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Spectral sum rules on the basis of asymptotic SU (6)w symmetry are given. It is shown that the SU (6)w
group is likely to be a reasonably good asymptotic symmetry as far as the two-point function is concerned.

I. INTRODUCTION

N recent years, we have seen several interesting
applications of so-called Weinberg sum rules.! While
many of these sum rules can be derived on the basis of
the algebra of currents, the physics underlying them is
also not difficult to understand. As Lehmann and
Killén have observed? some years ago, the Fourier
transform of two-point causal Green’s functions of, say,
two scalar mesons has exactly the same asymptotic form
as that of the corresponding bare Green’s functions in
the infinite-momentum limit. This fact may be inter-
preted to imply physically that the kinematical term
will dominate eventually in the high-energy region over
all mass and interaction Hamiltonians. If this reasoning
is correct, we can easily understand the reason for the
validity of the Weinberg sum rules. By the same logic,
in the infinite-momentum limit, we should expect? that
the kinematical part of our Lagrangian will dominate
over all others, so that the causal two-body Green’s
functions should manifest symmetries possessed by the
kinematical part in that limit. Thus, we should have
validities of asymptotic SU(3) and SW (3) symmetries,
which immediately give the first Weinberg sum rules for
these groups. As for second Weinberg sum rules, we may
probably see some effects of the mass and interaction
Lagrangian in the asymptotic symmetry, which may
violate these groups. It is then necessary for us to
consider at least the first-order breaking of the SU(3)
or SW(3) group in the study of the second sum rules.*
Note that such behavior can be demonstrated in many
models, especially the cases of ordinary Lehmann-
Killén sum rules, as has been emphasized elsewhere.?
It is clear from the above argument that the ordinary
static SU(6) group cannot become an asymptotic
symmetry because the free-quark Lagrangian is not
invariant under it. However, the so-called SU(6)w

* Work supported in part by the U. S. Atomic Energy Com-
mission.

1 For a comprehensive account of this subject, see S. Weinberg,
in Proceedings of the Fourteenth International Conference on High-
Energy Physics, Vienna, 1968, edited by J. Prentki and J. Stein-
berger (CERN, Geneva, 1968).

2 See, e.g., P. Roman, Introduction to Quantum Field Theory
(John Wiley & Sons, Inc., New York, 1968), Chap. II.

3 This idea is essentially an extension of the so-called Killén’s
conjecture to internal symmetries.

4S. Okubo, Lecture Notes at University of Islamabad, 1967
(unpublished); in Proceedings of the International Theoretical
Physics Conference on Particles and Fields, Rochester, New York,
1967, edited by C. R. Hagen et al. (Wiley-Interscience, Inc., New
York, 1968).

group® can, in contrast, be a candidate for the asymp-
totic symmetry, since in a sense it leaves the kinematical
part of the Lagrangian invariant. As a matter of fact,
one can construct® a Lagrangian invariant under a much
larger group SL(12,C) if we admit a nonlinear realiza-
tion. As we shall see shortly, we can show that the
SU(6)w appears to be a reasonably good asymptotic
symmetry for the two-point function, at least up to its
first-order breaking.

On the other hand, we remark that the simple idea of
asymptotic symmetry must be somewhat modified for
scattering problems, first because the interaction
Hamiltonian is now responsible for the scattering and,
secondly, because the energy-momentum must satisfy
the mass-shell condition K, 2= —m? so that one cannot
take both spatial and time components of the four-
momentum %, to be independently large. Nevertheless,
even for this case, it is tempting to apply a similar
argument. Suppose, for example, that both kinematical
and interacting Lagrangians are invariant under the
SU(3) group and that it is only a part of the mass term
that violates the SU(3) symmetry. Then, if one can
find a suitable experimental condition in which the part
of the mass term violating the SU(3) would give a
relatively minor correction in comparison to the rest,
we will have an approximate SU(3) symmetry. Such a
situation hopefully may be operating in the high-energy
large-angle scattering region s>>|¢|>>u?. In contrast, for
the forward high-energy scattering, mass differences
between 7 and K (or p and K*) are certainly not
negligible, as we may see from the peripheral or Regge
exchange mechanism. Hence, we may hope for the
validity of asymptotic SU(3), or even SW(3) sym-
metries, only for the extreme high-energy large-angle
scattering.” As a matter of fact, the experiment shows
that the SU(3) is reasonably well satisfied® at such a
region for reactions yp — wtn, K*A, and K+, but not
at the forward direction. Also, we note that one can

5H. J. Lipkin and S. Meshkov, Phys. Rev. Letters 14, 670
(1965); K. J. Barnes, ibid. 14, 798 (1965).

