z2) 2aP z

Eq. (14) states that the difference of two adjacent vibration terms yields
a frequency equal to the mean of the corresponding vibration fre-

quencies. " We are thus enabled by extrapolation to determine the
vibration frequency for the zero state, i.e., co'. Values of co' and co'x for
these bands have been calculated by Birge (unpublished), using fre-
quencies of band heads as vibration terms. The final analysis indicates,
however, that the separation of band heads is in only approximate
agreement with the separation of origins, hence these values are not
exact.

As just noted, Eqs. (9), (10) and (11) apply only to the zero vibration
state. For higher states, Kemble's formulas may be written

thus defining
D„=Do+P"e

u=Bp —Bj

p D1 D0

(15)

(16)

(17)

(18)

rz is. required" for the evaluation of Fo in Eq. (10). P" has been evaluated

by the writer from Kemble's formulas as

0"= (2 —4PoBO'/Do'+9Bo'Fo'/2Do') 12Bo /&a' (19)
» A. Kratzer, Zeit. f. Physik 3, 289 (1920).
~0 This is of course only a particular instance of the so-called correspondence theorem."Kratzer's n will be designated u as defined by Eq. (17) and is not to be confused

with the electronic momentum, n, previously defined.
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Expressions for F„andH„for the higher vibration states have not yet
been derived. For the present purpose, however, it is sufficient to assume
that FI = Fo and that A I =Ho.

Now, Eqs. (4) and (5) indicate the well known fact that the experi-
mental data lead to the direct evaluation, not of F, but of 26F, i.e., of the
variation of F for a variation of two units inj. If e (or n) is a constant;
as will be assumed for the present, dF/dm and dF/dj are identical and
it may easily be shown" that the values of 26F/2 differ from dF/dm by
negligible amounts. Hence we obtain from Eq. (7)

2dF/de = 2dZ =4B„m+8D„si'+12F„si'+16H„mr+.. (20)

M/m =2B„+4D„m'+6F„m4+8Hm'+ (21)

The immediate problem to be solved may now be more definitely
stated in terms of the above formulas. In Tables I, II and III are tabulated
four sets of values of 26F, two for the zero vibration state (initial and final

molecular configuration respectively), and two for the vibration state,
n=1. It is required to determine the four corresponding sets of co-
efficients in Eq. (7) yielding four sets of rotational energy terms, com-

binations of which will accurately represent the observed lines of the
(0,0), (0,1) and (1,0) bands respectively. Further, it is required to com-

pare the relations among calculated coefficients with the theoretical
relations given by Eqs. (9), (10) and (11). The problem is largely a
matter of the best method of handling the data, taking into account
the amount of labor required and the accuracy of the final results. The
method used herein is a combination of the methods of successive approxi-
mation and least squares and will be described in some detail.

With reference to Eq. (21) it may be noted that the left member m'ay

not be evaluated accurately until s (or n) is known. Preliminary analysis
shows, however, that in the case of bands such as the violet cyanogen
bands or those discussed in this paper, the. value of n is either zero or is
very small. Hence, to a close approximation, m may be replaced by k.23

Using the four sets of values of 26F tabulated in Tables I, II and III,
values of AF/k were calculated and each DF/k was plotted as a function of
k. Omitting the last two terms of Eq. (21) as a first approximation, values
of 8 and D for each of the four cases were calculated from two suitable
points on the AF/k: @curve. For the zero state, values of Bo and Do
thus determined and combined with the previously calculated values of
cv satisfied Eq. (9) within a fraction of a percent. Having determined'

"Report of National Research Council, Ch. IV, Eq. {78).
23 More accurately, d, Fjk= 28' —2Bna jk+4D~k +Oink + ~
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fairl'y accurate values of Bp and Do, we calculate approximate values of
Fo and Ho from Eqs. (10) and (11). u may be taken as the difference
between Bo and B& as obtained from the hF/k: k curves, or may be
found analytically from the approximate relation deduced from Eq. (21),
with m replaced by k:

Mo/k —Mi/k = 2n —16BO'k'(1/co" 1/&—o' ) (22)

Following Kemble's suggestion, "we now transform Eq. (20) as

2'*=2M —SD„m'—12F„m5-16' m~—

=48„m
=4B„(k—0.)

