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Veneziano Model and the Adler-Weisberger Sum Rules for K-~ Scattering
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It is shown that the contributions to the Adler-Weisberger sum rule (AWSR) in the simplest Veneziano
model for E'-m scattering are too large by a factor of 2. A modi6cation of the simplest Veneziano amplitude is
proposed which satisfies (i) the Adler self-consistency condition, (ii) the AWSR, and (iii) the E*(890)
having the experimentally observed width of 50 MeV. If this modified Veneziano amplitude is required to
satisfy the Adler-Weisberger-type sum rule for zero-mass E mesons scattering from physical pions, the
ratio Fir/Fe is predicted to be 1.26, in good agreement with experiment.

I. INTRODUCTION

ECENTLY, Veneziano' has suggested an ansatz
for scattering amplitudes that has stimulated a

great deal of activity. The Veneziano amplitude (VA)
embodies in a remarkably simple way a number of
desirable features of scattering ainplitudes: (i) It is
crossing symmetric; (ii) it has an infinite number of
poles in the desired channels; (iii) it displays the
expected Regge behavior in all channels; and (iv) it
provides a solution to the finite-energy sum rules of
Dolen, Horn, and Schmid' and is a realization of the
strong duality (Regge pole=resonances) proposed by
Schmid. ' The drawbacks of the UA are also mell known
and are hardly negligible; the most important of these
are the presence in the VA of poles in the physical
region and the related difficulty of its failure to satisfy
unitarity.

An unexpected feature of the VA for ~-x scattering
was pointed out by Lovelace. 4 He showed that by
imposing on the (necessarily linear, exchange-degen-
erate) p ftrajectory u-, (s) the condition u, (s=m ') = sr,

the UA for ~-x scattering automatically satisfies the
Adler self-consistency condition (ASC).' Since the
measured p trajectory does satisfy u, (m ')=-', to a
good degree of accuracy, ' this is another very attractive
feature of the VA. Ademollo, Veneziano, and Weinberg7
subsequently showed that the ASC for s-+A —+ 8+C
in the Veneziano model leads to a surprising quantiza-
tion of Regge intercepts and hadron masses. They
obtain a number of relations between hadron masses
that are in reasonably good agreement with the observed
hadron spectrum.

Lovelace found that in addition to satisfying the
ASC, his simple m.-x model agreed with the predictions
of chiral symmetry in a number of its other features
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(e.g. , the position and width of the e meson and the
sr-sr scattering lengths). Stimulated by the admittedly
striking successes of this model, he conjectured a bold
generalization: "Chiral symmetry for soft mesons
+absence of exotic resonances = Veneziano formula
with no secondary terms. "

It is the purpose of this paper to examine the validity
of this conjecture in IC-~ scattering using the simplest
VA for this process which was given, for example, by
Kawarabayshi, Kitakado, and Kabuki. ' In Sec. II we
will see that if the single free parameter in this VA is
fitted to the observed width of the E*(890), the Adler-
Weisberger sum rule (AWSR) is violated by a factor
of 2.

In Sec. III an elementary modification of the UA is
proposed containing three free parameters. These
constants are fitted by requiring this modified Veneziano
amplitude (MVA) to satisfy (i) the ASC, (ii) the
AWSR, and (iii) the E*(890) having the observed
width. Then, by- imposing on this MVA the AWSR
obtained for scattering of zero-mass E mesons on
physical pions, the ratio F&/F is predicted to be 1.26,
in good agreement with its experimental value. In
addition, this MVA predicts the width of the Etv(1420)
to be about 50 MeV, which is quite close to its observed
value.

II. SIMPLEST VENEZIANO
AMPLITUDE AND AWSR

%'e begin by postulating the following simple form for
the crossing-even and -odd E-m. scattering amplitudes' ':
T&+&(s,t,u)

I'(1—ur (t))I'(1—urr. (s))
~(s —+ u) . (1)

I'(1—ur (t) —urc. (s))

The exchange-degenerate p fand E* Etv traj-ectories-
(u, and u&e, respectively) are assumed to be linear,
with universal slopes a 0.89 SeV '. The ASC in ~x
scattering requires u, (m ')= —,

' and the ASC imposed
on Eq. (1) requires ux*(mx') =—',. Thus, the trajectories
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are taken to be
n p (t) =0.89f+0.48,

nxp (s) =0.89s+0.28.
(2)

-4.)1(-;)XL-I'(-;)]=1/F. ,

4zaIi 9=1.
These values for the trajectories are in resonable agree-
ment with the observed x-vr and E-m resonances, and
we will accept their validity henceforth.

