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For multiparticle reactions involving massive particles of any spin, the amplitudes introduced by Bali,
Chew, and Pignotti (BCP) are considered as functions of the scalar products between four-momenta. A
method previously used by Trueman for 2-to-2 particle reactions and by this author for multiparticle
helicity amplitudes is used to classify and explicitly extract the kinematic singularities of the BCP ampli-
tudes. This method concentrates on the Lorentz-group parameters that define the state vectors in terms
of which the amplitudes are constructed. The basic assumption is that the kinematic singularities of the
amplitudes are due solely to the singular behavior of these group parameters on certain surfaces, given by
the vanishing of particular Gram determinants, in the space of the invariant variables. The kinematic
singularities take a form which seems suitable for analyzing kinematic constraints in a factorizable multi-

peripheral model.

I. INTRODUCTION

N a previous paper! we investigated the kinematic
singularities of helicity amplitudes for multiparticle
reactions between massive particles of any spin. The
procedure employed was based on a method used by
Trueman for 2-to-2 particle processes.? Trueman ob-
served that the state vectors used in forming helicity
amplitudes become ill defined on certain surfaces in the
space of the invariant variables. This is so because the
Lorentz-group parameters—viz., for helicity states the
hyperbolic and polar angles of the particles’s three-
momenta—become singular when expressed in terms of
the scalar variables as soon as particular Gram deter-
minants formed from the four-momenta vanish. Under
the assumption that this is the only source of kinematic
singularities in the helicity amplitudes, Trueman was
able to explicitly extract these singularities by giving
the expansion of the amplitudes near each singularity
surface. The method was then generalized to multi-
particle helicity amplitudes by this author.

From the point of view of applications, the multi-
particle helicity amplitudes do not seem very useful.
Instead, Bali, Chew, and Pignotti (BCP)?* introduced
another set of amplitudes which are most convenient in
formulating multiperipheral—in particular, multi-
Regge—models; we shall call them the BCP amplitudes.
In introducing their amplitudes, BCP applied group-
theory techniques developed by Toller and his col-
laborators.5™® The BCP amplitudes have been further
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elaborated, in particular, by Chew and DeTar (CD).°
Multiparticle amplitudes which are essentially the BCP
amplitudes have been investigated by Toller”!® and by
Koba.l!

In this paper we consider the BCP amplitudes as
functions of the invariant variables formed from the
four-momenta of the reacting particles, and we investi-
gate their kinematic singularities in these variables. As
for helicity amplitudes, the basic assumption is that
these singularities occur whenever one of the Lorentz-
group parameters, considered as a function of the in-
variant variables, is singular. Although the details
deviate from the procedure for the helicity amplitudes,
the technique used here is by and large the same. It
permits us to explicitly extract the kinematic singu-
larities by giving the expansion of the amplitudes near
each singularity surface.

We do not in this paper treat 2-to-2 particle reactions;
we only consider processes with at least three particles
in the final state. The BCP amplitudes in the former
case reduce to helicity amplitudes in a crossed ()
channel,®* and their singularities are already known.?

We begin in Sec. IT by reviewing the definition of the
BCP amplitudes®* in the CD version,’ noting that in
order to obtain unambiguous amplitudes we must be
more specific in places where CD leave a choice open.
In this procedure, we give the explicit expressions for
the Lorentz-group parameters in terms of the invariant
variables. The kinematic singularities of the amplitudes
are then treated in detail in Sec. ITT under the assump-
tion that they arise because of the singular behavior of
the group parameters. The results are summarized in
Sec. IV in a way most suitable for application. A few
concluding remarks on our approach appear in Sec. V.
An appendix reviews our notation for determinants.

No attempt is made in this paper to actually apply
our results in an analysis of concrete multiperipheral
models.

9 G. F. Chew and C. DeTar, Phys. Rev. 180, 1577 (1969).
10 M. Toller, Nuovo Cimento 62A, 341 (1969).
117, Koba, Nucl. Phys. BS, 351 (1968).
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II. BCP AMPLITUDES
Consider the multiparticle reaction
a+b— 0+1+4- - -Fnt(n+1),

in which particle 7, for j=a, 5,0, 1, ..., n+1, has mass
M ;#0, four-momentum p;= (E;,p,), spin o, and mag-
netic quantum number #;; the precise meaning of m; is
given later.

The particles are ordered in some definite, although
arbitrary, way to yield the “multiperipheral chain” of
Fig. 1, and we introduce the four-momentum transfers

n>1 (2.1)

j—1
sz_Pa-I_z PJ" fOI‘j=1, 2: '-"n+1, (22)
=0

and the momentum transfers squared,
Li=0Q4.

We consider physical values of the four-vectors until
Sec. IT Dj in particular, each Q; is supposed to be a
spacelike vector, so that with the metric (+, —, —, —)
one has ¢; <0.

The multiperipheral choice of variables should in the
context of this paper be regarded as purely a book-
keeping device, not implying any assumption of dy-
namical character, although of course our investigations
ultimately aim at multiperipheral models.

(2.3)

A. Choice of Lorentz Systems

Following BCP;? and, more particularly, CD? (see
also Ref. 7), we now introduce a series of Lorentz
reference systems to be used in defining the particle
states when constructing the BCP amplitudes. As
already mentioned, in this procedure we have to be more
specific than CD concerning the choice of space axes;
we comment in Sec. V on this question.

