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A scheme for truncating the r-function equations appropriate to charged-scalar-meson theory is pre-
sented and solved in the one- and two-meson approximations. The basis of the truncation scheme is a
restriction of the number of mesons occurring in bare intermediate states. The resulting equations are
modified so that the same diagrams which account for the dressing of the nucleon also account for meson-
nucleon scattering. A meson-nucleon bound state is present, for large enough coupling constant, in the
two-meson approximation. It occurs in the channel where the interaction takes place entirely through
exchange diagrams. It is found that the masses and cutoff function of the theory can be chosen in such a way
that the probability of finding the physical particle as a bare particle decreases in going from the one-

meson to the two-meson approximation.

INTRODUCTION

N order to understand the role of field theory in

describing strong interactions, the situation with
regard to dynamical bound states must be clarified.
There is now a large body of literature on meson-
nucleon scattering that is based on the classic work of
Chew and Low.! In this work, it is assumed that there
are no bound states lying between the single-nucleon
state and the meson-nucleon continuum. The general
analysis of solutions of the Low equation in the one-
meson approximation by Castillejo, Dalitz, and Dyson?
showed that meson-nucleon scattering cannot be deter-
mined from this equation in the presence of bound
states. In this work, the authors conclude: “It appears
that the Low equation expresses the information we
can deduce from the fixed space dependence of the
interaction, knowing nothing about the internal struc-
ture of the scatterer.” Recently, a two-meson solution
to the Low equation for charged-scalar-meson theory
has been obtained.? In this work, it is also assumed that
there are no bound states.

Two basic questions immediately arise. Are there
necessarily bound states present in meson-nucleon
theory when one takes into account multimeson inter-
mediate states? If these bound states do occur, what is
the proper equation determining meson-nucleon scat-
tering? In order to investigate the possibility of bound
states, including those with the quantum number of the
nucleon, we treat the single-particle nucleon states on
an equal footing with the meson-nucleon scattering
states. For simplicity, we work with scalar rather than
pseudoscalar mesons, and consider the r-function
equations that describe the single-nucleon propagators
as well as the meson-nucleon scattering and production
amplitudes. In order to truncate these equations, we
use a Tamm-Dancoff treatment,* where the number of

* Work performed under the auspices of the U. S. Atomic
Energy Commission.
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mesons occurring in bare intermediate states is re-
stricted. The truncated equations are then modified so
that, for a meson-nucleon state, the nucleon is dressed
only by those diagrams that are allowed according to
the order of truncation. In other words, if one meson is
already present with a nucleon, that nucleon is dressed
according to the N —1 truncation scheme, if we are
working in the N truncation scheme. The advantage of
this method is that in any order of truncation, the
nucleons are dressed by the same set of diagrams that
are responsible for meson-nucleon scattering. The
disadvantage is the absence of crossing symmetry.®
This is not considered to be a serious problem, since, at
this stage, our emphasis is on the presence of dynamical
bound states rather than scattering amplitudes.

In Sec. I, the Hamiltonian is written down, and the
field equations and commutation relations are given.
Then the 7 functions appropriate to the lowest non-
trivial sector with one baryon are defined, and the
equations determining these functions are written
down.

In Sec. 11, the truncation method is introduced and
the one-meson scheme is applied to the lowest sector.
It is immediately seen that the truncated system of
equations must be modified if the nucleon propagator
is to have the proper analytic structure. The necessary
modification is made and explained in the context of a
solvable model for which the truncated system of
equations is exact. Solutions to the one-meson equations
are given.

In Sec. ITI, the two-meson scher e is applied to the
two lowest nontrivial sectors with one baryon. A
symbolic representation of the 7-function equations is
given. Using this representation, the equations for the
nucleon propagator and meson-nucleon four-point
function are reduced to the expansion of these functions
in terms of Feynman diagrams. The necessary modifica-
tion of the two-meson equations is made and explained

5 Crossing symmetry is meant in the usual sense as the relation
or set of relations arising from the symmetry of sets of Feynman
diagrams when incoming and outgoing meson lines are exchanged.
?legs};v)l. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1433
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using these Feynman diagrams. A general rule is given
for modifying the N-meson equations. Then the solution
to the modified two-meson equations is obtained. In
solving for the renormalization constants, it is found
that the parameters of the theory can be picked in such
a manner that the wave-function renormalization con-
stants in the two-meson scheme are less than in the
one-meson scheme. This result suggests the possibility
of an interesting theorem regarding elementary and
composite particles in field theory and this point is
discussed. From the solutions for the 7 functions, it is
seen that there can be no bound state in the channel®
where the interaction proceeds through uncrossed
diagrams. On the other hand, a bound state does occur
(for large enough coupling constant) in the channel
where the interaction proceeds entirely through crossed
(exchange) diagrams. Finally, the reason for the absence
of crossing symmetry in the modified truncation scheme
is pointed out.

In the concluding section, we discuss the relation
between the method that is presented in this paper for
solving meson-nucleon theory, with emphasis on the
spectrum, and the method based on the work of Chew
and Low for calculating meson-nucleon scattering. Then
we summarize our results and indicate the direction of
future work.

1. HAMILTONIAN AND <-FUNCTION EQUATIONS

We add a term V— V+6 to the conventional Lee-
model interaction” V — N+ 6 to obtain the renormalized
Hamiltonian®

H=mvZvyvWyvt+mnZnyn¥n+2 o(artartbitbe)
%

+omvZviviyvtomaZ vyntyn
+¢ % [u(w)/ 2w) vy nvart+yntatyy
+onvbrtyvibityn], (1)

where w= (k24 u?)'/? and u is the meson mass. In order
to have stable V and N particles, we insist that

my<my+u and my<my+p. 2)

The usual commutation relations hold :

(Zv Py, Zy 2ty = {2 o Zy 2Ty =1 (3a)
and
[ak,ak:*]= [bk,bk'*]= Okkr . (3b)

8We use the expressions “sector” and ‘“channel” inter-
changeably.

