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Deuteron elastic and inelastic scattering on 14Si14 8, 1fiS163', and 18Ar18~6 was studied with an 18-MeV deuteron
beam from the Yale MP tandem Van de Graaff accelerator. Optical-model and distorted-wave Born-approxi-
mation analyses of the experimental angular distributions were performed. The deformation parameters
[ t4

~

and
~

tis (, extracted in this manner, are in accord with the corresponding parameters extracted from
electromagnetic deexcitation lifetimes in those cases where the electromagnetic lifetimes of the states
involved in the inelastic scattering have been measured. The experimental angular distributions were also
analyzed through a coupled-channel approach. This method of analysis permitted extraction of more
complete spectroscopic information concerning the nuclei under study, namely, the even-even N =Z nuclei
in the second half of the 2s-1d shell. The conclusions drawn regarding Si'8 from the present work are not
definite; however, the indications are that Si has an oblate static deformation, with excited states com-
prising a It =0 rotational band based on the ground state. The strong octupole vibration (the 6.88-Mev 3
level) in Si" is to some degree in contradiction with this conclusion. In the case of S32, the results of the
coupled-channel calculations indicate that the levels of S" up to an excitation energy of 5 MeV are well
explained on the assumption that S"is an almost spherical vibrational nucleus. The results for Ar' are quite
similar to those for S32; however, the data are unfortunately less clear, since a number of the most important
levels appear in the experimental spectrum as unresolved doublets. Spherical shell-model calculations have
been found to be in excellent accord with the spectroscopic factors measured in this laboratory for deuteron-
induced stripping and pickup reactions on these nuclei. These data, together with extensive spectroscopic
measurements here and elsewhere on lighter-mass nuclei in the s-d shell, suggest that in moving into the
shell from 0"a pronounced static prolate deformation develops rapidly, reaching its maximum in the vicinity
of A =21—23; subsequently, this deformation is reduced, and in the vicinity of A =28 it reverses sign to
yield a weak, poorly stabilized oblate shape, which by A =32 has returned to a spherical equilibrium con-
6guration which is retained to the end of the shell. These experimental endings are not reproduced by the
simplest Hartree-Pock calculations, which predict a more pronounced oblate deformation in the upper
half of the shell.

1. INTRODUCTION

T has long been recognized' ' that the s-d shell con-
.. tained regions of pronounced collectivity and, pre-
sumably, correspondingly pronounced static deforma-
tions of the nuclear equilibrium shapes. The question of
the detailed behavior of this deformation with mass
number throughout the shell has remained open since
the initial discovery of collectivity in this mass region'
and is an important one in establishing the depth of
contemporary understanding of nuclear structure in this
region.

It has been suggested' that (d, p), (d, t) and. (d, d')
experiments, particularly on even-even nuclei in the
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shell, could provide relevant information concerning
this behavior of the equilibrium nuclear shapes with
increasing nucleon number. The (d, p) and (d, t) reac-
tions provide important probes for the particle and
hole structure relative to the even-even cores; the
(d, d') results hold promise of distinguishing between
excitation spectra of vibrational character based on a
spherical equilibrium shape and of rotational character
based on a statically deformed shape, particularly when
subjected to coupled-channel analyses.

Recognizing the relative paucity of such data in the
upper half of the s-d shell, we have concentrated on the
three target nuclei Si', S", and Ar", and have carried
out the three types of measurements noted above at
incident deuteron energies of 18 MeV for the (d, d')
and (d, p) measurements and at 21 MeV for the (d, t)
measurements. %e report herein on the deuteron
scattering measurements and analyses; in subsequent
papers we shall consider the stripping and pickup results
and their analyses, respectively.

Two types of theoretical analysis were applied to the
experimental scattering data: (1), a distorted-wave
Born approximation (DWBA) analysis using the code
JULIE; (2) a coupled-channel analysis using the code
JUPIToR-i. The DKBA analysis, in principle, permits
determination of spin assignments for various excited
levels through comparison of theoretical predictions
with the experimentally determined angular distribu-
tions; and, in the case of one-step excitation processes,
j.466
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the absolute magnitude of the deformation parameter
P—but not its sign —may also be determined. However,
the DKBA method of analysis does not distinguish
between vibrational and rotational modes of excitation,
nor is this method well suited for studying levels whose
excitation proceeds via a two-step process, e.g. , two-
phonon levels. On the other hand, the coupled-channel
analysis can, in principle, describe quite completely the
excitation of levels via two-step processes. This latter
analysis can also, in some cases, distinguish between
vibrational and rotational modes of excitation.

In brief, while the present measurements suggest
that Si" has a relatively weak static oblate deforma-
tion, they also indicate that this deformation rapidly
dissolves, so that S",Ar", and presumably all nuclei in
the upper part of the s-d shell are characterized by an
essentially spherical equilibrium shape. This is in
marked contrast to the situation in the 2=21—23 re-
gion, where recent studies, in this laboratory and else-
where, have established the existence of effective rigid
body moments of inertia and suggest that these nuclei
may indeed be the best rotor nuclei in the entire
periodic table. ' |A"bile this latter behavior is repro-
duced by the Hartree-Fock calculations~ for this shell,
that found in the upper end of the shell is not, in that
the calculations predict a larger region of more pro-
nounced oblate deformation than is found experi-
mentally.

A review of the available information relevant to the
equilibrium shapes throughout the s-d shell is in prep-
aration and will be published in the near future. '

2. EXPERIMENTAL PROCEDURE

The experiments reported herein were performed in a
30-in. Ortec scattering chamber using an 18.00-MeV
deuteron beam from the Yale MP tandem Van de
Graaff accelerator. A two-counter telescope of solid-
state detectors, standard linear electronics, and a
Landis-Goulding type of particle identifier, constructed
in this laboratory, were used to identify and energy-
analyze the charged-particle reaction products. The
particle spectra were stored in a 4096-channel Nuclear
Data multichannel analyzer. The target conditions
were continuously monitored by a further solid-state
detector placed at a laboratory angle of 65; this angle
corresponded to a relative maximum in the 18-MeV
elastic deuteron cross section for the nuclei involved in
these experiments, and thus minimized statistical
counting uncertainties.

