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Ke consider a two-sublattice model of an antiferromagnet lacking inversion symmetry and possessing
interaction between the magnetic atoms of the same and different sublattices, i.e., nearest- and next-nearest-
neighbor coupling. Correlation functions are derived by the Green s-function method, which is linearized
by the random-phase and Callen's decoupling approximation. Formal expressions for the parallel and per-
pendicular magnetic and magnetoelectric susceptibilities are then obtained. Comparison of these results
with those gained in the molecular-field approximations elucidates the shortcomings of the latter method.
The theory is applied to Cr203 with the simplification that this crystal is regarded as having two cations in the
unit cell instead of (as in reality) four.

I. INTRODUCTION

''X this work, we approach the problem of the mag-
netoelectric (ME) effect by the Green's-function

method, derive general equations for the experimental
quantities (susceptibilities), and compare the results
obtained in various approximations of the Green's-
function theory with each other. %e also make compari-
son with the results of the molecular-field theory and
some phenomenological Hamiltonians used previously
by different authors.

The advantage of the Green's-function approach,
first applied to magnetic problems by Tyablikov, ' is the
general manner in which it lends itself to approximative
treatments. It also treats the whole temperature range
from T=0 to T ~~, coinciding with spin-wave theory
in the lower limit and with classical methods in the up-
per. For practica1 use, a decoupling or linearization
procedure must be introduced in the equations at some
stage; this may be the random-phase approximation
(RPA) or the Callen decoupling approximation (CD).' '
For antiferromagnetics the same methods have been
applied by Lee and Liu. 4

The ME effect is one of the various manifestations of
the coupl. ings, in material media, between electrical and
magnetic modes; as such, it enters our investigation.
(Other manifestations of the same coupling, e.g. , ferro-
electric-ferromagnets, polaritons, and magnon side-
bands in optical absorption, will be taken up at some
later stage. ) The possibility of the effect was envisaged

by Landau and Lifshitz. ' Its existence in Cr203 was
demonstrated theoretically by Dzayloshinski' and
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shown experimentally by Astrov. In antiferromagnetic
Cr203, the product of time inversion and space inversion
is a symmetry element, but each of them separately is
not. This type of symmetry makes possible the ME
effect.

The microscopic foundation of the MK rests on some
rather high-order terms in perturbation theory, with
the crystalline field, the spin-orbit coupling, anisotropic
exchange, and Zeeman splittings regarded as perturba-
tions. Consequently, a number of possible combinations
of the perturbations have been suggested as explanation
for the eHect. EHects residing on one ion' or on a pair of
ions' have been suggested. In the former category be-
longs also the suggestion of Alexander and Shtrikman'0
based on the change in the g factor due to the external
applied field. The recent experimental work of Hornreich
and Shtrikman" single out the g factor as responsible
for the parallel ME susceptibility (X~~M ) near the
absolute zero; at higher temperatures the two-ion (infra-
sublattice) exchange coupling is important. The per-
pendicular ME susceptibility (X&M ) is dominated by
the single-ion term advocated by Rado. ' lt should be
emphasized, however, that the assignment in Ref. li of
the causes of the ME e6ect is based on a semiempirical
variant of the molecular-field theory. The object of the
present work is, partly, to derive the relation of the
molecular-held theory to the more rigorous Green's-
function apparatus and to indicate what microscopic
mechanisms are favored by the experimental results
when interpreted through the Green's-function method.

The first part of this paper contains formal deriva-
tions of the formulas, culminating in a set of nonlinear
self-consistent integral equations for the magnetization
of the sublattices. It is therefore rather tedious to read,
to our regret. The second part, containing the outcome
of computations and comparison with experiment,
should therefore be more interesting.

'D. N. Astrov, Zh. Eksperim. i Teor. Fiz. 38, 984 (1960)
t English transl. :Soviet Phys. —JETP 11, 708 (1960)j.

8 G. T. Rado, Phys. Rev. 128, 2546 (1962).
I M. Date, J. Kanamori, and M. Tachiki, J. Phys. Soc. Japan

16, 2589 {1961).
'0 S. Alexander and S. Shtrikman, Solid State Commun. 4, 115

{1966)."R. Hornreich and S. Shtrikman, Phys. Rev. 161,506 (1967).
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While the scope of the paper is rather general, we are
mainly interested, at this stage, in Cr&03. There are four
cations per unit cell. Our calculations for four inequiva-
lent sublattices would have been extremely di%cult. We
have therefore retained the formalism for two sublat-
tices. However, distances between a cation on one sub-
lattice and diferent cations on another sublattice are
not the same now. Therefore, we shall use the concept of
"coordination polyhedron, " meaning the polyhedron
of cations of a sublattice around a cation. In the calcula-
tion, we employ mean values of the distances.