7 M. S. Maxon and R. B. Curtis, Phys. Rev. 137, B996 (1965),
hereafter denoted as I.

8 Since many of the results obtained in Refs. 7 and 11 will be
used in this work, we use the notation developed in these articles.
To obtain the more conventional notation such as that used in
Ref. 3, make the replacement V—p, N —n, 8 >zt 6§ -7,
my=my=m, and therefore Zy=Zy=~Z.
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We will call the particle that is associated with the &
field the @ particle.
There are two conserved quantities in this theory:

Or=ZwviYv+Zayn'yn (4a)
Q2 =ZV\[’VV/V+Z (akTak —bitby).
k

and

(4b)

Thus the model breaks up into sectors designated by
the integer eigenvalues of Q; and Qs. It is obvious from
the form of Q, that any number of 8- pairs may be
added to a given state to obtain another state with the
same quantum numbers. Therefore, there are an infinite
number of states spanning each sector.

We list the first few sectors in order to familiarize
the reader with the notation:

(g1,92) States
(0)1) l0>7 ‘0)(09)>)' 1[0171(06))) T

I V)? ‘ V,(Bé)), : ')‘ Vin(09)>7 ot -
) {lm, X0,60), -, | Nou(o)),- - O
’ N26), | N26,(68)),- - -,| N26,n(68)),- - -
where 7(66) denotes n 6-8 pairs. From Eq. (1), we see
that the Hamiltonian has the symmetry

Ve X
H< ) ) =H. (6)
08
Under this transformation, we have
(91,92) States

[V, (V,(80)),- - -,| N,n(68)),- - -

[V8), | V6,(08)),---,|VEn6d)),--- (7)
[NG), | ND,(68)),---,|NO,n(60)),- -

| V28), | V26,(68)),- - -,| V26,1n(06)),- - -

Since Zy and Zy will be expressed in terms of my and
my, we only need to make the replacement my <> my in
the solutions for the sectors listed in (5) to obtain the
solutions to the corresponding sectors® indicated in (7).

Since there is no interaction unless a nucleon is
present, the physical states spanning the sectors (0,0),
(0,1), and (0,—1), can be taken to be the bare states.
Therefore, the lowest nontrivial sector is the (1,1)
sector. We shall denote this as the V-N@ sector to be
consistent with the notation of I.

(1,H)—(1,0) {

9 If we restrict ourselves to sectors where ¢;=1 (one nucleon),
and use the notation of Ref. 8, then the (1,1) and (1,2) sectors
correspond to the scalar-meson-nucleon systems with total electric
charge +1 and 42, respectively. Making the replacement
my <> my in the solutions for these sectors yields the solution to
the (1,0) and (1, —1) sectors. These sectors correspond to scalar-
meson-nucleon systems with total electric charge 0 and —1,
respectively.
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From (1) and (3), we obtain the field equations

z <i— )w (=4 = )
v 1(” mo,v Jwvli)=§ (2(,0)”2
Xyn(O)Lac()+0:1(0)], (8a)
d u(w)
X¢v(O)Lar()+b:()], (8b)
d u(w)
(i-—w>dk(l) =g——Ynt(OYv(0), (80)
dt Quw)1/2
and
d u(w) . q
(1E—w>bk(/)=g(—zc‘osl-/‘2¢v yn(), (8d)
where
mo, v =my~+dmy. (8e)

The = functions appropriate to the V-N6 sector are

v ()= T[¥v(s)¥v1(0)]]0), (9a)
, (2w)1/2
v (s;w)= u(w)—
X O T[¥n(s)ar(s)¥vi]]0), (9b)
2w)'/2
Tvi(s;w)= ) O] T v(s)¥ntat]]0), (Yc)
Joow’) 12
vi(s; w0 )=— 0| T[Yv(s)ax
)=, = O T
Xbw (s)Yvi][0), (9d)
(Bww'w’)112
(s )= L
© u(w)u(w)u(w”)
X O] T[¥n(s)ak(s)ar(s)
Xbir (s)Yvt]0), (9e)
(16ww’w w12
(s 0,0 W' W)=
u(w)u(w)u(w' )u(w'")
X0 TYv(s)ar(s)ar(s)
Kb ()b (s)Wv1]]0),  (9f)

and so on.
From Egs. (8) and (3), the r-function equations are

d
<i-—mo, V)TVI(S)
ds
u*(w)

=ms<s>+ = rsa),
Z

v Zy k¢ 2w

(10a)
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d
(.
ds
u*(@")
___Tvl(s)_l___ Z —__TV (5 w,w )’ (10b)
ZN N ¥ 2w
d
(i__mo'V_w—w,>TV4(s;w,w,)
ds
( ,,) 17 4
——-——TVQ(S w)+ Z - TVG(S;“’;"’ " ) ’ (1()C)
ZV V k2w’
d
<i——mo_N—w—w'—w">rv‘"’(s;w,w',w")
ds
g 17 ’ 17
=—rvi(s; 00" )+ rvi(s; 0" 0")]
LN
g ug(wlu)
— 2 Tv3(s; 0,0 0" @), (10d)
ZN o 20’
and so on.

Let us define

1 0
(W ;0w ——./- ds e re(s;ww’y -+ ). (11)

1

The 7-function equations in momentum space become
(W—mu' V)?yl(”—)
1 g e
= + z
ZV ZV 2w

(;V—MO‘N—(»)‘?V%W; w)

(V5 w), (12a)

e T i
Z

N N K 2w

iV w,0"), (12b)

(W —=mo,y—w—o) v (W ; 0,0")

14
=—#p2(W;0)
Zr (')
g u?(w

+2y

ZV k' 2w’

(12¢)

'f'Vﬁ(l'V; wyw”ywl) )

w—

Mo,y —w—w’ —w'" )7y (W ; ww w')

4
=—#ri(W; 00" )+ #v4(W; o' )]
Zy

ug(w///

+=3

1" ?VS(”'; w,w',w",w”’) ’
ZN k' 2w

(124d)
and so on. To solve this sector exactly, we must solve

this infinite set of equations. In the next section, we
present a truncation scheme that restricts the number
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of @’s and #’s that can occur in bare intermediate states,
and apply the lowest-order scheme to the V-N@ sector.