In the Si's(d, d') experiment, a self-supported foil,
~200 erg/cm' thick, of natural silicon (Si" 92.7%

R. Lindgren, R. Hirko, J. Pronko. A. J. Howard, and D. A.
Bromley Bull. Am. Phys. Soc. 13, 1371 (1968).

r/J. Bar-Touv and I. Kelson Phys. Rev. 142, 599 (1966).
8 D. A. Bromley, M. C. Mermaz, C. A. Whitten, A. J. Howard,

and J. Pronko (to be published).

abundant) which was a mixture of the chemical forms
SiO and SiOs was used. In the S"(d, d') and Ar" (d, d')
experiments, a gas cell target was used having a cell
wall of 0.1-mil-thick Havar foil. ' The gas cell was main-
tained at approximately 20-cm Hg pressure in these
experiments. The sulfur target was HsS gas (Ss' 95.0%
abundant) purchased from a commercial source, while
the Ar" gas was separated by the Yale Isotope Separa-
tion Group and was made available for these experi-
rnents by Dr. A. Howard and Dr. K. K. Watson, to
whom we are much indebted.

3. ABSOLUTE CROSS-SECTION
DETERMINATIONS

In the case of the Si's(d, d') experiment, the absolute
cross sections were determined by measuring a-particle
elastic scattering on silicon at 4.00 MeV, and deuteron
elastic scattering on silicon at 18.00 MeV under the
same experimental conditions of target condition and
position and of detector geometry. The a-particle
elastic-scattering angular distributions on silicon were
found to obey the Rutherford scattering law for all
angles below at least 90 . Consequently, for the same
number of incident particles, the ratio of the O.-particle
and deuteron counting rates at a given angle was equal
to the ratio of the O.-particle 4.00-MeV Rutherford
cross section and the deuteron 18.00-MeV elastic cross
section in the laboratory system. In the case of deuteron
inelastic scattering cross sections on silicon, due account
was taken of the fact that the silicon target was only
92.27% Si". This comparison method for determining
absolute cross sections was particularly appealing in
the case of our silicon target, whose exact composition
in terms of SiO and Si02 was unknown. %e estimate
conservatively that the absolute cross sections for deu-
teron elastic and inelastic scattering on Si ' are deter-
mined to considerably better than 10%.

In the case of the gas cell experiments using H~S
and Ar" gas, two main difhculties were encountered in
the determination of accurate, absolute deuteron scat-
tering cross sections. Local heating of the gas along the
beam path changed the effectirve gas density as a func-
tion of the beam current; the beam currents used in
these experiments varied from about 10 nA at the most
forward angles to about 500 nA at back angles. In the
case of the sulfur experiments, the H2S gas was cracked
by the beam —mainly, we believe, at the entrance and
exit foils—so that the amount of H2S gas in the cell
decreased as a function of time. In the case of the
Ar"(d, d') experiments, we were able to estimate the
heating effects quite accurately by plotting the ratio of
monitor counts to integrated charge as a function of
beam current and extrapolating this plot to zero beam

'Purchased from the Hamilton Watch Company, Lancaster,
Pa.
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current or no heating effect. In the case of the S"(rf, d')
experiments, the cracking of the H2S introduced
additional errors, but the gas cell pressure was mea-
sured before and after each angular run, so that the
average pressure during each run was known accurately.
Furthermore, in the S"(d, d') experiments, there was
a slight air contamination present in the gas cell. Taking
all these effects into account, we estimate that the
S"(d, d') and Ar"(d, d') absolute cross sections were
determined to well within 15% and 10%, respectively.
However, since the gas cell was continuously monitored
by the monitor detector, the relative cross sections are
established to a much higher degree of accuracy (sta-
tistically limited) than the absolute cross sections.

4. EXPERIMENTAL RESULTS WITH OPTICAL
MODEL AND DWBA ANALYSES

A. Qualitative Results

Angular distributions were measured for Si"(d, d')
scattering from 15' to 120', for S"(d, d') scattering
from 15' to 135', and for Ar"(d, "'d') '„scattering from
15 to 150 in the laboratory. Figure 1 presents the
deuteron spectrum obtained at 55 for the Si"(rf, d')
reaction. Figure 2 presents the deuteron spectrum ob-
ta,ined at 60' for the S"(d, d') reaction, while Fig. 3
presents the deuteron spectrum obtained at 60 for the
Arse(d, d') reaction. In all three spectra it should be
noted that the first 2+ level and the first 3 level are
strongly excited. Except where noted we shall take the
excitation energies from the compilation of Endt and
Uan der Leun. "

The most direct interpretation of the Si" spectrum is
that the E=O rotational band having members 0+, 2+,
and 4+ is being excited; this follows both from the
strong excitation of these three states as compared to
any others, and from the fact that these excitations are

' P. M. Endt and C. Van der Leun, Nucl. Phys. A105, 1 (1967).
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FIG. 1.Deuteron spectrum from Si' obtained with a solid-state
detector telescope at a deuteron incident energy of 18 MeV.
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Fzo. 2. Deuteron spectrum from S"obtained with a solid-state
detector telescope at a deuteron incident energy of 18 MeV.