6 P, Chang and T. Giirsey, Phys. Letters 26B, 520 (1968),
F. Giirsey, a paper presented at the Symposium on Hadron
Spectroscopy, Keszthely, 1968 (unpublished).

7Y. Hara [ Progr. Theoret. Phys. (Kyoto) 39, 1020 (1968)7] has
given some relations on the basis of asymptotic SW(2) sym-
metries for large-angle scattering for NNV — NN reactions.

8B. Richter, in Proceedings of the Fourteenth International
Conference on High FEnergy Physics, Vienna, 1968, edited by
J. Prentki and J. Steinberger (CERN, Geneva, 1968).
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apply a similar idea to three-point functions. Indeed,
some applications® of it suggest reasonable success.

Unfortunately, then, we cannot apply the idea of
asymptotic SU(6)w symmetry for the scattering
problems, since we have to consider only the forward or
backward scattering in the SU(6)w group. However,
under a certain situation, it is possible that one can
apply it even for forward scattering. For example, we
know that asymptotic SW(2) symmetry for the Fourier
transform of forward amplitude

(T (@) (Ax@ @) A4,® () |7 ()
— @) V@ @)V, (5))+|7(p))

holds because of the Fubini-Dashen—Gell-Mann sum
rule.’® This case has been extensively investigated by
some authors with success. Similarly, we note reason-
able validity of the Johnson-Treiman relation,” and,
recently, Meshkov and Ponzini®® have shown that they
can roughly explain the high-energy photoproduction
of vector mesons on the basis of SU(6)w symmetry.
These, together with another ambitious attempt™ at a
Reggeized SU(6)w theory, indicate that the SU(6)w
group may be a reasonably good symmetry at the high-
energy limit. Of course, this statement must be taken
with some caution because it automatically implies the
validity of SU(3) even for the forward direction. Pre-
sumably, it is rather the SU(4)w group which may
become a good asymptotic symmetry in the high-energy
region. Then, we have to take into account the effects of
first-order SU (3) breaking on all applications of SU (6)w
symmetry to scattering problems. This problem will be
treated elsewhere.

It is the purpose of this paper to investigate the
validity of the asymptotic SU (6)w symmetry in a much
more simple case of the two-point Green’s functions.
Indeed, we shall see that it appears to be very good; the
detailed consequences will be given in the following
paper.

It may not be trivial to emphasize the incompati-
bility of SU(6)w or U (6,6) with the SW (3) group in the
framework of pure quark Lagrangian models. Indeed,
only the scalar §(x)q(x) is invariant under the former,
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while only the vector g(x)y.g(x), or axial vector
G (®)v.ys5q(x), is invariant under the SW(3) group. This
situation is rather puzzling since both groups seem to be
good symmetries. However, it appears that the SW(3)
group prefers nonlinear realizations, while the U(6,6)
chooses linear representations. If this is so, the pure
quark four-fermion model may be a bit misleading, or it
may be that the reality is very complicated and we have
to seek® nonlinear representations of a group larger than
both the U(6,6) and the SW (3) group.

Finally, we remark that the idea of asymptotic
symmetry is consistent with the notion of the general-
ized algebra of currents's on the light cone, if relevant
commutators on the light cone show the required
symmetry properties under the group in question.
Although this approach is in principle better, we have
unfortunately no reliable way to calculate singularities
at the light cone except for cases of two-point Green’s
functions.

II. LEHMANN-KALLEN REPRESENTATIONS AND
ASYMPTOTIC SU(6)w SUM RULES

Throughout this paper we shall assume the quark
model, at least to establish notations.
We set

Vo (x)=5ig(x)havuq (%) , 1)

Tu" (x) = iiQ(x)M[‘Ym‘/y]q (x) ,

where \, (=0, 1, ..., 8) are the standard 3)X 3 matrices
with Ap=4/% and we adopt the convention that Latin
and Greek indices refer to SU(3) and Lorentz spaces,
respectively. Also, we use the standard Dyson notation
with v5=y1v2ysy+ Sometimes it is convenient to intro-
duce the conjugate of T, by

Tﬁwa(x) = —F€waplas®(¥) = %iq(x)ka[')’m')’v:]'ﬁg (). @

Now, let Q4 represent any of 2Xq, 3Xavs, 32N aYuy SINY Y55
2N Vuyysr ], and N[ vuyy» v, and set

(4,B)=i / dx o0 {{0] (7 (%)Qaq (), (¥)Qsg (1))+0) — (0 7 (x)Qaq () [0){0] ()04 (¥) | 0)} - 3)

9 J. Schechter and G. Venturi, Phys. Rev. Letters 19, 276 (1967) ; S. Okubo, Ann. Phys. (N.Y.) 47, 351 (1968) ; L. H. Chan, L. Clavelli,

and R. Torgeson, Phys. Rev. 185, 1754 (1969).

