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CIRCUITS
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ABsTRAcT

An outstanding difficulty in the measurement of electronic charge from
shot-effect in a tuned circuit has been regeneration into this circuit. Former
methods of dealing with that feature have added tedious computations to
Schottky's original calculation. The solution presented here yields the result in

such a form that much of the labor is eliminated; the solution is of great
mathematical simplicity, and measurement of high-frequency resistance and
resonance frequency becomes unnecessary. The treatment may be generalized
to include the non-resonant case if the assumption be made that the resonance
curve of the amplifier is symmetrical.

A non-inductive resistance may be used as the medium of coupling, and
experimental work with this system yields the mean result for electronic charge
of 4.774 X 10io e s u

In work under conditions other than those of temperature limitation, the
diminution of fluctuations seems to be due to high current densities rather than
space charge in the region of the filament.

INTR QDUcTIQN

F THE emission of electrons from the hot cathode of a vacuum tube
is a random process, probability fluctuations of anode current are

to be expected. In 1918,Schottky' derived an expression for the root
mean square voltage one might expect to exist between the terminals
when a temperature-limited thermionic current is caused to flow through

a tuned circuit. This expression involves certain constants of the circuit,
the current, and the magnitude of the electronic charge, e; thus a measure-

ment of the r.m.s. voltage, the current and the other factors involved,

yields a measure, by purely electrical methods, of the value of e.

Fiirth, ' Ornstein and Burger, ' and Fry4 have arrived at the same
theoretical results by a variety of methods, while experimental work
has been done by Ha|tmann, ' Hull and Williams, ' and Johnson. ~ Of
these latter, the results of Hull and Williams are in agreement with the

' W. Schottky, Ann. d. Physik 57, 541-67 (1918);68, 157-76 (1922).
' R. Furth, Phys. Zeits. 23, 354 (1922).
' L. S. Ornstein and H. C. Burger, Ann. d. Physik 70, 622 (1923).
4 T. C. Fry, J. of Franklin Inst. 00, 199 (1925).
5 C. A. Hartmann, Ann. d. Physik 65, 51 (1921).
' A. W. Hull and N. H. Williams, Phys. Rev. 25, 147 (1925).
~ J. B. Johnson, Phys. Rev. 26, 71 (1925).
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theory, —the others, working at much lower frequencies, have failed to
realize the expected magnitudes.

Schottky developed the thermionic current f, into a Fourier series,

~ =&C~»n(~r~+4~)

and proceeded to determine the mean energy produced. If, however,
use is made of an amplifier of the tuned-circuit type, each component
of the series is amplified by a different amount, and this must be taken
into account in the computations. The adaptations made by Hull and
Williams to render the discussion applicable to the case where the
voltage across the condenser of the tuned circuit is applied to an amplifier
of this type, yields for the mean square output voltage of the amplifier

E' =A 'LiorF/2C'R

c40 is the voltage amplification at the resonance frequency; I. is the self-

inductance; C, the capacity, and R, the resistance of the tuned circuit,
R to include losses in condenser and vacuum tube; cp is the average
thermionic current as read by a D.C. ammeter; e is the electronic charge,
and F is a factor which is obtained from the resonance curve, f(x), of
the amplifier, where x =M/Mo, cop being 2x times the resonance frequency
of both the amplifier and the tuned circuit. It is the mean square voltage
output divided by the output that would be experienced if all com-

ponents were subject to the same voltage amplification, Ao.
If the shot-voltage be disconnected 'and a sirie wave of frequency

coo/2x and r.m.s. voltage v~ be applied to the amplifier, the output r.m.s.
voltage will be Aov&. If this produces the same mean square effect as the
shot-voltage, we have Z'=A, 'vP=A 'Lc,cF/2C'R ol 'vP=L~ orF/2 CR

whence s=2C'Rv '/LOOF.