First, define the rest system b, for particle O to have a
three-dimensional coordinate frame with its z axis along
Q= —p, and its y axis along Q:Xp: (see Fig. 2).

A rest system b, for particle a is obtained next by a
boost B,(xo) along the z axis from the system b,. Here,
and throughout this paper, a Lorentz transformation
always means an active transformation; in the present
context, for example, the boost B,(ag) transforms the
four-momentum for particle O from rest into its value in
the system b,. As a consequence, one has

COShOL()= (PaPO)/(MaM()) )
Sinha0=A2([)a,[Jo)“2/ (MaMO) i

(2.4a)
(2.4b)

the notation for Gram determinants follows Ref. 1,
reviewed in the Appendix. Moreover, the z axis in b, is
along po=0Q; and the y axis is along Q;Xpi, as exhibited
in Fig. 2.

Note that in the CD terminology our choice of b,
implies that 7,=1, so that their system (0,r) coincides
with b,.

Next, one defines a Lorentz system (1,/) in which Qy
has only a (positive) z component, the z axis being
parallel to p,, while the y axis is still along QXp1. It
follows that the system b, is obtained by a z boost
B.(qo) from (1,l), and that

coshqo= A (pa,Q0)'*/[Mo(—1)'*],
sinhgo= (paQ1)/[ M .(—t)**].

(2.5a)
(2.5b)

For further use we also note the expressions

cosh (ao—go) = s (po,Q) 2/ [ M o(—11)'%], (2.6a)
sinh (ao—go) = (— poQ1)/[Mo(—1)"*].  (2.6b)

In analogy to the definition of bo, one defines for each
final-state particle j for j=1, 2, ..., n+1, a special rest
system b; by requiring the z axis to lie along Qj, and the
y axis to be parallel to p,_1XQ; (Fig. 3). By a z boost
B_(a;), one then obtains a Lorentz system (4,7) in which
Q; has no energy component, the z axis is along Q;, and
the y axis along p;_1XQ;. It follows that in this system
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p; is parallel to the z axis, as exhibited in Fig. 3, and that
coshey= A2 (p;,Q)'*/[M;(—1)*],  (2.7a)
sinha;= (—;0;) /LM ;(—t;)'*],

for 7=1,2,...,n,n+1. (2.7b)

Next, one defines another Lorentz system (j,/), for
7=2, ...,n+1, by requiring as in (7,7) the vector Q; to
have no energy component and the z axis to lie along
Q;, but now p;_; is parallel to the z axis and the y axis is
defined to lie along p;_2XQ; (Fig. 3).

Evidently, for 7=2,..., n+1, the system (j,}) is
obtained from the system (7,7) by a succession of two
Lorentz transformations, the first being an « boost
B,(¢;) and the second a rotation R,(u;) around the z
axis. It is straightforward to deduce

cosh§;= I'Q g il ,  (2.82)
Az(Qj,Pj—l)mM(Qj,Pj)1’2l-Qj 2
. (=t)"PLA Qs pir,p) I
sinh§;=
A2 (Q5pi—1)2A2(Qy,p )2
for j=1,2,...,n+1, (2.8b)
—1
cosu;=
A3(Q5,p5—1,05-2) 2A3(Qy, pi—1, p)H2
X[Qi Pi-1 Pj—2], (2.99)
Qi Pi1 bi
) €(Q5,0i-1,05,Pi-2)[A2(Qjy pj—1) 2
SNy, =
A3(QsPi—ispi—2) *A3(Qyyp i1, P )2
for j=2,...,n+1; (2.9b)

M1= 0 . (29C)

Here we have again used the notation for determinants
introduced in Ref. 1 (see also the Appendix). Moreover,
we have anticipated the immediate conclusion that the
results above also apply to the case j=1, only that
u1=0.

Note that our choice of three-dimensional reference
frames implies that, in the CD notation, »;=0, for
j=1,2, ..., n+1, so that y; is just the “Toller angle’;
see Sec. V for further comments.

Furthermore, it follows that the Lorentz system
(4,7) is obtained from the system (j+1, /) by a z boost
B.(g;), with

coshg;= (—Q;Q; 1) /[ (=) (—t;)"], (2.10a)
sinhg;= As(Q5,Q1-) "2/ [ (— )2 (—1532)"2]
for j=1,2,...,n. (2.10b)

It remains only to define the special rest frame by for
particle b to have its z axis along Q,41= —pn41 and the
vy axis parallel to p,)X Q.1 (Fig. 4). In the CD language
this means choosing 7,= 1. Clearly, the system (n41, 7)
is obtained from &, by a z boost B,(¢n+1), where

coshgny1=22(Qni1,£0)" /[ (—tas1) "M ],
sinhgni1= (—Quy1p8) /[ (—tay2) "M o].

B. Definition of State Vectors

The rest frames b;, for j=a, b, 1, ..., n+1, as intro-
duced above, are chosen to be the frames in which the
rest states |0,m;) are defined; m; denotes the magnetic
quantum number, and the usual Condon-Shortley phase
conventions are understood.