"R.W. Oilerhead, Bull. Am. Phys. Soc. 13, 87 (1968).
'2 K. Wittner, B. Rosner, and K. Bethge (private cornmunica-

tion) ."L.Meyer-Schutzmeister et ol. (private communication).

in reasonable accord with a J'( j'+1) rotor spectrum
prediction. On the other hand, the first excited 0+ in
Si" at 4.98 MeV (ds) is weakly excited, as is the 3+
level at 6.28 MeV (d4). This latter 3+ level most prob-
ably has a (1dsrs ' 2sir, ) particle-hole configuration, and
is known to have a very weak electromagnetic transition
matrix element to the ground state (Ref. d of Table
II); it is thus not part of the collective excitation spec-
trum of Si".

No evidence was found at any angle for population
of the second excited 0+ state in Si", at 6.68 MeV,
known as yet only from the 0"(0" a) Si" studies car-
ried out at Chalk River. "This may reflect the supposi-
tion, based on the abnormally long lifetime of this state
against electromagnetic deexcitation to the erst 2+
state, that it may be the first state of opposite deforma-
tion sign to the ground state, i.e., a prolate state in an
oblate equilibrium nucleus.

It is of interest to note that recent measurements"
on the Mg'4(Lir, I) Si's reaction have shown relatively
weak population of members of the ground-state rota-
tional band in Si" but very strong population of the
0+ state at 6.68 MeV. Inasmuch as Mg'4 is definitely
prolate in shape, it might be argued that simple n-parti-
cle transfer would populate preferentially prolate states
in Si". This data might, therefore, support the argu-
ment that this state was the lowest prolate state in
Si". A similar situation holds in the case of Si", which
we also believe to be oblate in its ground-state con-
figuration. On the reasonable assumption that Al2~ is
also prolate in its ground state, the failure of the
Al" (He', P) Si" reaction" to populate the low levels of
Si~9 strongly and the strong population of a state ~4.5
MeV in excitation again suggests that the latter may be
the lowest prolate state.

The 3—octupole level at 6.88 MeU is indeed the only
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In the case of the deuteron groups to the higher excited multip-
lets, the data suggest~that the dominant excitation involves the
indicated multiplet members.

other level in the Si' excitation spectrum which is sig-
nificantly populated in the inelastic deuteron scattering,
and, as will be noted later, the strength of this excitation
can be interpreted as favoring a predominantly vibra-
tional, rather than rotational, structure for Si".

In striking contrast to the spectrum of Fig. 1, that of
Fig. 2 for scattering on S" shows structure to be ex-
pected for a spherical vibrator nucleus. The 0+, 2+, 4+

triplet of levels (ds, ds, and d4) occurs a,t roughly twice
the excitation energy of the first 2+ excitation, as
would be expected for a two-phonon excitation of the
ground state. Whereas the 2+ state is at an excitation of
2.237 MeV, the triplet levels are at 3.78, 4.29, and 4.47
MeV, respectively. As in the case of Si", the only other
strongly excited state is the 3 octupole state at 5.01
MeV; in particular, the 1+ level at 4.70 MeV is very
weakly excited, if at all, consistent with its description
as a (ids/s ', 2s&~s) particle-hole configuration.

The Ar' spectrum of Fig. 3 is significantly more com-
plex and less amenable to a simple collective interpreta-
tion. The one-phonon 2+ state at 1.97 MeV is very
strongly excited, and a possible two-phonon triplet
having assignments 0+, 2+ and 4+ at excitations of 4.33,
4.44, and 4.41 MeV, respectively, is discernible although
the 0+ (ds) excitation is especially weak at this particu-
lar observation angle. The dominant excitation, apart
from the 6rst 2+ state, is clearly the 3 octupole state
at 4.178 MeV.

There appears to be significant population in this
case of at least three more known negative parity states
in Ar', namely, the 3, 5, and 4 states at excitations
of 4.96, 5.17 and 5.89 MeV, respectively; we shall ex-
amine below the hypothesis that these states may be
members of a quadrupole-octupole two-phonon multi-

plet. No other higher states are involved to any sub-
stantial degree in the deuteron inelastic scattering.
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b of the optical-model parmeter listing of Table I.
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B. Optical-Model Analysis of Elastic-Scattering
Angular Distributions

The angular distributions for elastic deuteron scatter-
ing at 18 MeV on Si", S", and Ar" are shown in Figs. 4,
5, and 6, respectively. These data have been paramet-
rized in terms of a standard optical model; the real part
of the model potential has a %'oods-Saxon form, while

the imaginary part is taken as the derivative of an in-

dependent Woods-Saxon form. In particular,

~oI()=—
1+ exp[(r —rpA'~')/ap]

expL(r —r,A'~s) /a, ]—4iS';—'
L1+ exp(r —r;A'") /a ]' '

Ke have searched automatically and simultaneously
on Vo, ro, ao, lV;, r;, and u; using the search code MAGALI

written by Raynal. ' The curves superposed on the
data points in Figs. 4, 5, and 6 are the best fits thus ob-

tained, and the corresponding optical-model parameter
sets are listed in Table I. As is clear from inspection,
these parameters are very similar to those given earlier

by Percy." Indeed, as in Percy's case, we found an
unusual situation and solution for the Si'8 data where

the real part of the potential is characterized by an
unusually small radius and an abnormally great depth.
(See Ref. b, Table II.) We believe that this may reflect
our tacit assumption of a spherical model potential
where we here apply it to a nonspherical nucleus. In
the DWBA and coupled-channel analyses which follow,

we have somewhat arbitrarily chosen to use an inter-
mediate solution which gives much better fits to the in-

elastic scattering data and has parameters which are
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e . r.=13incident deuteron energy ofTABLE I. Optical model parameters for an inci en eu

Target
nucleus

Up

(MeV)
rp

(F) (F) (Mev)

Si"

S32

(a) 203.467 0.6016
(b) 123.000 0.890

110.865 1.0053

0.9797 24.350 1.3305 0.5997
0.945 27.310 1.385 0.539

0.8737 20.511 1.4167 0.5847

Ar'6 86.413 1.2148 0.513 10.90 1.6605 0.596
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A )„/(2s+1) ~ (VpRp'/ap') Ps', E=O, 2, 4.