DIFFICULTIES ATTENDING REGENERATION

This substitution method will yield correct results only if regeneration
effects are absent. This condition was realized by Hull and Williams in

their first work on these measurements, but with larger values of Ao

there are good grounds for believing that regeneration is unavoidable.
That is, energy from the output of some or all of the tubes is fed back
into the initial circuit where the shot-effect is generated. An ingenious
method of procedure enables one to take account of feed-back. If the
sine voltage v~ be introduced into the tuned circuit as shown in Fig. 1

the resonance curve of the system, f(x), may be obtained by the applica-
tion of voltage of different frequencies. This will give a measure of the
amplification with regeneration, If v& be applied to the system by the
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potential drop across a small impedance I.~ of negligible resistance,
carrying a known high-frequency current I&, the circuit is capable of
development of shot-effect with the same efficiency as before. In this
case one uses either the vacuum tube U 1 to produce a thermionic current
and shot-effect, or, cutting off the filament current, causes II to How

through I.I to produce the voltage v~ for calibration or comparison. The
tuned circuit is never disconnected nor detuned and regeneration causes
no difficulty since it produces the same effect in both f(x) and subsequent

measurements.

C & Vo Lm'le'6jie, rJ.

Yo geeerohar

Fig. 1. Diagram showing method of introduction of calibrating
voltage into shot-circuit.

Inconvenience is experienced however with this curve, f(x) What. one

wishes to know is not how a voltage introduced into the circuit, but
rather the voltage across the condenser, is amplified.

If v., is the condenser voltage at the frequency ppp/2pr, and vp, at
ppp/2pr, then with I~ held constant

vp /vp+~ 2 +@2/g2)(ppp2(gp2)2/&g

If Q(x) be the curve obtained by plotting relative power output against

x, and f(x) the curve that would be obtained were the condenser voltage
maintained constant, we have

4(x) =EpP/EpP =A psvkc'f(x)/Ap vp.'
and

f(x) =&(x)vp'/»'

That is, each ordinate of the experimentally determined curve Q(x)
must be multiplied by the ratio v, P/v&P to obtain the curve desired for
the determination of Ii.

This inconvenience becomes on further analysis a remarkable simpli-

fication of the work of Schottky. The following development due to the
authors is here presented for the first time.

SIMPLIFICATION OF THE TUNED-CIRCUIT PROBLEM

The power factor of the circuit varies with the thermionic current,
but it may be maintained constant by the addition of suitable resistances.
Let this be done.
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If now we take the expression given by Hull and Williams for the mean

square output voltage due to the k-component of the thermionic current,
we have

xpf(x)
Ef = -'L'co 'A p~CI,'

(1—x') '+r'x'
g' &pc= —,'L (opApp'Cap X—4(x)

(1—x')'+r'x' p pP

where r=R/Lppp Bu. t

vp. ppP+(L /R )(pp8 —4&p )

(1—x') '+ r'x'

So that
L'A p'

-Cp'e(x)
2R'C'

Substituting for CpP its value Cp' ——(4ippa&p/2pr)dx we obtain for the total
mean square output voltage

I A p 4f,pfcop
EP=ZEpP =——X —Z4(x)dx

2R'C' 2m

JI 4(~)~~

where v (the frequency) =a&/2pr; f(p) =Q(x); and dx=d(pp/ppp) =(1/ppp)

d(2prv) =(2pr/ppp)dv. JP(v)dv becomes simply the area under the curve

g(x) plotted against frequency. If we call this area A, the above equation

yields

E' = 2 pp
'pLpA'A/R'C'

If as before we introduce a voltage vi which causes the same output
as the shot-e8ect, we have p vi/R w=here p is the current in the tuned

circuit and si has the frequency vp
——cop/2pr, and the condenser voltage

s. is p/pppC or s&/RCppp. Also E'=A&Pe.'=A p'vP/R'C'ppP =2~ppL'A p'A/R'C'

so that p =vP/2LPpppPppA.

It may be noted that by this means we may avoid the complicated

evaluations of the original shot-integral. Also, since vi is introduced by
a current Ii flowing through an inductance I i of negligible resistance,

we have
p=L I, u, /2L'ppA(u =L I'/2L'cpA
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This measurement is independent of all frequency measurements

except those of frequency differences for the area A. This results in the
possibility of much greater accuracy than does the method of substitution.

