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Measurements are reported of the high-field magnetoresistance and Hall efI'ect of both single-crystal and
polycrystalline indium. Although the magnetoresistance exhibited no pronounced crystal anisotropy, sub-
stantial deviations from Kohler's rule were observed. It is found that both the longitudinal and transverse
magnetoresistance increase linearly in high-purity specimens but not in impure material. Other deviations
from Kohler s rule are attributed to small-angle electron-phonon scattering. The Hall coe%cient of indium
was found to decrease slightly with increasing magnetic field. Measurements were made using dc techniques
as well as the standing-wave helicon method; in addition, solutions of the helicon wave equation for a finite
cylinder transverse to the magnetic field are considered.

I. INTRODUCTION

'iX this paper, we report on the results of a general
~ ~ survey of the high-held galvanomagnetic properties
of indium. Specifically, we have measured the magneto-
resistance and Hall coefficient of indium in both single-
crystal and polycrystalline specimens. Using aniso-
tropy measurements about principal crystal directions,
we have attempted to detect the presence of open
orbits, predicted by recent Fermi-surface calculations, '
as well as to investigate the possibility of magnetic
breakdown occurring at moderate-held strengths. In
polycrystalline specimens of indium we have investi-
gated the validity of Kohler's rule in the high-field
limit. Hall-coefFicient measurements in this fieM range
were also made and slight discrepancies were found
between our observations and the traditional theory
of the Hall effect.

The results of previous studies in indiuni single
crystals have generally agreed that the magneto-
resistance exhibits only a moderate amount of aniso-
tropy, with none of the sharp resistance maxima that
are typical of metals with open Fermi surfaces. The
transverse magnetoresistance of randomly oriented
single crystals of indium was studied by Borovik and
Volotskaya' and later by Volotskaya' in fields up to
35 kG. The rotation diagrams for their samples show
a small orientation dependence of the magnetoresistance
with a maximum deviation from isotropy of 15%.
However, there is no obvious crystal symmetry in
their data, so it is not clear whether the observed
anisotropy is actually due to the indium crystal struc-
ture or whether it is merely a consequence of sample
probe efI'ects. Recently, Gaidukov' has studied the
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transverse magnetoresistance in high-purity oriented
single crystals of indium whose major axes were aligned
along the $001], L110j, and L101j crystal directions.
His measurements, which were performed at field
strengths below 24 kG, show a small deviation from
isotropy of not more than 7% Our own measurements
of the transverse magnetoresistance in single-crystal
indium samples were performed at somewhat higher
fields than previously reported. Although there is
evident crystalline symmetry in rotation diagrams
obtained about principal crystal axes, our measure-
ments are nonetheless in agreement with previous
results which show little pronounced anisotropy.

In addition to measurements on single-crystal
specimens, we have also investigated the magneto-
resistance of polycrystalline indium. Our intent was
to study two basic features of the magnetoresistance:
(a) the extent to which saturation occurs at high-field
values, and (h) the validity of Kohler's rule in the
high-field limit. Measurements of the magnetoresistance
of polycrystalline indium have been reported by several
authors generally in connection with size-eEect studies.
Observations by Olsen' below 10 kG show saturation
of both the transverse and longitudinal magneto-
resistance to occur in bulk samples of indium. Measure-
ments by other authors ' generally confirm this finding,
although for some specimens the saturation is not yet
complete at the highest field employed. Observations
by Blatt, Burmester, and LaRoy9 of the transverse
magnetoresistance of poly crystalline indium wires,
however, suggest that the magnetoresistance increases
linearly with field in the high-field limit. This non-
saturation, which was also observed by Gaidukov' in
some single-crystal specimens, is in direct contrast to
the theory of magnetoresistance proposed by Lifshitz,
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Azbel, and Kaganov, ' which predicts that strict satura-
tion should always occur for uncompensated metals
with closed Fermi surfaces. However, a linear term is
known to occur in the high-held magnetoresistance of
many simple metals, including potassium, ""sodium, "
and aluminum, " and is thought to result from details
of the scattering process which cannot be incorporated
into a simple relaxation-time approximation. %e have
observed a linear term in both the transverse and
longitudinal magnetoresistance of many indium samples
and have determined some of the parameters on which
it depends.