Another remark concerns terminology. We have so
written our Hamiltonian that the strengths of all

physical interactions are expressible in terms of dimen-
sionless parameters a (e.g., a', aze, a~, etc.). In Sec IV,.

we make comparison with the Hornreich-Shtrikman
work" and, therefore, we switch over to their terminol-
ogy. We regret the need for this change in terminology.

One conclusion arising from the comparison should be
stated here. It follows from our results that the suscepti-
bilities are not the same functions of the moments of
spin operators in different theories. The optimism con-
cerning the molecular-field approximation is probably
less justified than deemed by the authors of Ref. 11.

II. HAMILTONIAN

Below the transition temperature T~, we write the
Hamiltonian for the two-sublattice antiferromagnet of
unit volume in the form

H = —p Q H. S,+»'/Je(a„i'H, E,+aFH, F,+aPH„E„)Q e&,)S,"

+-',pE, P —', (e&,&+e«&)u„(j l)S,"S&+-,')&E, P ', (e&,&+-e«))a, (j,l)S," S&

(iv)

+&AE, Q -', (e& )
—e&)))a, ) (S;XS&)+-', Q J,)S,"S)——,'I, P (5 )' ,'xvvH'. ——

(v) (vi) (vii) V111

The terms have the following meaning:

(i) Zeeman term, (ii) g-factor term. "a„', ap represent
the change in the g factor due to the electric field E
parallel and perpendicular to the magnetic axis s of the
antiferromagnet. All a s are dimensionless. (iii) Single-
ion term, s arising from spin-orbit coupling, (iv) two-ion
term' due to the exchange integral J~,.

(v) Dzyaloshinskii term, ' due to vectorial interaction
between angular momenta on different ions. " This
term appears only in the perpendicular case: a, ~D= a~, D

=an(~ j—l~). (vi) Isotropic exchange interaction, (vii)
anisotropic term, I,)0, (viii) constant Van Vleck term. "

Further, we have used p, =p~g, where p~ is the Bohr
magneton; e 0) = &1 for the upper and lower sublattices,
respectively; j is the index of atom; (j) is the index of
the sublattice of the atom j; S, is the spin operator on
atom j; Je=g& J;), where the l summation is over
cations in the nearest coordination polyhedron, all hav-
ing different spins from j. For the purposes of future
reference, we quote the relation between our microscopic
coefficients and the coeKcients of Hornreich and

"E.F. Bertaut, J. Phys. Radium 23, 460 (1962)."S. D. Silherstein and I. S. Jacohs, Phys. Rev. Letters 12, 670
(1964).

Shtrikman. " Relations between quantities not yet in-
troduced are also shown for the sake of completeness:

LS

g. D

Jg

Hap

Jeer i/P, oiv = Je&/p,
g gLS —gII) l l)
,'l)VI&&b/[ (sV is —the number of cations in a sub-

lattice per unit volume, i.e., twice the
reciprocal of the volume of a unit cell. )

J;)bg,
~+p,2+, J,= —)$ @21,
-', 1Vp8, 3I,= ")'err&,

III. THERMODYNAMICS OF OBSERVABLES

The thermodynamic quantities are the partition
function:

Z= Tr: e e~ (if=1/kT, T is temperature),

the free energy:
F= —P ' lnZ,

the magnetic moment per unit volume:

BF 1 1 8Z
M=

8H PZ 8H

=0
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in an antiferromagnet at H = F.= 0, the magnetic
susceptibilities:

BV' 1 1 O'Z 1 BZ
M

»H. ' (»-Z»H . . »»».)

Note now that from our Hamiltonian

(NC/c)II. )g=g~ ———
)» P S,'= —ps',

(c)3C c)II~)g=g=o= —)(»S

O'F 1 1 O'Z 1 BZ
x 3f

BH' P ZBH~ BH

B Z

II=E=0

1 B'-Z

P c)II* g=g=o

(3C) =,=-', P J, S,"S ',I.—P-(S,*)'.

Therefore, c)BC/c)H. commutes with the zero-fielcl
Hamiltonian, yielding ultimately for the parallel
susceptibilities

o BE BH. o

O'I 1 i B~Z
MI»:

BH,BF.,- P -Z BH;BE, BH, BEt

1 1 O'Z

P BH=-OE= 0=z=o

For small magnetic and electric 6elds the susceptibilities
are insensitive to the fields. Therefore, we consider all
derivatives of Z in the limit of H = E=0.

The magnetoelectric susceptibilities are

where

(Z)o=(Tr: Re e~) g g
—

o/(T=r: =e-'oc)1»=g=o.

In the formulas for the perpendicular susceptibilities,
we encounter commutators like LX,()X/c)II,], which do
not vanish owing to the presence of the anisotropy term
(vii) in the Hamiltonian. However, in general, I./Jd« l

and the noncommutativity may be expected to have
little effect on the susceptibilities. "

Kith the neglect of the commutators, we find then
that

O'J" 1 1 O'Z

BH BF, PLZBH BF.