In an arbitrary reference system (“the lab system’)
the state vectors | pj,m;) are, following BCP and CD, ob-

(2.11a)
(2.11b)
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Frc. 3. Lorentz systems
associated with an internal
vertex j,j=2,3,...,n, of the
multiperipheral chain.  Only
the xz planes are shown; the
three vectors drawn have no
¥ components.
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tained by applying the series of Lorentz transformations
that take a vector from the system b;, over the system
(4,r), and down through the multiperipheral chain to
the system b,, followed finally by a Lorentz transforma-
tion from &, to the lab system. The reaction amplitude
is independent of this last transformation.3.6.7:9

It is convenient for our purposes to use the freedom
in the choice of the lab system to specify it differently
for each particular application. As an example, if the
lab system is taken as the system b,, one has

|payma>= lO;ma>, (2.12&)
[ Do;m0)=B.(ao) | 0,m0), (2.12b)
iphml):Bz(QO)Bz(El)Bz (C(l) |0,m1>, (212C)

[pr,m1 )= B.(g0) Bo(£1) B2 (g1) R. (u2) Bo(£2) B2(g2)
cee Bz(qk—l)Rz(ﬂ'k)Bx(glc)Bz(ak) loﬁmk>

for k=2,...,n+1, (2.12d)
| po;my)=B:(g0) Bo(£1) - R (tnyr)
X Bo(£n11)B:(@nyr) [ 0,mp).  (2.12¢)

In terms of the generators J; and K, (for k=, v, 2)
for rotations and boosts, respectively, the operators
defining the states read

By (u) ="Kk,

Ry(v)=¢—7%

(2.13a)
(2.13b)

for k=x,y,z.

C. Definition of BCP Amplitudes

The reaction amplitudes, being the expectation value
of the T matrix between the initial state

li)= lpayma>lpbamb>z l {pi}:{m‘i}> (2'143)

and the final state

1f>=§0 )= (o}, ims)),  (2.14b)
are given by

Timy= ({ms},{ps} | T {p:},{mi}).

Here, the state vectors in Egs. (2.14) are of course the
BCP ones defined above. Moreover, {m} stands collec-
tively for all magnetic quantum numbers, while {m}
and {m,} stand for those of the initial and final state,
respectively; similarly, {p;} and {p,} denote collectively
the momenta.

(2.15)

by Pnyi=0

T

Qn+1 =By

Bz(dn4)

Bn+|

F16. 4. Lorentz systems associated with the rightmost particles
of the multiperipheral chain. Only the xz planes are shown; the
three vectors drawn have no y components.
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D. Variables and Analyticity

The amplitudes 7.} are now considered as functions
of all the scalar products p;px, 7>k (for j, k=a, b, 1,

.., n+1), subjected to those restrictions that arise
from energy-momentum conservation and from mass-
shell conditions. Some of these questions were treated
in Ref. 1, where additional references are quoted, and
we do not discuss them further here. The same applies
to the fact that the reaction amplitudes are also func-
tions of the pseudoscalar products that can be formed
from four linearly independent four-vectors.

As is natural from the way in which the BCP ampli-
tudes are defined, we shall most often use those com-
binations of the scalar products given by {;, Q;pj
Qipi—1, etc. It should be kept in mind, though, that not
all of these are independent.

Following Refs. 1 and 2, the assumption is now that
kinematic singularities of the BCP amplitudes occur
whenever the Lorentz-group parameters (a;,q;,&5,1;)
considered as functions of the scalar products are
singular, and that this is the only source of kinematic
singularities in the amplitudes. If follows from Egs.
(2.4)-(2.11) that kinematic singularities could occur on
the surfaces

ti=0 for j=1,2,...,n+1, (2.16a)
As(Q;,p) =0 for j=1,2,...,n+1, (2.16b)
A2(Q1,p4)=0, (2 16¢)
8505 pis,p)) =0 for j=1,2,...,n+1. (2.16d)

We have not listed here the singularities due to the
vanishing of the above-mentioned pseudoscalar prod-
ucts; they can be treated by the method used for helicity
amplitudes in Ref. 1.

It is convenient to have the following concepts and
notations, introduced in Ref. 1. An amplitude 7'} is
said to be b-analytic if it is analytic, except possibly for
dynamical singularities and for the occurrence of the
pseudoscalar variables. Moreover, the notation

g~ f(Z) at Z=Z, (2.17a)
means that g(Z)— f(Z) is b-analytic at Z=Z,, and

¢(D~s f(Z) at Z=Z, (2.17b)
means that g(Z)/f(Z) is b-analytic at Z=Z,.

III. KINEMATIC SINGULARITIES

Each of the singularity surfaces (2.16) is now treated
one at a time, by use of the general procedure described
in Ref. 1. As we shall see, special attention must be paid
to those surfaces pertaining to the left and right ends of
the multiperipheral chain of Fig. 1.

In the treatment, we assume that whenever one of the
Gram determinants (2.16) vanishes, all the others do
not. As was discussed in Ref. 1, the problem of “coin-
ciding singularities” is really a harmless one in the sense
that the combination of the separate singularity struc-
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tures on two (or more) of the surfaces (2.16) gives the
structure of the coinciding singularities also.