There is general agreement in the literature that
Kohler's rule is extremely well obeyed in indiuni for
co„.7-&1. However, in the high-field regime, deviations
from Kohler's rule have been observed in indium by
several authors. Measurements by Olsen' show a
slight temperature enhancement of the Kohler vari-
able Ap/p(0) in bulk specimens at high fields. Because
this enhancement, which has been reported by several
authors, 7 ~ is most pronounced in thin specimens, it
has generally been attributed to the size-effect mech-
anism. Our observations suggest that it may also be
important in bulk material.

In addition to the magnetoresistance, we have also
measured the high-field Hall coefFicient of both poly-
crystalline and single-crystal indium in fields up to 140
kG. Previous measurements of the Hall coefficient of
indium" '~ have been in agreement that the coefFicient
is satisfactorily explained in terms of the traditional
theory which maintains that, for co,))1, R(H) —+ 1/
ec(ei —n.); here rii and n2 represent the carrier density
of the hole and electron bands, respectively. Our
measurements show, on the other hand, that there is
a slight variation of the indium Hall coefIicient in this
field region, with R decreasing slightly at the higher
fields. Penz has previously reported such a field de-
crease in the Hall coefFicient of potassium using the
helicon wave technique. """ Our measurements were
performed using both the dc and helicon method, and
we have observed a decrease of R(H) in a number of
metals besides indium. "
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II. EXPERIMENTAL DETAILS

A. Helicon Method

In these experiments both the dc and the helicon
methods were used to measure the Hall coefFicient and
magnetoresistance. The helicon technique offers the
advantages inherent in a probeless method; this was
particulary important in anisotropy studies in single-
crystal samples where dc probe effects are known to
have complicated much of the existing data. 4' Further-
more, with the helicon method it is not necessary to
reverse the direction of the magnetic field for each
measurement; this is a significant advantage when
superconducting solenoids with lengthy ramp times
are used.

The helicon method is not without its own dis-
advantages, however. YVhile helicon measurements of
the Hall coefFicient in single crystals are relatively
unambiguous, magnetoresistance measurements are
complicated by the fact that the helicon samples the
average tensor element (p„+p») over the entire
Fermi surface. " This is not important when H is
oriented along a fourfold symmetry direction, but it
makes interpretation of the data rather confusing
when this symmetry does not exist. Furthermore, one
must exercise considerable care to ensure that the
sample being investigated is firmly cemented to the
sample holder; if this is not done, sample vibration can
occur with the eA'ect of degrading the helicon amplitude.
In rotation experiments this can be particularly trouble-
some at fields above 20 kG and leads to rotation dia-
grams not unlike those caused by probe effects in dc
magnetoresistance studies.

Figure 1(a) shows the instrumentation used in the
conventional standing-wave helicon experiments. An
audiofrequency voltage is generated in the audio-oscil-
lator, converted to an ac current by a power amplifier,
and connected to a helmholtz coil which supplies the
driving field for the helicon. The signal voltage from
the pickup coil is then amplified by a broad-band ac
amplifier, and after integration is applied to the X-V
recorder. Simultaneously, a voltage proportional to the
frequency of the driving signal is applied to the X
input of the recorder. The resulting trace corresponds
to the modulus of the standing-wave resonance.
Because the signal voltages were typically of the order
of mU at the high fields used in this experiment, more
sophisticated synchronous detection techniques were
not required.