ANALYSIS OF THE GENERAL CASE

Hitherto all the work that has been published on shot-effect has
considered tuned circuits only, and indeed the preceding development is

of the same class. The following shows however that a general solution

may be made which is applicable to all circuits suitable for the production
of shot-effect. This may be stated in general as an inductive resistance

'
in parallel with a capacitance. A series capacity obviously makes im-

possible the application of an accelerating potential to the anode.
The above discussions apply to circuits tuned to the resonance fre-

quency, vo, of the amplifier, and of such small resistance that R' may be
neglected in comparison to L,'coP. The following discussion is more
rigorous and completely general for the circuit in that it involves no

assumption regarding the relative magnitude of R, L, and C, and makes
no mention of a natural period of the circuit. It applies, indeed, equally
well to circuits mhich are aperiodic. In the following, mo mill refer to 2z
times the resonance frequency of the amplifier, and has no connection
with the natural period (if one exists) of the circuit where the shot-effect
is generated. It is here assumed that the power factor of the circuit is

invariant, and this condition, as has been pointed out above, may be
realized.

We have as above, ~p
——Cp sin (pppt+gp) whence ~pp= —',Cp'. If the shot-

current be caused to How through an impedance Z, the mean square
voltage produced across it by the k-component is given by

~A, o~A: C/c

and EpP = ,'Zp'CpPA p-'f(x)

where Ap and f(x) have the significance assigned above.
Thus R' =-',A p'ZZpPCp'f(x).

If the impedance is of the form shown in Fig. 1, and Q(x) is the curve
obtained as power output when the input current I~ through the induc-
tance L, j is maintained constant, we have, wherei is the current generated
in the circuit, i =L&I~co/$ where $ is the series impedance of the cir-

cuit, $ = V R'+(I pp 1/coC)' So that i =—L&I&pp/V R'+(Lpp —1/coC)'

and v, =L,I&cu/ppC+R'+(Lpp —1/coC)' where v, is the condenser voltage.
Thus

~oc; Ll ~1 C'CR'+(Leep —1jcopC)'j—X—
vg„' C' fR'+(Leep —1/~pC)'J L2I2
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where vp =cop/2or, is the resonance frequency of the amplifier anci v„
the condenser voltage at vp.

If, as above, we set x =cd p/cop,

&pc R'C'coo x'+ (1 LCco ' x—') '
—X

R C coo +(1—LCcoo ) X2

Now from our method of its derivation

Rop vp,o A p' f(x)
p2 &p 2A p2

So that f(x) =Q(x)v„'/vp, ', R'= —,'A p'ZZp'Cp'f(x) where Zoo=

(Ro+Lopopo)[RoCocdpo+(1 I Ceo~/)—o] and CcP=4copcoodx/2or

So that
E +I copE'= oiAo'4cop(coo/2or) If(x)dx,—

p R'C'coco+(1 —LCcopo)'

R'+ I'(v ' x' vp'.
= 2Ap cpp(Mp/2x) = X ci(x)dx

p RoC'co,' x'+(1—LCcooo x')' vzo

2Ap Ip6 R +I. co x—y(x) dx
R'C'cop'+ (1—L«o') '

2Ap Lp6 Cup
f'+" R2

-X—
~I

—y(x) dx+
R'C'xp'+ (1—LC~o') '

& 1—»

I.'coop cd(x) d x

where 1 —~ to |.+~, ~&&1, are the limits over which the integration
need be extended to include all values of x for which cti(x) +0. In

1+»

y(x) d x/x'

set s = 1/x, ds= —dx/x'. Then if @(x) is symmetric with respect to x= 1,
so that&(1/(1+ 5) ) =P(1—ci) =P(1+pi),

1+» 1+» p 1+» 1+»

y(x)dx/x'= y(1/s)do= y(s)dz= 4(x)dx
1—» 1—» 1—» 1—»

since a definite integral is independent of the variable of integration.

2A()' I, pe GOp f +" f1+»
Eo= —

&&
—

I Roct (x)dx+ I
Locoooct(x)dx

R'C'cop' + (1—LCcop') ' 2or 1 K

pc p(R2+Loco 2) -co 1+re

y(x)dx
R'C'cop' + (1 —LCcop') ' 2or

2A p' cpp(R'+ Loco op) A

R'C'cop'+ (1—scoop) '
=2Ao2~2~ ~
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where Zo is the impedance of the shot-circuit at the resonance frequency
of the amplifier, and A has the same significance as formerly. This
discussion is independent of the relative magnitudes of I., R and C.