BE BH. o
1 1 B2Z

Returning to the Hamiltonian, we get

There are no other susceptibilities, by symmetry. The
magnetic moments may now be written as

MH +x MEE

x MH +x MEE

)II —P+2 P (S.gS z)

)c M =F2 Q (S xslz)'

Further, it may be shown that

BK
= —PTr: e e~,

BH

—P ' ' Q, (s *(S')')

+ 2 E Z o( )a (jf')(S& (S,"S())o,
Ic jl:s

O'Z

BH OL
= —PTr:

BH BE

where jL: s denotes the restriction that jl are taken to
be on the same sublattice, and we have

()»'al" 'Jo)Q o( )(S")o— .

OK B3C 1 O3C B3C
+p ——P~ BC,

BE BH 2! BE BB

P3 OBC BSC
+— X 3C — + e—~'~.

3!BE BH

—-', P)»'a, Q o(,)(so'(S,*S,-'+S,'S;*'))o

+p —;(„„-.„,)...o (s,*(s,-=s,*-s*s, ))„.

"S.Foner, Phys. Rev. 130, 283 (2963).
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Terms involving expectation values of odd powers of
S have been equated to zero. We see that the parallel
magnetoelectric susceptibility contains the g-factor
term, " the single-ion term, and the double-ion term,
whereas in the perpendicular susceptibility instead of
the last term we have the Dzyaloshinskii term.

We shall now continue the "processing" of the per-
pendicular susceptibilities, first by the algebra of spin
operators and then by applying an approximating, line-

arization procedure. The parallel susceptibilities will be
simplified later, using a different method. From

S,*S(*=o(5,++5& )(5(++5( ),
S,+Sg —5) 5,+= 28;)S,',

we derive that

(SJ*S)*)o=o(5,+5( +S& Si+)o
', (S,-S)+)o+,'(S,*-)pf&, (

The last term when summed over jl is zero in an anti-
ferromagnet. Therefore, we have

x M 1p+2 Q (5 5,+)

By similar manipulations and the introduction of S, the
positive sublattice magnetization, we can rewrite &&M~

as

)t ."E=—v&i'a '8/J

P)(( E(i,~s P o(, ) Re(S (5,+S,=+5,-5,+)),

+Q o(o(;) o((-))a, )—(» Re(S„-(5,'S(+ S(*S,+)—),],

where Re denotes the "real part of."
We next reduce the expectation values of a product of

three operators to those involving at most two operators.
This is accomplished by applying the Callen approxima-
tion,"originally designed for the linearization of the
Green's function, to the thermal expectation values. We
shall justify this in a later section.

The procedure is to put

(5„-(S,+S,*+5,*S,+)),
= 2(S,*)(1——,'(S, S,++S,+S; )o)(S„S,+)o
= 2o (;)8Bo(5 5,+)p,

—

defining Bp as 1 —n ', (S, 5,++S,+5,-)p, which is inde-
pendent of j.n is 0 in the RPA, and (2S') ' in Callen's
approximation. Further, we have

&5=(5&*5(+—5(*5'))o

= o(i)8(1+n (i) (()(5( S,+)o)(S S(+)p

o(i)8(1+n—o( )o(()(5& Si+)p)($5i+) p

Then, we have

)(."E= (Vp—'/Jg)a, o8 'Pp—o(-a.~sBo8+ (5 S~+)p

+o8 Q a, ( 'o'(o(, )
—o(&))(1+no(,)o((&(5( S,+))

jim

X(o(,)(5 Si )—o(i&(S S,+))].
Because of the factor (o(, &

—o((&) in the last sum we can
rewrite the brackets following as

1—n(5& S,+)—=Bd,

since the l and j must belong to different sublattices.
We obtain, therefore, in terms of the magnetic sus-

ceptibility and a,o=p a, (~("& (fj on diiferent sublat-
tices),

Elo'Jo —'a, o8 X—orS(a—"B+a B )

We shall return to the perpendicular susceptibilities
after we have calculated, by the Green's-function
method, the averages 8, Bo, and Bd evaluated at zero
fields. Here we wish merely to note that above the
Neel temperature the magnetoelectric susceptibility is
zero since 8=0. The same result would also follow from
general thermodynamical arguments.

The formulas for the parallel susceptibilities require
the calculation of thermal averages of the sort (5,'S('}
and (S„'(S,')'). The first of these, so-called longitudinal
correlation functions, was calculated in the Fallen ap-
proximation, but only with nearest-neighbor interac-
tion, by Lee and Liu. 4 The method turned out to be
rather difficult, much more so than for the perpendicu-
lar case, and ma~. be prohibitively involved for the
third-order longitudinal correlation with next-nearest-
neighbor forces. LThe reason for the contrast with the
perpendicular case is that there we have to calculate
averages of 5*, (S')', etc. , which are small quantities,
whereas now we are concerned with deviations from the
finite quantities 5', (5*)', etc.]