II. ONE-MESON MODIFIED TAMM-DANCOFF
APPROXIMATION

Let us expand 7v*(s;w,w’), defined in Eq. (9d), in a
complete set of intermediate states. We obtain

(4ow’) 12
u(w)u(w’)

X2 0|¢vaibir

6(s)

Tvi(s; 00') =

n)n|¥vi(=9)]0), (13)

where we choose the set {|7)} to consist of bare states.
The bare V and N-6 states are annihilated by the
operator bi. Therefore, states which contribute must
contain at least one 6-6 pair. In this manner it is simple
to see that restricting the sum over intermediate
states to those which contain NV mesons (m 6’s and % #’s,
where m—+n=N) implies that 7y?¥+2t2=(, where
$=0,1,2,---. This is just the Tamm-Dancoff approxi-
mation.* Let us now apply the one-meson scheme to
the V-N@ sector.

For N=1, rv%(s;w,w’) and all higher-order 7’s will
vanish. In this approximation, the system of equations
(12) becomes

1 2(4
(W—mO.V)‘?Vl(W)=—-+_g_ )3 (@)

v Zv b 2w

v (W;w) (14a)
and

g
(W—mo,N—w)m(nf;w)=Z—¢V1(W). (14b)

N

If we solve Egs. (14a) and (14b) as they stand, there
will be a branch cut in #y'(IW) for

moN+uSW< <. (15)

Expanding #y'(W) in a complete set of physical
states, and using the asymptotic condition on the V
field,” we obtain

[Ol¥v].V0u(x))|?

(W)= +>
(W —my+ie) * (W—my—witie)
[Of¥v] Voubor(£)) ]2
E K (W—my—w—w'+ie)
where |N6,(£)) denotes the “in” or “out” N- scat-

tering states defined in I. From Eq. (16), we see that
the analytic structure of the V propagator should
consist of a pole at W=my with residue +1, and cuts
for my+u<W< o, my+2u<W< 0, etc. If we solved
the infinite set of equations (12), the solution for #y1(W)
would certainly exhibit this analytic structure.

When we truncate the set (12) according to the one-
meson approximation, we not only lose the cuts
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corresponding to multimeson production, but also
handle the NV particle as if it were bare. The only states
present in the V-N@ sector in the one-meson approxi-
mation are the | V) and | N@,) states, and the N must
be handled as a bare particle, since it is already accom-
panied by one meson. Therefore, with respect to the
V-N@ system, the interaction N — V+8 is absent in
the one-meson approximation. In fact, by comparing
with Eqgs. (41a) and (41b) of I, it can be seen that
Egs. (14a) and (14b) are just the equations of the
conventional Lee model. Therefore, we set
Mo.N=MN (17a)
and
Zy=1 (17b)
in Egs. (14a) and (14b) to obtain the modified one-
meson Tamm-Dancoff equations

1 g ()
(W“Mo_v)?vl(W) = }- Z ?V2(W;w) N (18a)
v Zy k 2w
(W —my—w)?v2(W;w)=gtv'(W). (18b)
From I, the solution to these equations is
i (W)= W —my+ie ' [1-pW) T, (19)
where
BW)=g(W —my)
u*(w) 1
XX

¥ 2w (mv—mN—w)z(W—mN—w—i-ie)
2

g
——;r;(”/ —mv)

) dw u2(w) (w2_“2)]/2
X / —. ()
s (my—my—w)2(W—my—w-+tie)
The renormalization constants are
g2 ui(w) 1
dmy = (2121)
Zv & 2w (my—my—w)
and
u*(w) 1
Zy=1—g'y — . (21b)
b 20 (m-my—w)?
The 7 function appropriate to N- scattering is
e (s 0,0")
(dos) 112
= O] T[¥n(s)ar(s)¥ntart]]0). (22)

B u(w)u(w’)

The modified one-meson Tamm-Dancoff equations
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determining this 7 function are

g u%(w")
W =mov)tv*(W;w)=—-2 ——
Zy ¥ 2w
Xine' (Wi w), (23a)
2w6kk,
(W —my—w)tne'(W;w,0)=——
1*(w)
+g#v¥(WV;0"). (23b)

The solution to these equations, using (21a) and (21b),
is
2w Ophr

?Nol([/V; w,wl) =
utw) (W —my—w)

9

] gd -
"W —my =) (W —my—a ) (W —my)[1—B(11)]
(24)

which, of course, agrees with the expression found in I.
Using the reduction formula of I, we find the S-matrix
element for V-6 scattering, using (24), to be

u*(w)
SNgkk, = 6kk:+21ri6(w —w')—‘_
2w
g?
X —, (25)
(my—my—w)[1—Bw+my)]
where
2
Blwtmy)=—(my—my—w)
472
» do'u? (W) (w2 —u2)! 2
~. (26)

u (my—my—u)*(w —w—1ie) '

Collecting results, the solutions to the V-N6 sector
in the one-meson approximation are

P = F —mytiO= (160N T (27)
and
2w Ok
Pd (W 500) =
u*(w) (W —my—w)
+2(W—my—w) (W —my—o' ) IV —my)!
X[A=BW) . (28)

The results for the N-V@ sector in the one-meson
approximation are obtained from the above results by
making the replacement my <> my, as discussed in
Sec. I. Therefore,

£ = (I —m+i (1 —Bx (1) T (29)
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§
Pl N NN +
—_—— = A o —L —_———-
v v v + V NV
8
7N BaN
o = + L PR 4 o ———
N N N N V N

Fic. 1. V and N propagators in the one-meson approximation.

and
2w Skkr

u(w) (W —my—w)

ARV s 0,0) =

—{—g?(lf'—mV—w)—l(!V—mv—w’)—‘(W~mN)*1

X[ =gy, (30)

where
BN(”) =g2(Hr'—mN)
u*(w) 1

E 2w (my—my—w)2(W —my—ow-tie)

™

don?(w) (w2 —u?)!/?

<[ .
" (mN—mV—w)Z(II'—mV——w—i—ie)

(31)

The perturbation expansion of #y'(W) and #x1(W) is
shown in Fig. 1. By inspection, it is obvious that the
N particle occurring in the N-@ intermediate state is
treated as a bare particle in the one-meson
approximation.

Finally, we remark that the V-8 system has no inter-
action in the one-meson approximation. Let us now
proceed to the two-meson scheme.

