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Phonon-Induced Corrections to the Ground-State Splitting of
S-State Ions in Cubic Crystals*
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The ground 'S and excited I.states of the Mn'+ ion are perturbed by the cubic crystalline held and mixed
by the spin-orbit coupling. A two-phonon Raman process, second order in the orbit-lattice interaction, is
fpund to contribute to the ground-state splitting. The theory is developed within the framework of Van
Vleck s small-wave-vector averaging procedure for acoustic phonpns. Both the zero-point vibrational con-
tribution and the temperature-dependent parts are calculated and compared with experimental measure-
ments in Mn2+-doped MgO. Good qualitative agreement between the theory and experiment is found but
quantitative agreement is not obtained.

I. INTRODUCTION

1934 Van Vleck and Penny' proposed that the
admixture of excited orbitally asymmetrical states

into the ground state via the spin-orbit coupling could
lead to a ground-state splitting in the S-state Mn'+('I", )
ion. Pryce' showed that Van Vleck and Penny's
mechanisms were not adequate to give the experi-
mentally measured magnitude of the anisotropy in

magnetic susceptibility, and proposed that a contribu-
tion would be obtained in relatively low order by use of
spin-spin interaction and the admixture of states outside
the ground configuration. Watanabe' not only calcu-
lated the zero-field splitting for the spin-spin contribu-
tion, but also considered the admixtures of the excited
states into the ground state by the spin-orbit coupling.
Since the calculated results of Watanabe were smaller
than the experimental measurements, Kondo4 calcu-
lated the covalent contributions and managed to fit his
calculations with the experiment in a somewhat phenom-
enological manner. Blume and Orbach' calculated the
cubic crystalline field perturbation of excited quartet
states only, and admixed them into the ground '5 state
by spin-orbit coupling. I eushin' considered these admix-

tures not only by the spin-orbit coupling but also by
the spin-spin interaction and calculated the ground-
state splitting of the Mn'+ ion in low-symmetry
systems. Bersohn and Das7 obtained the perturbation
of the one-electron orbitals by an axial potential, using
a variational technique and solving the first-order per-
turbation equations numerically. Chakraverti applied
this method to a number of iron-group ions using
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Slater wave functions for which one can obtain analytic
expressions for the solutions of the first-order perturba-
tion equations. Orbach, Das, and Sharma' considered
the configurational interaction and obtained numerical
solutions of the one-electron Schrodinger equation using
appropriate Hartree-Fock wave functions. We refer the
reader to the work of Sharma et at'" for a summary of
some of these methods. In the case of rare-earth 5-state
ions, attempts" have been made to calculate the
orbit-lattice-interaction contribution to the spectral
shift using wave functions that were not perturbed by
the crystalline field.

Within the framework of the rigid-lattice model the
most satisfactory account of the cubic field splitting of
Mn'+ in MgO is due to Gabriel, Johnston, and Powell. "
In the present work, we propose the following mecha-
nism: The 'F~ ground state is split"" into a doublet
'I'7 and a quartet 41'8 by the cubic field. The excited
quartet states are also perturbed by the cubic field and
admixed into the ground-state components 'I 7 and 4F8

by the spin-orbit coupling. A two-phonon Raman pro-
cess is then used to calculate the phonon-induced
contribution to the ground-state splitting. The results
of calculation are compared with experimental mea-
surements in Mn'+-doped MgO.

II. WAVE FUNCTIONS

The ground S state of the Mn'+ ion in a cubic
crystalline field splits into a doublet and a quartet
F7+ Fs(E5/sg+Gg). The state P reduces into 'I'4(T„),

4D into 'F,+'F (E,+T,), 'F into 4I' +'I' +4F,(A„
+Trg+Tsg), and 'G into 'Fi+'Fs+ F4+ I5(Arg+Eg
+Ti,+Ts,&. The common subscript g in F, is not
indicated throughout this paper. The selection rules in
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(1966); 155, 338 (1967); 171, 378 (1968).