It should be emphasized that the reaction mechanism
theory on which these expressions are based is in much
less satisfactory condition for the multistage processes,
and the corresponding results must be treated with
some caution.
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I'zG. 7. Deuteron inelastic cross sections on Si" at 18 MeV in-
cident deuteron energy, together with the theoretical DWBA in-
elastic cross sections. The optical-model parameters used are those
of Table I, and the )P~) values extracted from this analysis are
given in Table II.

where Rp ——rpA'Is and E;=r;A'Is f(x) and g(x) are,
respectively, the real and imaginary form factors of the
deuteron optical-model potential as defined previously.

For the spherical vibrational model, the preceding
formula remain the same, except that PP is equivalent
to (2E+1)first/2C&, where 4o& is the centroid energy of
the vibration, and C~ is the surface tension associated
with the vibration.

In the case of a two-quadrupole-phonon transition,
in the elementary sense of the Blair model, " the form
factor used has no imaginary part, and we have, simply,

Il (r) = (d'/dx') f(x),
where f(x) is the previous real form factor of the deu-
teron optical-model potential.

In this case,

In the above expressions, we take Vo, ro, uo, 5;, r;,
and a; values as axed by the fitting to the elastic scatter-
ing angular distributions as described in the preceding
section. As is then obvious, only a single parameter,
the deformation p, remains free in order to normalize
the model predictions to the experimental data. The
errors to be assigned to the extracted

~ P~
~

values, it
should be emphasized, are not directly proportional to
those assigned to the absolute cross-section determina-
tions, but rather to the relative errors between inelastic
and elastic channels, inasmuch as the latter data are
those which establish the model parameters used in ex-
tracting the PI in a self-consistent fashion.

Figure 7 presents the angular distribution data for
the four most strongly excited states in the inelastic
deuteron scattering on Si", together with the cor-
responding DWBA fitted cuives. In this case, the ex-
citation of the 2+, 4+, and 3 states at 1.78, 4.62, and
6.88 MeV is assumed to proceed via one-step processes—although this need not necessarily be the case for the
4+ state —and the excitation of the 0+ level at 4.98 MeV
is assumed to proceed via a two-step process involving
the first 2+ state. Higher 0+ states —in particular, that
at 6.68 MeV—were not observed. Not shown here are
the data for the 3+ level at 6.28 MeV which is very
weakly excited in the inelastic scattering and has an
essentially isotropic angular distribution.

Figure 8 shows angular distribution data from in-
elastic deuteron scattering on S"leading to the 2+, 4+,
and 3 states at 2.23-, 4.47-, and 5.01-MeV excitation.
These have been selected as the candidates for DW'BA
analysis assuming one-phonon transitions. For com-
parison, the dashed and solid curves in the central
figure for the 4+ state have been calculated on the as-
sumption of one-phonon and two-phonon processes,
respectively. It is clear that the detailed structure of
the predicted angular distributions is not sensitive to
the details of the form factor in use. From these fits,
however, it is possible to establish assignments of 4+
and 3 to the 4.47- and 5.0i-MeV states, respectively.
These assignments have recently been obtained' in cor-
relation studies on deexcitation y radiation in S', and
support for them also comes from recent studies" of
the (Li', d) rea, ction on Siss.

The DWBA analysis is incapable of reproducing the
angular distribution data for either the 0+ level at
3.78 MeV or the second excited 2+ state at 4.29 MeV.
The former is essentially isotropic, and the latter shows
a strong oscillatory diffraction structure. We shall re-
turn to this question in our consideration of a coupled-
channel analysis below.

Figure 9 presents the angular distribution data for
six states in Ar" populated in the deuteron inelastic
scattering at 18 MeV; also shown are four DWBA fits.
Unfortunately, the energy resolution of our semiconduc-
tor detector-telescope system was not adequate to

"J.S. Blair, Phys. Rev. 115, 928 (1958). 'o N. Al Jadir, Bull. Am. Phys. Soc., 13, 675 (1968}.
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I pt I
values extracted from this analysis are given in

Table II.

permit resolution of the three closely spaced doublets of
levels at 4.41, 4.98, and 5.17 MeV and of the triplet of
levels at 5.89 MeV; this renders difficult any attempted
analyses of the composite data. This is particularly
true in the case of the 4.33-MeV doublet, where it
appears that both 2+ and 4+ components are contribut-
ing significantly to the observed angular distribution.
In the case of the other two doublets and possibly the
triplet at 5.89 MeV, the observed angular distributions
suggest that only one member of the doublet is in-
volved in signi6cant fashion. The present data establish
the presence of a 3 state at 4.98 MeV and a 5 state
at 5.17 MeV. All the curves of Fig. 9 have been calcu-
lated on the assumption of a one-step single-phonon
process.

Table II summarizes the deformation-parameter data
as extracted from the present measurements; as ob-
tained from earlier DtA'BA analyses, where these are
available; and as obtained from reduced electromag-
netic transition matrix elements B(El). We have the
general relationship

B(E/) i/e'= (9/16'') )2'R,"PP/(2l+1) g

and we have used a standard electromagnetic radius
R,= 1.20 3'l". In view' of the degree of arbitrariness in
this selection of 1.20 F as the characteristic electromag-
netic radius constant, the detailed comparison of Pt
values extracted from inelastic scattering data and from
electromagnetic transition strengths is of questionable
significance. As indicated previously, the inelastic

TAaz, E II. Deformation parameters Pt.