10S. Fubini, Nuovo Cimento 43A, 475 (1966) ; R. F. Dashen and M. Gell-Mann, in Proceedings of the Third Coral Gables Conference
on Symmetry Principles at High Energies, University of Miami, 1966, edited by A. Perlmutter, J. Wujtzszek, G. Sudarshan, and B. Kur-

sunoglu (W. H. Freeman and Co., San Francisco, 1966).

1 D. S. Narayan, R. P. Srivastava, and R. P. Saxena, Phys. Rev. 167, 1379 (1968); V. S. Mathur and R. N. Mohapatra, bid. 173,

1668 (1968).

12 K. Johnson and S. B. Treiman, Phys. Rev. Letters 14, 1178 (1965); J. C. Carter, J. J. Coyne, and S. Meshkov, 7bid. 14, 523 (1965);

14, 850(E) (1965).
13 S. Meshkov and R. Ponzini, Phys. Rev. 175, 2030 (1968).
4 R. Delbourgo and A. Salam, Phys. Letters 28B, 497 (1969).

15 S. Okubo, Physics 3, 165 (1967); in Proceedings of the Fourth Coral Gables Conferences on Symmetry Principles at High Energies,
University of Miami, 1967, edited by A. Perlmutter and B. Kursunoglu (W. H. Freeman and Co., San Francisco, 1967).
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Then, one can write the Lehman-Killen (LK) representation for 7 45(k):

o0 1 kukey d 1
Tap(k)=(4,B)= / dm? (pAB“’ (M) F ik 430D (M) F——p A ® (m)> - / dm*—pap,u®(m), (4)
o Bt e i

where the last term corresponds to the so-called Schwinger term.!® To determine p4z® () unambiguously, we
impose the traceless condition

paB,u®(m)=0. (5)
From the definition, it is obvious that we have

04 (m)=ppa®(m), pap @ m)=—ppa @), papw®m)=ppa,uw® m)=pip.u.® (m). 6
Corresponding to Egs. (3) and (4), we have also the LK representation for the commutator!”:

2

°° a 1
(0][7(x)Q49(x),3(¥)Q59(»)]]0) = f dmz(ﬁAB“’(m)+pAB.u(2’(M)Bx——;n—zpw,u»‘”(m )A(x—y, m). (7)

u Xp 0%y,
Also, the spectral weights are defined by
Z#) (0[7(0)Q49(0) | )(n| 2(0)Q4(0)[0)6 (k—pa)

1 kuky
=~'——_0(k0)<6leAB(”(m)'l_ikuPAB,y(Z) (m)+—“—pAB,,.,(3’(m)> , R=-—m2<0. (8)
2r)? m?

For practical applications, it is more convenient to define LK representations for individual components:

1
> pav(m, S—S),
k2+m2

1
B+

1 r 1
2 8upap® (m, V—V)+
k2+-m2l

(S“,S”)=/:c dm

(P, P¥)= f dn———pu(m, P—P),
0 m?

® 1
2/a,lle,,paz,‘z)(m, V— V):l—n"n,/ dmZ—Zp.,b(” (m, V=V"),
0 m

m

Vs, V)= / dm
0

- 1 1 ° 1
(d,0,4,%) = / dm <8wpab‘”(m,A—A)+—kukvpab<2’(m,A—A)>-mm f Ao ® (my A—4),
0 k2+m? m? 0 m?
- 1
a b\ — 2. — @ —
(T Tag®) /(; am kz+m2[(3[‘a6vﬂ 8480va)par® (m, T—T)

+ (8uakvkﬁ+5vﬁkuka _'6yﬂkvka _5vakuk5> (1/”’1«2)[)@5(2) (m, Tr— T)]