In this experiment, two saniple geometries were used:
Cylindrical samples were used for single-crystal aniso-
tropy measurements, while for helicon measurements
in polycrystalline indium, rectangular fIat-plate samples
were used. Solutions of the helicon boundary-value
problem for the rectangular-plate geometry are well
known; in the high-field limit the relevant expressions

"P. A. Penz, J. Appl. Phys. 38, 4047 (1967}.
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resistance and Hall coefficient. The sample current
was supplied by a constant-current source with a
sta.bility of better than 0.05%. The dc voltage from the
potential probes was amplified by a low-noise amplifier
and displayed by the digital integrating voltmeter;
with integration times of about l sec this system could
resolve voltage changes of about I n.v. Simultaneous
field plots of the probe voltage could also be traced on

the X-V recorder. Both superconducting magnets and
water-cooled copper solenoids were used; field measure-
ments are believed accurate to better than 0.1%%uz and a,re
traceable to NMR calibration.

A variety of potential probe material was used
including indium, copper, and phosphor bronze, and
probes were both soldered and cold welded to the
specimens. Considerable care was spent in minimizing
thermoelectric offset voltages; soft-drawn copper was
used for all wiring while terminal blocks were heat sunk
to large blocks of copper. For Hall-effect measurements
two samples were wired in series and Hall-voltage
measurements were performed simultaneously on each
sample. All dc measurements are taken to be the average
of normal and reverse field directions.

C. Sample Preparation

FIG. 1. Block diagrams of instrumentation used (a) in standing-
wave helicon experiments; {b) used in dc experiments.

for the fundamental standing-wave resonance are
given by"

(a„=nRIIo(1+ 1/u"-)"'-, (1a)

Vg ~i&. (1b)

Here cv„corresponds to the fundaniental helicon reson-
ant frequency, and V„represents the integrated signal
voltage. The quanitity u= RH p(p(H&) is the tangent of
the Hall angle and is related to the Q of the resonance

by I= (4Q' —1)"'. Thus, by measuring Q, pi„, and Vp
the Hall coefficient R and transverse magnetoresistance
p(Hp) can be obtained. The coefficient o is a constant
which is characteristic of the particular geometry of
the sample.

The boundary-value problem for a standing-wave
resonance in a cylinder whose major axis is transverse
to the static magnetic field has never been solved. %e
consider this problem in the Appendix and show that
Eqs. (1a) and (lb) are still applicable for this situation
provided that the coeflicient u is suitably changed to
account for the diferent geometry. Although the solu-
tions we have obtained for the transverse cylinder
problem are only approximately correct, the actual
numerical value of o, is immaterial to the present ex-
periment since we are concerned only with relative
variations of R and p(Hp).

B. de Method

Figure 1(b) shows the instrumentation used for our
conventional 4-probe dc measurements of the magneto-

The indium starting material used in this experiment
was obtained from the American Smelting and Refin-
ing Company and from Cominco, Inc. Polycrystalline
flat plates were prepared by pressing blocks of indium
between stainless-steel plates with Mylar sheets
separating the indium from the stainless steel. Poly-
crystalline cylinders of indium were extruded from
stainless-steel dies.

Single-crystal indium cylinders were obtained by a
crystal-pulling technique; an oriented seed crystal was
lowered into a molten pool of indium and then slowly
withdrawn. By carefully controlling the temperature
of the melt and the pulling speed, cylinders with diam-
eter variations of no more than a few percent could be
obtained; the crystallographic orientation of each
cylinder was then verified by x-ray analysis. Before a
run each sample was annealed at 50'C in air for several
hours and then loaded into the sample holder. After
each run the sample was x rayed again to verify that no
significant strain was introduced by confinement in the
sample holder.

