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A unified treatment is given of impurity-induced phonon scattering resonances in thermal conductivity.
A mean scattering rate may be defined within the relaxation-time approximation which has a nearly common
Lorentzian form for all resonances occurring at a given frequency, except that the width may vary. The
peak mean scattering rate is nearly independent of everything about the impurity except the resonance
frequency and the degeneracy of the resonance mode. Three impurity types are discussed in detail and
compared: (a) a substitutional impurity with no internal degrees of freedom, (b) an impurity with an internal
harmonic-oscillator degree of freedom, and (c) an impurity with an internal degree of freedom having just
two energy levels. The dominant role of resonance widths in determining thermal-conductivity dips is
emphasized, and additional line-shape effects are discussed.

I. INTRODUCTION

HE purpose of this paper is to derive and discuss
expressions for the rate of scattering of phonons
by three different types of resonant systems: (a) a sub-
stitutional harmonic point defect, (b) a substitutional
harmonic oscillator, and (c) a substitutional 2-level
atom (2-level tunneling system or spin system). In
cases (b) and (c), the coupling to the lattice will be as-
sumed to be bilinear in oscillator and lattice coordinates.
The phonon scattering rates are intended to be used in
calculations of the lattice thermal conductivity in a
manner to be described shortly.

We shall show that in the vicinity of a resonance all
three systems have similar behavior. For cases (a) and
(b), the mean scattering rate resonance obeys a ‘“peak
theorem,” Eq. (2.10), which can be generalized slightly
[Eq. (2.17)] to include the effects of anharmonic
broadening, etc. For the 2-level atom of case (c), there
is an explicit generalization given by Eq. (4.30). The
peak theorem says roughly that all resonances occurring
at a given frequency have the same peak mean scatter-
ing rate. It then follows that different resonances can
only be distinguished by their widths. As we shall see,
the width and resonance frequency cannot be inde-
pendently varied in case (a), whereas they can be so
varied in cases (b) and (c).

In order to obtain results in analytic form, we shall
be forced to assume that the coupling to the lattice in-
volves only one configurational coordinate X, which we
do not further specify. These results may then be ap-
plied to specific impurity systems, where the dominant
coordinate X has been determined experimentally or
theoretically from a more basic theory.

The model 2-level atom considered here may be
considered as a prototype of more complicated multi-
level tunneling systems such as those of Lit, CN—, or
OH~ in alkali halides.'® In the latter case, there are
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also higher energy levels (the 30-cm™! or non-Devonshire
levels) of unknown character, perhaps oscillatorlike,
perhaps more like tunneling levels which produce
strong thermal conductivity resonances. These non-
Devonshire levels are also infrared-active. With these
facts as motivation, in this paper we derive an expres-
sion [Eq. (4.21)] for models (b) and (c) connecting the
phonon scattering rate with the optical (or microwave)
absorption coefficient.

For completeness, we also discuss a combination of
model (b) with (a) or (c) with (a), i.e., a substitutional
harmonic oscillator or 2-level atom coupled to har-
monically perturbed phonons.

The phonon scattering rate will be used to calculate
the thermal conductivity in the following way, which is
not completely rigorous, but which seems to work fairly
well in practice. For a cubic crystal, the conductivity is
assumed to be given by

1 w{max
K(T)=5 / @ C (@)@ r(@)po(w)des.  (1.1)

Here C(w) is the phonon specific heat per unit volume
per unit frequency, v (w) is the mean of the group ve-
locity squared for phonons of frequency w, r(w) is the
mean time between collisions that destroy the heat
current for all phonons of frequency w, and po(w) is the
total density of states normalized to unity:

/ o) (@ dwo=1. (1.2)
0

To obtain 7, we assume that we may add mean scatter-
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ing rates:

71 w)= (7 o(w) F{(r7)ilw).. (1.3)

The first term represents the mean scattering rate for
phonons of frequency w in the perfect crystal; the sec-
ond term represents the extra scattering due to impuri-
ties. In what follows, we speak only of the impurity-
induced scattering rate (7 1);(w) and drop the sub-
script <.