® 1
- (anmnvnﬂ +5vﬁnnna ""5ﬂﬁnvna —Bvannnﬂ) / dmz";Pab(z) (m: T— T) ’ (9)
0 m

o 1
a b\ —, 2. —_—
(S V) =ik, f s, =),

* 1
(P“,A“b)=ik“/ dm2k pas(m, P—A),
0

2 m2

1 .
Pab(m, V_ T) )
m2

(V48,Ta?y =i (8 palts—duskee) / i

© 1
a T by— _— 2. T
(A" Tap )= (Buaks 3uﬁka) /; dm k2—|~m2pab(m, A-T),

16 T, Schwinger, Phys. Rev. Letters 3, 296 (1959); T. Goto and T. Imamura, Progr. Theoret. Phys. (Kyoto) 14, 396 (1955).
17 Notations are the same as in S. Okubo, Nuovo Cimento 44A, 1015 (1966).
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where we set 7, = 8,4 for simplicity. Note that we did not add the factor 7 in the right-hand side of the last equation.
The rest of the combinations are either zero or derivable from these listed above. For example, one can also write

N - 0 1
<Tm,Taﬁ">=/ s
0 B2+m?

[(5na51'6 —8,60va)pas® (m, T— T)

+ (auakvkﬂ"_at'ﬁkﬂka —aﬂﬁkvka - svakukﬂ) (1/m2)Pab @ (WL, T_ T)]

00 1 _ ~
- (S“amnﬁ-l-&ygmna-—Sugmna~6mnmg)/ dm27pab(2) (m, T—T), (10a)
0 m

with
pas® (m, T=T)=pus® (m, T—T)—pas® (m, T—T),
pas®(m, T—T)=—par® (m, T—T) . (10b)
Also, the positivity condition implies!?
paa<2) (m, B_B)Zpaa(l) (m, B_B)ZO

(no summation on @) (11)

for all B=4, V, and 7. Similarly for S and P, we have

Paa(m, S_S)ZOJ Paa(m, P—"P)ZO

(no summation on a) .

(12)

The upper limit pye®=p,, L is attainable if and only if
we have conservation laws 9,V ,*(x)=0, 9,4,%(x)=0,
9,7 (x)=0.

After these preliminaries, one can now derive some
spectral sum rules. For this, we note the following
special cases of Eq. (7):

O[[S*(), V> ()]1]0)

oo 3
=/ dm?pay(m, S—V)—A(x—y, m),
o 0%,

O[[Pe(x),4,*(%)1]0)

il d
- f npan(m, P—A)—A(x—y, m), (13)
0

Xp

O[LVu (), Tas*(¥)]110)

. d d
=/ (lmeab(WL, V—T)(B,m——am—)
0 dxp 0%

7 XA(x—y, m),
O1[4,@), Tus?(3)110) (=3, m

i _ a d
= -——l/ depab(m, A —T)<5“a—-—5m3_>
0 Xp 0%q

XA(x—y, m).

Also, we have the following equal-time commutation

relations for xo=1y,:

[S(x),Vs*(3) 1= — fareS ()0 @ (x—),
[V (®), Tt () J= —[davcdunSe (%)
) +fabcTuvc(x)]5(3) (x“y) (v=4),
[Po(x),4:(3) 1= — danoS(2)8® (x—7)
[4 #a(x)7T4vb(y)]: i[ favcdumSe(x)
—dapeT e (2) 16D (x—y)  (v7#4),

(14)

where the repeated indices ¢ implies automatical
summation over ¢=0, 1, ..., 8, with f.p0=0 and
davo=06.00/%2. Now, setting xo=v, in Eq. (13), and
comparing it with Eq. (14), we obtain the sum rules

/ dm?pap(m, S—V)= —/ dm?pas(m, A=T)
0

0

=$8f8ab, (153')
/“’ dm2pap(m, P—A)= —/w dm*oa(m, V—T)
=(v/%)E8ap+ Esdsan, (15b)
where we have set
£0=(0[5°(0)]0), &=1(0[S%(0)|0) (16)

and used the fact that (0|.S%(x)|0)=0, except for a=0
and a= 8 because of the isotopic-spin invariance and the
conservation of the hypercharge. We remark that, in
the equal-time commutation relation (14) we should not
have any Schwinger term or, if we have, then it must
be a g¢g-number Schwinger term with zero vacuum
expectation value, since otherwise it will lead to a
contradiction with the LK representation (13). There-
fore, our sum rules, Egs. (15), must be independent of
the ambiguity of the Schwinger term. This fact may be
compared with other cases that require the existence of
Schwinger terms so as to avoid possible contradictions'’
with LK representations.

