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The analysis of correlation effects within two-electron systems is extended to Be++, B3+, C4+,

N +, and 0 +. These ions are the remaining members of the isoelectronic series studied by
both an extended configuration-interaction (CD treatment and wave functions which involve

Hylleraas-type correlation factors. Values are determined for (cosy~2), (r~ r2), and (r" ),
where —2 ~n ~4. The two-particle radial density differences bB(rq, r2), relative to the un-
correlated approach, were examined for the CI wave functions. Radial and angular correlation
effects were also examined by means of a natural-orbital analysis. This revealed that, for
correlation, configurations involving angular basis functions were dominant, although the rela-
tive importance of correlation effects decreases with increasing Z. Values obtained for the dia-
magnetic susceptibility y and (rl ' r2) give excellent support for the inverse-Z expansion form-
ulas derived by Dalgarno and Stewart. As Z increases, the comparatively simple r&2 wave func-
tions appear to overemphasize the influence of correlation effects on certain expectation values.

I. INTRODUCTION

In a previous paper' (part I of the series), wave
functions containing electron correlation effects
were analyzed for the two-electron systems H-,
He, and Li+. The correlated wave functions were
formulated either by means of a configuration-
interaction (CI) treatment, or by the inclusion of
explicit correlation factors. The CI wave func-
tions were those of Weiss, ' and the r» functions
were those of Green et a/. ' A pictorial represen-
tation of the influence of electron correlation on
the two-particle radial density distribution
D(r„x,) was given by means of density difference
maps, AD(r„r~), each e. xpressed with respect to
the corresponding Hartree-Fock density. We also
determined several one- and two- particle expec-
tation values which allowed us to examine radial
and angular correlation effects. This was further
facilitated by expressing each CI wave function in
terms of natural orbitals, 4 and examining selected
expectation values as a function of the degree of
truncation within the natural expansion.

A comparison with the results available from
the excellent calculations of Pekeris' for H,
He, and Li indicated that, as Z increased, the
wave functions of Green et a/. contained a slight-
ly greater emphasis of both angular and radial
correlation effects. Similar trends were not
apparent for the CI wave functions of Weiss, which
compared favorably with the Pekeris calculations.

Our investigation has now been extended to the
remaining members of the isoelectronic series
studied by Weiss and by Green et a/. , namely,
Be +, Bs+, C +, N', and 0'+. The procedure
parallels our previous investigation quite closely.
As before, a comparison is made with the analytical

Hartree-Fock functions of Roothaan, Sachs, and
Weiss, ' which, for our two-electron systems, are
the "best" noncorrelated functions of greatest com-
putational convenience. Natural expansions for the
CI wave functions are also presented.

II. VfAVE FUNCTIONS AND ENERGIES

The normalized symmetric space functions
4'(1, 2) arising from the ground-state treatments
considered here are: (a) function I, the CI wave
function of Weiss' involving the superposition of
35 configurations with Slater-type basis orbitals
extending as far as 5g and employing seven vari-
able orbital exponents; (b) function II, the ener-
getically "best" wave function obtained by Gree
et a/. ' which includes correlation effects explicitly
by means of Hylleraas-type correlation factors;
and (c) function III, the Hartree-Fock functions
provided by Roothaan, Sachs, and Weiss. '

The energies' obtained from each treatment
are quoted in Table I. The results of Frankowski
and Pekeris' are taken as the criteria when cal-
culating the "exact" correlation energy. Although
the total energies given by the treatments of Weiss
and of Green et a/. are in general agreement with
the results of Frankowski and Pekeris, we note
that, as Z increases, the percentage correlation
energy provided by the functions of Green et a/.
shows a steady decrease, whereas the Weiss
treatment maintains an almost constant percentage
value for Z ~ 4. Consequently, in the present
paper, we have placed slightly greater emphasis
on the analysis of the Weiss functions.

Correlation effects were also studied by analyz-
ing each CI wave function in terms of natural or-
bitals yz. The coefficients c; associated with the
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pi in the natural expansion' are given in Table II.
Each term in the natural expansion of 4(1, 2) is a
configuration of 8-type symmetry composed of ba-
sis orbitals whose symmetry-type is represented
by X. . For each system, the energy expectation
value corresponding to the first natural orbital p
is given in Table I.