III. EXPEMMENTAL RESULTS

A. Magnetoresistance and Hall Effect in Single-Crystal
Indium (Helicon Method)

In Fig. 2 are shown magnetoresistance rotation
diagrams for three single-crystal indium specimens. In
Fig. 2(a) the transverse magnetoresistance is given for
an unoriented single crystal whose cylindrical axis was
tilted about 10' from the L110) crystalline axis. The
anisotropy evident in this specimen was greater than
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Fzo. 2. Rotation. diagram of transverse magnetoresistance of
three single-crystal indium specimens; (a) Unoriented crystal;
I,
'b) rotation about $100j axis; {c)rotation about t 111jaxis.

that observed in any other sample and corresponds to
about a 15% deviation from the average value.

In order to determine whether sample nonuniformity
could be responsible for the apparent magnetoresistance
anisotropy, we performed measurements on an inten-
tionally deformed polycrystalline sample. In this highly
deformed specimen, whose cross section was roughly
elliptical with axes in the ratio 2: 1, the measured aniso-

tropy of both the helicon amplitude and frequency v as
less than 3%. Therefore, it appears that dimensional
uniformity is not a particularly stringent criterion for
performing accurate helicon measurements of the
magnetoresistance and Hall coefFicient.

Figure 2(b) shows the magnetoresistance rotation
diagram for a specimen whose cylindrical axis was
oriented to within 1' of the L100] cyrstalline axis.
The maximum deviation from isotropy about this axis
was only about 5%, with the magnetoresistance ex-
hibiting maximum values for the field aligned along the
L010] and t'001] directions. Although indium has a
tetragonal structure, the cja ratio is less than 1.1, so
that the rotation diagram shows nearly cubic symmetry.
There is a marked resemblence between Fig. 2(b) and
data obtained by Balcombe" for a similarly oriented
aluminum crystal; the magnetoresistance maxima and
minima have the same broad shape and occur in the
same crystal directions in the two materials. The Hall
coefFicient for this specimen was invariant to within
the experimental accuracy of 1%.

In Fig. 2(c) is shown the magnetoresistance rota-
tion diagram for an indium crystal whose cylindrical
axis was oriented to within 1' of the L111] axis. Al-

though the change in rnagnetoresistance was found to
deviate less than 3% from the average value, as ex-

pected from the symmetry of the crystal, there appear
to be three broad maxima in the rotation diagram
occurring about 60' apart. The Hall coefFicient of this
specimen was isotropic to within the experimental
error.

In general, no sharp maxima or minima were found
in either the magnetoresistance or Hall coefficient of any
of our samples. Furthermore, we found no difference
in the field dependence of the magnetoresistance for a
given specimen in different crystal directions; that is,
the shape of the rotation diagrams remained field-

independent up to 58 kG, which was the highest field
used. We performed particularly careful measurements
in principal crystalline directions, but could detect
no qualitative difference between the magnetoresistance
of our single-crystal samples and the polycrystalline
samples discussed in Sec. III B. Although in high-
purity samples the magnetoresistance increased linearly
with field, we could find no evidence for a quadratic
field dependence.

Thus, we are unable to detect the presence of open
carrier orbits as predicted by recent indium band-
structure calculations. ' However, these orbits, which
should occur in the L100] and L010] directions, are
expected to be very small in number and possibly are
not observable in fields below 60 kG.
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FIG. 3. Transverse magnetoresistance of three polycrystalline in-
dium specimens showing deviations from Kohler's rule.