A. t;=0 Singularity for j=1,2, ..., nt+1

If the masses obey M,#M, and M., My, the
treatment in this section applies without restrictions.
The case when these inequalities are not true is treated
in Secs. III B and III C.

At t;=0 we find from Egs. (2.5)-(2.8) that a;, gj—1,
gj, and £; are singular. In fact, using the notation (2.17),
we find®? at ¢;=0,

aj~y [£3In(—t)] if Re(pi0)=20

for j=1,2,...,n+1, (3.1a)

gi~a [£3In(=4)] if Re(QiQ541)=20
for 7=1,2,...,n, (3.1b)

g~y [£3In(—1)] if Re(QQ;-1)20
for j=2,...,n+1, (3.1¢)

if Re(Q;p;) Re(Q;pi—1)>0,
if Re(Qjp;) Re(Qjpj—1) <0
for j=1,2,...,n+1, (3.1d)

while those cases not covered by the general formulas
are

L~ (1)

f—imx (—4)'

go~g [EFIn(—t)] at 6=0
if Re(p.01)20, (3.1e)

G~y [£3 In(—ty)] at =0
if Re(Qup1ps)20. (3.10)

Now, since Re(Q;Q;11) equals Re(Q;p;) at ¢;=0, with
similar relations for the other real parts entering in
Eq. (3.1), it follows immediately that

gj—1+¢q; is analytic at ;=0

if Re(Q;p) Re(Qip;-)>0, (3.2a)
gji—1—¢; is analytic at ;=0
if Re(Qips) Re(Qipj—1) <0
for j=1,2,...,n+1; (3.2b)

note in particular the correlation with Eq. (3.1d).

If, in the definition of the state vectors, the lab
system is chosen as the system b,, it follows from Egs.
(2.12) that the potential singularity at #=0 for
7=1,2, ..., n+1, will occur only in the states | ps,ms)
for k=73, j+1, ..., n+1, b. If here £ j, one may use
commutation rules for Lorentz-group generators' to
deduce

B.(¢j-1)B:(£5)B.(g;) = exp[ — (g1t ¢) K ]
X exp[ —i¢;(K, coshq;— J, sinhg,) ], (3.3a)

12 For a function #= f(Z) that is positive in the physical region
the continuation of #!/2 is throughout this paper defined to have a
positive real part or, if # <0 is real, to have a positive imaginary
part. Therefore, we shall always in a statement referring to the
sign of Re(#!?) include the implication that if Re(#!/2)=0 but
#7#0, we mean the sign of Im (%1/2).
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which from the relation (3.2a) shows that this product
of boost operators is analytic at #;=0 if Re(Q;p;)
XRe(Q;p;—1) is positive. If it is negative, one must
instead write

BZ(‘ZJ‘—I)Bx (gj)Bz((Ij)
=exp[ —i(gj1—¢)K.] exp[ —i(im)K ]
Xexp[—1(¢;—1mw) (K, coshq;—J, sinhg;)] (3.3b)

to obtain an analytic expression.

For the state |p;,m;) the only modification is that the
boost operator B, (a;) replaces B.(¢g;) in Egs. (3.3); the
conclusion again is that there are no singularities.

In summary, there are no {;=0 singularities in the
state vectors (2.12). By assumption, there are therefore
no kinematic singularities in the BCP amplitudes at
t;=0. This conclusion applies at ;=0 only for M, M,
and at £,;1=0 only for M 17 M. If these inequalities
are not fulfilled, there will be singularities, as discussed
in Secs. IIT B and III C.

B. ;=0 Singularity for M,= M,
In this mass configuration we have

As(paypo) = D2(pa,01) = Aa(po,01) = (— 1) (M *—1th)
(3.4)

so that Egs. (2.5) and (2.6) imply, in the notation
(2.17),
tl=0,

t1=0,

(3.5a)
(3.5b)

go~x (—t)'? at
Qo— o~ x (*—tl)lﬂ at

while @; and ¢; have the behavior given by Egs. (3.1a)
and (3.1b) for j=1. Finally,

sinhf1=17 at #=0, (3.6a)
coshér~y (—8)Y2 at 4H=0, (3.6b)

from which we conclude
Etgim~y (—t)? at 4=0. (3.6¢)

No other group parameters are singular at #;=0.
It is here convenient to identify the lab system with
the system (2,0), so that

[Pasa)y=B.(—q1)Bo(—£1)B.(—q0) | 0,ma),  (3.7a)
| po,mo> = Bz(— QI)BJ:(— SI)BZ(O‘O_QO) I Oam0> ) (37b)
| p1,m1)=B.(a1—q1)| 0,m1). 3.7¢)

No other states have parameters singular at £1=0. Note
also that a;—g¢i is analytic at #;,=0, implying that
| p1,71) has no singularity either.