III. ELECTRON DENSITIES AND
EXPECTATION VALUES

The density functions and expectation values
mentioned here are all as defined in paper I. Al-
though the present work does not include contour
diagrams for hD (r„r,), the general behavior of
such surfaces as Z increases may be judged by
inspection of Table III, where we present the co-
ordinates of the maxima and minima of the
ED(r, ; r, ) surfaces for the Weiss functions. For
comparison, Table III contains the appropriate
values for the Hartree-Fock two-particle density,
namely, D(r, ; r, )III. Values of (rn) are listed
in Table IV for -2 & n & 4. Included in parentheses
for the Weiss functions are the number of terms
required in the natural expansion for convergence
to that value for (r") . Table V gives results for
the one-particle density p(r) evaluated at the nu-
cleus from the treatments I, II, and III for H

through 0'+. In Table VI, we present values for
4r —which provides a measure of the diffuseness
of each D(r), o —the nuclear diamagnetic shielding
factor, y —the atomic diamagnetic susceptibility,
(cosy»), and (r, . r, ). Included in parentheses
are values of )I and (r, . r, ) derived from the in-
verse-Z expansions of Dalgarno and Stewart. "

b0

0 cd

l

O QO

O Q
CD
QO QO
CD Cb

cd

0
Q

~O
Cg

CV QO

QO
Ch CA

Q ~
O ~

b0

cdg

I

QO

aQ
CD CO

M

CO
H LC3

CO CD CO

Cr)
'H

0
~~

8
ca

~H

Q

75

g
Q TM

Q

A
Q

N
N

Q

x

bf)
go

{II

m
Ct)

0

cdM
~ M

l
CGM

4l
g

I

fl

.0
Qcd

Q

cd

Q Q
Q Q

Ct) Ct)

IV. DISCUSSION

The excellent agreement found in paper I be-
tween the energies derived from the first natural
orbital X, and the Hartree-Fock treatment is seen
from Table I to be maintained throughout the two-
electron series. The effect of neglecting all high-
er terms, i.e. , i & 1, in each natural expansion
of the gneiss wave functions gives energy changes
ranging from 0. 0406 (H ), 0. 0428 (Li+), and

0. p44p (B'+), increasing slowly to 0. 0446 (0'+).
The "exact" correlation energy, defined here as
the difference between the Pekeris'y' and Hartree-
Fock energies, ' has values ranging from 0.0398
x(H-), 0. 0435 (Li+), and 0. 0448 (B'+), to 0. 0454
x (0'+)

In Table II, the coefficients c in the natural ex-
pansion provide a measure of the relative impor-
tance of configurations derived from basis orbitals
of symmetry type &z. As Z increases, we ob-
serve that i&1 each c decreases in value, hences.
indicating that correlation effects become re$a-
tivelj less important. The coefficients also in-
dicate that, for correlation terms within each
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TABLE II. Coefficients ci, and symmetry Xi of the basis orbitals, associated with each yi in the natural expansion
of the Weiss CI wave functions.

4
5
6
7

8

9
10
11
12
13
14
15

g e'l~. =s)
ii'll

Q.c. (X. & s)
i i

4
Be2+

c

-0.99916 {s)
0.03112 (P)

0.02637 {s)
0.00694 {d)

o.oo594 (p)

0.00388 (s)
0.00254 {f)
0.00215 (d)

o.oo175 (p)

o.oooee (s)
o.oooes (g)
0.00089 (f)
0.00068 (d)

o.ooo4o (p)

0.00034 (s)

0.00071

0.00106

c A,

—0.99947 {s)
0.02489 (p)

0.02052 {s)
o.oo564 (d)

0.00479 (p)

0.00309 (s)
0.00201 (f)
0.00174 (d)

0.00140 (P)

o.ooos1 (s)
0.00080 (g)
o.ooo65 (f)
0.00054 (d)

o.ooo31 (p)

o.ooo2s (s)

0.00043

0.00068

—0.99967 (s)
0.02072 (P)

0.O1679 {s)
o.oo476 (d)

o.oo4oo Q)
0.00256 (s)
0.00172 {f)
0.00147 (d)

0.00117 (P)

o.ooo67 (g)
o.ooo66 (s)
0.00056 (f)
0.00046 (d)

0.00026 (p)

o.ooo23 (s}

0.00028

0.00047

7
N

ci ~i

-0.99978 (s)
O.O1775 (P)

0.01422 (s)
o.oo4oe (d)

0.00346 (p)

o.oo219 (s)
o.oo15o (f)
o.oo127 (d}

o.oo1o1 (p)

o.ooo5s (s)
0.00057 (g)
0.00049 (f)
0.00039 {d)

0.00021 (P)

0.00020 (s)

0.00021

0.00035

8
06+

c Xi

-0.99984 (s)
O.O1554 (P)

o.o1233 (s)
o.oo361 (d)

0.00303 (p)