3. Transverse and Longitudinal Magnetoresistance in
Polycrystalline Indium (dc Method)

In Fig. 3 is shown the field dependence of the trans-
verse magnetoresistance of three polycryst:alline indium
specimens of difI'erent purities. For curve C, which is
representative of specimens whose residual resistance
ratio p(290)/p(0) is under 8000, the magnetoresistance
has a broad "knee" which occurs at co,r=5—10. At
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while the opposite occurs with increases in impurity
scattering. Furthermore, the eRects of increasing the
temperature is merely to add a constant term to the
high-field magnetoresistance, but not to change the
field dependence of hp/po, . an increase in impurity
resistance, on the other hand, tends to suppress the
field dependence. This temperature enhancement of
the magnetoresistance does not occur at a uniform
rate: Some specimens show a much stronger tempera-
ture enhancement than other samples, yet there does
not appear to be any simple correlation with sample
impurity content. The pathology of this situation is
illustrated in Fig. 6, where we have plotted the longi-
tudinal magnetoresistance at fixed co,r as a function of
lattice resistivity for three samples. All of these mea-
surements were made at temperatures below 4.5'K,
and it can be seen that in this temperature range dp/pp
increases linearly with lattice resistivity. However,
it is also apparent that there is no clear systematic
variation of either the 7=0 value of hpo/p or the degree
of thermal enhancement with impurity content. In a
statistical sense, however, our observations suggest
that the thermal enhancement is greatest in high-
purity specimens.

In summary, therefore, it appears that in indium
both the longitudinal and transverse magnetoresistance
depend on the high-field limit on the mutual inter-
actions of impurity scattering and thermal scattering
as well as on crystal imperfections such as lattice de-
fects and strain. The eRect of impurity scattering is to
reduce or depress the eRects of the other mechanisms;
in view of this fact it is our belief that the magneto-
resistance of an "ideal" crystal at T=O is probably
nearly the same as that measured in our impure speci-

mens represented by curves C in Figs. 4 and 5. At low
temperatures, electron-phonon scattering enhances the
saturation value of the magnetoresistance but does not
affect its field dependence. While we have not studied
systematically the influences of strain, defects, slip
planes, etc. , it does appear that some or all of these
mechanisms can enhance the magnetoresistance of
indium as well as introduce a linear field dependence
at large values of co,r.

C. High-Field Hall CoeKcient of Polycrystalline
Indium (Helicon and dc Method)

We have measured the field dependence of the Hall
coeScient in a number of polycrystalline indium samples
in fields 20—140 kG. In all of these samples we have
observed the Hall coeScient to decrease slightly with
increasing field, usually about 2% over the field range
investigated. Although this field dependence does not
appear to be a bulk property of indium we cannot yet
report any obvious correlation with sample size,
impurity content, or preparation history. The smallest
relative decrease observed was 0.5%%uo.

In Fig. 7 is shown the field dependence of the Hall
coefhcient for two representative specimens. The data
in Fig. 7(a) were obtained from conventional dc
measurements, while those in Fig. 7(b) were obtained
using the helicon wave technique. In Fig. 7(a), the Hall
coeflicient is seen to decrease approximately 3.5%%uo

as the field was increased 20—100 kG this was the
greatest change observed for any of our samples. In
Fig. 7(b) a more typical decrease of 2%% was observed
over the same field range for the Hall coefficient of a
diRerent specimen.

There is at present no known explanation for this
eRect, although Penz" "has reported a similar behavior
in the Hall coefIicient of potassium from helicon mea-
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surements. We have confirmed his measurements on
potassium using the dc method, and in addition to
indium have also observed a field-dependent decrease
in the Hall. coefhcient of aluminum and sodium. '0 It is
worth remarking that the alkali metals exhibit a
substantially greater decrease than the other metals,
as much as 12'%%uo at 140 kG.

IU. CONCLUSIONS

The present existing theories of high-held galvano-
magnetic phenomena in metals make two specific
predictions: (1) the longitudinal and transverse mag-
netoresistance of perfect nietals with closed Fermi
surfaces should saturate strictly in the high-field limit;
and (2) the Hall coeKcient in such metals should be
independent of magnetic field, depending only on the
relative concentrations of holes and electrons.