III. TWO-MESON MODIFIED TAMM-DANCOFF
APPROXIMATION

V-N6 Sector

For N=2, 7v5(s; w,0’) and all higher 7 functions will
vanish. In this approximation, the system of equations
(12) becomes

1 ¢ u(w)
(H’"""ﬂ’lo,v)?vl(l'i") =~——+ Z

v Zv ¢ 2w

2 (W;w), (32a)

(U’—mg'N—w)?V"’(W;w)
4 g _ ur
=—7y! (V) +—2 —*(100), (32b)
Zn Zy kb 20

(32¢)

14
(W =moy—w—o )ty (IV;00") =—*(W;w).
Zv
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TOvE vy ()
\e \8 \8

N av N [AdY; +ﬁ—vl"_(ll)
N -8

P =\£—,r:,f°-;/— (iid)

/g ,é_

Fi16. 2. Two-meson equations for the V propagator.

We represent Egs. (32) symbolically in Fig. 2. Using
these diagrams, it is simple to obtain the perturbation
expansion for #v!(W). This is shown in Fig. 3. We see
that the IV particle that occurs in the intermediate state
is dressed according to the one-meson approximation.

In order to write the appropriate two-meson equa-
tions for N-6 scattering, we must define

(8ww'w

u(w)u(w)u(w"”)

”)1/‘2

TN92(S; w:wl)w,l)E

X O TYv(s)ar(s)bi (s)¥ntar1]]0).  (33)
Then the truncated equations are
(W —=mov)#v3(W; w)
u*(w’)
= —_TNI(11 w ,CU) (348‘)
ZV ¥ 2w
(W —mo,xn—w)?n'(IV;w,0")
201 ﬁkk' I
= ——t—7p3 (W o)
u2(w) AN ZN
g u(w'”) L
+_‘ Z ?NOZ(”/; w,w I)w ) ) (34b)
VAR 2w’
and
(W —mo, v —w—w')2ne?(W; w0 w')
g 7 rr
=—=7%no!(W;0,0"), (34¢)
Zy

where 7v3(W;w) and #ye'(W;w,w’) are defined by
Egs. (9c) and (22). The symbolic representation of
Eqgs. (34) is shown in Fig. 4.

If we carry out the reduction of the equations shown
in Fig. 4 to the perturbation expansion of #x¢*(W ; w,w’)
in the same manner that we did for #y!(I), the results
to sixth order are shown in Fig. 5. By comparing
Figs. 1, 3, and 5, we see that the external N particle
in Fig. 5 is dressed according to the one-meson approxi-
mation, while the intermediate V is dressed according
to the two-meson approximation. We also note that, if
we close off the meson lines in the diagrams of Fig. 5,
we get all the diagrams of Fig. 3 except for the bare-V
term. This is what we mean when we say that the same
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set of diagrams that dress the V particle are responsible
for N-6 scattering. Therefore, we are naturally led to
the following rule for modifying the truncated equations
from an examination of the sets of Feynman diagrams
which contribute in the N-meson scheme.

We modify the r-function equations of the N-meson
lruncation scheme by dressing a nucleon according to the
N —M modified truncalion scheme when it appears in a
state with M mesons.

To demonstrate this rule, consider the two-meson
equations (32) for the V propagator. The function
#v4(W ; w,w') represents the V-V 88 vertex. By comparing
Eq. (32¢) and its symbolic representation in Fig. 2,
Eq. (iii), we see that the V particle associated with the
parameters mo,v, Zv in Eq. (32c) is accompanied by
a 6- pair. Therefore, in the two-meson approximation,
it must be handled as a bare particle. This is analogous
to the situation in the one-meson scheme of Sec. II,
where the /V particle was handled as a bare particle in
the calculation of the V-N@ vertex, because it was
always accompanied by a 6 particle. Therefore, in
Eq. (32¢), we set

Mo, v=my (35&)
and
Zy=1. (35b)
Making this replacement, we obtain
v (W w)
i ww')= . (36)
(W —my—w—w'+1ie)
Substituting this result into (32b), we obtain
g2 1) 1
[W—mo,,v—w—w > }
VA 4 20’ (W—my—w—w'-f—ie)

Xy 0) =3 (). (37)
VA

N

#v?*(W;w) represents the V-N@ vertex, so that the N
associated with the parameters mo 5, Zx in Eq. (37) is
accompanied by one meson. Therefore, we dress the
N particle according to the one-meson approximation.

+ 2 + YA + 4 - \
vov = v VNV

o~ L " R

+ L ATAVAY + <o A + AR + JIaWaty

,‘ N
B I,f’\

NN o ¢ S -~ TN S A
M ATAVAUA NP ATET AV EENPA VIS L B A V7. Va\

2N R -
\ Lo
|:\ - ln, .. :..\\,\

+-u—¥-u—‘--——a- +—u—=-=-u-u-+-l--u-ku—+—4u1--‘—~—-“‘

~.

F1G. 3. V propagator to eighth order in the
two-meson approximation.
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From Egs. (18a), (18b), and (29) of Sec. II, we have
[t (I9) e

g u¥(w) 1 !
InT 2 (II'—mv—w—He)]
(38)

=ZN”‘[W —mo,N

=T —my+io) ' [1-Bx(H) ]

Substituting the values for mgy, Zy from the one-
meson approximation [Egs. (21a) and (21b), with
my > my, Zy <> Zy] into Eq. (37) vields

gy (1)

(W)= . (39)
(W —w—my+ie)[1—Bn(W —w)]
Substituting the result (39) into (32a), we obtain
g _ 1w
1 (1) =Z¥’“l|:”'—mo,v—“‘ 2
ZV k2w
1 —1
X - ] (40)
(W —my—w+ie)[1 =By —w)]

as the solution for the V propagator in the two-meson
approximation. Comparing this result with the one-
meson result from Eq. (18)

I u*(w)
[#y (W) ]i-meson =ZV—1[I'V —moy—— 2
Zy k 2w
1 —1
_*___] . @
(W —my —ow+ie)

we see that the only difference is that the NV particle in
the intermediate N-6 state is dressed according to the
one-meson approximation in Eq. (40), whereas it is
handled as a bare particle in Eq. (41). This can also be
seen by comparison of Figs. 1 and 3.