0.00191 (s)
o.oo131 {f}
0.00112 (d)

0.00088 (P)

o.ooo5o (g)
0.00049 (s)
0.00044 (f)
0.00034 {d)

0.00019 (P)

o.ooo17 (s)

0.00015

0.00027

Transformation matrices between the basis and the natural orbitals may be obtained from C. C. B. on request.

natural expansion, the relative importance of con-
figurations derived from angular orbitals with re-
spect to those derived from radial orbitals increas-
es as Z becomes larger. As a general guide,
Table II contains some assessment of the total
radial correlation "character" and total angular
correlation "character" contained in each natural
expansion. The increase in nuclear charge thus
shows its effect by decreasing the radial freedom
of the electrons, hence causing a relative increase

in correlation by means of angular separation.
Correlation effects create a drop in D (r, = r, )

with respect to the Hartree- Fock value. We see
from Table III that the minima in d. D (r, = r, ) be-
come deeper and closer to the nucleus as Z in-
creases, however, their depth expressed as a
fraction of the Hartree-Fock value for D(r, =r, )
becomes considerably smaller. Similar type
features occur for the maxima in d D(r, ; r, ). Cer-
tain of the tendencies are illustrated in Fig. 1

TABLE III. Maxima and minima which occur in the ~(r~, r2) surfaces of Weiss relative to the Hartree-Fock density.

System
z r2

Maxima
aa{r,; r,) D(r„.r,)~ rf=r2

Minima

~(r, = r,) D{r,= r2) III

6 C4'

7 N

s 0"

0.18

0.14

0.12

0.08

0.08

0.46

0.38

0.32

0.28

0.16798

0.21534

0.26033

0.2S951

0.35607

2.96398

5.04726

7.58689

8.91667

13.05398

0.16
0.58

0.14
0.46

0.10
0.38

0.10
0.32

0.08
0.28

—0.38410
-0.07606

—0.48429
—0.09774

-0.58485
—0.11935

—0.68493
—0.14110

—0.80293
—0.16366

4.96692
1.74415

9.35218
2.72393

11.14324
3.97193

19.56631
5.74086

23.04324
7.3S508
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where the maxima and minima in d.D(r, ; r, ) are
plotted against Z for 1 ~ Z ~ 8. %'e also note that
(r, —r, ) obtained from the maxima in AD(r, ; r, ) is
roughly proportional to Z '2.

Differences between (r") values determined
from g, and the Hartree-Fock orbitals are seen
from Table IV to be small. However, a general
pattern of behavior is apparent. For (r ') and

(r '), the )t, values are consistently larger than
the Hartree-Fock results, whereas for larger n
the converse is true. A similar pattern existed
for Li+ but the change-over occurred at (r') in-
stead of (r ') as found for Z & 4. Going to He and

H, X, (Weiss) gave larger values than the
Hartree-Fock treatment for all (rn). Variations
between g, and the Hartree-Fock functions are not
too surprising since Nazaroof and Hirschfelder"
have shown that the first natural orbital begins to
differ from the Hartree-Fock orbitals in the sec-
ond order. Such differences, although small,
might be expected to be most noticeable for low Z
values. Table IV also reveals that y, and the
Hartree-Fock orbitals give values for (r ') and
(r ") which span the corresponding CI results.
A similar behavior, based on the gneiss functions,
occurred for I i+ and He.

Although details are not given, it was found that,
as before, ' the addition of configurations involving
s orbitals within the natural expansion of 4'(1, 2)
caused the resulting & (r) to expand. The effect
decreased considerably as Z increased. The in-
fluence of the angular orbitals was less clear-cut.

The CI wave functions of Weiss give a one-par-
ticle density p(r} evaluated at the nucleus which is
larger than the Hartree-Fock result for all Z val-
ues. A similar effect has been found in our inves-
tigation of the influence of correlation in mole-
cules. " Table V shows that, except for H, the
percentage change with respect to the Hartree-
Fock result is small and decreases markedly with
the increase of Z. The values of Green et al. for
p(0) do not follow the trend shown by the CI results
and at present no explanation can be offered.

The CI values for lt and ( r, ~ r, ) given in Table
VI strongly support the findings of Dalgarno and
Stewart. " For completeness, the appropriate
comparisons for X taken from the Weiss CI re-
sults of payer I are: -18.850 (-12.00) for H
-1.8891 (-1.879) for He, and -0. 70685 (-0. 711}for
Li+. The corresponding values for (r, . r, ) were:
-0. 67622 (-0.619) for H, -0.06455 (-0.0624)
for He, and -0.01717 (-0.0170) for Li+. As in
Table VI, the quantities in parentheses are those
obtained by Dalgarno and Stewart. On the whole,
the high accuracy anticipated by these workers was
well justified; possible exceptions occur at low Z
values which is only to be expected.