We notice that Egs. (15) are examples of the validity
of the asymptotically broken SU(3) symmetry that we
mentioned in the Introduction. We shall prove, in
Sec. III, that the sum rules (15) also represent those
corresponding to the asymptotically broken SU(6)w
symmetry.
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Now, let us assume that the theory becomes asymp-
totically SU(6)w-invariant when we let k— .
Although we could do this in a purely SU(6)w frame-
work, as we shall show in the Appendix, here we shall
utilize the notation of U(6,6) symmetry,'® which is a
group of 12)X12 matrices with U satisfying the condi-
tion UtysU=+. However, in order to keep the free
kinematical term invariant, we must impose an addi-
tional constraint U~'(ivk)U= (iyk), i.e., 7yk must be
taken'® to be formally invariant. Then for £ — o, the
statement of the asymptotic SU(6)w symmetry is
equivalent to?

IkiLrZOIAB(/e) =ay tr(QaQs)+a2 tr(Qa) tr(Qs)
+as(1/k%) tr[Qa (ivk)Q5 (ivk) ]
+d4(1/k2) tl'(QAVYk) tl‘(QB'VYk) ) (17)

where a1, @2, a3, and a4 are some constants. Comparing
this with Eq. (4), and noting the condition equations
(5) and (6), we obtain the sum rule

* 1
| —pan
0 m?

=01 tr (QavuQpvr) — 10w tr(Qam@sm)]
Feol tr(Qavy) tr(Qpys) =30 tr(Qama) tr(Qem)]
+(4 e B). (18)

Note that terms such as §,, tr(Q4Qg) do not appear
because of the traceless condition equation (3).
Equation (18) is equivalent to

o 1
/ dmz—_gpaba) (m7 V— V)
0

m
= —8615ab—862 tr(ka) tr()\b) 5 (193.)

© 1
/ dmP—pap® (m; A—A4)
0 m?

* 1
=/ dm2—2pab(2) (m, T—T)= —8615ab. (19b)
0 m

It is interesting to notice that if 720 or 570, then this
gives

i 1 o 1
/ dm2—pa® (m, V—V) =/ dm2—pap® (m, A—A4)
0 m2 0 m?

0 1
=/ dmz——;pab(”(m, T—T)=—8¢104s
m
’ (a0 or b0). (20)

18 B, Sakita and K. C. Wali, Phys. Rev. 139, B1355 (1965);
A. Salam, R. Delbourgo, and J. Strathdee, Proc. Roy. Soc.
(London) 284, 146 (1965); M. A. B. Bég and A. Pais, Phys. Rev.
Letters 14, 267 (1965).

19 This is equivalent to the inclusion of the so-called irregular
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It is remarkable® that the first relation of Eq. (20) is
nothing but the first Weinberg sum rule for the asymp-
totic SW(3) symmetry. As we have remarked in the
Introduction, we should keep in mind the fact that the
U (6,6) group and SW (3) group have no relation to each
other, since the scalar g(x)g(x) is the only invariant
under U(6,6) ,while the vector §(x)y.q(x) and axial
vector §(x)v.ysq(x) are sole invariants of the SW(3)
group. The fact that we reproduce the SW(3) sum rule
from SU(6)w is highly encouraging.

The equivalence of the tensor and vector spectral
sum rule in Eq. (20) has also been obtained by some
other authors.?! It can also be obtained from the Jacobi
identity

O[[T4x%(x),[V4* (3), Tww"(2)1110)
+OILVLG),[Twe(2), Tax*(x)11]0)
+{O0[[Tw*(),[Tai(2),Vs*(»)]1|0)=0,

as has been noted,” if the Schwinger terms are all
¢ numbers, and if we use the equal-time commutation
relations

LV (@), T (9) Jrvmyo=— facs T (%)8® (x—)
+ (Schwinger term),
[ T4 (%), T ® () Joomyo = 1dapo€rundr® (2)8® (x—y)
+ favel8ui Vo () =8V (2) 5@ (w—)
+ (Schwinger term) (k>4).

The proof, then, essentially goes in the same way as the
ordinary proof of the first Weinberg sum rule.”” How-
ever, the formal use of a Jacobi identity is rather
suspect. Indeed, a similar identity among spatial
vector currents leads® to a contradiction, unless the
Schwinger term is a ¢ number. Similarly, a Jacobi
identity among S%(x), S®(y), and V. (z) (u#4) is
easily verified to give a contradiction. Of course it may
be that a Jacobi identity holds only when we consider
quantities having fourth-component indices such as
V4@ or T4® Anyway, we take the view that we may use
a Jacobi identity unless we encounter a manifest
contradiction with known facts.

terms. For an extensive review of U (6,6) or U(12) theory, see
review articles by H. Ruegg, W. Riihl, and T. S. Santhanam
[Helv. Phys. Acta 40, 9 (1967)] and by R. Delbourgo, M. A.
Raschid, A. Salam, and J. Strathdee [International Atomic
Energy Agency Report, Vienna, 1965 (unpublished)].