We shall therefore start with the alternative defini-
tions, based on M, :

X ~= BM,/aH„x„ME= g~,/gB„
where

~*=) p (5;*)—)
'A 'a„oE, Q (o )i( S'i)o

=~ 2 &5 *)—-~ ) 'A-'n 'B.8,

since in the second term, which is already proportional
to the electric field, we can evaluate the average at zero
fields; not so in the first term. Consequently, we have

Xii~=p Q (S,'),
8JI,

8
(»') —l )('J ' '8

~ 8E,
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The coefficient a' appears only in the form explicitly
shown, so we can start with a Hamiltonian without the
g-factor term, calculate with it the first term in X»M

and add on the second term. Another additive term

Xyy, indicative of Van Vleck paramagnetism in Cr203
and not derivable from the spin Hamiltonian, appends
a constant to Xil

Using the calculations carried out in Sec. IV, we ob-
tain the results given below.

We define I,=—the sum P; I;; over next-nearest
neighbors having same spin as i. Previously, we defined
Is=—the sum p, I;1 over nearest neighbors having
opposite spin to i. Ke further recall that

0.=0 in RPA
= (2S') ' in Callen's approximation.

Also, we ~rite that I is the anisotropy-term coupling
constant in the Hamiltonian; Bo= 1—n(S, S,+)o,
B& 1—n(S; S;——+)o, where j is on a different sublattice
from i; B,= 1 —n(S; S;+)o, where j is on the same sub-
lattice as 2; X(x)= (es*—1) '. Let Zi be the number of
cations on the first coordination polyhedron round a
cation, and Z2 the number on the next coordination
polyhedron. Let the mean distances in the polyhedra be
ai and a2.

Define the sums over the first and second polyhedra:

—{1/g )g oak'(x J)cl

)

We now define

D =1+~'D.(1)k+I,(V*k(1—V.k))k]

+ *8I.I.((&.,&, —(»,(&., &,),
Xo ——8( (IdBd+I,)$(»k+n8'J, ((y») k' (—1)k(QX k)k)]

-I.(1-~"&.)/D,

(X +1)2S+1+(X 1)2S+1
8 =-,'(2S+1) —Xo

(X +1)2S+1 (X 1)2S+1

It is clear that all quantities and functionals between
vrk and S are only implicitly given. An approximate or
numerical evaluation is a major programmatic aim of
the present work.

We define, finally,
2 1)2S

A (8,P) =4(2S+1)'
((Xo+1)'s+' —(Xo—1)'s+']'

and
dX d.V

C =1+2n8' Io +I, y,k(1 —y,k)
dzog g d'ting

+40,'S4I J,

+t JaBs—I,(2Bo—1)]

X +2n8'J.

We introduce the energies (in terms of the as vet unde-
fined 8)
wk =85(Iso+I Bo I.B.(1—V. ))k' —(IsB~V—dk)']'",

and define the k averages of an operator E~.

(Ek)k =(2/1V)Q w), 'Rk coth2)fiwk,

A S,

dÃ
+J,(28,—1)(O—X,„) X(82)

d&lf,

The parallel susceptibilities are now given in terms of
where the sum runs over all values of k (S in number) in the quantities defined above, and the coefficients in the
the Brillouin zone. Hamiltonian:

d'V f d.''' )dX dX
X„=X +gX'X(85) ( ) +2 t)'j.

~~ (X,„)—( ) (X, ) )
ME P&~2J —la gS

C,

((1—v.k) d-~'/dwk) k—(X)1 —Xvv)8 212 Bo+s)1 B.
(d V/dwk) 2+ 2n82 J,((v»de'/dwk)k' (dX/dwk&k(—~ kod p/dwk&„)

Ke note that the second term in each curly bracket is
due to the next-nearest neighbors. Date eI, al.' and Horn-
reich and Shtrikman" stressed the importance of this
term.

"S. D. Silberstein and I. S. Jacobs, Phys. Rev. Letters 12, 670
(1964).

IV. GREEN'8-FUNCTION METHOD

We shall apply this method, with the inclusion of the|allen approximation, to the calculation of the perpen-
dicular magnetoelectric susceptibilities for a zero-field
Hamiltonian which contains next-nearest-neighbor
(n.n.n.) interactions and the anisotropv term. Previ-
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ously XME was calculated by Rado' and Hornreich and
Shtrikman" in the molecular-6eld approximation. As
an additional step, for the parallel susceptibilities we
shall derive the magnetization as a linear function of the
electric field, and a fortiori for zero fields. This latter
result was obtained in the Callen approximation for
antiferromagnets in Refs. 3 and 4, but only for nearest-
neighbor (n.n.) interactions. The earlier work of Lines"
did include next-nearest neighbors, but they were
treated only in the RPA.

We have

A. Zero Field.

ac, =-', P J, S, S ',I.P"(S—,*-)'

G&e)(s,+(t),e e &o&S„—(0
—= Le(t)t' ](ps,+(t),"*& =o&s„-(t= 0)]&
—= ((Sg+(t),Bk (t=0))).