» C. Y. Huang, Phys. Rev. 159, 683 (1967)."J.R. Gabriel, D. F. Johnston, and M. J.D. Powell, Proc, Rpy.
Spc. (London) A264, 503 (1961).

"W. Low, Paramagnetic Resonancein So/ids (Academic Press
Inc. , New York, 1960).

446



187 PHONON CORRECTIONS TO GROUND —STATE SPLITTING OF IONS 447

the Russell-Saunders coupling AS=0, &1 suggest that,
for our purpose, only the excited quartets are im-
portant. Next, DL=O, &1, so that the maximum con-
tribution arises from 4P, which in our case reduces to
F4. The excited states are intermixed by the cubic-field
operators as long as their symmetry is maintained. The
state 4D drops out because it has no component trans-
forming like F4. Thus, the only mixing states are the
three F4's arising from 4P, 4F, and 4G. They may be
written as

The coeKcients n, , P;, and y; are obtained by the
diagonalization of the cubic matrices of Tanabe and
Sugano' and given in Table I. Next we apply the cubic
crystalline field operator

X. b'. =(a/6)LS '+S„'+S,'
—sS(S+1)(3$'+3$—1)] (2)

to the ground state, allowing the mixing of
I Ms) states.

It is found that there are four eigenfunctions a,
l
W —",)

+asl Ass) and
I
&—',) with energy equal to +a, and two

eigenfunctions a2
I
W-,') —ai

I
&-,s & with energy —2a,

where at=(Qs), as ——(gs), and the value ofl L=O,
Mr, ——0) is not stated. The ground-state splitt'
between these multiplets is, as usual, given by 3a:

3a=dp, —~i,

The mixing of upper states into ground state by the
spin-orbit coupling is then

TABLE I. Values' of o.;, P;, y;, and 6; for D, =900 cm '.

0.633
0.761
0.143

—0.127
0.285—0.950

0.763—0.583—0.277

15905
35380
44805

a M. J. D. Powell (unpublished), quoted in. Ref. 5. See also Ref. 10.

III. CRYSTAL-FIELD SPIN-ORBIT
ORBIT-LATTICE MECHANISM

The orbit-lattice intera, ction" " is the change in the
local crystalline electric field upon a microscopic defor-
mation of the equilibrium configuration of the sur-
rounding ions by lattice vibrations. The situation was

I"~

I4, I;- a, l'P) +P, I'F)+y I'G)
o

Ij

where

I,'I' 1,M, ) ={;I F1)+P,L(Q-,')
I F1)+(g-,')

I
F—3)j

—v'L(v's) I
GI&+(v's)

I
G —3)j}I s,~.&,

I, r,ops.&={,IFo&+p, lFo&+&,(—v'-', IG4&

+v'l IG —4&)}ll ~ &

I, r,—I, ss,)={,IF—1)
+p'L(v'l) IF3&+(v'l) IF—1&7

+v'( —v's IG3&+(v's) IG—1&)} I s,~ ) Y)

6; denotes the energy separations of,'F4 from the
ground state, { is the spin-orbit coupling constant

300 cm ' for our case.

as shown in Fig. 1. The composite result of calcula-
tions is

r4, r„-.,I'P&+ P,l'F&+ y, I'G)

0

4 Ij, r3G

r,

, r, =a, l P)+p, l F)+y I G)

6S

(b)

r = &, I+5/&)+ &~I+3/2) I+i/p)
I

r7 ap I+&/&& —a, I+3/p)

(c)

—v3 I,'r.~1, M.~I)~~21"r o ~ )3 (3)