20 This fact has been already noted in Ref. 4.

21 M. Ademollo, G. Longhi, and G. Veneziano, Nuovo Cimento
58A, 540 (1968); P. A. Cook and G. C. Joshi, Nucl. Phys. B10,
253 (1969).

22 S, L. Glashow, H. J. Schnitzer, and S. Weinberg, Phys. Rev.
Letters 19, 139 (1967).

8 K. Johnson and F. E. Low, Progr. Theoret. Phys. (Kyoto)
Suppl. 37-38, 74 (1966) ; G. Konishi and K. Yamamoto, zbid. 37,
1314 (1967).

2% F, Buccella, G. Veneziano, R. Gatto, and S. Okubo, Phys.
Rev. 149, 1268 (1966).
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Another way of deriving Eq. (20) is to calculate the
Schwinger terms for equal-time commutators directly
by the limiting procedure, as has been indicated in
Ref. 4. In this way, one obtains Eq. (20) again, even
including the case with ¢=5=0. At any rate, we believe
that the validity of Eq. (20) is reasonable and that
there are some theoretical grounds for it. Together with
the other sum rules, Egs. (15), which will be shown to
be also derivable from the asymptotically broken
SU(6)w, these indicate, indeed, that the SU(6)w group
may be a reasonably good asymptotic symmetry in the
high-energy limit, as far as the two-point functions are
concerned.

III. ASYMPTOTICALLY BROKEN
SU(6)w SYMMETRY

In the previous section, we derived an asymptotic
SU(6)w sum rule in Egs. (19) and (20). Here let us
consider sum rules involving pap,.?® and psp®. For
these, we have to consider terms of the order 1/% and
1/k2, respectively, when we let £ — o for 7 45(k). As we
have emphasized in the Introduction, it is then likely
that we have to consider some effects of symmetry
violations. For example, consider the LK representation
for the Green’s function (P,A4), and apply the idea of
asymptotic SU(3) symmetry. When %2 — o, then it
decreases as 1/, as we see from Eq. (9), and hence we
should expect an asymptotically broken SU(3) sym-
metry in the first order. Indeed, this is precisely what is
happening as we see from the sum rule Eq. (15b).
Analogously, for SU(6)w, we have to take into account
the first-order breaking of SU(6)w symmetry. Now,
taking the quark Lagrangian model as a guide, we
suppose that it is the mass term dmg(x)hsq(x) that
violates both SU(3) and SU(6)w groups. Then, our
argument suggests that we expect to have

}Cim IAB(k)
7
=0(1)+—2 ay
k2 g

X (LA QaN (B ]~ (4 < B>}+;:; 5 6

X {tr(QaNs) tr[Qa\;(vk)]
— (A B)}+01/ky) (21)

for some constants a;; and B;;, where the term O(1) is
given by Eq. (17), and the summation over 7 and j runs
over only i=j=0, ¢=0, j=8, and =8, j=0 cor-
responding to the first-order SU(3) violation. Then
Eq. (21) leads to the sum rule

/ w dm?*pap,.® (m)
=2 ai[ tr(QaNiQs\vu) — (4 <> B)]

+Z, BiLtr(Qahs) tr(Qpvuhi)— (4 < B)].  (22)
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Furthermore, because of the charge-conjugation in-
variance of the theory, it is not difficult to show that we
must have 8;=0 in Eq. (22). Then, in terms of com-
ponents, Eq. (22) is rewritten as

/ dmPpay(m, S—V)= —/ dmpas(m, A—=T)
0

0

=—4(\/2) (s —as0) fran,  (23a)

00 0

jr dmPpap(m, P—A)= —f
0

0

dmPper(m, V—T)

=4[Faoas+ (aostaso) (v/3)dsas]-
(23b)

It is remarkable that these relations are essentially the
same as Egs. (15a) and (15b) if we have ag=0 with the
identification £=4(/%)ao, &=4(v/%)as. The fact
that our procedure essentially reproduces Egs. (15) may
be taken as other evidence of the correctness of the idea
of broken asymptotic SU(6)w symmetry.