From inspection of Eq. (40), we see that #y!(11") will
have branch cuts for

my+puSW< o (42a)
and
my+2u<W< . (42b)
9/ 19"\ 9/’
el = L
v vV N N
3 8 -
5\\ ,/6 \g\ /,Q/ \‘\\\ //’/
_X = T, e b
N N N N N NV N
]
8 .8
‘N //8 \\\ -
AN . - 2
V—>0 7N N
%
8

Fi1G. 4. Two-meson equations for the N-8 four-point function.
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F16. 5. N-6 four-point function to sixth order
in the two-meson approximation.

These two cuts arise from the contribution to the
propagator from the N-6 and V6@ intermediate states,
respectively.

We now determine the renormalization constants by
insisting that #y!(W) have a simple pole at W=my
with residue + 1. After a bit of algebra, we obtain

g _ uiw)
(6mv)2-meson= — Z .___w_.
ZV k2w
1
X (43a)
(my—my—w)[1—Bn(my—w)]
and
u*(w)
(ZV)Z-meson =1 _g2 Z
k2w
X[l—ﬁN(mv—w)+dBN(mV—w):|/
(my —my—w) dw
(my—my—w)[1—Bx(my—w)]?, (43b)
where, according to Eq. (31),
Br(my —w) =g*(w+my—my)
u2(w’) 1
(44)

o 2w (mN—mV—w')Q(w-f—w').

We denote the renormalization constants in Eqgs. (43a)
and (43b) as (dmy)?™meson and (Zy)%-meson in order to
distinguish them from the same quantities determined
in the one-meson approximation [ Egs. (21a) and (21b)].
To ensure that

0< (Zy)rmeen<1, (452)
we define (g2)2™eson from the equation
[Zv(gcz)z-meson] =0 , (45b)

and restrict the coupling constant to lie in the range

OS g2S (gc2)2-meson (46)
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in the two-meson scheme. We obtain

*(w)
(gc—2>2-meson — Z u

2w

1—By"*(my—w) dBN™*(my—w)
|l + l/
(my—my—w) dw

(my—my—o)[1—By™*(my—w)*. (47)

The function Sx™3* in Eq. (47) is defined as in Eq. (44),
with g2=(g.2)2"meson, It is impossible to solve Eq. (47)
analytically for (g.?)?-™" in order to compare directly
with (g.2)!-meson, Instead, we will now show that it is
possible to choose the parameters #(w), my, and my in
such a manner that

(gc‘l)2~meson < (g‘:? ) 1-meson ,
or, from (45b),

(ZV)Q -meson (ZV) 1-meson

(48a)

(48b)

From Egs. (21a) and (21b), we choose (g2)!™mewn to
be the smaller of

u?(w) 1
(gc—-2) Vl- meson — (49‘1)
k2w (mV—mN—w)ﬁ
and
u(w) 1
(gc—2)Nl-meson — Z : (49b)
20 (my—my—w)?
If we choose the parameters my and my so that
my>mny, (50a)
then
(gc2) Vl-mesun < (gcz)Nl-meson . (SOb)
With the choice (50a), we must take
(gc—z) 1-meson — (gc—Z) Vl-mesun
u2(w) 1
=2 . (8D
20 (my—my—w)?
From Eq. (50b), and the relation
(ZV.N)I—mesonz 1 _g?./[(ch) V‘N:ll-meson , (52&)
we have
(ZV) 1-meson (ZN)I-meson (52b)
for a given value of g lying in the range
OS g2S (gc2)1-meson‘ (52C)
If Eq. (48) is satisfied, we will have
[ZN(<gc2)2-meson)]1-meson
> I:ZV((gc2)2-meson)]l-meson
> [ZV((gCZ)Z-meson)]Q-meson: 0. (53)
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Using Egs. (47) and (51), we obtain

) %’f(w), (540)

(gc—2)‘_’-meson — (gcv2) l-meson — __ Z
k

where

flw)=

w
By (my —w)

[1=Bymx(my—e) Jw-tmy—my)

Using (44), with g2= (g.?)?meson_ and (54b), we obtain

(54b)

d
[1 “BN"mx (ﬂl v —-o.)) ]QAJ((J))
dw

u*(w’) 1 :Iz
(w'+my—mN)2(w+w')

_( 2)2-meson Z ’142(0.),) 1
£ ¥ 20 (o Fmy—my)i(w+o’)? )

[ Garn s

& 20

(35)

The function [1—@y™*(my—w)]? rises from the
value 1, at w=my —my <u, to the value

[ZN—Q((ch)?.-meson):ll—meson

as w—». Now,

[ZAV((gCQ)z'mESOD):]l-lneson

is certainly small, so that

[ZN—Q((gC‘.’)Z—meson)]l—meson

will be quite large. We choose the cutoff function u(w)
so that the major contribution to the integrals in
Egs. (54a) and (55) comes from the region where
w>w'. This can be done since the integrands of (55) fall
off more rapidly in ' than the integrand of (54) falls
off in w. Thus

d
w1 —Bx™*(my —w) ]L}_f(w)

L1 =Zy((g2) ) P —[1—Zx((g2)= )], (56)

From (53),
1—Zn((g) mem) <1, (S7)
so that

d
w1 —BNma‘(mv—w)]2d—f(w)<(). (58)

Using (58) and (54a), we obtain (48a).

We have shown that it is possible to choose the
parameters occurring in charged-scalar theory in such
a manner that (g2)2mesen< (g 2)meson or for a given
value of g, it is less probable to find the physical V
particle as a bare V, when V0 states as well as N6 are
included in the calculation. This is certainly a reason-
able situation and suggests an interesting possibility :
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As we include more and more mesons in the calculation,
it s less and less probable lo find the physical particle as
a bare particle, for a given value of the coupling constant.
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Substituting (43a) and (43b) into (40), we obtain
the V propagator in the two-meson approximation