Our measurements on indium show these predictions
to hold true in at best a semiquantitative sense or else
only under certain restricted conditions. We have
found the Hall coefFicient of indium to be slightly field-
dependent, even for cv, ~ as high as 300, while the
magnetoresistance is not only held-dependent at high
fields, but shows dramatic departures from Kohler's
rule. The shortcomings of the presently existing theories,
however, do not appear to arise from an incorrect
assessment of the inhuence of open orbits, magnetic
breakdown, or band structure on charge transport.
To the contrary, our studies show the Hall e6ect and
magnetoresistance in indium to be so very nearly
isotropic that it is difFicult to attribute any of our
anomalous findings to intrinsic features of crystal-
structure or Fermi-surface topology. Rather the dis-
crepancies between theory and experiment almost
certainly result from an oversimplified or unrealistic
treatment of the current relaxation mechanism. The
common assumption of a simple isotropic relaxation
time is likely to be valid in a real metal only for rela-
tively impure samples —a situation in which the re-
laxation process is thoroughly dominated by large-
angle impurity scattering. As could be expected, there-
fore, it is in our least-pure samples that we find the
greatest agreement between theory and experiment;
in fact, in these specimens we find the longitudinal
rnagnetoresistance to exhibit complete saturation,
exactly as predicted by the traditional theory. While
the transverse magnetoresistance shows a tendency
toward saturation, we definitely observe a weak field
dependence at high fields with Ap/pa increasing ap-
proximately as II'" in our least-pure specimens.

Pippard" has suggested that in aluminum small-
angle scattering between the second-zone hole surface
and the third-zone electron surface could lead to an
II't' rise in the high-field transverse magnetoresistance.
This increase with field, which is a general conse-

~A. B. Pippard, Solid State Physics (Gordon and 3reach,
Science Publishers, Inc., New York, 1969).

quence of the diffusion of carriers between hole and
electron orbits, should not persist indefinitely, however,
and at sufFiciently high fields saturation is expected to
be complete. Although this argument could be pre-
sumed to apply to indium also, we do not know whether
this is the mechanism responsible for the II'12 fieM
dependence which we have observed; because the
magnetoresistance of indium in this purity range
shows very little temperature dependence it appears
unlikely to us that small-angle scattering from other
sources could have a very strong effect.

It is in our highest-purity indium that the most
pronounced deviations from the conventional theories
have occurred, particularly with regard to magneto-
resistance measurements. Specifically, we have found
two distinct anomalies common to both the transverse
and longitudinal magnetoresistance. First, in the high-
field limit the resistance is not constant, but increases
linearly with magnetic field, the rate of increase deter-
mined by some as yet undetermined scattering mechan-
ism. Although this field dependence is not the result
of impurity scattering, it is evidently not simply the
result of small-angle scattering either, because low-
energy phonon collisions are observed to have no
detectable influence. Secondly, the "saturation value"
of the magnetoresistance, which we define to be that
high-field component, independent of field, does de-
pend on both lattice resistivity and sample preparation
history. The degree of enhancement of the saturation
value is not a simple function of sample impurity
content, however, but as discussed previously appears
to depend on the mutual interaction of a number of
scattering mechanisms.

A discrepancy between theory and experiment has
also been observed to a lesser extent in measurements
of the Hall e6ect, and many of the previous remarks
also seem pertinent here. The decrease of the high-
field Hall coefIicient with field does not appear to be
the result of explicit Fermi-surface features inasmuch
as (a) no anisotropy has been observed and (b) we have
noticed the effect to be even more pronounced in the
alkali metals. Although our evidence is less complete
here than with our magnetoresistance measurements,
it is probably reasonable to conclude that relaxation
processes other than ordinary impurity scattering are
involved.

Thus, we conclude that while the existing theory may
perhaps account satisfactorily for the high-field galvano-
magnetic properties of bulk metals, additional theoret-
ical work is required on the inHuence of various scatter-
ing mechanisms in real metals —mechanisms which
become predominant only in the absence of impurity
scattering. These include small-angle electron-phonon
interactions, electron-electron collisions, and scattering
due to extended lattice defects such as strain fields and
slippage planes. These mechanisms have the common
feature that they cannot be incorporated theoretically
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into a simple relaxation-time approximation, yet their
effect on transport phenomena in high-purity metals
may be profound. In fact, from an experimental point
of view, measurements of the high-held magneto-
resistance in high-purity metals may provide the most
sentitive measure possible of the details of some of
these subtle processes. In this regard, data on the longi-
tudinal magnetoresistance of metals will probably be
the most helpful because of the fact that the measured
quantity p„ is the simple inverse of a„.