Encouraged by this fact, we may consider the sum
rule up to the order 1/4%2. We must now consider SU (6)w
violations up to the second order. Thus, we may write

1 1
lim 7 45(k) =0(1)+o<—>+1,13<2>(k)+0<—> ,
k— k k3
IAB @ (k)

1
~% zZ] gl tr(QaNiQs\)+(4 < B)]
1
+']; 2 fil tr(Qahs) tr(QeN)+ (4 < B)] (24)
1
+; 2 i tr(QavkNQuykN;)+ (4 <> B)]

1
+; Z L[t (QavkXs) tr(QeykN;)+ (4 <> B)],

where the summation over 7 and j runs only over 0 and
8, and g4, fj, ki, and I;; are some constants. Equation
(24) gives two sum rules for

/dmszB,u,@)(m) and /
0 0

However, the simultaneous validities of both sum rules
are shown to lead to the relation

.}

dmp.45D (m).

/ dm?[pas® (my, A —A)—pap® (m, A —A)]
0
=/ dm?pay® (m, V—=V),
0

which is very undesirable since in the soft-pion limit the
left-hand side vanishes identically. However, the sum
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rule involving pap,.,® (m) is probably too strong, since
a similar one is already given by Eq. (18). As a matter
of fact, a similar difficulty arises even for asymptotic
SW(3) or SU(3) symmetries for (V,V) or (4,4)
Green’s functions when we consider higher-order effects.
Presumably, for the sum rule involving p s, (), we
must also consider possible SU(6)w-violating inter-
action Hamiltonians. Hence, we take an attitude that
the second-order asymptotic sum rule, Eq. (24), must
be valid for the one involving pap®(m), but not
04B.® (m), i.e., we should only use

/ ) dm*pap® (m)
=§ gil tr(QaNiQs\)+ (4 < B)]
+ZJ fultr(QaXs) tr(QsN)+(4 > B)]
+i§_ hii 41 (QavuhiQryih)+ (4 & B) ]
-l—%% Liltr (Qavihi) tr(Qpvih)+(4 < B)].  (25)

Incidentally, our philosophy would be correct if we have
a purely vector four-quark interaction of the form
(Gvu9) (Gvuq), as the SU(6)w-violating interaction, and
if we have to add the first-order breaking effect of such
a term to the right-hand side of Eq. (24). Then we
would still have Eq. (25) but not the sum rule involving
048,»® (m). The presence of such interaction implies
that we may have a specific SU(6)w-breaking inter-
action corresponding to a sum of 35 280& 280189
@405 dimensional representations.

At any rate, Eq. (25) gives, for cases a0, 8 and
b0, 8, the relations

] Ampas(m, S—S)~pas(m, P—P)]

=2/ dm?[pap® (m, A —A)+pap®(m, V—=V)
" —1ou®(m, A—A)—=lpes® (m, V= V)]

=72 Z h;j[tr()\a)\i}\b)\,-)—l— ((l g b)_—_l (d, b;éo, 8) , (263.)
i3

f i Lpan(m, S—S) —pap(m, P—P)]
0
=/ I pas® (m, A—A) —pas® (m, V—T)
0
39y ® (m, A— A)Foan® (m, V—V)]

- / 2060 1y T—T)—pus®(m, T—T)]
0

=2 Z gi[trQ\aA\s\;)+ (@ <> )] (a,5540,8). (26b)
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If fss and lgs are small, i.e., if we can neglect the second-
order SU(3)-breaking effects, then Eqgs. (26) will be
valid also for a=56=38.

Our sum rules, Egs. (26), differ from and are more
complicated than ones suggested by other authors.?
Applications of our sum rules will be given in the
following paper.

APPENDIX

Here we consider a classification of S, V, 4, T, and P
operators on the basis of the SU(6)w group.® To that
end, we first note that the U (6,6) group is defined as a
group consisting of 12X12 matrices satisfying the
condition

U T'Y4U =Y.

Now, the SU(6)w subgroup of U (6,6) is defined by the
further restrictions on U,

(A1)

U-L(iyk)U=ivk, detU=1, (A2)

for all collinear four-momenta k. For simplicity, let %,
be a momentum along the z axis, i.e.,

Eu= (0,0,%,ikq). (A3)

Then Eq. (A2) gives

vaU=Urq, vsU=Uxys. (A4)

If we use the Dirac representation for v matrices, then
Eq. (A4) implies that U must have the form

14 0
7o )
0 0'3V0'3

where V is a 6)X 6 unitary unimodular matrix belonging
to the SU(6) group. Corresponding to Eq. (AS), let us
decompose ¢(x) into

7 =(::X)) ’

where ¢(x) and ¢3£(x) are six-component spinors. Then,
when we let ¢(x) — Ug(x), we have

(@) = VE().