)= —my—+ie)[1—y(W)TL, (59)
This would certainly be in the spirit of constructing a  where
theory in which none of the strongly interacting particles YW=y 1(W) (1) —vs(W) (60a)
would be more elementary than another.! and
W)=( )82 e : (60b)
yi(W)= (W —mvy)g ’
' Y 20 (my—my—w) (W —my—wtie)[1—By(my—w)]
u*(w) u*(w') (W —my—2w—w")
1o0)= (W —m)g = g 1/
k2w L ¥ 2w (my—my—o)(wto )2V —my—w—ao’)
(my—my—w)(W —my—w)[1—Bn(my—w)], (60c)
()= OV =g 5 :
vs(W)= (W —mv)g
b 20 (W—my—w)[1—Bx(my—w)][1—B8nx(IV—w)]
u(w') g2 3k [u2(0')/ 20" I (my—my —o'") (@) (W —my —0—o'") ]
> (60d)
k20 (my—my—o')(w+o") (VW —my—w—0o')
Note that very much alike. This also follows by comparing
i , u(w) Figs. 1 and 3, where it is seen that the Feynman
7i(W) o 8 % o diagrams in both schemes have no crossed lines. It
© 1 turns out that crossed diagrams appear in this channel
, (61a) for the first time in the three-meson scheme.
(my—my—w)[1—By(my—w)] Let us now turn to the scattering and production
(o) ) processes N+6+<> N+6 and N46— V+64-6. In addi-
w(w

2(I) —— g2
O . e mn )1 —Bntmr—)]

1 (") 1
ez ] @
¥ 20 (my—my—o)(w+w’)?
and
v3(W) ;—»O. (61c)
Comparing with (43b), we see that
I—Y(I/V) ;’7_:: (ZV)Z-mesun. (62)

Also, it can be seen from (60) that y1(J}") has a cut for
my+u<TW < o, so that it contains part of the contri-
bution due to N-6 states. y.(W) and v3(W) have cuts
for my+u<W< o and my+2u<W< <, thereby
containing contributions due to both V-6 and V68 states,
Furthermore, the function y(I7) behaves in the same
manner as the function (1), for W <my+u, where it
is real. Therefore, there can be no bound state in the
V-N6 sector in the two-meson approximation. In fact,
by comparing Eqgs. (59) and (27), it is seen that the V
propagators in the one- and two-meson schemes are

10 W. Heisenberg, in Proceedings of the 1958 Annual International
Conference on High-Energy Physics at CERN, edited by B, Ferretti
(CERN, Geneva, 1958); G. F. Chew, S-Matrix Theory of Strong
Interactions (W. A. Benjamin, Inc., New York, 1961), Sec. 1.

tion to the V-V vertex 7v*(s;w) and the N-8 four-point
function 7x4!(s;w,w") defined in (9¢c) and (22), we have

(8ww'w’) 112
1(w)u(w)ulw'")
XO| T[Yv(s)ar(s)ow: (s)¥ntar1]]0).

TNOZ(S; w:w’7w”) =

(63)

The two-meson modified equations for the Fourier
transforms of these functions are

(W —mo,v)?v3 (W ; w)
g _ u(w)

-5

Zy ¥ 20’

(64a)

#no' (W0 w),

(”’v —7Mo,N —w) ?Nel ( VV; w,w')

2(.0 Bkkl g
e s LD
uz(w) Zn Zn

g (W)

ZN k'’

?\'NBZ(['V; wxw”:wl) ) (64b)
20"
and

(W —=my—w—ao)?x?(I1; 00" w)

=gt (V)

(64¢)
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where oy and Zy in Eq. (64b) are calculated in the eliminate 5 and Zy. We then substitute the result
one-meson approximation. We solve these equations into (64a) and use (40) and (59) to eliminate o,y
by substituting (64c) into (64b) and then using (38) to and Zy. In this way we obtain

(W5 0) =g(W —my) (W —my—w) ' [1 =By (W —) T [1 —y(W) ], (652)
2w Okkr
1 (w) (W—my—w)[1—By(W —w)]

?Nal(LV; w,w’) =
- g2
T (W —my—)[1 =By (W —) JW —my—o')[1—By(W —&') (W —my)[1—y(W)]’

(65b)

and
oW 0,0 ") =gtne'(W;0,0")/ (W —my —ow—w'+ie) (65¢)

as the solutions to the system (64). Note the similarity between the expression for the N-8 four-point function in
the two-meson approximation (65b) and in the one-meson approximation (24). The reason for this similarity is
seen by inspecting Fig. 5. The only difference between the Feynman expansion for 7x¢'(s;w,w’) in the one- and
two-meson approximations is that the IV particle is dressed by the iterated bubble diagram whenever it appears
in the two-meson case, while it is bare in the one-meson case. There are no crossed diagrams, so that the same
kind of dynamics operates in the V-N6 sector in the one- and two-meson schemes. This situation will change in
the three-meson approximation where crossed diagrams appear for the first time in this sector.

Using the reduction formula from I, and the expressions (65b) and (65c), we can write down the S-matrix
elements for N- scattering and N§— V688 production. They are

u*(w) g
Sno** =i +2mid(w—w’) (66)
20 (my—my—w)[1—y(my+w)]

RIOZICHTICH:

(Bu'a”) 2

and

Swoved® B =21i8(my+o’ —my—w—w

gS
X .
(@ +my—mn)[1—Bx(my+o) [(my—my—w" )1 —y(my+a'")]

(67)

It can be seen that the production amplitude (67) is essentially the product of N-6, elastic scattering in the two-
meson approximation (66) and V.- scattering in the one-meson approximation [Eq. (25) with my <> my, 8> 8y .
Now let us turn to the V-6 sector in the two-meson approximation.

V-0 Sector
Let us define the 7 function appropriate to V-6 elastic scattering and V68— N26 production as

/\1/2

v (5; 0,0 ) =————(0[ T[¥v(s)ar(s)¥ viar 1]] 0) (68a)
u(w)u(w)
and
(Sww'w’)1/2
Tve*(s; w0 0') = —— Ol T[¥x(s)ar(s)ar (s)¥v'ar1]]0). (68b)
u(w)u(w)u(w'”)

The two-meson modified equations for the Fourier-transformed 7 functions are

2w 6kk:! g u?(w'’)

(W—mo_v—w)?w‘(I/V;w,w')= 1
w(w) Zy Zy ¥ 20"

2r?(W; 0 wyw’) (69a)
and
(W —my—w—u")tye(W; w0’ ") =g[#ve(W;w ')+ v (W;w,0") ], (69b)

where m,o,v and Zy are given by the one-meson expressions (21a) and (21b). But these are precisely the equations
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for the V-6 sector of the conventional Lee model.!! From II, the solution to these equations is