Nucleus

Excitation
energy
(MeV)

I pt I
from

present (d, d')
experiment

Klectro-
magnetac

measurement
I

p&EM
I

S3o

1.77
6.88

2.24
5.01

1.97
4. 178

2+
3

2+
3

2+
3

0.47
0.33

0.30
0.30

0.245
0.31

0 57' 0.39b 0 33c
0.46' 0 30b 0 33'

0 37a
0.41~

0.40d
0.45d

0 37e
0.33'

~ Reference 26.
b M. P. Frick et al. , in the P~oceedi~gs of the International Conference

Nuclear Physics, Gatlinburg, Tenn. , 1966, edited by R. L. Becker (Academic
Press Inc. , New York, 1967), p. 16.

0 R. t/i'. Barnard et al. , Noel. Phys. A108, 655 (1968); (P, P') expt,
Z~ =21. MeV.

d T. K. Alexander et al. , in the Proceedings of the International Con-
ference on Nuclear Physics, Gatlinburg, Tenn. , 1966, edited by R. L. Becker
(Academic Press Inc. , New York, 1967), 367

P. H. Stelson et al. , Nucl. Data 1, 21 (1965).
f R. Lombard et al. , Nucl. Phys. 59, 398 (1964).
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scattering, while parametrized in terms of a deforma-
tion parameter, does not in fact distinguish between
rotational and vibrational modes of excitation, provid-
ing that an approp'riate numerical equivalence between
the P& parameter and the characteristic phonon energy
is established, i.e. , (2l+1)Itcut/2Cq= P—ts

In the case of the 3 state, it is probable that for all
three nuclei, a coherent particle-hole con6guration mix-
ture is involved. In Ar'6, the second 3 state, which was
much more weakly populated than the 6rst state in the
inelastic scattering, could well have a (1ds&s '2P3/2)

particle-hole configuration. Such an assumption would
explain not only the rather excellent fit obtained to the
experimental angular distribution data assuming a one-

phonon process, but also the small Ps=0.078 value ex-
tracted from the 6tting procedure. In Sec. 5 we shall
adduce evidence for other components in the state as
well. As is clear in Fig. 9, the 6t to the data for the 5

state at 5.18 Mev is rather poor; the value of Ps, ex-
tracted on the perhaps questionable assumption of a
one-step process, is Ps=0.13.

S. COUPLED CHANNEL CALCULATIONS

In order to obtain further insight into the nature of
the low-lying collective excitations in this mass region,
we have applied the coupled-channel formalism de-
veloped by Tamura" to the inelastic scattering data
presented above. In particular, we have used the
code JUrn'OR-1. 22 A detailed description of this code
and of the coupled-channel formalism is available in the
literature; however, it will be necessary to summarize
the approach briefly to establish the relevant notation
for our present purposes.

The coupled-channel equation set to be solved is the
following:

&u..a+1
~
&s ~.;„(r)=~„-' Q (QJ~.f. 8 er„)ssr I &...,i I (tjr„;„8@r„)ssr)&s„t„,;;(y).

tt' d' l„(l„+1)

The notation is as follows: e is the ordinal number of
the state in question in order of increasing excitation,
i.e., v= 0 is the ground state; p„=k„r is the wave num-

ber; I„x„and or„are the spin, parity, and excitation
energy of the eth target state; 8„=Eo—or„ is the center-
of-mass energy; j„=l„+sis the total particle angular
momentum; J=j„+I„is the total channel angular
momentum, and Rs„~„;„(r) is the radial wave function
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FIG. 9. Deuteron inelastic cross section on Ar3' at 18 MeV inci-
dent deuteron energy, together with the theoretical DWBA in-
elastic cross section. The optical-model parameters used are those
of Table I, and the

I Pg I
values extracted from this analysis are

given in Table II. In the case of the deuteron groups to the higher
excited multiplets, the data suggest that the dominant excitation
involves the indicated multiplet member.

in the mth channel for a speci6ed Jel„j„quantum num-
ber set.

In the left-hand member of the coupled-channel equa-
tion set, Cl„ is the internal wave function of the target
nucleus for the eth state:

'JJ&„;„(0,C) = Q (lsmpm. ~jm;)i'Y&m, (ff) 4, )X,,„„
m )me

where y.. . is the spin wave function of the scattered
particle. Tamura has shown that the complex matrix
elements of the right members can be expressed in the
following general form:

(('tJi„;„8cr„)ssr
~
&~.ut I QJ~„;„8~r„)ssr)

(&&I
~

V,.„„~—r~'I')

= g tt&'(r) (I
~ ~

Q),
'

~ ~

I')A (jlI, /j''I', XJs) .
g, )

The function ttq'(r) arises from the nondiagonal part of
the general optical-model potential for a deformed nu-

cleus, which is expanded, to second order, in powers
of the product of the deformation parameter and a
spherical harmonic. It follows that ux'(r) is complex.
The reduced matrix element (I ( j Q&'

~ ~

I') depends only
on the internal coordinates of the target nucleus and t

differentiates between terms of diferent character but
of the same tensorial rank A. These first two factors in
the summation for the matrix elements are thus model
dependent. In contrast, the multiplicative factors
3 (tj I, /j''I', XJs), while extremely complicated, are still

purely geometric and model-independent.
In the calculations we report herein, two different

2' T. Tamura, Progr. Theoret. Phys. (Kyoto) Suppl. 37' and
38, 683 (1966).

'2T. Tamura, Oak Ridge National Laboratory Report No.
ORNL 4152,1967 (unpublished) .
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coupling situations are relevant, depending upon
whether vibrational or rotational modes of excitations
are involved. We shall introduce them in sequence to
define the notation and to collect the relevant reduced
matrix elements (I ( (

Qq'
~ ~

I'). We define the collective
states

~
I) as follows: ground-state

j 0, 0), 0" level;
one-quadrupole phonon state J 1, 2), 2+ level; one-
octupole phonon state

~
1, 3), 3 level; two-quadrupole

phonon states
~

2, I ), I= 0+, 2+, 4+ levels; quadrupole-
octupole phonon states

~
23, I ), I= 1,2, 3, 4, 5

levels. We consider now the two coupling situations
8 I and 8 II as follows.