We introduce the spectral G.f.' through the equation

as the Hamiltonian. In the thermal averages in this sec-
tion we shall dispense with the 0 subscript indicating
zero 6elds, this being understood.

Define the retarded Green's function (G.f.)

where
+=0 in RPA

= (25') ' in ('D,

and as before e(, ) ——&1 depending on the sublattice of

j, we 6nd that the equation of motion has become

Pw+P J,,(s,')(1+ no,() o(,)(S,—5,+))

—I.(s.')(1—(l(s.+s. +s. s.+)))]«s.+; B.))-
=(2 ) 'I' ~. , +(S.')E J.(1+ & (. (5 S.'))

x(&s";B.))-.
We shall now utilize the translational invariance of the
lattice and the Hermitian properties of the spin opera-
tors to rewrite the last equation in the wave-vector k
representation. For each k we get a set of two coupled
equations for the quantity G&u& &k&'(k, w) depending only
on the sublattices of atoms g and h, and defined by

((5 +»k)& = (2/'~')2 e' '" "G( )(k)'(»w),

(w+e'&(K) JdBd+8() )J,B,(1—yek) —8(k)I„Bo]G(k)(k)'
= (2~) 'F (k) +5(h) JdBd YdkG(K) (h)

$w+S(k)JdBd+S(h)JeBe(1 'Yek) h(K)IaBO]G(K)(k}'
~-) (h) Jd~dgdk~(h) (h) ~

((S,+(t),B„(0)))= e
—' '((S,+; B),)),„dw.

Its equation of motion is

((S.+; Bk))-

The bar on h in (h) denotes the sublattice complemen-
tary to (h), and

—Z —1 M eik (i—j)u11dk l

=—(Ls,+,Bk])....) o .+((Ls,+,~o]; Bk)),
2'

which takes the explicit form

w((s,+; Bk)) = (2)r)-(I ),&'(1, k

+-,'I,(((5,'5,++S,+S,'); B ))
—E J.(((5.+5' —S.'5+) B )) .

The quantity Fh", defined by the above two equations,
depends (apart from the parameter a entering through
B)})only on the sublattice of h, not on the atoms.

After introducing the Callen decoupling approxima-
tion 2 4 CD, namely,

(((s,*s,++s,+s,'); B ))
=2&Su*)L1—n(o(su+Su +Su Sg+))]((Su, Bk)&. ,

(&s,*s,+; B &) =&s,')«s,+B ))
(,)on(u, )(s,*)(s,-s,+)((5,+; B„))„,

1 M. E. Z.ines, Phys. Rev. 135, A1336 (1964)."D. N. Zubarev, Usp. Fiz. Nauk 71, 17 (1960) I English transl. :
Soviet Phys. —Usp. 3, 320 (1960)g.

where Zl and Z2 are the number of cations on the first
and second cation coordination polyhderon round the
cation j, and ai and a2 are the mean distances in the
polyhedron. The summations above also go over the
first and second type of cations. In a crystal with two
cations per unit cell (instead of four as in Cr,Ou) the two
polyhedra consist simply of the nearest and next-
nearest neighbors. In Cr203, the distance in the same
polyhedra are necessarily different. We have circum-
vented this complication, which would have resulted in
having a set of four equations instead of two, by sum-
ming over atomic indices rather than distances. "

J, and Jd have been de6ned previously as sums of J;,
and j running over the nearest coordination polyhedron
of the same and difI'erent magnetization as i, and

Bo=—1 —n(-', (Sg Sg++Sg+Sg )),
Bd=—1—n(S, S,+), g and j on different sublattices

Be= 1+n(sg Se'+) g and j on same sublattices.

"A small adjustment in some Cr-Cr distances and in the angle
between the primitive vectors yields a unit cell with one formula
unit.
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Ke shaLl assume that, as a consequence of the anti-
ferroxnagnetic nature of the lattice, in the absence of
electric and magnetic fields,

0= &8&(k)k

= (2.
' (')Q (SXk)wk ' coth('2&ffwk)

A&(1|& " s2(hi 0(h!8 (s&)0) ~

&(k== JdBd JsB,(—1 P. , )k+—J 330)

and the spin-wave energies

~k= &P k (J,(I3d-&—d) ) ]'-
Let the sufhxes 32 or h take the values 22 (for the upper
spin sublattice, with 8„)0) and f (lower, with 8((0).
Then explicitly, we have

1'„" 1
(g,

I( M

47r

+Wk 'hP k 1 —Wk 'hick
+-

W —Wk W+Wk

P,' 1
~ll

47r

—Wk hXk 1+Wk
+

W+WkW —Wk

In what follows we shall mainly be concerned with
solving for 8 as a function of temperature and of the
coefficients of the Hamiltonian and the structure of the
lattice (which enters through y,,k and ydk).