II. SUBSTITUTIONAL POINT DEFECT

The impurities are assumed to be identical and ran-
domly distributed with fractional concentration p<<1.
The perfect crystal dynamical matrix will be denoted
by A, the perfect crystal mass matrix by M. The
defect matrix for a single impurity will be denoted
by v:. The perfect-crystal Green’s-function matrix is
G=(A—w?I)~1; in the defect space where v; is nonzero,
G will have a projection denoted by g(w). The single im-
purity ¢ matrix is then given by

t(w)=ri(I+g(w)y) ™. 2.1)
The perturbed Green’s-function matrix is given by
G=(A+v;—1)1=G-GtG. (2.2)

Here w may be complex. One can easily see that G,
g, and t are even functions of w. For this reason they are
often written as G(w?), etc. The applications of these
functions require only positive values of w. Hence,
setting w= wrea1+1i€ with e=07 is equivalent to setting
wz':wre:ﬂ?_}"if-

In this paper, we choose w as the independent vari-
able rather than w?, because w occurs as the variable in
the thermodynamic Green’s-function treatment to be
given below.

Let |g) represent a normalized phonon eigenvector,
with ¢ standing both for wave vector and polarization
index. w, is the corresponding frequency. Then the scat-
tering rate for phonon ¢ is*®

Tl= —w PN Im(gl t(w,+1€) ] Q) . (2.3)

Here N is the total number of unit cells in the crystal.
This equation is valid for all three cases (a), (b), and
(c) mentioned above, if t is defined appropriately. The
mean scattering rate for phonons of frequency w,=w
is given by

(T w) =2 7 10(we—w)/2 8(we—0).

The denominator is given by

> 8(wg—w) =3rNpo(w) (2.4)

where 7 is the number of atoms per unit cell (37X is the

4 M. V. Klein, Phys. Rev. 141, 716 (1966).
8§ M. V. Klein, in Physics of Color Centers, edited by W. B.
Fowler (Academic Press Inc., New York, 1968), Chap. 7.
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total number of phonon states), and po(w) is the nor-
malized density of states. We then obtain®

(r)y=[—2p/3rmpo(w)]
X Tr{[Imt(o+ic) Img(w+io) ). (2.5)

The part of G outside the defect space does not enter
into the trace in Eq. (2.5).

For low-frequency resonances, Img is much less than
Reg. In this case, the eigenvalues uqo and eigenvectors
fa (not necessarily normalized) of the non-Hermitian
matrix Regy; are of use. First-order perturbation theory
says that the f, are approximate eigenvectors of gi;
with eigenvalues

Maotikai
where ~ ~
tai= foxvi Imgyifa/ favifa- (2.6)
One can then derive the approximate result®
Mai fa_fa
Imt=—vy; ), ——————— v (2.7)
@ E(1+#a0)2+“ai2:] fa"{lfa
Thus )
17 ,uai2
() (@)= (2.8)

> .
3rmpo(w) o (14-pqo)?4tas

Now assume that all u,;<<1 and that of all the 4o only
one, upo is near resonance (1+4pup=0), the others having
absolute values much less than 1. Let d be the degen-
eracy of upo, then Eq. (2.8) becomes

2pd Kb
(Y (w)=~ . (2.9)
3rmpo(w) (14mpo)2+up®
wai and upo are still functions of w.
At resonance, we have w=w, and
l+#b0(wr) =0.
Thus
(™Y (w,) =2pd/3rmpo(w,) . (2.10)

Equation (2.10) constitutes a peak theorem for phonon
scattering resonances. For convenience, we repeat the
definitions of the parameters occurring here: (77'(w)) is
the mean defect-induced scattering rate for all phonons
having w,=w. In Eq. (2.10), we evaluate it at the reso-
nance peak. p is the fractional impurity concentration,
d is the degeneracy of the resonance (e.g., in a crystal
with 0, symmetry, d is 3 for a 71, resonance, d is 2 for
an E, resonance, and d is 1 for an 4, resonance), 7 is
the number of atoms per unit cell, and po(w) is the nor-
malized phonon density of states.