If $ be the series impedance of the circuit at the frequency c p, we have,
where a voltage v& is introduced into the circuit by the current I& Qowing

through the inductive reactance Lcpp„p=s, /$=LcI&happ/P where i is the
current in the circuit. The condenser voltage

s, =i/cppC =L,Iccpp/cppC( =LrIr/$C

If the voltage v~ introduced into the circuit causes the same mean

square output voltage Z', as is occasioned by the shot-effect,

A 'v' =E'=2Z'A 'coeA

or substituting for v, its vg, lue given above,

g 2L 2I 2/P2C2 —2g 2Z pc ~
Whence p=LPI&'/2Zp'PCp'A. For this type of system P=R'+(Lcpp
—I/ppp C)'.

If this be applied to a periodic circuit of small resistance having a
natural period 2pr/cpp, we have Zp=L/RC, $=R, so that p=Lc'Ic'/
2(LP/R'C')R'C'cQ =Lc'IcP/2L'cpA which is precisely the result obtained
for this type of circuit in the previous discussion.

ANALYSIS FOR A PURE RESISTANCE

The experimental part of this investigation deals with the case in
which the shot-circuit is a non-inductive resistance R. Since a substi-
tution method was used in these measurements, a modification of the
general method of the preceding paragraph becomes necessary. No
effects of energy fed back from the output into this resistance were to be
observed, so a method of substitution should lead to correct experimental
results. The method of computation follows closely those previously
outlined.

If, as above, the thermionic current traverses the resistance R, we
have for the k-component of the Fourier series into which the whole
current may be developed

cp
——Cp sin(~p&+Pp)

and vI, =Ref, where vI, is the voltage introduced across the resistance by
Thus vp RCp sin (cPpt+P——p) and vpP= pRPCpP. If EpP -spP ApPf(PP)——

where Ep, Ap and f(pp) have the significance previously assigned, then
the total mean square voltage output

E ZEPg =A p ZspP f(p".)
=gRPApPZCpP f(p".)
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If, as before, we substitute for Cy' its value

C)tp = 4cpKopl$, ~2%'

we have

RP =$RPA pP 4cpp(Mp/2p) f(pp) d pp

dp

where 2 is the area under the curve which represents relative voltage-
square amplification plotted against frequency.

If now the system producing the shot-effect be disconnected and a
voltage v& at the resonance frequency, vp, of the amplifier be applied to
the input, it becomes after amplification Apv&. v& may be adjusted so
that the output has the same r.m.s. value as that occasioned by the shot-
effect.

We have then Z'=Agv~' ——2R'AP Apppwhence p=vP/2R ppA.

THE RESISTANCE R
The selection of a resistance suitable for the measurement of these

effects is a matter of some interest. High resistances of vanishingly small

self-inductance are readily obtainable. These usually consist of a paper
base with a coating of India ink, Aquadag or other similar substance,
but unfortunately they exhibit the well-known property of fuzziness.
That is, when carrying a direct current from a battery the resistance
is not constant, but exhibits a random fluctuation.

' Qe e.m)byes

Fig. 2. Diagram of aperiodic circuit used in obtaining measure-
ments submitted.

The resistance used in this work was a line of graphite on the etched
surface of a glass tube —, inch in diameter and 3 inches long. Investigation
showed that this when properly prepared had a constant resistance,
and was in every way suitable.

CAPACITY AND LEAKAGE EFFECTS

One could not assume, however, that the magnitude of R was the
impedance in the path of the thermionic current. If we examine the
circuit, we note that we have in parallel with R the leakage across the
socket and tube V.T. and across the amplifier input as well as attendant
capacity effects. Thus it seemed necessary to measure the impedance
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of the circuit as it was actually used. The capacity effects alone are
dependent on the frequency, and if these are small and the resonance

curve not too broad, it will make little difference at what point in the
region the impedance is measured. If it be measured at the lowest fre-

quency of the resonance curve, it will be too great, at the highest, too
small. Hence it was measured at such a frequency that an ordinate
through this point passes through the center of area of the region under

the resonance curve. If we consider that the impedance of the circuit
is the one obtained in this way, and that it is constant throughout the
pass-band of the amplifier, the error introduced is vanishingly small.