(23)
(24)

(25)

Now, as just noted, re =k approximately, and D„,F„andH are small
quantities compared to 8„.Therefore it is entirely legitimate to replace
the unknown ns by the known k in the third and higher degree terms of
Eq. (23). By this substitution, a set of numerical values of 26F~ is
obtained which should be linear in k provided that D, F„andH are
known with sufhcient accuracy and cx is constant. The outstanding
feature of this method of solution is the transformation of the higher
degree 26F: k curve into the linear 26F*:k curve. This permits the
use of all of the experimental data in the evaluation of 48 as the constant
slope of the linear 26F*:k curve as compared with the extrapolation
of the lower end of the non-linear 26F: k curve to determine 4J3 as
its limiting slope for k=0.

The following procedure is carried out for both the initial and final
states respectively. Considering first the zero vibration state, values of
26F* were calculated by Eq. (23) using the observed values of 25F and
the values of Do, Fo and Ho given by Eqs. (9), (10) and (11). In these
equations the value of Bo determined from the AF/k: k curve was used.
The resulting set of Eqs. (25) considered as linear in k was solved by
least squares, giving a better value of Bo and also a value of n. Should
the new value of Bo differ sufficiently from its first approximation to
affect Do, Fo, and Ho materially, a second solution is necessary. It may
be mentioned here that the greatest obstacle to accuracy is the lack of
trustworthy values of vibration frequency since we must resort to
Eq. (9) in order to improve upon the values of Do obtained from the
DF/k: k curves. Unfortunately an accurate set of vibration frequencies
may be obtained only from Cn extended fine structure analysis which wi11

determine a relatively large number of band origins rather closely. A set
of values of 26F~ is now calculated by Eq. (25), using the results of the
least squares solution, and the linearity of "observed" values is tested
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by plotting differences of observed and calculated values of 26'*. Any
appreciable trend in the residuals is to be corrected by an adjustment
of coefficients.

Turning now to the vibration state r4=1, we note that P" may be
calculated from Eq. (19), knowing the values of the coefficients Bo, DD,

Jio and Ho. The resulting value of Di may be compared with that obtained
from the DFjk: k curve for the state n = 1. It was assumed that F4 = Fo
and H~ =Ho, the error introduced being negligible since the contribution
of these terms to the rotational energy is small within the range of
measurement of the (1,0) and (0,1) bands. Values of 2DF* for n= 1 are
then calculated and the equations solved as described above.

Having evaluated the four sets'of coefficients 8, D, Ii and H, we cal-
culate the four corresponding sets of rotational energy terms and the
six sets of differences to be used in the representation of the six sets of
lines, i.e., the I' and R lines of the three measured bands. For each band,
we write

R7' = VP + F& +I —F&'
e'-+n" I'-+e" e'

(26)

I'; = vo+ F I —Ii," (27)
0 +8 N vS S ~II

where vo is the frequency of the origin of the band. The calculated value
of vo for each of the three bands, using in Eqs. (26) and (27) the observed
frequencies of lines and the calculated values of the rotational energy
terms, should be constant throughout the range of measurement. As a
matter of fact, although the variations were not large, they exceeded
the limits of experimental error as might be expected from the fact that
we are virtually building up a function from the values of successive
differences.

This difficulty, however, may be overcome as follows: for each band,
the differences between calculated values of vo and an arbitrary constant
(conveniently, a rourid number approximating the average) were plotted
as a function of k, giving a curve of residuals with ordinates, Av, ranging
within a few tenths of a cm '. Each residual curve was expressed analyti-

cally by passing a curve through six arbitrary points to satisfy an equa-
tion of the form

d v =A+uk+bk'+dk4+fk'+hk' (28)

The coefFicients in the above equation give the corrections to be applied
to the differences of corresponding coefficients of the rotational energy
terms which are concerned. For example, b of the (0,0) residual curve is
the correction to be applied to the difference (B4'—B4"). From the

(0,1) and (1,0) curves we obtain the corrections to (Bo'—B4") and
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(Bi' —&o") respectively. Having three correction equations containing
the four unknowns, Bp, Bp, Bi', and Bi", there remains an element of
arbitrariness in fixing the correction to each value of B. Similarly, for
each of the sets of coefficients, D, F and H, we write three correction
equations. In every case the corrections were small and were adjusted in
such a manner that the final results satisfied Eqs. (9), (10) and (11) as
nearly as possible.