Now, the commutation relations for Lorentz-group
generators allow us to write

B.(—q1)Ba(—£1)
=exp[i(&1+3im) (K, coshgi— T, sinhgy) ]

Xexp[—i(3im)K ] exp[i(ig1)J 4], (3.8a)
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and, furthermore,

exp[i(ig1)Jy 1B:(—q0)
=exp[igo(K , coshgi+iK , sinhg:) ] exp[4 (1) v -
(3.8b)
Therefore, from Eq. (3.7a), we have

Ipa;ma> = (---) exp[i(ig)J ] I 0,724)
() [0 e (—ig), (39)

where the dots indicate factors that are analytic at
t=0.
In an analogous fashion, we find

| poymo) = (- - +) exp[i(igi)7, 1] 0,m0)
= ( ) 2 [0,m0,>d7no’moa°(_iql)- (3-10)

As a consequence, the amplitudes may be written

Ttm ZA{mo', . ma',mb)dm,,'maua(_iql)dﬁmo'*moqo(_igl) ’

(3.11)

where the functions A} are all b-analytic at #;=0, and
where a sum over m, and m, is understood. The
kinematic singularity of the BCP amplitudes 7'} at
t1=0 for M,=M, is therefore contained in the two d
functions of Eq. (3.11). They may be coupled, and the
resulting d function explicitly expanded in powers of
(—t)"? in a manner used many times in Refs. 1 and 2.
We give this expression in the summary, Eq. (4.1).

C. t,11=0 Singularity for M, 1= M,;

An argument paralleling that of Sec. ITT B shows that
the amplitudes have the representation

Timy=B. v mﬂ+1’;ma,mb'}dmb’mbﬂb(_iQn)

Xd—mn+1’—mn+lo—"+l(_iqﬂ) ) (3'12)

where the functions B{,} are all b-analytic at £,,1=0 if
M, 1=Ms, and the kinematic singularities of the
amplitudes therefore are contained in the d functions
with the singular argument given by Eq. (3.1¢) for
j=n+1.

D. A:(Q;,p;) =0 Singularities for j=1,2, ..., n

For convenience, the two cases Ax(Q1,p.)=0 and
A9(Qni1y puy1) =0, affecting as they do the two extreme
vertices in the multiperipheral chain, are treated
separately in Secs. IIT E and III F.

Since

A2(Q)ypi) =A2(Q5,Q541) =82 (Qir1,05),  (3.13)

it follows from Eqs. (2.7)-(2.9) that «j, gj, £, £41, and
k1 are singular at A (Qj,p;)=0 for j=1,2, ..., %n.In



2260

particular, when the notation (2.17) is used,
ajF gim~x [Da® (Q5p1) ] at D2 (Q;,05) =0, (3.14a)

where the determinant A:(Q;,p;) has been factorized
into the two functions!

Dy ®(Q5,p5) = Qipi£iM ;(—1;)'%.
Similarly,
qi™~x [D:(Q5,Q511) ]

(3.14b)

at Dy (0;,041)=0,

(3.15a)
gi—im~y [D:7 (05,0541 1% at D (Q4,Qi41)=0,
(3.15b)
where we introduce
Dy®(Q,0441) =QiQia=E (=) (—t50)"2. (3.15¢)

Moreover, for the x-boost parameters we find, at

A5(05,0541) =0,
£~ [£3 nA2(Q5,0441) ]

for Re{--- }J‘ERG{ (-—tj)_”?l:Qj pj_l:” 20, (3.16a)
Qi pi
£~y [£3 InAs(Q5,0541) ]

Qi1 ps

20.
Qi1 Pm:” <
(3.16b)

for Re{---}u= Re{ (_iﬁl)ﬂ/zl:

Here, the notation for Gram determinants follows Ref.
1; see also the Appendix.
Finally, for the z-rotation angle one has

sinuj i~ [A2(05,0540) 172 at As(Q4,041) =0,
(3.17a)

while a short calculation using in particular the deter-
minantal identity (AS5) of Ref. 1, leads to

cospz1=kd at  As(Q;Q41)=0, (3.17b)
K=:‘:1 lf Re{--‘},-Re{“-}Hl%O, (317C)
d=21 if Dy (050500 =0, (3.17d)

where the notation introduced in Egs. (3.15¢) and
(3.16) has been used.

The states (2.12) affected by A:2(Q;,p,) =0, 7=1, ...,
n, are |pr,mr), k=7, j+1, ..., n+1, b. For all except
k=7, the relevant operators B,(§;), B.(¢;), R.(uj1),
and B,(%;41) are treated as follows. First, commute to
obtain

R.(ujr1) Bz (1) =exp(—if 1K)

Xexp[—iijrl(]z COSth_H—Ky sinh$j+1)] . (318&)
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Next, use
exp(—ig;K.) exp(—if;1K ) =exp(—1i£1K2)
Xexp[ —ig;(K. cosh&;p1+J, sinhgj4) ] (3.18b)

to find that the two operators B,(%;) and B.(¢;1) have
been brought to adjacent positions in the operator
product.

Now, provided D™ (Q;,Q0;41)=0 and Re{---};
XRe{---};11 is negative, our being able to handle the
operators as we did, together with the behavior (3.15a),
(3.16), and (3.17), shows that the operator product has
no singularity here. For the remaining three combina-
tions of the signs « and & in Eqgs. (3.17¢) and (3.17d), an
appropriately modified procedure shows that in no case
have the states |px,ms) (for k=j+1, ..., 2+1,5) any
singularities at Aq(Q;,p;)=0 (for j=1,2, ..., n).