To determine X, the only unknown in Eq. (1), we
look at the E~(890) pole in T&+&. Defining the E*E pr-'-
vertex in the conventional fashion, ""we find that

~= ggx*',

where the width for E*—+ E~ is

gx" I ql. .-.'r(K*~K )=
6m m~*'

(3)

(4)

ltil, being the center-of-mass three-momentum of
the final state in the E* rest frame.

Now, the AWSR for zero-mass pions to scatter from
physical kaons (prp+Kv —& 7rp+K„) is

1 dS 1—ImLT& '&(v) —T&" '&(v)]= . (5)
0 P P2

Here v= p q, T& +x+&(v) is the forward (f=0) scattering
amplitude for zero-mass (q'=0) pr+ to scatter from the
target E+, and Ii is the pion decay constant which,
when evaluated using the charged-pion lifetime, is
equal to approximately 95 MeV."

According to Eq. (1), the pr+E+ scattering amplitude
has no absorptive part in the s channel (absence of I= ss

resonances) and, the integrand in Eq. (5) is easily
evaluated to be

IrnT & x+& (v) - (—)"~(1—nx*(&)+N)= —2prXI'(1 —b) g (6)
N! I'(1—b —uir*(s))

where n, (0) =b. For zero-mass pions, s=mx'+2v and
the use of nx*(mx') =is enables us to locate the Nth
pole in Ti x+1 at 2av~=N+s. Then insertion of
Eq. (6) in Eq. (5) leads to the sum rule

( )N—4aXI'(1 —b) g = . (7)
N! (N+-')' I'(—b —N) F '

This sum can be explicitly evaluated and is remarkably
simple if we approximate b = is.rs Then Eq. (7) reduces to

' Our conventions are as follows: The S matrix is related to
T by S=P p(2pr)'84(Pr—P;)/(2pr)'(16qpPpqp'Pp'—)"jT, (Pq) and
(p'q') being initial and 6nal momenta; the metric is gpp = —gp7, = 1.

"For example, the X*Xm- vertex is g~*q&(X—m)„)&C.G., where
g is the X*polarization, X and x are the momenta of the pseudo-
scalars, the E*momentum is E*=X+7f., and C. G. is short for the
SU(2) Clebsch-Gordan coeKcient.

'pThe definition of It' is (0!A„(0)!prpX)=pS~pF E„, where
A„& is the usual axial-vector current assumed to satisfy! A p (x),
&&Ap'(0)]s(xp) =ip,p.Up'(0)s'(x).

"The use of b=0.48 changes things in no essential way; Eqs.
(8) and (13) are somewhat more complicated, but the numerical
results are virtually identical.

If X is fitted by combining Eqs. (3) and (4) and using'p
I'xp=50 MeV (gyps/4n. =2.5), then we find that the
left-hand side of Eq. (8) is equal to 2 instead of 1.
Therefore, in the simplest Veneziano model of E-~
scattering, if the E*(890) width is fixed at its experi-
mental value, the AWSR is violated by a factor of 2.
Upon investigation of the sum involved in Eq. (7), it is
easy to see the physical origin of this overestimate; the
odd daughter of the E*(890) (the x meson) has a very
large width ( 450 MeV, I'./I'x. 9) and the x+E*
contribution to the AWSR is already too large by a
factor of 1.3.

There are, of course, many ways out of this dilemma.
One can always appeal to the failure of the VA to
satisfy unitarity; however, if the 100%%uq correction
needed to fix the AWSR were to come from unitarity
corrections, we would be quite reluctant to say that the
VA is a good approximation to the real amplitude.
Another possibility, which we will pursue in Sec. III, is
to add satellite terms to the original VA in such a way
as to still satisfy the ASC and also to reduce the contri-
bution to the AWSR of the ~ meson. In any case, our
results indicates that for E-m. scattering, we must
modify Lovelace's conjecture which equates the simplest
Veneziano model and chiral symmetry.