It may be emphasized here that since the frequencies of long band
series may be satisfactorily represented by a number of arbitrarily chosen
forms of polynomial, the problem is not to find the form of function
which best represents the band lines but rather to determine whether or
not the lines of the bands can be represented accurately by means of
rotational energy terms of the form of Eq. (8) in which the coefficients
satisfy Eqs. (9), (10) and (11).

The final values of calculated coefficients follow:

So'=0.60190 cm '
Bo"=0.63860

Sg' ——0.59737

Sg"=0.63285

~p'=+0. 0074

no" = +0.0100

o.g' =+0.0050

a "=+0.0132

Do'= —1 1630X10 ' cm '

Dp = —1.1094X10

D).'= —1.1571X10 '
Dz"= —1.1181X10 '

~o =Fr'=+0 440X10 "cm '

Fo"=Fi"= —0.530X 10 '2

IIo'= a,'= 0.0
IIo"=IIi"=—5 2X10 "

u'=Bo' —B~'=+0.00453 cm '
cx"=Bo"—Bi"= +0.00575

As a final test of the accuracy with which the frequencies of the lines
of each band were represented with the use of the above coeAicients, the
four sets of rotational energy terms and the six sets of differences to be
used in Eqs. (26) and (27) were recalculated. For each band, the appro-
priate differences were combined with the observational data of Tables I,
II and III and in every case yielded a set of values of vp whi, ch was con-
stant within the limits of experi'mental error throughout the range of
measurement. This fact was indicated by constructing for each band a
table of differences between calculated and most probable values of vo

(not reproduced in this paper). These residuals showed no systematic
trend and in every case the average of the absolute values was less than
0.02 cm '(0.005A) and very few exceeded 0.04cm ' (0.01A). The most
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probable value of vo was arbitrarily taken as its average from j=30 to
-j= 70 thus avoiding the less reliable observational data for the smaller
values of j and the less accurate values of the rotational energy terms
for the larger values of j.

It is interesting to note the rather unusual occurrence of the coincidence
of a band line with the origin. It was found that for the (1,0) band, the
frequency of the line E30 is the same as that of the origin. In the case of
the (0,1) band, one component of the line R4o very nearly coincides in

position with the origin. " In such instances as these, the recognition
of missing lines is diS.cult if not impossible.

Agreement of coegciertts with theoretical relations Fro. m Eq. (9), we find

io' = Q —4803/Do

The determination of ~' from the final calculated coe%cients gives

(29)

coo'=866 cm ' cv"=969 cm '

whereas Birge, using frequencies of band heads as vibration terms has
calculated

~0'=866 cm ' cv"=970 cm '

While this agreement is very close, it appears from the meager data
available that these frequencies would be slightly higher if calculated
from the frequencies of origins (see Eq. (36) ahead).

Substitution of the final calculated coefficients in Eq. (10) yields for
the left members, initial and final states respectively, +0.440X10 ",
and —0.530&&10 "and for corresponding right members +0.439&&10 "
and —0.534X10 ", a very satisfactory agreement.

The evaluation of the right member of Eq. (11), using Birge's values
of u"x'=3.75 and ~"'x"=7.00 gives Ho'=+0. 9&(10 " and Hp"=
-5.2X10 " as compared with the finally adopted values of Hp. , =0.0
)& 10 "and Ho" ———5.2 && 10 ' . In view of the fact that the contribution
of the term in x is relatively large and that the values of x are rather
uncertain, we may assume that Eq. (11) is satisfied within the limits of
experimental error.

Substitution of the final calculated coefficients in the right member of
Eq. (18) gives for P", initial and final states respectively, +0.0059X10 '
and —0.0087X10 ', while the right member of Eq. (19) gives for cor-
responding values, +0.0055 X10 ' and —0.0085 X10 '. Considering the
uncertainty of the values of Ho, this agreement is quite satisfactory.