It remains to consider the state |p;m;). Here, the
singularity is contained in

Bo(£)B:(a;)| 0,m;)
=exp[ —i(ajF3ir) (K. cosh§;—J, sinhg;) ]
Xexp[Fi(yim)K.] exp[=i(i£)7, ] | 0,m;)

= () Z 10m) omgoms® (Fik) (3.19)

where the dots indicate factors that are analytic at,
respectively, Dy (Q;,p;)=0.
In summary, the BCP amplitudes may be written

T{m} =C{ cemt, oL yma,mp) &) (j)dmj’mjvj (ilgj) ) (3'20)

where the functions Cin)® @ are all b-analytic at,
respectively, Dy® (Q;,p;)=0 for j=1,2, ..., n,so that
the kinematic singularities of the amplitudes are con-
tained in the d functions. The explicit representation of
the amplitudes in powers of D@ (Q;,p;)!/? is given in
Eq. (4.4).

E. A:(Qy,p.) =0 Singularity

The group parameters, being singular, are now ao, go,
and £;. It is therefore convenient to identify the lab
system with the system (1,7), in which

| Daya)=Bo(—E)B.(—q0) | 0ma),  (3.21a)
|po)m0>=Bx(—El)Bz(ao—‘(]0)lo,m()), (321b)

and no other states contain any singular parameters.
If Ay(paypo) is factorized into

Dy (paspo) = papot M oMo, (3.22)
the usual arguments lead, in the notation (2.17), to

QQ—I—%’L.WNX [D2(+) (pa3P0):|1/2 at D2(+) (P(HPO) =0 )

(3.23a)
at Dy (pa,p0) =0
if M.2M,. (3.23b)

qogim~ 5 [Dos (paspo) I
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The case M,=M,, already treated in Sec. III B, is
neglected in Eq. (3.23b). Similarly,

qo—ao—3im~ 5 [D2® (pa,po) ]/

at Do (pa,po)=0, (3.24a)
go—ao:i:%iﬂ-wx [D2(—) (Paap0>]1/2
at D2 (pa,po)=0 if M.2M,. (3.24b)

Finally, as in Sec. III D,

cosh;

}"’x {A2(Q1,pa) )% at  As(Q1,p.)=0. (3.25)

Sil’lhgl

Consequently, the same technique as used in Egs.
(3.19) and (3.20) leads to the representations

Tt =Eime, .. ima" mp)Amgrme" (1) dmome®® (i£1) ,  (3.26a)

where the functions E(,) are all b-analytic at

Dy (paypo) =0,

and

T{m}zF[mo’, ...;ma’,mb} (i)dma’mada(iigl)dmo’movu(q:igl)) .
(3.26b)

where the functions F(, @ are all bd-analytic at

Dy (pa,po)=0 provided M,2M,; the signs in Eq.

(3.26b) correlate with this inequality. Again, the

explicit dependence on [ D™ (p,,po) 112 is given in the
summary, Eqs. (4.2) and (4.3).

F. As(Q.11,01) =0 Singularity

Arguments similar to those in Sec. III E show that
the BCP amplitudes have the representations
T{ml =G{ .o .,mn+1';ma,mb’}dmb’mbab(ign-{—l)

deﬂ+1’mn+1”+l(ifn+1); (3.27a)

where the functions Gin)
Dy (py,pnr1)=0, and

are all bd-analytic at

T{m} =H{ .. .,mn+1’;ma,mb’} (i)dmb’mbdb(:i:ign_'.l)

defz+1'mn+1”+l(:’:7:£n+1) , (3.27b)

where the functions Hin) @ are all b-analytic at
Dy (po,pay1)=0 if My2ZM,,1; the signs in Eq.
(3.27b) correlate with this inequality.

G. A;3;(Qjpj—1,p;) =0 Singularities for j=2,3,...,n

The cases j=1 and n-+1 are slightly more compli-
cated and are treated separately in the two following
sections.

It is clear from Sec. IT A that only &;, yj, and pj;q1 are
singular at A3(Qj,p;—1,p;) =0, for j=2,3, ..., n.
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In particular, using the notation (2.17),

£i~x [D3 (Qy5 pi—1,p) 12

at Dy (Qy; pi—1,07)=0, (3.28a)
Ej—l'ﬂ’\’x [D3(_)(Qj; Pj—l?Pj)]1/2
at D3 (Qj; pi—1,p7)=0, (3.28b)

where A;(Q;,p_1,p;) have been factorized into the two
functions!

D& (Q5; pi—1,05) =[22(Qs,p5—1) 1" [A2(Qssp5) ]2

Qi pi—
:i:[ L ] . (3.28)
Qi pi
Moreover, both sine and cosine of u; and pj1 behave as
[A3(Q;,pi—1,p5)T7'7%, and a short calculation shows

tanu;1=Ftanu; at Dg(i)(Q]’; Pj_l,Pj)=0. (329)
It follows immediately that
ﬂj:i:[.tj+1 is analytic at D3 &) (Q], Pi—bi’i) =0. (330)

In the state vectors |pgmi) (for kE=j+1,...,
n+1, b), we find, for the relevant operators,

R.(u)Bo(£)R. (ujs1) =R.(ujtpis1)

Xexp[ —i£;(K ; cospjp1+ K,y singjp1)],  (3.31)

so that this operator product is analytic at D (Q;;
pi—1,05)=0. A similar argument using instead Eq.
(3.28b) leads to the conclusion that the product is
analytic also at D3 (Q;; p—1,p5)=0.