III. MODIFIED VENEZIANO AMPLITUDE

In order to ameliorate the difficulties encountered
when using the simplest VA for E-x scattering, we
propose a MVA:

I'(1—n, (t))I"(1—nx*(s))
T&+& (s,t,u) =—P,i

I'(1—n, (t) —n&*(s))

I"(2—
up (t))I'(1—nx* (s))—Xg

I'(2—,(t) — *(s))
I'(1—u. (f))1'(2—«*(~))

&(s —+u). (9)
I'(2—,(f) — *( ))

This proposed MVA has three parameters which we will
determine by requiring that it (i) satisfy the ASC,
(ii) have a pole corresponding to the E*(890) with
width I'&p ——50 MeV, and (iii) satisfy the AWSR for
m =0.

Since nx*(pipit') =-', =n, (nz '), the first term of Eq. (9)
satisfies the ASC. If we choose Xs+Xp ——0, it is an easy
matter to verify that the entire amplitude will then also
satisfy the ASC.

If we then look at the K*(890) pole in T' +l
l

as
in Eq. (3)], we find that the X's are related to grc* by

Xi+As ———s'grip'. (1o)
'4 Particle Data Group, Rev. Mod. Phys. 41, 109 (1969).
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the use of the T' & of Eq. (9) plus the constraint
A, 3=——P2 permits us to write

2a - 1 r(14-b+N)
I- =2Xtb

I'(1+b) )v=() N! (N+-')'

2a - I r(b+N)—2&„(1—b)
I'(b) ~~ N! (N+-,')'

2a 1 I'(1+b+N)—2x,b
I'(1+b) )v~ N( (N+-')'

(12)

The sums involved in Eq. (12) can easily be evaluated
and are quite simple if b= ~."Writing

2GXy 2gk2 2gg2I = Sg—-- S2— — S3,
r(-;) r(-, ) r(

To determine the remaining parameter, we turn to the
evaluation of the AWSR t Eq. (5)j.Denoting

1 88
1.= —DmT( x+) —ImT( +x"j,

X' P

gx~' I lql. .-.'
r(K~ ~K7r) =

4z 15 m~~4
(17)

Extraction of the K& pole from T(~) and use of Eq. (10)
enables us to evaluate g~~ to be

gKv /Brlr~ SagK+

agreement with experiment. The remainder of this
section will be devoted to an investigation of three
consequences of our MVA: (i) the width of the 7~=2+
K)v(1420), (ii) the K nsc-a.ttering lengths, and (iii) the
AWSR obtained by using partial conservation of axial-
vector current (PCAC) for the kaons instead of for the
pions.

Extraction of partial widths of resonances from
Veneziano amplitudes is now a familiar pastime. The
Kz(2+)Ks vertex is def)ned by

(K&v t J.(K)= (glr„/mls )ri "(K~)K„vr„&(CG , . (16)

where m~~ is the mass of the L~, g&" is its polarization
vector, E and ~ denote the momenta of the E and 7r,

and C.G. is the isospin Clebsch-Gordan coefricient. In
terms of g~~, the partial width for E~~ E7r is

we have

1 r(ss+N)
s,=Z = r(-,'),

iv oN! =(N+r)'
(13a)

implying a width r(K)v —+ Ks.) =51 MeV, in good
agreement with experiment. '

The E-vr scattering lengths are defined in terms of
T(~) by"

1 r(-', +N)
Ss——P

N 0 N( (N+ )2

1 1
= —r(l) L4 (l) —4 (1)3, (13b) T(")Ls= (m +noir)', /=0,

I= (m —mrr)'j. (19)
1 r(s+N)

S,= Z = r(-;)L4(-;)—4(I)3.
N~ N! (N+ s )s

(13c) One finds tha, t

a' ) =0 073m ' (CA: 0.059m ')
a'+& =0.016rN ' (CA: 0) .Here, P(s) is the logarithmic derivative of the gamma

function:

(20)

P(s) =—lnI'(s) .
ds

47ra(Xi Xs) = I/—F '. (15)

We have now determined the three parameters of
Eq. (9). If we look at the )((890) pole in T(+), we 6nd
that the width 1'„=95 MeV, considerably smaller tha, n
the corresponding width in the simplest model discussed
above. This result was to be expected on the basis of
the comments made at the end of Sec. II.