The over-all trends which were seen to develop
in Table VI of paper I are continued here. In par-
ticular, as Z increases, the values for (cosy»),
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TABLE V. Electron density p(r) evaluated at the nucleus.

System

H

He

Li
Be
B3+
C4+

N5+

O6+

I, Weiss

0.33109
3.63118

13.7332
34.4338
69.5780

122.964
198.434
299.805

II, Green et al.

0.33344
3.61853

13.6669
32.7607
66.2518

121.805
196.793
297.660

III, Hartree-Fock

0.3092S
3.59642

13.6740
34.3585
69.4564

122.825
198.242
299.609

(r~ ~ r2), and 4r derived from the functions of
Green et al. are all larger in magnitude than the
CI results, suggesting, in the former, a possible
overemphasis of the influence of correlation ef-
fects.

V. CONCLUSION

The results presented here show the further de-
velopment of trends which appeared for H, He,

and Li+ in paper I. It was noticed there that the
natural orbital coefficients indicated that, for cor-
relation, a configuration involving s orbitals was
initially most important for H whereas, for Li+,
a configuration based on angular orbitals was dom-
inant. The coefficients in Table II of this paper
show that a configuration composed of angular ba-
sis functions continues to prevail as Z increases.
As before, the relative importance of all correla-

TABLE VI. Some expectation values for 4 ~ Z ~ 8.

Z System

4 Be

5 B

6 C

8 06+

Wave function

I, Weiss

II, Green et al.
III, Hartree-Fock

)(g (%'eiss)

I, Weiss

II, Green et al.
III, Hartree-Fock

yq (%'eiss}

I, Weiss

II, Green et al.
III, Hartree-Fock

y~ (Weiss)

I, Weiss

II, Green et al.
III, Hartree-Fock

yq (Weiss)

I, Weiss

II, Green et al.
III, Hartree-Fock

y~ (%'eiss)

0.24574

0.25166
0.24560
0.24558

0.19136

0.19720
0.19131
0.19128

0.15668

0.15S32
0.15668
0.15665

0.13266

0.13391
0.13266
0.13266

0.11506

0.11587
0.11502
0.11502

0 x 10

13.0915

12.8576
13.0903
13.0949

16.6413

16.3117
16.6404
16.6442

20.1906

2O. 11OS

20.1906
20.1924

23.7406

23.6625
23.7406
23.7424

27.2906

27.2143
27.2906
27.2924

X

—0.36714
(-0.36976)
-0.38342
-0.36734
—0.36724

—0.22491
(-0.22596)
—0.23671
—0.22482
—0.22477

-0.15168
(-O.15223)
—0.15383
-O.15164
-0.15162

—0.10916
(-0.10947)
—0.11050
—0.10915
—0.10913

—0.08231
(-o.os25o)
-0.08313
—0.08231
-0.08229

(cos'Yi )

—0.03292

—0.04273
c

—0.02641

-0.03470
~ ~ ~

—0.02203

—0.02810

—0.01890

—0.02379

-0.01657

—0.02079

(ri 'r2)

—0.00686
(-o.oo6s6)
—0.00997

c

-0.00340
(-0.00342)
—0.00513

-0.00193
(-0.00194)
—0.00278

-0.00119
(-0.00120)
—0.00173

—0.00079
(-o.oooso)
—0.00115

See Ref. 9.
The figures in parentheses are derived from the inverse-Z expansion of Dalgarno and Stewart.
Due to the independent-particle nature of the Hartree-Fock treatment and to the fact that y~ is composed of s-type

orbitals, this quantity is identically zero.
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tion terms within each natural expansion decreases
as Z becomes larger. Support for such a conclu-
sion can be drawn from the values of 4D (r, ; r2)
at the maxima and minima.

Values of g and (r, . r, ) obtained from the Weiss
CI functions for 1 & Z & 8 give excellent support
to the expansion formulas for these quantities de-
duced by Dalgarno and Stewart. Finally, although
the wave functions of Green et al. indicate that,
in general, correlation becomes relatively less
important as Z increases, the functions appear to
overemphasize the influence of correlation effects
on certain expectation values.
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FIG. 1. Values of the minima, ~ ~ (- — -), and
the maxima, DDm~(-O —Q -), which occur in the
4D(~i, ~2} surfaces, derived from the Weiss CI wave
functions relative to the Hartree- Fock density, for
various Z for the heliumlike series.
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