The remarkable feature of Eq. (2.10) is that no spe-
cific properties of the resonant system appear in it,
apart from the degeneracy and the resonant frequency
w,. Thus all d-fold degenerate resonances at w=w, in a
given host lattice should have the same peak mean scat-

6 This result was erroneously given in Ref. 5 (Eq. 7.73") with
a missing factor of (3rN)7L
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tering rate. Such resonances may have different widths
or shapes, however. The Lorentzian shape is obtained
through approximations valid when w is close to w,:

wri(w) =pvi(w,)
14us0(w) =0+ (dppo/do?) (w? —w,?).

Then the widths are given by

W Aw= Ayjpw?=T'= pp;(w,)/([dupe/dw?),. (2.11)

Here Aw is the full width at half-maximum when {(771)
is considered to be a function of w, and Ay/sw? is the half-
width at half-maximum when (7—!) is considered to be
a function of w?. The Lorentzian approximation to (2.9)
is

2pd I
(rH(?)=— —_—
3rrpo(w,) (wi—w,2)2+12

(2.12)

Often the eigenvector v, corresponds to a mixture of
several configurations in the defect space that have the
same symmetry. If there is only one such configuration,
denoted symbolically by X, then we may write v,= | X).
The defect space is essentially one-dimensional, and we
have

v=7|X)(X|, g=¢|X)X][, t=¢|X)(X],
with
g=2 X 2wl —w?)™, (2.132)
and
t=v(14+gv), (2.13b)

all scalars. Then

uso=7: Reg, upi=7v; Img.

The resonance condition is simply
1+7; Reg(w,) =0,
and for a frequency-independent v; the width becomes

I'=Img(w,)/[(d/dw?) Reg],. (2.13¢)

The only unknown parameter in Eq. (2.12) or (2.13)
is the width. If a good fit of experimental conductivity
data is obtained with these expressions, the resulting
numerical value of T' should agree with the width de-
termined by other means, e.g., far infrared absorption
measurements.

The width T is due to radiative decay of the resonance
mode into a propagating phonon mode. If other lifetime
broadening mechanisms are also operative, for example,
anharmonic decays of the resonance mode into two or
more propagating phonons, then the linewidth is IV> T,
and (2.12) becomes

2pd T’

3rmpo(w) (w2—w,2)24172 .

()= (2.14)

Only one factor of T in the numerator is changed to
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IV. The other factor comes from the Img part of
Tr[Img Imt] and is a result of the averaging process
leading to Eq. (2.8). The peak theorem is then changed
to

2pd T
<T~1>(wr2)=_ !

—, 2.15
3rmpo(w,) TV (2.15)

and this may be temperature-dependent, e.g., for I
resulting from multiphonon decays.

A still more general situation may involve a resonance
with a temperature-dependent strength S(7°), defined
so that S(0)= 1. Equation (2.14) would then be written

2pd IT/(T)S(T)
() T) = . (2.16)
3rmpo(wy) (w2—w,2)2+[T(T) ]2
The peak theorem then becomes
2pd  TS(T
7w T) =——p ———(f) (2.17)

3rrpo(ws) T/(T)

The role of 7 in the thermal-conductivity integral
[Eq. (1.1)] is such that the conductivity is determined
by the shape of (1) in the wings away from resonance.
For substitutional point defects, all low-frequency reso-
nances have I'w,?, and even for very anharmonic
resonances, we also have I''<<w,?. Then the conductivity
integral is insensitive to the presence of I"? in the
denominator, i.e., one might just as easily use the
expression

: 2pd
I e—

IT(7)S(T)

(2.18)

3rrpo(wr) (w2—w,?)?

Equation (2.18) holds not too far from resonance.
To make it more generally valid, we should replace
po(w,) by po(w) and let T' and I'” have the frequency
dependency of ppi(w).