Lastly, Eq. (17) is satisfied exactly by the final calculated coefficients.

'4 This statement anticipates the discussion of doublet separation which is to follow.
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The relatively good agreement indicated in the preceding discussion

is rather conclusive evidence of the validity of the relations between
rotational and vibrational constants given by Eqs. (9), (10) and (11),
at least in the case of the bands discussed in this paper.

Accuracy of calculated coegcients F.rom a physical point of view, the
constants in which we are most interested are 0. and 8 since these deter-
mine the electronic momentum, the moment of inertia and the nuclear
separation. In the table of final calculated coefficients, a sufficient num-

ber of significant figures has been indicated to give a mathematically
consistent evaluation of rotational energy terms to the nearest 0.001 cm '
in order that differences may be given to the nearest 0.01 cm '. It is not
to be inferred, however, that the coefFicients have been determined with
this degree of accuracy. The probable errors may be estimated on the
basis of experience in the progressive steps of the calculation.

The values of Bo are probably correct within two units in the fourth

place, an accuracy of 0.03 percent, permitting the evaluation of the
moment of inertia and nuclear separation with an accuracy exceeding
that of any previous determination. The accuracy of the former is com-

parable with that with which Planck's constant is known, while that of
the latter is limited primarily by the accuracy with which the relative
atomic weights of Al and 0 are known. With regard to o., it is clear that
a small change in the coeScients of the higher degree terms in 25F* wi11

quite appreciably affect the percent change in the intercept of the
26F*:k curve, even though the absolute value of the change may be
small. Thus, 0. may be in error by as much as 50 percerit. For the
remaining coefficients, the writer estimates the following accuracy:
8~, ,0.05 percent; D0, 0.25 percent; D~, 0.50 percent; FO and F~, 5 percent:
H~ and H~, 20 percent.

Calculation of ouolecufar constants The mo.ments of inertia of the Alo
molecule, for the zero vibration state, calculated from the relation"

Io= fo/Sor Boc=27 ~ 70X10 /Bo (30)

are, for the initial and final states respectively
Io'= (46.02+.02) X10 "gm cm'
I o(43.38+ .02) X 10 "gm cmo

The corresponding distances of nuclear separation calculated from the
relation"

(31)
''1 Formulas for moment of inertia and nuclear separation appear in the report of

the National Research Council, Ch. IV, as Eqs. (134) and (187) respectively. The
"reduced molecular weight" of the Alo molecule is 10.06 giving a "reduced mass. "

y = 10.06 X1.650 X 10~4= 16.6 X10~' gm
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where p is the "reduced mass" of the molecule, are

ro' = 1.665 X 10-s cm

ro" ——1.617X 10-' cm

Calculatoort of the constants of the laro offorce Th.e derivation of Eqs. (9),
(10) and (11) is based upon an assumed law of nuclear force of attraction
of the form"

F= E&(r—rp) +Ep(r —rp) '+Ep{r—rp) '+ ~ ~ . (32)

where (r rp) r—epresents the increase in the distance of nuclear separation.
Eq. ('10) and (11) were derived by Birgeo7 by obtaining new expressions
for X2 and X3 in terms of rotational energy constants. Together with
t'he previously known expression for X&, these are

Ei ———2hcBp'/Dprp' (33)

Ep = (3Do BoFo)3E&/2roDo (34)

Ep=+(18FoBoDoo —25Do' 9to'Bo'+—4IIoDoBoo)hcBp'/ro'Do' (35)

in which all quantities have been defined previously.
The evaluation of these constants, using the numerical results of this

analysis, gives for the initial and final states respectively

E&'=+4.42X10' dyne cm '

E2'= —1.12X10 4 dyne cm

X3' = +1 .81X 10 dyne cm

&i"= +5.55 X 10' dyne cm '

E2"=—1.69X10' dyne cm

E3"=+2.60X1022 dyne cm '

The doublet separation. Contrary to conditions found in other band
systems, the doublet separations for the (0,0) and (1,0) bands were found

to agree, indicating a possible double rotational energy level in the final
state. This may indicate a relatively. stable initial state and hence explain
the absence of perturbations which are usually associated with the initial
state. The fact that co"x' is small compared to co"'x" is possible further
evidence of this conclusion.