Thus in the expression for X we shall write Z,—where Z is the im-

pedance obtained under the conditions mentioned above, —in place of
R in our former consideration. The value of E' then becomes

g'= 2Z'3 'cpe3

or solving for e as before,

e= s'/2Z'~oA

MEASUREMENT OF 'V y

The measurement of v& was carried out by precisely the method used

by Hull and Williams, ' and it will be discussed here very brieHy. The
method utilizes the inductive drop in a short length of a long straight
brass rod surrounded by a concentric cylindrical return conductor.
Hull and Williams have shown that if the cylindrical return be connected

'

to the central rod by a block of brass or other material of small resistance,

carefully sweated in so that it makes contact with the cylinder at its
inner edge, then the field is uniform right up to the inner surface of the

disc, and hence this may be considered the zero point and all measure-,

ments made therefrom. The inductance per centimeter of such an

arrangement is

Z, = 21og, (R/r) e.rn. u.

where R is the radius of the cylindrical return and r the radius of the

central rod.
In the apparatus used R/r= 6, so that I., =2 log. 6X10 ' hen—ries,

and the inductance per length used, —1, which has been referred to
formerly as L', L& ——2 1 log, 6&&10 ' henries. Thus if a current I& from a
generator traverses this inductance, v~, the potential across it will be

vI ——L&Ij~ and in particular when the generator frequency is the same

as the resonance frequency of the amplifier,

Uy=LyIyo)p= 2 l log 6X 10 Jlup
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The design of the apparatus permits the use of 3, 6, 9, 12, 15, 18, 21,
or 24 centimeters of length since it is tapped at these points.

THE AMPLIFIER

The amplifier is a five stage cascade tuned-impedance-coupled system.
The impedances consist of 400 turn coils wound on hard rubber cores
1 inch in diameter and 2 inch in length, the coils being in parallel with
suitable capacities. The tubes used in the amplifier are screen grid tubes
similar to those used by Hull and Williams, and supplied through the
courtesy of Dr. Hull of the Research Laboratories of the General Electric
Company. Each stage is contained in a metal case which shields from

outside inHuence, and all high voltage lines are carefully filtered. The
amplification used was not measured but was estimated from previous
experience to be a voltage amplification of about 10'.

DETECTION

The method of detection is perhaps deserving of special mention since
it is not precisely that used by Hull and Williams in obtaining the results

they have published, but a method later devised by them and used in

some more recent work.
A coil, whose ends are connected across the heater element of a 900

ohm vacuum thermocouple, is placed in the field of the coil in the plate
circuit of the last amplifier tube. The output is read on a galvanometer
connected to the couple side of the thermocouple. These leads are con-

nected inside the case of the amplifier by a large condenser. Investiga-
tion showed that the apparatus obeys the square detection law within

the limit of error of the measurements; that is, the galvanometer reading
is proportional to the power input.

EXPERIMENTAL PROCEDURE

The method of finding the particular vi which corresponds to a certain
~p in our formula, is as follows:

The thermionic current ~p is caused to traverse the impendance Z.
The voltage across Z is applied to the input of the amplifier and the
deHection of the galvanometer in the output noted. This system is now

disconnected and the voltage v~ across the self-inductance Li is used as
input. If v~ be now adjusted so that the output galvanometer experiences
the same deHection as before, we have, where v& has the frequency vp

g 2~2 g2 2@2+ 2/ply

or & =vs/2Z'~02. We have shown before that v~ = 2 l log, 6&(10 ' Ircvo

The determination of 1 consists in the selection of a suitable tap on I.i so
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that to produce the desired voltage, the current I~ should be of a magni-

tude convenient for measurement.