Fio. f. Low-lying energy 1evels of Mn2+: (a) Free ion (b)
splitting of states in cubic crystalline field. The figure is not
drawn to scale, particularly, the 'S is shown raised up and its
splitting amplified. (c) mixing of states ~LMrSM, ) by the cubic
cryst. alline Geld. The symmetry rules show that states of diferent
symmetry cannot mix, i.e., all matrix elements of r„r,, r, , ar d
I'5 with 1 4 are identically zero, so that only the F4's can mix with
p4('P). Note that 4D completely drops out. For upper states the
spin degeneracy 25+I and L values are indicated. For ground
states only 3II, is written and S=&, L=O are not given. The 6nal
step in which the excited;1'4 states are admixed into ground-stage
components I"7 and Fs by the spin-orbit coupling is not depicted.
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9, 766 (1954).
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first examined by Van Vleck" who calculated all the
possible normal-mode vibrations for octahedral cubic
crystals. Working within a d electron system the
orbitals of which transform like rs, (Tsg,'d„,d„„and d„)
and rs, (E,; ds, ~,2, d, ~ „~) it is important to admix only
those vibrations which have the same symmetry as E,
or T2,. The symmetry rules dictate that the vibrations
of symmetry other than E, or T'2, give identical zero
contributions to the d electron wave functions. Thus,
the totally symmetric vibration Ai(ri) and all the odd
vibrations (which transform like E, Tf„, or Ts„) must
be excluded. This result follows directly from Jahn-
Teller theorem and has been realized by Van Vleck"
and Blume and Orbach' and discussed in detail in the
author's work'~ on the phonon-induced contribution to
the transferred hyperfine coupling which appears as a
superhyperfine splitting of Mn'+ lines in fluoride cry-
stals. Thus, the orbit-lattice interaction in terms of
Racah's' Cl is written as'

Vor, = Q Q V(I', l)c(rs, lm) «(r,m)
l=2, 4 m=8, e

+ P g ( 1)~V—(I';gl) C(I',glm) c(I';,g
—m), (7)

l=2, 4 m=0, +1

where the coefjicients V(r„l) and V(I';,l) are calculated
from the point-charge model and e(rs,m) and e(rs, —m)

are the strain-tensor components with their symmetry
given in the parenthesis. C(r;,lm) is the appropriate
linear combination of normalized spherical harmonics,
Cf ——L4fr/(2l+1) jff'Yf which transform like mth row
of the ith irreducible representation of the octahedral
group.

The wave functions given in the previous section
involve the crystal field and the spin-orbit coupling. To
specify them completely, for our purpose, we need the
vibrational quantum number ÃI, . The phonon-induced
shift of a particular Born-Oppenheimer state

by a two-phonon process" may then be written as

g V'(r„l) p s,-i
l=2, 4 m=8, e

X(i'k
f e(rs, m) flVf, &(fVf,

f
e(I' s,m) ffY„&

X(role(r .lm) Ir'&«*Ic(rs, lm) fr, ) (9)

plus similar terms of r«symmetry. The p; is summa-
tion over all excited states and over ÃI, on all phonon
modes. 6; are the energy separations between the ex-
cited I', and ground rs. Using expressions (3) and (9)
the phonon-induced correction to the cubic-field split-
ting is found to be

ee, ff r'
~~=EX z z z»A.-' '( 2 (-v. l (r,m)l~~.-&v~'I (r.,m)l», &

E.3 m=9, e

xD,r,M.M,
I
c(r„lm) I,'r~, 'M, '&(,'r,M, 'M, '

I c(r„lm) I,r,M,M, )—(,r,M,M, I c(r„lm) I,'r,M, 'M, '&

x( r M.'M.'Ic(r, l ) I
r M.M.&j+(4/9& ~ (—')"(~"

I (r.— &Ilv'&(fv I (r.— ) l~"&
m=0, +1

Xp(irsMrM, [C(r ls)mI r4M, 'M, '&(,'r 4Mr ™.'
I C(r"glm& I irsMIM &

—(fr7MrM I C(rs.lm) I "r4Mr. 'M. '&

x( r M 'M.'Ic(r„l ) I,r,M,M,&j&. (10)

Using the small wave-vector averaging procedure ' for acoustic phonons, which is appropriate at. low tempera-
tures, the expression (10) is found to be

xsdx =ha, ~+KT4
8/~ x'dx

ej

where the first term represents the zero-point vibrational contribution

Au, „=-8EO',

and the second the temperature dependence with

(12)