However, precise quantitative data on these sophis-
ticated scattering mechanisms will probably be rather
difFicult to obtain. While it is relatively easy to regulate
the temperature or impurity content of a metal, it is
much more difFicult to control, for example, the strain
content or dislocation density. This difFiculty is es-

pecially compounded by the fact that it is necessary,
for the kind of measurements which we have described,
to work with metals whose impurity content is so low
that the residual resistivity is not dominated entirely
by impurity scattering.
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APPENDIX: HELICON PROPAGATION IN
TRANSVERSE CYLINDER

We are considering solutions to the helicon equation
for a cylindrical sample of finite length whose major
axis is transverse to a large static magnetic field 80. This
geometry is shown in Fig. 8 with the appropriate co-
ordinate system. For a simple metal with conductivity
0. and Hall coefficient R we have the constitutive
relation, in rationalized MES units,

E+RixS=(1/ )j (A1)

We write S=Sp+b(r, t) where Sp is the static uniform

~Radius a~ +L/2

FIG. 8. Transverse cylinder geometry and coordinate system.

magnetic field, and it is assumed that ~bt&&)Sp(.
Taking the curl of (A1) and making use of Maxwell's
equations, we obtain the well-known helicon equation

t,ab/at =Rvx L(Vx b) xs.j
+ (1/a) VX (VX b) =0. (A2)

We will suppose for the present that 1/a=0 and
neglect the third term in Eq. (A2); although the in-
clusion of this term is straightforward, the calculations
become needlessly complicated. We will state the results
of including a finite sample conductivity in our cal-
culations, however.

In cylindrical polar coordinates, the three components
of Eq. (A2) become

ab /at (RBp/—tip)vsb. sing= 0, (A3a)

abp/at (RBp—/ps) V'b, co&=0, (A3b)

ab, /at+ (RBo/po) P'sb b /ps —(2/ps) (—ah p/a&) j
X sing+ (RBp/tip) $W'bp bp/P'—

+ (2/p )asb, /a& j co&=0, (A3c)

where we have written b= (b„bp,b,) and where

1 a ab;) 1 a'b; a'b
V'b;= t' I-+—— +'

pap ap) p2 ay2 as&'

There are three solutions to these three coupled equa-
tions. Two of them relate b, and b~ tob, and are given by

b, = —ib, sing,

b~= —zb, co+.
(A4)

(A5)

(p p s, t) = b~+z~t s+*kzp+i spJ (kz~)' (A7)

Here J (k'p) is the Bessel function of the first kind of
integral order n, and ttz, k, and k' are related according to

(o= —(RBp/tip) (k "+k') . (AS)

If we now incorporate into these solutions the effect of
a finite sample conductivity 0-, the only consequence is
to slightly modify Eq. (AS) to include a damping term:

pi= —(RBp/tip) (k"+k') (1+i'/u), (AS')
where u= R800. is the tangent of the Hall angle.

Solutions (A4), (A5), and (A7) reproduce the
features of the well-known helicon mode; the magnetic
field vector b(r, t) rotates in the plane perpendicular
to the static magnetic 6eld 80 with the same sense of
polarization as the carrier cyclotron rotation. (A field
rotation in the opposite sense leads to a nonpropagating

Making use of (A4) and (A5) then reduces each of the
components of (A3) into the equation for b.

+iab./at+(RBp/tip)vsb, =0 (A6.)