Hence, if we write these components as ¢4(x) and
£a(x) (A=1, ..., 6), then ¢4 and £4 are covariant
spinors in the SU(6)w group. Thus, one can form the
following four types of 36-dimensional SU(6)w tensors
out of ¢ and &:

Lia (%) =3 ot (¥)\avjo(@)+ £ (0)haos€(2) ],
Nia(®) =3[ et (@)Naojo(x)— £t (¥)Nao (%) ],
K ia(2) =3[ ot (@)haost (%) £ (2)Naos0(x) ] 5
Ria(#)=—3iL ot (#)ha0;£ () — £F (£)Na0s0 () ],

(AS)

(A6)

¢ (x) > Vo(x), (A7)

(A8)
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where j assumes values j=0, 1, 2, 3, with go=1. Ex-
pressing ¢(x) and £(x) in terms of g(x), one gets

Lia(x):  Tu*() (7=1,2)
As*(x) (G=3)
:—1iV 4% (x) (7=0),
Nijalx):  A;*(x) (7=1,2)
D Tur(@)=Tp(x) (j=3)
S(x) (jZO)’
Kja(x): Ti(x) (1=1,2) (A9)
244 (x) (j=3)
1= V() (j=0),
Ria(x): eV (%) (4=1,2)
Pe(x) (j=3)
i —iT3(w)=iT1*(x) (j=0).
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The statement of the asymptotic SU (6)w symmetry is
now translated to that of

lim 4 / dt (0] (K ja (@), K 15(3))2]0)

k—w

= C5ij5aﬂ (Alo)

for the collinear momentum % of the form Eq. (A3). It
is easy to check that this gives Eqgs. (20) immediately.
Similarly, replacing K;, by Lj., we obtain the same
result. If we consider

lim i/d“x e~ @0 (Lja(x)Nis(¥))+]0),

k—

lim i / d*x e * (0] (K jo (%) Ris ()1 0)

k—w

up to the order 1/k, we find the asymptotic sum rules
(23).

NUMBER 5 25 DECEMBER 1969
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The sum rules of the preceding paper are investigated in detail in pole dominance. The ratio fx/fr is
found to be near unity and all nonexotic baryons must satisfy an approximate mass formula M =a—b¥
with the universal constant b=~ ;—m =150 MeV, where m, ms, and m; are masses of bare quarks. More-
over, we compute 7,7 MeV and my~156 MeV in a model where SW (3) is exact except for the quark

mass term.

I. DEFINITION OF COUPLING CONSTANTS

N the preceding paper! (hereafter referred to as I),
we have developed several sum rules on the basis of
the asymptotic SU(6)w symmetry. In this paper, we
study its applications, saturating the sum rules by pole
dominances. To that end, we define various coupling
parameters as follows.

(i) Vector:
OV, D(0)[p°(k)) = (2ko V) 2e, (k)G (o) ,
O[V,.®(0)|w,¢(k)) = 2koV) ' 2eu(k)Gv(w or ¢)
(LV2)(0] V.89 (0) [ K*+(k)) = (2ol ) e ()G (K¥),
ANDO[V,=(0) |t (k) = (2koV) ™ G (i) ,
where x means the 0 « meson.

*Work supported in part by the U. S. Atomic Energy
Commission.
1 S. Okubo, preceding paper, Phys. Rev. 188, 2293 (1969).

(i) Axial vector:
(0[4,®(0)| A1°(k)) = (2koV )2, (k)G a(41),
(AND(O] A4, 4=®(0) | K+ (k)= (2ko V)~ €, (k)G a(K 1) ,
0] 4,0=2(0) [ (k)) = ko V)~ %k fr
(O] A, “®(0) | K+ (k)= 2k V)~ '12%R, fx

(iii) Scalar:

(A/NV2)O]SED(0) [kt (k) = 2k V)" G s(x)
(A/V2)(0| S=2(0) | F (k)= (2koV )G s(e)

where € is an assumed 0 meson with /=1 and ¥ =0,
which may be? 7x(1016).
(iv) Pseudoscalar:
O[P®(0)|7"(k)) = (2keV )~/ p(r)
(A/V2)(0] P U=i(0) | K+ (k) = (2koV) "G p(K) .

?N. Barash-Schmidt ef al., Rev. Mod. Phys. 41, 109 (1969).