Doublet separations were plotted as a function of k of the final state
and the agreement for the (0,0) and (1,0) bands is indicated in Fig. 3.
For the comparatively short range of measurement of the (0,1) band,
the doublet separation was assumed to be linear, given by the equation

Av =0.014k (36)
"The expressions for XI, X2 and Zs in terms of vibrational energy constants are

given in the report of the National Research Council, Ch. IV, as Eqs. (189), (190),and
(191) respectively, while the corresponding expressions in terms of rotational energy
constants (here quoted) appear as Eqs. (194), (195), and (196) respectively.

~& R. T. Birge, Nature 110, 783 (1925).
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For the (0,0) and (1,0) bands, it was found that

Ap =0.0116k+ 12X 10 'k' —6.2/10 "k (37)

represented the doublet separation for both the 2' and the R branches.
While Av could have been represented equally well by other polynomials,
the significance of the above is the fact that the coefficients are com-

Fig. 3. Variation of doublet separation with rotation quantum number indicating that
the doublet separation is a function of the final state.

patible with the theory applied to the mean of the doublet components.
That is, we consider the double rotational energy term of the final state
given by

F+ =F+Ai//2
= —2B(n+ An/2) k+ (B+EB/2) k 2+ (D+ AD/2) k 4

= (B+ZB/2)~'+(D+ AD/2)m4 (3g)

where m =k —n+hn/2.
If the theory which has been applied to the mean of the doublet com-

ponents applies to the separate components as well, the relation between
DD and AB must be, by Eq. (9)

AD = —12B'AB/F00 (39)
and this relation is satisfied by the coefficients of k4 and k' respectively
in Eq. (37). Obviously, hn/2 is found by dividing the coefficient of the
linear term by 48.
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Final representation of hndhvhdhhal band lines. The calculated fre-
quencies of the respective origins of the three bands are

(0,0) Band, vh ——20635.27 cm '

(0,1) Band, vh = 19669.75 cm " (40)
(1,0) Band, vh ——21498.30 cm '

The frequencies of individual band lines may now be written:

(0, 0) Band E;+ =20635.27+F';~h F;"~—
tt = p tl —Q

P&+ =20635.27+F 7 y
—F

n'=p tt "~p

(0, 1) Band F.;+ = 19669.75+F',+j F",+—

(1,0) Band

n'=p ht "=j.

P;+ =19669.75+F'; I—F"7+

8;+ = 21498.30+F';+I—F"7+

P;+ =21498.30+F'; y
—F &+

(41)

The subscripts in Eqs. (41) have been written to conform with Eqs. (2)
and (3), although each F has been evaluated in powers of nh. No con-
fusion should arise, however, if it is understood that the F in the
following expansions in powers of nz has the same meaning as I'; in

Eqs. (41), where j is greater than m by approximately one half.
Using the final calculated coeKcients, the rotational energy terms of

Eqs. (41) become

F =Q ~ 60] 90yg —1 ~ 163QX1Q 6m, +0 ~ 44QX1Q
=p

where m = k —0.0074

F "+ = (0.63860+ 6.0 && 10 ')nh' —(1.1094&(10 '+ 3.1 )& 10 ")nh4 (42)
n —p

—0.530X10 'm- —5.2X10- ~
where m= k —0.01+0.00482

F~' =Q. 59737m, ~ —1.1571X ] Q
—6~4+0.440 X ] Q

—»m, 6

n'=1
where m = k —.005

F "+ =0.63285'' —1.1181X10 'm4 —0.530X1Q»m6 —5.2X10 IS~8
e "~1

where m = k —0.0132+0.00553

In conclusion, the writer wishes to express his deep appreciation of the
continued interest and helpful advice, throughout the progress of this
work, of Professor R.T. Birge, who suggested the problem and generously
placed an excellent set of spectrograms at the writer's disposal.
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