THE GENERATOR SYSTEM

The current is generated in a movable coil placed in inductive relation-

ship to another coil carrying the generator output. Capacity coupling
is avoided by the use of a static screen. The mutual inductance and
hence I& is altered by rotating the coil. The measurement of the current
is effected by the use of a vacuum thermocouple together with a calibra-
tion curve.

A large cage oF wire mesh about the amplifier and a smaller one about
the generator prevent interaction. The source of energy for each system
is within the cage that contains it.

EXPERIMENTAL WORK

The first work with this aperiodic circuit was carried out at a frequency
of about 50 kilocycles. The effect was easily perceptible, but certain
other considerations led to the use of higher frequencies. When the
amplifier was actuated by the shot-voltage, the output galvanometer
exhibited random fluctuations in deHections. These were believed to be
other than variations in battery voltage, since this random effect dis-

appeared when the generator system was used as input. The magnitude
of these fluctuations was decreased by the introduction of a thermocouple
of larger thermal capacity, but they still caused such inconvenience that,
while the mean of a set of readings yielded results of the proper order of
magnitude, individual readings would differ by as much as twenty
percent. This phenomenon is perhaps a consequence of the Aicker effect
discussed by Schottky in his recent paper. ' A change to higher resonance
frequency led to the disappearance of this annoyance. The first work
which is to be presented here was carried out at a frequency of 146
kilocycles.

The resistance used had a value of 48300 ohms, and a measurement
of the impedance by the method outlined in a preceding paragraph
yielded the value 34500 ohms.

THE AREA A

The area A was to be determined as the area under the curve repre-
senting relative voltage square amplification plotted against frequency.
Since the apparatus obeys the square detection law, the reading of the
output galvanometer at any fixed frequency is proportional to the power

8 W. Schottky, Phys. Rev. 28, 74-103 (T926).
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input. If a voltage e& of constant magnitude and varying frequency be
applied to the input, the galvanometer deQections, divided by the
deflection for vo, will give the ordinates of the required curve.

In actual practice it is the input current I~, and not v~ which is main-
tained constant. If P(v) be the curve obtained in this way, and f(v)
the curve required, we have

4 (v~) =~0'va'f(v~)/~0'vo'

where vI, is the value of v& at the frequency v~. Thus

f(vk) (vO/Vk )$(vk) = (Ll I1NO/il 11 07k )$(vk) =$(vk)670/My .
That is, each ordinate of the experimentally determined curve p(v&)
must be multiplied by the ratio ~0'/cow'.

This correction produces an increase in the ordinates on one side of
the resonance frequency, and a decrease on the other. The change in

area is quite insignificant, but was taken into account in obtaining the
value of A.

TABLE I
Summary of measurements leading to the determination of electron charge.

'
vt is given in

microvolts e in coulombs &(10"

Cp

.206

.310

.367

.404

.447

.508

.614

.715

.811

1.070
1.320
1.432
1.500
1.587
1.260
1.387.
1.497
1.274

Frequency
9
9
9
9
9

12
12
12
15

= 146
31.7
39.1

44.4
46.7
49.7
54.7
59.1
62.8

kilocycles
34500
34500
34500
34500
34500
34500
34500
34500
34500

12880
12880
12880
12880
12880
12880
12880
12880
12880

Ave

1.587
1.605
1.595
1.590
1.590
1.586
1.590
1.591
1.587

1.5912

.206

.310

.404

.417

.508

1.019
1.248
1.425
1.500
1.198

Frequency = 114.25 kilocycles
9 23.6 36870
9 28.9 36870
9 33 0 36870
9 34.7 36870

12 37 ' 0 36870

6231
6231
6231
6231
6231

Ave

1.595
1.590
1.590
1.593
1.589

1.5914

EXPERIMENTAL DIFFICULTIES AND LIMIT OF ERROR

A consideration of the foregoing results leads to a matter of some

interest, viz. how far experimental difhculties may be overcome and the
resulting limi& af error that may be placed on results obtained by this
method.
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Variation in battery voltage is a source of some annoyance, since small

variations, with an amplification of the order of magnitude used, produce
very appreciable changes in results. If sufficient care be taken to avoid
this difficulty, individual readings vary between narrow limits. It seems
that if calibrations could be made and maintained with such accuracy
that the systematic error were known to be negligible, then considerable
precision might be anticipated.