Up to this point we have been just fitting parameters.
It is now necessary to ask whether our fully determined
MVA has further properties which are in reasonable

Using Eq. (13), we fmd the very compact form for I.
to be

I.= 4s.a(Xt—Xs) . (14)

The requirement that T& ' satisfy the AWSR means
that

1 dv
ImLT(w+)r ) (p) T(w+Ir+) (p))

7l p P

1
~ (21)

~X

The bracketed quantities are the forward E-z scattering
amplitudes taken for massless kaons. The kaon deca, y
constant Fz is defined in analogy with F and experi-
mentally (using a value of the Cabibbo angle tan'8
=0.053):

(~~/~-)-.~=I 1.
» S. Weinberg, Phys. Rev. Letters 17, 616 (1966).

(22)

The current-algebra (CA) estimates for a(+& are given
in the parentheses above. Thus, the E-vr scattering
lengths are reasonable, which is hardly surprising since
we have arranged T( & to satisfy the AWSR.

As a final test of our MVA, we propose to postulate
that it satisfy the Adler-Weisberger-type sum rule
obtained for scattering massless kaons from a given
target. This formula is
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Vsing the MVA of Eq. (9) and defining nxe(0) =d, one
finds that Eq. (21) can be written as

1 2a r (1+b+N)
=2Xib

Fir' r(1+b) ~=o iV!(1+%—d)'

r(b+X)2a—2lb 2br (b) &=0 lV!(1+X—d)'

2a r (I+b+E)—2~,b (23)
I'(1+b) ~~ 1V!(2+iV —d)'

Again approximating b=-,', the sums necessary are
easily evaluated to be

I'(-', +1V) I'(1—d)

&~ iV!(I+X—d)' I'(-',—d)

XL4(1—d) —4(-' —d)3

(24)

XLP(2 —d) —P(-; —d)$.

The use of Eqs. (24) in Eq. (23) yields, after some
algebra,

I'(1—d)= 2m a(Xi—X,)r (-,')r (-; —d)

X{(1—2d)g (1—d) —P(~g —d))+2) (25)

The AWSR for m =0 gave us Eq. (15), whose use in
Eq. (25) gives us the (F /Fx)2 ratio

r(1—d)
(F /Frr)'= {1+(-,' —d)r (-', )r (-;—d)

XLW(1 —d) —4 (2 —d)j) (26)

The use of d=0.28 from Eq. (2) determines this
interesting ratio to be

Frr/F. = 1.26, (27)

which is in quite reasonable agreement with the
experimental value of Eq. (22).

IV. CONCLUSIONS

What can we say we have learned from this study?
In the first place, we have seen that the simplest
Veneziano formula for E-x scattering violates the
AWSR by a factor of 2, demonstrating a significant
deviation for this VA from the predictions of chiral
symmetry. Unless we are willing to believe that unitar-
ity corrections are of the order of 100%%u~, it seems clear
that we cannot always expect the simplest VA to
provide an accurate account of a given scattering
amplitude. "

The prescription we have proposed in Sec. III for
modifying the simple Veneziano model (when necessary)
is the most straightforward thing to do within the
spirit of the model. If the predictions of the MVA are
to be taken seriously (and the reasonable value for
Frr/F is certainly an encouraging sign), we deduce
that it may often be necessary to add a few satellite
terms to the original VA. For processes involving pions,
the ASC may then be fulfilled by a combination of the
gamma-function pole, a la Ademollo, Veneziano, and
Weinberg, and cancellation of combinations of terms
as was necessary in our MVA. Only when the amplitudes
satisfy such basic requirements as the ASC and the
AWSR should they be taken as plausible approxima-
tions to the scattering amplitudes in the real world.
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' For m-m. scattering, a treatment analogous to that of Sec. II
shows that the AWSR is overestimated by about 30% for a p
width of 110 MeV. It does not seem implausible that proper
incorporation of unitarity might restore this discrepancy; the
single Veneziano term for vrx scattering may well be a good
approximation as the results of Lovelace (Ref. 4) indicate.