BI—Coupling, for Even Spherical Vibrational Nucleus

1. Ground State, One Quadru-pole Phonon State, and
Two Quadrup-ole Phonon States

(a) Matrix elements having a linear dependence
upon the deformation parameter:

Ground state to one-phonon state,

One-quadrupole-phonon state to two-quadrupole-
phonon states,

&1 2 II Qol ll 2, I)=PozC2 (21+1)/53'";
I=0+, 2+, 4+.

(b) Matrix elements having a quadratic dependence
upon the deformation parameters:

Ground state to two-quadrupole-phonon states,

&0) 0
~ (

Qy&'&
~ ~

2, I ) =Poz'8z~(2200 [ IO) (2or)
—'&'

I=0+, 2+, 4+.

Z. Ground State, One Quadrupole P-honon Stat-e,
One Octupole Phonon -State, an-d Quad

rupole Octupole Phonon -States-

(a) Matrix elements having a linear dependence
upon the deformation parameters:

Ground state to one-phonon state,

&0, 0 [( Q, "&
ll 1, 2) =P„,

&0, 0 Il Q, '& ll1, 3)=—P„.
One-quadrupole-phonon state to octupole-quadru-

pole-phonon state,

(1, 2
~)

Qo&n (j 283, I)=Pop( —)zL(21+1)/7j'"

I=1,2, 3,4, 5 .

One octupole phonon state to one-octupole-quadru-
pole-phonon state,

&1, 3 II Q '"
ll 23, »=&o L(»+1)/8'";

I=i )2, 3 )4 )5 .

(b) Matrix elements having a quadratic dependence
upon the deformation parameters:

Ground. state to octupole-quadrupole-phonon state,

&0, 0 ii Q),&'& [[23, I)
=Ppo'l4o'8gz(2300

~
IO) (—) '+'(4n. ) '"

I=1,2, 3—,4, 5 .

One-quadrupole-phonon state to one-octupole-
phonon state,

&1, 2
) ~

Q~&'&
[~ 1, 3)=Pop'Pop'(2300 [ XO) (47r)

In the case of a pure spherical harmonic vibrational
model

Pop =Poz =Poz'= Po and Poo =Pop' =Po,

however, available evidence suggests that significant
deviation from such a simple model might be antici-
pated; in particular, the systematics of electromagnetic
reduced matrix element magnitudes demonstrates that
these deviations can be large.

In addition to pure two-phonon transitions, the
yvrn'OR-1 code permits study of predominant two-
phonon situations to which, however, significant one-
phonon contributions are admixed. Under such circum-
stances, the total matrix element connecting the ground
state to the admixed state is given by

= L&tz"'(r) Ppz"+zzP& (r) Poz" (2200
~
IO) /(2or) '&P)

X A (lj0, lj''I, IJs)
with I=0+, 2+, 4+.

Of particular interest in this section is the question
of sensitivity to the sign of the deformation parameter.
In a pure spherical vibrational model, all the P neces-
sarily have the same sign except for P" which, as indi-
cated in the above expression for the total matrix ele-
ment, reQects the amplitude of the one-phonon com-
ponent in the two-phonon state. The angular distribu-
tion predictions are independent of the common sign of
the t42, Poz, and Ppz' parameters, but depend sensitively
on the relative sign of these parameters and the P"
defined above. " This permits a relatively sensitive
search for such one-phonon admixture amplitudes
within the framework of this coupled-channel reaction
model.

BIl—Coupled. Potential for Axially Symmetric
Deformed Nucleus

Considering the ground state (Z=O) band of an
even-even nucleus, it becomes possible to obtain rela-
tively simple expressions for the matrix elements, inas-
much as the factors eq'(r), now written as v" (r) for
simplicity, are amenable to a I.egendre polynomial ex-
pansion. For a pure quadratic deformation we have

=e,o&P& (r) (2I+1) (I'200
~
IO) A (ljI, lj''I', 2 Js),
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TABLE III. Coupling potential parameters p for the coupled-channel calculation (JUI ITOR-1 code).

Reaction and
coupling scheme DWBA I2 Por' Pol" '

Si"+d (18 MeV)
Spherical vibrational model
0+ 2+ 4+

Si"+d(18 MeV)
Ground-state rotational band
0+-2+-4+

0.470

—0.520

0.470 02
22

0.470

0.400 0.433 —0.240

S"+d'(18 Mev)
Spherical vibrational model
0+-21+-2g+-42+

0.286 0, 296 0
22 0.286

0.200
0.286
0 ' 240

0.150-0.180.

~ Only the sign of this coeKcient is determined; the other signs are either positive or negative (but not mixed). See discussion in text.

and for a pure quadratic deformation, v,o"'(r) is given
by the following expression:

1 —U
v,bio'(r) = 4n.

1+ exp({r—Eo[1+Pol'2o(e') 7I(ao)

4iW, exp (Ir—E,L1+Po VM(e') 7 I (a,)1
Voo 8')d cosg' .1+exp(I» —R;L1+P2I"oo(8') 7I/a, ) j

As is clear from this expression, P& enters linearly and
thus, in principle, may have its sign determined through
comparison with experimental data. Unfortunately, this
P& dependence is not suKciently sensitive to permit an
unambiguous choice, in itself, between oblate and
prolate shapes for Si" as we shall see.

C. Computational Procedures

In all cases we have used the model parameters ob-
tained through 6tting the elastic scattering data; how-
ever, due recognition must be given to the fact that,
since the coupled-channel formalism explicity separates

IOO.