The solution of the previous coupled equations is now
written in terms of

= {8(JdBd+J.)L&1)k+(2S J (&Y*k)k (1)k&7 k )k)]

-J.(1-v").»D,

D =1+(28'LI.(1)k+ J&sy sk(1 —Vsk))k]

+ '8'J I.L(v") '-&1) &v. ') ]
Vicar the Neel temperature, we have T2r (k»p»() ——',

8~ 0. Then, because wk ~ S, from its definition,
X,~ (8) '. Expanding the curly brackets in the above
equation for S in the limit of large Xo, we find

8X0 —2 -,'S(S+1), as T —h T&

from which T~ may be found as a function of the param-
eters of the Hamiltonian, cry stal structure, etc.

Returning to temperatures below T~, and supposing
8 to be available from its self-consistent equation, we
can retrace our steps to find first wk, Xk, then the Fourier
components G, from these the correlation functions of
the atomic spins, and from these latter, the perpendicu-
lar susceptibilities.

l'„"8JgBdydk 1 1
/ a

2

4~ k W —Wk D&+Wk

4' ]" h Jd8dydk 1 1

W W —W W+ D.&kk

G„& =
4-z

(BhS,+) = lini i '( (i(3w)
rf ~0

X(((S,+; B,)).+;,-&(S. ; B,))„;.) f-,

Formally equivalent solutions to these equations
were obtained bx Anderson and ("allen, ' but v ithout
the appearance of J, in X~. In the results of I.ines, "
based on RPA, 80=8~=8, -2 1.

We have still to solve for S. This is done by means of
the result of the Green's-function theory, " namely,

B. Presence of Fields

9 e reta, in now the terms up to linear in the electric
or magnetic fields, i.e., (i), (iii), (iv), (vi), and (vii), in
the original Hamiltonian. The Dzyaloshinskii term (v)
is irrelevant for the parallel susceptibilities and is
excluded.

The theory in this part will be formally quite analo-
gous to that in Sec. IV A with two differences, however:
(1) The quantum-mechanical averages are to be evalu-
ated in the presence of fields. We shall emphasize this
by adding the superscript f. Thus, we have (S, S,+)I;
(2) as a consequence of the above, the averages will be
different on the upper and lower sublattices. Therefoxe,
we shall have to write for an average going over the
same sublattice (S, S,+) „,(I. 'hfo extra subscript will
be needed for averages over different sublattices, by
symmetry.

AVe are led to the following equations:

Remembering that 8~,—= e"''"85I, , we can nianipulate
t.he equation to yield"

1 (X +1)28+1+(&( 1)28+(
8 =— (2S+1) —X0

( i( +1 )28+1 ()( 1)28+1

in terms of the spin multiplicity 25+1 of the cations.

'9 R. A. Tahir-Khelli and D. Ter Haar, Phys. Rev. 127, 88
I', &W2).

[d&+8(&)Jdad +8(h&J,13,~;/, &(1 —y, k)

~& (»)Ir280(h) pH+ 2pgl l' I&(h)5(h)B«f&)

+h((2i('«(h&8(h&B. (h& (1—P.k)]G(h)(h)'(k, r(&)

= F(h) &'22r+8(h& JdBd~ydkG(h) (h) (ks2(&),

L2(1+8(h)JdBd +8(h) JsBs(h) '(1 'rsk)
—S(it) Ia&0(a) PII —2yal ~ EC (j)S(j)80(K)

&(2(2(( Ed(h)8(h)Bs(h) (1—ask)]G(h)(h) (k, 2(&)

=8(h) JdBd'VdkG(h&(h) (k,2(&)
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The solutions are now

F„(1+(wk+—wk )
—'(8„—St))ik~

G a

R' —R'g+

1 —(wk+ —wk-)-'(8. —St))ikf
+

'N —K'g

F l ~ —~g —~g 8&—Sg Xg

4~ R' —'N}r+

1+(wk+ —wk ) "(8.—St)kk ))

+
20 —R'g )

F„28)JeBdfy~} 1
G a

4)r wk+ —wk w —'wk+ w —wk

Fg 28„JgBd,fygp 1 1
la

4' 3)g+—zok ZU —K'g zo —'Kg

The following amended definitions have been intro-
duced:

wk+ ——+2($„-St){—()ik~)2+$4S+t/(8 8))'—]
X (JSBS Vdk)'}'"+ttk

with

tt)k=)2H tiatt~—E($ Bo ~ S)Botf)—
ot Ea—ti'(S.B,.' SrB.—i')(1 y, )k-
2JSBS~(8„+St)-2J,(S„B,„i+8—tB-.tf)

+2J.(S.Boof+8)Botf)
and

S„B,„f—SgB,&~

) kf =JsBSI J, —(1—V.k)
S —81

S.Bo '—SBos' S„Bo„f+S )Bo)f
+I 2~g J sF

S„—Si 8„—8)

S„B,„f—S)B,gf—tta„E (1—y,k) .