The region of uncertainty in the preceding measurements is about
1 percent.

It will be noted that the mean values obtained agree, within the limit
of experimental error, with the value given by Millikan, —1.5913&(10 "
coulombs.

SPACE CHARGE

A study of the effect produced by the probability fluctuations of
thermionic emission in a vacuum tube may be carried out under condi-
tions other than those of temperature limitation. The foregoing work is

of interest in that it leads to a determination of the electronic charge e;
investigation under other conditions may lead to some knowledge of
the effect produced by amplifier tubes in actual use.

The tube used in the preceding work was a Radiotron U.X. 120.
The grid and plate together formed the anode and were maintained
at a voltage which exceeded that of the cathode by some hundred to
a hundred and twenty volts. This straight filament tube was employed
to eliminate suspicion of residual space charge. Fear was experienced
that, with a filament of the A type such as is used in the Radiotron
U.V. 201A, even with as high anode potentials as one might apply, some

space charge might still exist in the region where the two branches of the
filament lie near together. The following investigation will show that
space charge may be eliminated even with a filament of the M type,
such as is used in the U.X. 112 tube.

In customary use the potential of the grid is maintained at a much

lower value than in the preceding work and the magnitude of the prob-
ability Auctuations varies proportionately.

For the following curves, the anode potential and the space current
were maintained constant, the filament current and grid potential being
the variables.

These curves which, within the limits of experimental error are
straight lines, show that if account be taken of the change in tube
impedance, very little variation occurs in the distribution of electrons
striking the anode when the space charge, but not the plate current, is
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increased. It would seem that the diminution of shot-voltage experienced
by others has been due in a great measure to higher current densities
in the tube r'ather than to an accumulation of electrons in the region of
the filament.

100

o 96
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10 ZO
Grid Volta/1.

40 50

Fig. 3. Curves showing decrease of probability fluctuations with an increase of
space charge. Ordinates represent percent fluctuations compared with those produced
under conditions of temperature limitation, —the abscissae show corresponding grid
voltages in volts. Due account is taken of the change in tube impedance. Upper curve
taken fnr plate current of 1 m.a., lower, 2 m.a.

DISCUSSION OF RESULTS

The theoretical work of this paper has a significance of fundamental
importance in connection with the accuracy one may attain in these
measurements. The analysis for the tuned circuit makes the measure-

ments independent of a determination of the resonance frequency, and

the results of this are very far-reaching. A wave-meter measuring ranges
of frequencies is always subject to possible changes in the position of the
mechanism, and resulting changes in calibration. Any variation which is

likely to occur will affect the actual frequency reading far more than a
reading of frequency differences. The method permits the use of a totally
uncalibrated crystal oscillator. The crystal will maintain a definite

frequency, and even if this be unknown, frequency differences may be
read by a method of beat notes and sound standards. These latter may
be known and maintained with great accuracy.

The analysis eliminates all necessity of a knowledge of the resistance
of the circuit. Even an exact measure, in ohms, of resistance differences
is unnecessary. If an impulse be applied to the circuit, and the condenser
voltage to a detector tube, and if further conditions be adjusted so that
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the cessation of the thermionic current, and the simultaneous introduc-
tion of a resistance produces no change in the detector action, then the
necessary condition is fulfilled.

The labor of computation is greatly reduced, since that required to
obtain the area A. is negligible compared with the manipulation entailed
in the evaluation of F.

The use of an aperiodic circuit possesses some advantages. It is
remarkably less subject to regeneration e6ects than is a tuned circuit.
The accuracy of results with a periodic system depends in a large measure
on a precise tuning of the circuit. This is entirely eliminated, increasing
both ease of manipulation and freedom from error. Especially at low

frequencies, where capacity eA'ects become negligible, may a higher plate
impedance be attained with a resistance than is possible for a tuned
circuit.

Regarding the values given for electronic charge, the 6rst set, while

taken with considerable care, does not represent so great precision as
the second. The authors hope to be able to publish in the near future a
series of results whose region of uncertainty will be even more narrowly
limited.
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