2(.0 5[;1‘1 g2
4

Fro'(WHmy;ww’) =

w(w) H-() (W —w—my+my) (W —o —my+my)

I:(my—mN—w')IW+(w’)

1
S (e
(W —w—a'+ie)

1
[1—-B(w'+my) 1 —ﬁ(W—w'+mN)]:|
=y = WA I (W =) (VW —a—my+mx)2(V —2) I (I —o)

5
(my—my—o')(0—w —1€)

(my—my—o")(W —w—o'+1€) (w—w’ —i€)

GH(W —my+my)[(W —w—my-+my) [t (W —w)+Qmy —2my — W) I+ (W —my—+mx) ]

(mv—mN -—w') (mV—mN—w)[l +G"’(W—my—|-mN)IW+(W —my-}-m)v)]

XI:(mv—mN—w')IW+(w’) - (mv—mN—W-i-w')[W“‘(W—w')¢

where
GG)=@E—my+mn)[1—BGE+mn)], (71a)
H(E)=G(WV —3), (71b)
Gtlw)= lirf)}LG(wiie), (71¢)
H*(w)= 1i»r;1H(w:!:ie)= Iir(ﬂG(W——w?ie), (714d)
1 r> , 1
IW(Z)E;/" dw Im[:G+(w’):|
(72)

X .
[1-B(W —o'+mn)] (' —2)

Using the diagrammatic representation of the Egs. (69)
and “calculating” the Feynman expansion for
#ve!(W; w,w’) up to sixth order, we obtain the perturba-
tion expansion shown in Fig. 6. It can be seen from
Fig. 6 that the interaction takes place entirely through
crossed diagrams or exchange diagrams. Since exchanges
of particles give rise to forces, we may expect that a V-0
bound state may exist, for large enough coupling con-
stant. Indeed, this is precisely the case, and the V-0
bound state of the conventional Lee model is a well-
known phenomenon.!? It arises from the vanishing of the
denominator [14+G*(W —my+my) [w+t(W —my+my) ]
in Eq. (70) for the V-6 four-point function.

From II, we can write the S-matrix elements for V4
elastic scattering and V6— N26 production in the
two-meson approximation. They are

Sve** =8y

+2rid(w—0w’)

ui(w) g? |"1+G+(w)A (w)
7
2w G+(w)|_1—G+(w)A (w)il 73)

‘I‘IM. S. Maxon, Phys. Rev. 149, 1273 (1966), hereafter denoted
as I1.

12 See IT and the references contained therein for discussions of
the V-9 bound state.

1
. (70
[1 —B(w'-i—mzv)][l—ﬁ(W—w'-i-mN)]:” (70)

and

Svonag* i EF (@) )’

u(w)u(w )u(w'’)

=2rid(my~+o" —my —w—0' ) ——————
(Bww'w'") 12

V2g

X , (714)
GHw)GH (W) [1—-Gt (')A ()]
where .
A(w)=—1,%(w) =—/ do'’
1 1
X[m[ :1 . (735)
GH ()G (my—my+w—u')

The S-matrix element for N-26 elastic scattering is
given in IT and will not be rewritten here.

An analysis of the denominator 1—G*(w)A4(w),
carried out in II, shows that Gt(w)A4 (w) passes through
the value 1 at some w=uwg,

my—my<wp<pu, (76)
W)

where inequalities for gz® are given in II. Therefore,

for
5" <gi<gsl,

8\ ,8 N 4
N L7 \«’ —_—————
-
V—U—y = = === 2N /
+ —L
\ 7 \, e ~ Va
A N Sl el
A /) /‘\ \ tan) -
+ + -+ + —L 7
\ / \ ’
\ / \ / N , N
. -1 N\ oot pm——y ,
Ao~ A i S N 3 {
FVAVAVANER . VE SN AN VAN AN
\ / \ , \ V2
N b NS \ /
Nemy) 4 \\,’ -—— e ———
N ATTTR P N oo o N < o S
L S AL NAVA W PR A WD AN A SR Vi VA WA

Fic. 6. V-0 four-point function to sixth order
in the two-meson approximation.
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F1c. 7. Crossed diagram obtained from fourth term of Fig. 5.

if (77) is satisfied, a bound state of the V-6 system will
occur with total energy my+wp.

Now that we have obtained solutions in the V-V@
and V-6 sectors in the two-meson approximation, let us
turn to the question of crossing symmetry.> The reader
may have noticed that, although we have the proper
poles and right-hand cuts in our = functions and S-
matrix elements, the left-hand cuts are entirely absent.
This is due to the complete absence of crossing sym-
metry in the modified Tamm-Dancoff scheme. This can
be seen most easily by comparing Figs. 5 and 6. Al-
though there is an obvious correspondence between the
perturbation-theory diagrams for N-8 (V-) scattering
and V-6 (V-6) scattering, it is not the simple exchange
of incoming and outgoing mesons. If we perform this
exchange on the second term in the expansion of Fig. 5,
we obtain the second term in the expansion of Fig. 6.
However, if we perform the exchange on the fourth
term in Fig. 5, we obtain the diagram shown in Fig. 7,
which has a three-meson intermediate state and is
therefore absent in the two-meson-approximation
diagrams of Fig. 6. Likewise, the fourth term of Fig. 6
goes into the diagram shown in Fig. 8, which is not
included in the two-meson diagrams of Fig. 5 because
it has a three-meson intermediate state.

Therefore, the absence of crossing symmetry in our
scheme seems to be an inherent feature of truncating
the 7-function equations by restricting the number of
mesons occurring in intermediate states. We discuss the
relationship of our method with meson-nucleon calcu-
lations which include crossing symmetry in the con-
cluding section.

CONCLUSIONS

In this paper, we have presented a scheme for solving
the infinite set of equations that arise for the 7 functions
of charged-scalar-meson theory. The basic idea of the
scheme is to treat the single-nucleon states on an equal
footing with meson-nucleon states. The advantage of

F16. 8. Crossed diagram obtained from fourth term of Fig. 6.
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the method is that we can investigate the spectrum of
charged-scalar-meson theory, allowing for the possi-
bility of dynamical bound states with the same quantum
numbers as the nucleon. The disadvantage is the
absence of crossing symmetry inherent in the finite-
order truncation schemes. However, we do not feel that
this poses a problem since we are primarily interested
in the spectrum of the exact solution rather than an
accurate description of scalar-meson-nucleon scattering.
Let us explain this statement.