Concerning the state |p;,m,), the appropriate pro-
cedure is to write

R, () B2 (&) =exp[ —i£;(K; cosu;— K, sinu;) ]
Xexp(—iuiJ.) (3.32)

in order to find that the singularity of this state occurs
only in a factor exp(—ium;) at DsP(Q;; pi1,p5)=0.
By a similar argument, the singularity at D;™(Q;;
pi1,p;) =0 may be isolated in a factor exp (tu;m;).

As a consequence, the kinematic singularities of the
amplitudes are given by the representations

Tt =Nty @ @ exp(d=ium;) , (3.33)
where the functions N{n}® @ are b-analytic at, re-
spectively, D3@& (Q;; pj-1,p;)=0 for j=2, ..., n; the
notation (3.28c) is used. The angle u; is given by Egs.
(2.9).

Because the angle u; depends on the pseudoscalar
product €(Q;,p;-1,pi,ps—2), the singularity (3.33) cannot
be written unambiguously in powers of [D;™®(Qj;
pi-1,p;) JV/2; this circumstance is discussed in relation
to Eq. (4.50) of Ref. 1.
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H. A3(Qupo,p1) =0 Singularity

Here, £1 and us are singular; in particular, Egs.
(3.28) apply also in this case with j=1. It is therefore
convenient to identify the lab system with the one ob-
tained from (1,) by a 2 rotation R,(—gus), in which
system the states containing any singular parameters
are

]pagma>=Rz(~ﬂ2)Bz(— El)Bz(_qo) | oymu> ) (3343')
| po,m0)=R.(—p2) Bo(—£1) Bo(20—q0) | 0,m0),  (3.34b)
[ppml):Rz(“#?)BZ(al) [0’m1>- (3.34c)

The usual technique therefore allows us to write

Tt} =N} B D exp[ —tus(Fmatmo+mi) ], (3.35)

where the functions N, @& ® are b-analytic at, respec-
tively, D3 (Q1; po,p1) =0 in the notation (3.28c). The
singularity of the amplitudes is thus contained in the
exponential factor, with u» given by Egs. (2.9) for j=2.

I. A3(Qui1yPnyPni1) =0 Singularity

In a manner analogous to the treatment in Sec. IIT H
one deduces the representation

Ttm) = Nim) E O exp[ Fipny1(my—mni1) |, (3.36)

where the functions Nm® @+ are b-analytic at,
respectively, Ds@ (Qny1; Pnypra1) =0, and uny1is given
by Egs. (2.9) for j=n+1.

IV. SUMMARY OF RESULTS

In summarizing the findings of the detailed investi-
gations in Secs. IIT A through III I, it is convenient to
appeal to the multiperipheral picture, Fig. 1. Indeed,
our results show that the kinematic singularities of the
BCP amplitudes, apart from the A;(Q1,p0,p1)=0
singularity, are always associated with a particular
vertex in the multiperipheral chain. Of course, this is
just a reflection of the way the BCP amplitudes are
defined. We now proceed to exhibit our results in the
concepts and notations laid down in Fig. 1.

A. Leftmost (po—po— Q1) Vertex

There is a t;=0 singularity only if the masses are
equal, M ,=M,. In that case, invoking a method applied
several times in Refs. 1 and 2, one concludes from Eq.
(3.11) that the amplitudes have the representation

0. 0o ]\ exp[ 3t (J+m)]
Tim)=
! -EO EO <ma —myg m/[(]+m)!(]—m) 12
X (=)~ PLm(—=t)"2]Pas tm @,

where the standard notation for Wigner’s 3-5 symbols!®

(4.1)

13 A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton University Press, Princeton, N. J., 1957), pp. 46 ff.
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is used, and where the functions aj (~}®» have no
kinematic singularities* at #;=0 provided M,=M,;
they are, moreover, independent of the magnetic
quantum numbers 7, and .

Note that the singularity structure (4.1) is very
similar to that of the 2-to-2 particle helicity amplitudes
as given in, e.g., Eq. (4.5) of Ref. 2. As there, suitable
linear combinations of the amplitudes may be formed
which have still simpler kinematic singularities; viz.,
they equal a power of (—i1)!/2 times a function kine-
matically regular at £;=0.

At the incoming-state threshold 1= (M,+ M,)? for
the #; channel, i.e., the reaction a+0— 1+2+4---
+ (n+1)+b, one may, from Eq. (3.26a), deduce the
representation

oo 00 J\ exp[3ir (J—m)]
ma mo mI[(T+m)(J —m) 2
XLt (M oMo T

XA{m[ —ti+(Ma+Mo)* ]2} Pe s (m) @,

Tw=2 2 (

J=0 p=0

4.2)

with all the functions e (»}® kinematically regular at
th=(M,+M,)? and independent of m, and me The
analogy to the 2-to-2 particle helicity amplitudes, Eq.
(2.14) of Ref. 2, is evident.