36 ee,ff(r &)
(ef '+ssf ')(&/@)',

5 Rs ) pfrs
(13)
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in which

r» ——p p p Q Q g a;-'& p &,r,M,M Ic(r„rm) I'4r4M, 'M, ')(,'r,M, 'M.'Ic(r,.tm) ltrsMzM )
l Ms Ms' MJ MJ m,=9,e

—
&,r,M~M lc(r .fm) I

"r~~'M ')&"r4Mz'M 'I c(r .tm) I,r7M jM,)+(4/9) Q (—1)-
m=o, +1

X&tr,M M
I
C(r,.fm) I' r~, 'M, ')&, r~, 'M 'IC(r„tm) I,r,M,M, ) (—,r,M,M IC(r„tm) I' r~, M, )

X("r4MI,'M, '
I C(r;,lm) I rr7Mr, M, )}. (14)

Here, O~ is the Debve characteristic temperature. e&

and v~ are the transverse and longitudinal sound
velocities, 0 is the Boltzmann constant, and p is the
mass density of the crystal.

IV. COMPARISON WITH EXPERIMENT

The ground-state splitting of Mn'+ ion in Mgo has
been measured by Walsh et ut."as a function of tem-
perature and as a function of externally applied hydro-
static pressure. "Attempts have been made' to under-
stand the temperature dependence in terms of thermal
expansion alone, by arbitrary normalization procedure.
In Fig. 2 we show the experimentally measured tem-
perature dependence in a and its value expected on the
basis of thermal expansion alone as deduced from the
pressure experiments. " It is noticed that at a given
temperature there is a small (0—5%) "shift" between the
values expected from thermal expansion and those
measured. It is also realized that this shift increases
with increasing temperature. Since the phonon-induced
crystal field effects are electrostatic in nature and since
they are expected to increase with increasing tempera-
ture because of increased amplitudes of lattice vibra-
tions, we postulate that the shift in the values of a
measured and calculated on the basis of thermal ex-

pansion alone is essentially due to lattice vibrations.
This shift is rededuced on Fig. 3, and compared with

that calculated from (11) with

Aa, '"v'=(0.16&0.05) X10—4 cm '
and

(15)

E' v'=(3. 2& 0. 5)X10 "cm '('K) '
The 6t is satisfactory.

To check the quantitative validity of the theory we
compute the value of res from (14).The matrix elements
in F78 are calculated to the lowest order in orbit-lattice
interaction using the method of Elliott et at. 22 as given
by Blume and Orbach and for which we took the
coefficients of fractional parentage from the work of
Racah" and the 3—j and 6—j symbols form the
tables of Rotenberg et at."The computed value

I'78=5.14)&10' ergs ' (17)
substituted in (13) with p=3.7 g/cm', O~ =750 K,
8=2.1X10 s cm, v&=8.8X10' cm/sec, v&=6.3X10'
cm/sec appropriate'4 to MgO and the effective charge
of a ligandl egf f =2e and &r') =1.584 as' for Mn'+ gives

E"'=7.5X 10 '4 cm—'('K)—' (18)

to be compared with the experimental value (16).Using
(18) and (12) we calculate the zero-point vibrational
contributions

ha "'=3.2&10—'cm ' (19)
to be compared with the experimental value (15) of
~0.2)&10 ' cm '. The calculations do not agree with
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FIG. 2. Temperature dependence of the cubic Geld splitting
parameter u of Mn~+ in Mgo. The points and continuous curve
give the experimental measurements. The dashed curve deduced
from pressure experiments indicates the temperature dependence
as expected on the basis of thermal expansion alone.
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FJG. 3. The shift in cubic-held-splitting parameter between the
experimental measurements and those expected from thermal
expansion is represented as a function of temperature by triangular
points and associated errors. The continuous curve is calculated
from the expression (11)on the basis of small wave-vector averages
for acoustic phonons with parameters of (15) and (16).
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Da.-v 2(k ' (v, ""+—,'vi ')
R'O~' =1.966

b'av 5 (A
(21)

which indicates that the small-wave-vector averaging
procedure (12) overestimates the value of zero-point
vibrational contribution to the ground-state splitting
by a factor of about 2 compared to the one obtained
(20) from "v = const. "law. The recalculated value of (19)
would then be