E IO.

b

GROUND STATE 0+
I Xl

E
Cb

b

IO. :1.780MeV 2+

~~pHg

-4.620 MeV 4+ -4~%

30 60 90 I20
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Fxo. 10. Deuteron scattering cross sections for the first three
levels of Si', with the theoretical cross sections given by coupled-
channel caclulations on the assumption that Si'8 is a spherical
vibrational nucleus. The corresponding coupling potential param-
eters P are given in Table III.

out and treats the dominant inelastic channels formerly
coalesced with all other inelastic processes as the source
of the imaginary potential 8;, it now becomes necessary
to reduce TV; below the value obtained in the elastic
scattering data 6ts.

In addition to 8";, which we have treated as a
6tting parameter, the only other free parameters are
the P values which define the coupling potential. It
must be emphasized that the P's and W; are not in-
dependent "

The neglect of spin orbit terms in the optical model
and the restriction to even-even target nuclei results in
a spinless coupled equation set and greatly reduces the
requisite amount of computational time. Although the
JWxTOR-1 code permits inclusion of the Coulomb poten-
tials in calculating the coupled matrix elements, we
have found in selected check situations that at 18-MeV
incident deuteron energy, their inclusion results in
negligible modification of the final results; we have
therefore ignored these Coulomb contributions in the
results to be presented below.

D. Results of the Coupled-Channel Calculations

Figure 10 shows the results of the coupled-channel
calculations'4 for the lowest 0+, 2+, and 4+ states in
Si, assuming 6rst a spherical vibrational model. In
this case, the 4+ state is assumed to have some one-
phonon admixture. The optical-model parameters used
for the curves in this 6gure are those of Table I, line b,
except that 8'; has been reduced from 27.31 to 20.0
Mev; the coupling potential parameters P are given in
Table III.

The 6ts shown in Fig. 10 are no worse than many
which have been considered as de6nitive in the litera-
ture. However, in view of the very large value of
Po4 (l.e., the very large one-phonon contamination of
the presumed two-phonon 4+ configuration), coupled
with the fact that the 0+, 2+, 4+ excitation energies
much more closely approximate a rotor spectrum than
that of a vibrator, we conclude that this coupling

"T.Tamura, J. Phys. Soc. Japan Suppl. 24, 288 (1968)."M. C, Merlnaz et al. , Bul]. Am. Phys. Soc. 1$, 67' (1968),
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schem™ namely, a spherical vibrator —is of question-
able applicability to Si'.

Kith this in mind we have considered the alternative
rotational coupling scheme; the results are shown in

Fig. 11 for these same three states in Si."The optical-
model parameters remain the same, except that 8";has
been reduced from 27.31 to 12.0 MeV, and the diffuse-
ness parameter has been reduced from 0.945 to 0.745.
The fact that this latter makes a very significant im-
provement in the fit obtained is again consistent with a
static deformation for Si". Khen the nonsphericity of
this nucleus is not explicitly incorporated into the
model, as is the case in the vibrational model considered
above, an anomalously large skin thickness is required
to 6t the experimental data. The unique p, = —0.52
coupling potential parameter is quite consistent in
magnitude with the values obtained in the correspond-
ing DKBA analysis reported above. The rotational

FIG, 11. Deuteron scattering cross sections for the first three
levels of Si'8 with the theoretical cross sections given by coupled-
channel calculations on the assumption that Si' is an axially
symmetric oblate deformed nucleus, and that the 0+, 2+ and 4+
states belong to the E=0 rotational band based on the ground
state; the corresponding P2 is given in Table III.

model provides a significantly better 6t in the case of
the 2+ excitation.

Positive p2 values give considerably poorer fits,
especially in the case of the 4+ level. However, a note
of caution must be injected inasmuch as the p values
and the optical-model parameters are coupled in a very
complex fashion and we cannot be certain that we are
using the most realistic optical potential in each given
instance. Subject to this caveat, however, the evidence
here available certainly supports a static oblate de-
formation for Si' .

For S", and on the basis of the observed excitation
spectrum characteristics, as discussed above, the
coupled-channel calculations were based on the assump-
tion of a spherical vibrational model. Figure 12 shows
the results attained for the ground and three excited
states of S", as indicated, using the optical-model
parameters of Table II, except that 8", was reduced
from 20.51 to 16.0 MeV. This coupling approach gains
support from the fact that it couples all strongly
excited positive-parity states.

The P entries in Table III indicate a relatively strong
residual deviation from a simple vibrational model.
Relatively large Por" parameters are required to 6t the
4+ and 2+~ angular distributions.

In the case of Ar", unfortunately, the candidates for
the two quadrupole phonon 2+ and 4+ states at 4.44
and 4.41 MeV were not experimentally resolved. In-
stead of considering these positive parity states as in
the case of S",we here concentrate on the higher nega-
tive-parity states, namely, the second 3 state at 4.96
MeV, the 5 state at 5.17 MeV, and what is most
probably a 4 state at 5.89 MeV. All of these levels have
unresolved neighbors, and thus the experimental angu-
lar distributions may contain significant contributions
from there neighboring levels. As noted previously, the
low excitation spectrum of Ar' suggests a vibrational
rather than a rotational approach; on this assumption, it
might be suggested that the higher negative-parity
states might well be the members of an octupole-
quadrupole two-phonon multiplet based on the lowest

IOO. —.'.

IO.

b

:GROUND
STATE 0

O.I

Ch
E

b

O.I

FIG. 12. Deuteron scattering cross sec-
tions for the first four strongest-excited
positive-parity levels of S32 at 18 MeV in-
cident deuteron energy, together with the
theoretical cross sections given by
coupled-channel calculations assuming
that S" is a spherical vibrational nu-
cleus; the corresponding coupling po-
tential parameters P are given in Table
III.
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TABLE IV. Couplinp potential parameters p for the coupled-channel calculations, compared with the ( P& ( of the
DWBA analysis of the Ar"+d system at 18-MeV incident energy.