Current methods for calculating meson-nucleon
scattering, which take into account crossing symmetry,
are based on the classic work of Chew and Low.! This
work assumes that the spectrum of H (pseudoscalar
mesons) includes a single-nucleon state followed by the
meson-nucleon continuum. The resulting equation,
describing P-wave pion-nucleon scattering, is solved
in the one-meson approximation, and reproduces the
essential feature of low-energy scattering, the (3,3)
resonance, as well as determining the renormalized
coupling constant from the experimental data
(f2=0.08). Since only one nucleon is observed experi-
mentally, and a meson-nucleon scattering experiment is
carried out with real nucleons (completely dressed), th e
Chew-Low approach is certainly a reasonable one.

We have taken the attitude, in this paper, that the
field theory describing the strong interaction between
mesons and nucleons may have a spectrum that differs
from the one usually assumed, namely, a single-nucleon
state appearing as a simple pole, followed by the meson-
nucleon continuum. In order to understand the role of
field theory in describing the strong interactions, it is
essential to establish the nature of the spectrum that
arises from the exact solution to the theory (if one
exists), and whether this spectrum has anything to do
with the experimentally observed one. Therefore, we
give up crossing symmetry in order to be able to handle
the single-particle states on an equal footing with the
single-particle-multimeson states.

We have obtained results in the one- and two-meson
truncation schemes. It is found that the one-meson
solution to the V-N6 sector and the two-meson solution
to the V-6 sector are just the results obtained from the
conventional Lee model.”"!* These results are inter-
preted in the present context as demonstrating that a
bound state (V@) occurs, for large enough coupling
constant, in the channel in which the meson-nucleon
interaction proceeds entirely through exchange
diagrams.

The two-meson solution in the V-N@ sector is the
simplest problem in our scheme in which the conven-
tional Lee-model dynamics are inappropriate. The
solution does not give rise to the possibility of a bound
state (/V6) as in the one-meson case. The reason for this
is the complete absence of crossed diagrams as in the
one-meson case. However, we find an interesting result
in the course of solving for the renormalization con-
stants. Namely, we can choose the parameters of the
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theory so that [Z]2-meson < [Z7]l-meson for a given value
of the coupling constant. If this situation persists when
we go to the higher-order truncation schemes, an
interesting, and indeed reasonable, result arises. As we
include more and more multimeson states, the connec-
tion between the physical particles and their fields
becomes steadily weaker. This situation is certainly
compatible with the point of view that, among the
strongly interacting particles, no one particle is more
elementary than another.!

Work on the three-meson solution is now being
carried out. Results obtained so far explicitly show that
the V-0 bound state, found in the two-meson approxi-
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mation, makes its presence felt in the V-N6 sector in the
three-meson scheme. Since there are crossed diagrams
in this sector for the first time, the possibility of a bound
state (V6) arises. Whether or not ‘“enough” of the
interaction proceeds through exchange diagrams to
produce this bound state will be settled by the complete
solution to the three-meson equations.
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Neutron Beta Decay in a Strong Magnetic Field
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The B decay of a neutron in a strong quantizing magnetic field is studied by making use of the exact
Dirac wave function for the electron in a magnetic field of arbitrary strength. The general conclusion is
that the lifetime is unaffected by the magnetic field for H <102 G. For H > 102 G, the lifetime in a vacuum
is appreciably decreased. This conclusion is still valid when the decay takes place in a degenerate electron
gas at densities lower than 106 g/cm?. At higher densities, the lifetime in a magnetic field tends to reach the

value in the absence of the field, for any field strength.

1. INTRODUCTION

HE properties of an electron gas in an external
magnetic field, constant in time and homogeneous
in space, have been extensively studied in a number of
recent papers,' and results indicate that intense mag-
netic fields will be produced in the gravitational
collapse of a star and in collapsed objects. Briefly, in a
magnetic field the energy states of the electron are
quantized and the properties of an electron gas are
modified accordingly.
In this paper, we are interested in the modification of
a B-decay process in an intense magnetic field. First, we
compute the decay probability of a free neutron in a
magnetic field; our results can be readily generalized
for all elements whose lifetime and the energy of the
electron from decay are known. This problem is of great
interest, since it is now believed that in a gravitational
collapse, fields as high as 10¥® G can be produced. The
nucleosynthesis process, which involves neutron cap-
tures, can be strongly affected by the presence of an
intense magnetic field. In addition, strong magnetic
fields could also have existed during the early phase of
cosmological evolution. The modification of the neutron

* Present address: New York Institute of Technology, New
York, N. Y. 10023.

1V, Canuto and H. Y. Chiu, Phys. Rev. 173, 1210 (1968); 173,
1220 (1968); 173, 1229 (1968).

decay lifetime could also have caused a change in the
helium production rate during the early evolution
phase of our universe.

The most important effect of a magnetic field on the
decay of a free electron is in the modification of the final
state, the phase space. Strictly speaking, all states of
the neutron and proton are affected by a magnetic field.
However, the effect is smaller by a factor (m/M,)?, and
for relatively small fields (compared to 10 G), the
modification of the proton and neutron states by mag-
netic fields can be entirely neglected.

The neutron mean life 7 is calculated in two cases—
namely, in a vacuum and in a highly degenerate
magnetized electron gas—and the result is compared
with the corresponding values of 7o in the absence of
the magnetic field. The general result is that the neutron
mean life in a magnetic field is decreased with respect
to the “free” case, if the neutron is in a degenerate
electron gas at a density lower than 108 g/cms3.

Figure 1 shows the modified 8 spectrum for @=1,
and 0.1, where © is a measure of the magnetic field
strength, @ =H/H ,, H ;= m?c3/eh=4.414X 10" G.

Figures 2-4 show the neutron lifetime in a vacuum as
a function of ©, and in a degenerate gas as a function
of the matter density. In both cases, the general
behavior shows that the lifetime is decreased with
respect to the free cases.