Similarly, at &=(M,—M,)? and depending on
whether M,>M, or M,<M,, Eq. (3.26b) may be
transformed into the representations

g, oo J \ exp[ir (JFm)]
=2, 2, <m —mo mI[(T+m) (T —m) ]
XLt (M= Moy T

X{m[—ti+(Mo—Mo)* 12} fr tm) PP, (4.3)
where the functions fr,(m)® @), being independent of
mq and mg, are without kinematic singularities at the
ti-channel pseudothreshold #;=(M,—M,)? and the
signs correlate to the mass inequality M,2 M, The
2-to-2 particle analog is now Eq. (2.21) of Ref. 2.

The “Toller-angle singularity” at Az(Q1,p0,p1)=0 is
exhibited in Eq. (3.35) and further commented upon in
Sec. V.

B. Rightmost (ps—pr—1— Qnt1) Vertex

By Eqgs. (3.12) and (3.27), the singularities involving
only the variable ¢,,; are obtained from the results of
Sec. IV A if the substitutions ¢ — b, 0 —(n+1), and
t1 — tny1 are made throughout.

The Toller-angle singularity at As(Quai1,Pnypnrr)=0
is exhibited in Eq. (3.36).

“In these summary sections we use phrases like ‘“have no
kinematic singularity’”’ to mean ‘be b-analytic” as given prior to
Eq. (2.17), and in Ref. 1.
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C. An Internal (Q;— p,— Qj;1) Vertex for j=1,2,...,n

From Sec. III A, the BCP amplitudes have no kine-
matic singularities at £;=0, with the exceptions already
covered by Eq. (4.1) and its rightmost vertex analog.

Furthermore, the results of Sec. ITI D, in particular
Eq. (3.20), imply

exp[3im (o5Fm;)]
Llojtmy) ! (oj—m;) ]
XA{tir (=) M 1y eil?
XEO {m Lt ((—t) 20 2] )P

X Cim} O () ,

{m} =

(4.4)

where the functions ¢{m}® @ ®) are independent of m;
and have no kinematic singularities at the ‘“‘threshold
parabola”” ;1= (1}?4M;)?, respectively, for each
=12, ..., n

Finally, the Toller-angle singularity at

A3(Qjypi—1,0:)=0
is exhibited in Eq. (3.33).

V. CONCLUDING REMARKS

We have in this paper investigated the kinematic
singularities of the BCP amplitudes as functions of the
invariant variables. In its choice of variables our
approach generalizes the conventional lines followed for
2-to-2 particle reactions, where a knowledge of the
kinematic singularities in terms of invariant variables!
is essential in understanding the kinematic constraints
that any model, in particular the Regge-pole model,
must obey.

Toller and his collaborators®#1° have taken another
approach. They consider the amplitudes as functions of
the momentum transfers squared and of certain Lorentz-
group parameters which are similar, although not
identical, to those specified by BCP? and CD,? and
proceed to show that, with proper conventions, there
are no kinematic singularities in these variables. More-
over, as a consequence of having ‘‘too many’ variables
in this group-theory approach, the amplitudes obey
certain covariance conditions.

The amplitudes in the BCP and CD conventions,
being a particular realization of the Toller amplitudes,
are still not unambiguously defined, since they leave
open the choice of the y axis in the definition of the rest
system b; for each of the reacting particles; it goes
without saying that this is not a defect of their con-
ventions. In the CD language, it means that the two

15 See, e.g., Ref. 1 for a list of references.

z-rotation angles »; and p; are not uniquely defined.
However, the “Toller angle” w;=v;+p;j;11s unique once
the other conventions have been accepted.?

In order to have a unique set of amplitudes in our
approach, we have had to specify unambiguously the
rest systems b;, amounting to a more or less arbitrary
definition of the angles »; and u;. However, from the
fact that w; is independent of this definition it follows
that the only place where these conventions are of any
importance is in the A;=0 singularities exhibited in
Eqgs. (3.34), (3.36), and (3.37). Namely, independent
of the choice of y axes, if there is a kinematic singularity
at a surface A3;=0, it will occur in (a product of) factors
e'm¥, where the sine and cosine of the angle y are
proportional to (A;)7'/2; we have not specified the
arguments in the A; Gram determinant here, since they
may depend on the conventions. Moreover, the a prior:
possibility exists that some convention could be found
for which there are no A;=0 singularities at all. We have
not been able, however, to find such a convention, at
least not without introducing other singularities.

Apart from these circumstances, related to the choice
of z-rotation angles, the kinematic singularities of the
BCP amplitudes involve only the momentum transfers
squared in a way which seems useful for a subsequent
multi-Regge-pole analysis incorporating problems aris-
ing from spin.
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APPENDIX: NOTATION FOR DETERMINANTS

For convenience we repeat here the determinantal
notation of Ref. 1.

The Gram determinant between two sets of # four-
vectors {g;} and {r,;} is denoted

ql q2 oo qn
det(qﬂ'k)El: :l . (A1)
71 79 e e n
and the symmetric ones
ql g2 “o Qn
An(gu,gs- - -,gn) = <~>”“[ ] . (A2)
gl g2 oo qn
Finally,
€(91,92,93,94) = €127 s q4” (A3)

where €, is the completely antisymmetric isotropic
tensor Wlth €0123= 1.