Spherical vibrational
coupling

0+-21+-31+and 32 or 52
DWBA analysis

Po2

0.265

P08

0.3ii

2+
1.9/ MeV

0.245

3
4. jNMeV

0.31

3
4.96 MeV

0.078 (0.130)

2+ and 3 states at 1.97 and 4.178 MeV, respectively.
The yUpn'OR-1 code permits only the simultaneous
coupling of one octupole-quadrupole two-phonon state
with the 0+ ground state and with the parent 2+ and 3
excitations.

Ke have carried out three independent calculations
coupling as follows: (0+—2i+—3i —3s ), (0+—2i+-
3i —Ss ), and)0+ —2i+—3i —4s ), where the subscript
index labels the number of phonons present. We have
used the optical-model parameters of Table I except
that H7'; has been reduced from 10.90 to 8.90 MeV; the
P values are as given in Table lV and are identical for
the three calculations. The results are shown in Figure
13 for Ave Ar' angular distributions.

The fit to the 5 angular distribution is not impres-
sive. It might be expected that this state should have a
significant one-phonon admixture; however, the present

code does not permit exploration of this possibility as
was the case for 2 like-multipole phonon states. In the
case of the 4 state at 5.89 MeV, we succeeded only in
reproducing the oscillatory structure in the angular
distribution, while the predicted cross sections are too
small by an order of magnitude.

In the case of the 4.98 MeV 3 level, the present
reasonable fit is in some sense contradictory to the
DWBA analyses which assumed a one-phonon excita-
tion mechanism. This state may well have a (1ds" ',
2Ps'z) particle-hole configuration. The corresponding

[ Pss
~

is 0.078.

6. CONCLUSION

Optical-model analysis of elastic deuteron scattering
at 18 MeV has established parameters for the scattering
systems involving Si", S", and Ar' targets.

1000. QGROUNOSTATE 0+

100.
1.970MeV 2+

FIG, 13. Deuteron scattering cross sec-
tions for Are', together with the theoreti-
cal cross sections given by coupled-
channel calculations assuming that Ar
is a spherical vibrational nucleus and
that the higher negative-parity states
are quadrupole-octupole-phonon states;
the corresponding coupling potential
parameters P are given in Table IV. It
has been assumed that the dominant exci-
tation of the multiplets at 4.96 and 5.18
MeV involve the 3 and 5 states, re-
spectively. 10.

10.
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DWBA analysis of the corresponding inelastic scat-
tering has established

) Ps
~

and
) Ps ( deformation

parameters for the lowest lying 2+ and 3 excitations
which are in accord with earlier results, but which do
not permit differentiation between vibrational or rota-
tional excitation modes, i.e., between static or dynamic
deformations of these target nuclei.

The coupled-channel analyses have been productive
in analysing the inelastic scattering data, so that it
appears reasonable to conclude as follows:

Si" most probably has a static oblate deformation
with a E=0 rotational band based on the ground state,
The spectroscopic factors from the Si"(dp) Si" reaction,
which we have studied and will shortly publish, pro-
vides information complementary to the inelastic scat-
tering and also favor an oblate deformation. Recently,
Alexander et al."at Chalk River have succeeded, using
the Coulomb excitation reorientation effect, in measur-
ing the static quadrupole moment of the first excited
state of both Mg'4 and of Si28. In both cases, the rota-
tional model predicts the measured value and the signs
are opposite, implying that, since Mg'4 is prolate,
therefore Si"must be oblate, and that both have static
deformation s.

Recent attempts at fitting the inelastic proton
scattering data of Crawley and Garvey' in the s-d
shell utilizing a coupled-channel formalism and a rota-
tional coupling assumption have been reported by de
Swiniarski et al. '7 These indicate an apparent need for a
significant F4 deformation in the Si" ground state.
Comparisons of the de Swiniarski et al. calculations
with those reported herein suggest that the deuteron
scattering results are much less sensitive to the presence
of any such Y4 deformation. '8

S"most probably has a spherical equilibrium shape,
and its low-lying excitation spectrum comprises vibra-
tions to this equilibrium. Spectroscopic factors obtained
in our study of (d, p) and (d, t) reactions on Sss are

extremely well-reproduced by the spherical shell-model
calculations of Wildenthal et al.~'

Ar" also has most probably a spherical equilibrium
shape. Again, remarkable agreement with the (d, p)
and (d, t) spectroscopic factors is obtained in the
spherical shell-model calculation of Wildenthal et al.29

As noted previously, detailed spectroscopic studies in
this laboratory on the A =21—23 systems have estab-
lished that these nuclei may well be the best examples of
rigid rotators in the periodic table; the present data
suggest that for 32& A &40, at least, a spherical equilib-
rium shape is indicated. Recent measurements made
here' on the 2 = 29 system suggest that Al" has a prolate
shape, whereas Si"has a relatively weak oblate shape, as
is consistent with our present endings concerning Si'8.
This over-all behavior has been reproduced grossly by
the Hartree-Fock calculations of Bar-Touv and Kelson. ~

However the model reproduces neither the rapid return
to sphericity beyond the midpoint of the shell, nor the
weakness of the oblate deformations which seem to be
indicated experimentally, nor do the model wave func-
tions give satisfactory reproduction of the spectroscopic
factors.

We shall shortly publish our detailed studies on the
(d, p)" and (d, t)" reactions on Si", S", and Ar", and
comparisons of the most recent model predictions with
these data. As noted above, these stripping and pickup
data are complementary to those presented herein.
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