It may be noted that although we wrote S„—8&, to
the linear approximation in the field the difference is
really 28, twice the zero-field sublattice magnetization.

The correction is O(H').
To complete the solution, we have to write out the

equations for the individual sublattice magnetizations.
There are now two equations of the form

(X ~1)2S+1+(X 1)2s+i
Sk =— (2S+1) —& 2

2 (X„+1)2s+1 (X„1)2s+1

(h I, l)

X2,=—Q L1V(Pwk+)+1V(Pw„—)+1]
E j

2 Bg—Sg
+—p ) kfLiV(pwk+) —cV(pwk )).

~V lL RjL+—~g

The susceptibilities are now derived by solving for
S, 8~ from this set of four equations, remembering that
&S,*)=S or St, depending on whether j is in the upper
or lower sublattice and then substituting (5,) into

x„or p p &s .).
BH,

xtt"'=t Z
az,

'

where one puts H = E=0 after differentiation.

U. MOLECULAR-FIELD APPROXIMATION

We derive the observables (susceptibilities) by this
method, with a view to comparing the results with
those of the previous section.

Our starting point in this method is to write

s =(s )+(s —&s)),

and to regard the second term as small, so that the
square can be neglected. S; S& then becomes

(S,) (St)+(S,—(S,)) (St)+(S,) (St—(St))
+(Si—&Si&) (St—(St)).

Neglecting the last term and rewriting, we obtain the
linearized expression

s; s —s,'&s&+s &s,)—&s,& &s&.

We further write the averages (S,*) as 2,8+m, while
(S,*)= &St2)= 0 by the same token.

The Hamiltonian for the parallel case now takes the
form

(Bc)„= tt+S, *[H, m—tt '(Js+J,—)+Sot;)ti '(Jo J,))— —

+I 'Js 'att'H*E* 2 «t)St +I at)"E*r. oo)(S)*)'

+tia„E,Q )tS 8+2(;)5,'m] V)2E,at tom+-

+-,'V82(Js —J,)——2) iVm2(Js+ J,),
with a„=Pt att~(jl), where the summation runs over
next-nearest neighbors of the same sublattice.

It is noted that the above Hamiltonian resembles
(apart from the term with the coefficient at) s) the
familiar molecular-field Hamiltonian. This resemblance
can be made more apparent by introducing a number of
notational changes.

Define A, I', Mo, M2, Glf, elf, aff, Vo, 3C+, and% by

JS= 221Vtt'A J = 2'V)22P M o= 21V)28

1lf2 ——1Vttm, ati =-2'1V)ibtt, att'= Jdc[t/)2, ati =at),
Vo= %22(A —P) —bi EMoM'' ——,23P(A+ I') = a c number.

X~ are the Hamiltonians acting on the spin S, of an
atom of either the + or —sublattice. (Previously we
denoted these by l )2t.
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3C'= —+,((A —F)MpaLH ——,'(A+ F)M]}
&pa)) E.(S,')-+ pb„M pS,+))(c„,HE+ ,'b ) [E-M)5, .

The Hamiltonian on the previous page then becomes

(3C)))= Vp+-,'))) 3C++-,''(3C .

The aim of the redefinitions was to bring the notation of
the present work in line with that of Hornreich and
Shtrikman. "

In order to obtain the susceptibilities, we must first
find the energies of the Hamiltonian and then obtain
the free energy F from the position function. The trace
will involve energies over the eigenvalues &m of 5,.
The free energy correct to terms bilinear in I', H will

then be

F F,=,'M—(A+F)+)V„(m)c„HE
—p' XPy'( $H —p' (A+ I')M —Eb„Mpj'((m') —(m)')
—2a „ELH——', (A+ F)M —Eb „Mpf((m') —(m')(m)) }.

This contains the hitherto unknown M, which is to be
determined by the self-consistency requirement that
M = —OF/OH or, which is more convenient for our pur-
poses, by writing

M = X„~H+X„MES

X„~= O' F/OH', —
X„ME= O' F/OHOE—.

The first of this pair yields a quadratic self-consist-
ency equation for Xf f~, which has two solutions:

X))"=2(A+F) '+Xvv

The second term in the parentheses led by a~ differs from
the corresponding term LA/(A —F)jLH —p'(A+F)M j

XP) p &„)5,'& which is required to prove the equivalence
with the Hamiltonian of Ref. 11.

Kith notational changes introducing a&, b J cj Vp,

Kp, and t/'~:

a& ——a), a =b,(A —I')A ', a).p= Jdca( ',
Vp= —biE(A I')M—M p

MP—(A+ F)+Mp'(A —I'),

3Cp+ ——&))5'(A —F)Mp,

V+ = ap(LH ——,
' (A+ I')M E(A ——F)b,Mp/5*

', Eai(—5*-5*+S*S*)}+)),Pc&HE+ ,'(A I'-) b) M—EjS'

we can write the Hamiltonian in the form

(3C)i= Vp+-', fY3Cp++-', )V3Cp +-',XV++-,'iYV .