6a "'=1.6&(10 4cm ' (22)
"See the argument below the expression 111) of Ref. 15.

the experiment. Nevertheless, the calculated zero-point
phonon contribution is reasonable because it is only
about 14% of the low-temperature rigid-lattice value a
of 20.1X10 ' cm '. Comparison of (18) with (16) shows
that the calculated value is high by a factor of 20. Part
of this increase is due to the use of small wave-vector
(sinkR =kR) averages" which overestimate the phonon
contribution. The calculations are sensitive to the choice
of the ratio i/6 which is certainly not known with
enough accuracy. Thus, it is obvious" that the calcu-
lated (18) and mes. sured (16) estimates can be brought
into closer agreement by adjusting the value of spin-
orbit coupling parameter and the excited-state separa-
tions from the ground state. Part of the discrepancy
between the measured (15) and calculated (19) zero-
phonon contribution to the ground-state splitting could
arise because of the use of small-wave-vector approxima-
tion in the calculation (12). In the work of Van Vleck, 's

the Debye characteristic temperature was taken to be
only 90 K so that in his case the approximation was
described to break down at the liquid-air temperature.
Further, Van Vleck had approximated the integral in

(11) by repla, cing the limit O~/T by infinity, in which
case the value of the integral is v'/15, so that his result
remained good only at extremely low temperatures. It
was also suggested by Van Vleck" that at higher tem-
peratures the most important frequencies are those near
the high-frequency "cutoff" to the Debye spectrum.
These have wavelengths of the order of hc/kO. In our
case of MgO, the Debye temperature is 750 K, so that
the small-wave-vector averaging procedure is valid over
a larger range of temperatures than in Van Vleck's case.
nevertheless, we may recalculate (12) in the limit of
temperatures high compared with the Debye 0~, so
that the lattice frequencies may be assumed constant.
This is very much like replacing the Debye v' law by a
v=const=EO/k "law. " The calculations for this limit
have been developed by Huang" using Van Vleck's
suggestion. "In our case, this method gives

ee,ii(r') ' 1 A

5g = ~ ~g36 ——
2p

f k
)& (vi

—'+2v,—')
~

—. (20)
E2wk

In order to compare this result with (12) we evaluate
the dimensionless ratio

which is in better agreement with (15) but still signifi-
cantly off. One comInent must be made on the optical
phonon contribution to the ground state splitting. Using
v =const at the SZ boundary, we 6nd

8a'v'= 8a'v'(0)+5a'v'(T) (23)
where

ee,ii(r') ' k
Sa v"(0) =36 —I'7s p v, e ',

E S~pE' "
and

(24)

ee gf P'

Sa"'(T) =36
R

)( P P v
—1(ekvratkv 1)

—i (25)
8~pe 3 r

where the optical-phonon frequencies near the BZ
boundary for the longitudinal and transverse branches
are"

pig)
——1 83&(10"Hz,

P]ig 1 53g 10 Hz

v],g ——1.49&10"Hz.
(26)

From (22), (24), and (26) we calculate

8u.v"'/8a "(0)~8.0, (27)

indicating that optical-phonon contribution to the
zero-point ground-state splitting is small. Similarly,
from (25), we find that in our system the contribution
of optical phonons to the temperature dependence is
also small. We would like to point out that it is dan-
gerous to use the Debye model at high temperatures"
and a study at these temperatures must wait until
non-Debye calculations become available, and these
calculations will have to be point-to-point computations
taking explicitly the lattice spectrum and treating even
the temperature dependence of sound velocities and the
lattice spacing due to the anharmonic effects.

V. CONCLUSIONS

We have demonstrated that a very large (~75%)
part of the temperature dependence in the ground-state
splitting parameter a of Mn'+ in MgO arises from
thermal expansion alone. The remaining (~25%) may
be understood in terms of lattice vibrations.
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