Equation (A6) may be readily solved by standard
techniques to yield the general solution for b,
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mode which corresponds to the ordinary skin effect. )
We remark that up to this point we have made no
approximations other than to neglect the displacement
current in Maxwell's equations and to make the
linearizing assumption that ~h~&&~ Sp~.

We will now consider solutions to the boundary-value
problem appropriate to the sample geometry shown in

Fig. 8. Extensive discussions of the correct boundary
conditions have been given by I.egendy, " who con-
cluded that the appropriate boundary condition was

simply the continuity of all magnetic field components
at the boundary. In his treatment the vacuum field
was divided into a "driving" field which was set up by
the driving currents alone, and a "reflected" field due to
the currents in the sample. Our treatment is a less
sophisticated one which neglects the reflected field; it
is, in this respect, more in line with the analysis of
Chambers and Jones, " in which the helicon field inside
the metal was simply assumed to match the driving
field at the sample boundary. While neglect of the re-
flected field leads to a 5% error in the expected fre-
quency of the helicon for finite rectangular plates, we
might expect the error inherent in this approximation
to be substantially greater for cylindrical samples in
which it is possible to approximate only one infinite
dimension. While we have indeed found this to be the
case, our simple treatment nevertheless reproduces the
qualitative features of the observed standing-wave reso-
nances in cylindrical specimens.

We suppose that the driving field hp(t) is spatially
invariant and directed along the @=2~ direction. The
axis of the pickup coil is oriented at right angles to
both the driving field and BQ and thus detects the mean
field 5. averaged over the entire sample. Froni Eq. (A7)
it can be seen that only the n=o components of b.
will result in a nonzero net flux, so that it is necessary
only to evaluate an expression of the form

~L(2

k L/2

e*i'd (kz)

= (k'a) Ji(k'a) sin(ipkl. ). (A9)

Making use of elementary Bessel-function identities we
immediately conclude that the maxima in b, will
occur for

k'u= SQ

,'kl. = (2m+1) ,'em=—0—,.1, 2,
(A10)

where 5Q„ is the nth zero of the zero-order Bessel
function Jp(x). Therefore, the dispersion relation for
the standing-wave helicon resonance in a transverse

~ C. R. I.egendy, Phys, Rev, 135, A1713 (1964).

Resonant:e fex+H~l f Iheor~H~~ theo/ ex~

L
O

JD
0
Olo

CL

E

C
O
CJ

ID
X

4-
B

C

l60 2 I 4

l 020 I I60

2640, 2730

Indium Cylinder

diameter 2.75 mm

length 20mm

B,= 3.4W/m

I.34
I. I 4

l.03

I

IOOO
I I

2000
Frequency ( Her tz)

I

3000

FrG. 9. Standing-wave helicon resonances in. polycrystalline
indium cylinder. Unprimed letters refer to primary resonances,
while primed letters denote minor modes.

cylinder according to this simplified treatment is given
by:

RBp 1 —', Sp„' (2m+1)'n'
nm= i+ +

pO N2 — 82 I2
(A11)

"J. R. Merrill, M. T. Taylor, and J. M. Goodman, Phys.
Rev. 131, 2499 {1963).

The primary resonances will occur at frequencies 07 Q

and each will be accompanied by numerous "satellite"
resonances occurring at co„,these are exactly analogous
to the minor modes observed by Merrill, Taylor, and
Goodman24 in rectangular plates of sodium.

Figure 9 shows the standing-wave helicon resonances
obtained for a thin polycrystalline indium cylinder.
The primary resonances are identified by the unprimed
letters, while the primed letters are thought to denote
minor modes or satellite resonances. Figure 9 also
shows the agreement between measured resonant
frequencies and the frequencies predicted by Eq. (A11).
Although the theoretical frequency is in error by 34oro

for the fundamental mode, the agreement becomes
substantiall~ better for the higher-order modes; for the
u=3 resonance the discrepancy is only 3%%u~, which lies
well within the experimental error.