The perturbational solution of the Hamiltonian and
the expansion of the free energy to the desired order
leads to

F=Fp(a constant)+MpP(A —F)

', M'(A j—F)-+)Yt(HEc).(m)

—((m) LH ——,'(A+ F)M —Ebg(A —I')Mpj''-
2(.1 —F)M p

—3Ea) LH —-', (A+F)M —Eb)(A —F)Mp]

XL(m-)-5(5+1)/3j}.

~ p) p((mp) —(m)')
+Xvv ~

1+-, '('P„'((m )—(m) )(A +F)
Putting M=&~-' H+X~ 'EE we again determine X~-"

self-consistently from

.j.+r
=x,'r = (x,-")'-'

2

The latter solution is physical. Ke then get

x„-" = —(p(m)c„
BH'

.3'p,

+— (m) 1 — x,-' ~,
(A —F)M.—(& "—x )( — +l I) b„(m),

(m) ((m') —(m)') leading to

which agrees with Ref. 1.1.
In an analogous treatment of the perpendicllar case,

the Hamiltonian reduces in the molecular-field approxi-
mation to

(3C)) ———)(Q 5, LH ——,'(.I+I')M]

—)( Q p(,)5, (A F)Mp+)('a)'Jg 'HE —Q p(, )5,-

+ '))a E Q p(.,(5 *5.*+5*5-*)

or
X,-'r = 2/(A+ F),

= 1/A,

X,"E= —.')'))(m)cg —X,-"(m)

3 (m') —5(S+1)/3
X aiX—— —+g~ p ~ —I' bz

2 (m)'

of which the second is physical.
The magnetoelectric susceptibility is, accordingly,

+)I,EaD(AMp Q 5,*+-',AM Q p(, )5,') which agrees with the Hornreich-Shtrikman result, as
corrected 2o

EanAMM p+M p'(A ——I') ——,'M'(A+ I') . "R.Hornreich and S. Shtrikman, Phys. Rev. 166, 598 (1968).
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VI. COMPARISON OF DIFFERENT
METHODS AND SUMMARY

In Sec. III of this work, we derived expressions for
the susceptibilities by the Green's-function method,
starting with a microscopic Hamiltonian. From the
same Hamiltonian we derived the susceptibilities of
Hornreich and Shtrikman, based on a phenomenological
Hamiltonian, and using the molecular-field approxima-
tion. We have thereby established the connection be-
tween the two starting points.

A further point is important in the choice of the theo-
retical method, and for other reasons, too.

Callen and Shtrikman2' showed that the functional
relationships between the statistical means of the powers
of the spin operator are the same in the molecular-field
approximation as in the Green's-function theory, and
may be generally valid. In Ref. 11, the formulas of the

MFA were therefore used, albeit with empirical values
substituted for the first moment.

We have shown, however, that the susceptibilities
are not the same functionals of the moment in the di6er-
ent theoretical procedures. "

In conclusion, we give the list of susceptibilities in
the MFA and the RPA and CD of the Green's-function
theory. The notation of Ref. 11 is used:

MFA xM=A —',
RPA x,~= A —'

{ D ~ XM —Q—lg —1

For the parallel susceptibility X~I, the expressions in
terms of the moments are altogether different and do
not bear comparison. For the results the reader is re-
ferred to Secs. III and V.

ltfFA: X,"E=—Xq(m)c, —A '(m)ta;', L(m') —-', S(S+1))/(m)'+-', Xp(A —1')b,},
RPA.

CD:

&MME = —Xu(m)«A '(m)La&+ —' 4 p(A —r)b,),
ag /2S —1 (m')

Xg"E ———.3'p(m)ci —A '(m) —
~

—+ +-', Xp(A I')bi-
Bg 4 2S 252

MFA: X„Ms= —Xp(m)c„—(& "—Xvv) a„ +g-3 P6}l
m m2 —m2

RPA.
((1—v.),)d.l ~/dw~))x„""=—:I'r(m) „—[v„"—x )(2 „+-,'x„b„

(dX,/dwg)

2S—1 (m'))
(."D: &„" = —Xp(m)c„—(x„"'—Xvv) a„+

S2)

((1—y,~)dX~/dwg)
+-~ phil~8

2(d X„/dw~)+ (Xp'I'( )'m/S )D2y, k(de/dwq) )2 ((dX~/—d ~) w) (y,qn(dXq/dwq) ))
Within the last set, the similarity (even as far as it exists) is deceptive since the factors (X~~~ —Xvv) have

to be evaluated in their own approximations; these do not bear comparison, as we have just remarked.

"H. B. Callen and S. Shtrikman, Solid State Commun. 3, 5 (1965)."We have been informed by Professor H. B.Callen that Dr. A. B.Harris has reached similar conclusions for sublattice magnetization,