The strength of the thermal-conductivity dip that
signals the resonance is thus determined by the product
pTT/(T)S(T). When comparing resonance phonon scat-
tering data in different samples, one should keep in
mind that not only the concentration p, but also the
width I'" may be different, if different broadening mech-
anisms are present in the various samples.

III. HARMONIC-OSCILLATOR IMPURITY

Initially we assume the simplest possible case and
later indicate how some of the assumptions may be
relaxed. We assume that the impurity atom has an
internal degree of freedom which acts as a harmonic
oscillator’® with reduced coordinate x [reduced
coordinate= (mass)'/2X (physical displacement)], mo-
mentum p, and frequency wo, when the lattice atoms are

7 M. Wagner, Phys. Rev. 133, A750 (1964).

8 D. L. Huber and J. H. Van Vleck, Rev. Mod. Phys. 38, 187
(1966).
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at rest. The oscillator Hamiltonian is then
H0=%p2—|—%wo2x2. (3.1)

The reduced lattice coordinates and momenta will be
denoted by v, and p,. They will be assumed real for
simplicity. Then phonon Hamiltonian is then

H;=3 2 (pitwdd). (3.2)
q

The coupling between the phonons and the local oscil-
lator will be assumed to be bilinear:

H =\t Xgq, 3.3)
q

where for simplicity, the X, are assumed real and nor-

malized to unity:
> X 2=1. (3.4)
q

Under the assumption of an ¢*? time dependence, the
equations of motion for this system with the Hamil-
tonian H=H+H-+H’ yield for the oscillator coordi-
nate the equation

(woz—wz)xz -\ z qu‘l)q/ , (35)
q/

and for the gth lattice coordinate
(w—w?)ve= —NX g
When (3.5) is inserted in (3.6), one obtains
(@ —u)o, =N (@it—a?) = XX poy
t= =% Tugtee. (37)

(3.6)

This equation has the same form as those involved in
case (a) for a substitutional point defect. One need only
to identify a defect matrix yo with elements

(QI 'YO| q)=Tq"°.

Then we may write

. o= X)(X|, (3.8a)
with
o= —A2(wo® —w?) ™! (3.8b)
and
(X[ =(¢|X)=X,. (3.8¢0)

The defect space is one-dimensional and spanned by
the vector |X). The reduced Green’s-function matrix
g may be written

g=g| X)X, (3.9)
where g is a scalar given by Eq. (2.13a).
The ¢ matrix then takes the form
t=¢| X)(X], (3.10a)

where the scalar / is given by
t=ro(14gvo) 1= —2*/(we* —w?—N%g). (3.10b)
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A. Some Generalizations

If v, and X, are complex, replace X 2 by |X,|? in
(3.9b). If x represents one component «° of a degenerate
oscillator with degeneracy d coupled to a superposition
> ¢ X4, of phonon states having the same svmmetry
as x%, then H' becomes

H =3 \'X g,

i,q

t=1% | X9(x],

(3.11)

and
(3.12)

with ¢ still given by Eq. (3.10b). Explicit use of these
different coordinates %, X* will not be made, except at
the end of derivations where a factor of d will sometimes
be added.

B. Polarizability

If the local oscillator has charge e* and is infrared-
active, then there will be an induced dipole moment
p=e*x/+/m in response to an applied field Eetit, For
an uncoupled oscillator (H’'=0) with infinitesimal
damping, the polarizability is given by

ao(w) = p/Ecit=e*? /m w)? — (w+1€)2]. (3.13a)

With H'7#0, we add a term e*Ee®!/v/m to the right-
hand side of Eq. (3.5) and solve it together with Eq.
(3.6), with the result

a(w)=e*2/mlwe* —w? —N2g(wtie)]. (3.13b)

The factors v/m are necessary, because x is a reduced
coordinate.

Note that in passing from vy to ¢ or from g to a, we
simply replace wo? by the expression .

2 (w+1e) = wo —N2g(w+1c) . (3.14)

C. Phonon Scattering Rate
Using the result
Imi(wie) = —N/[(wo? —w?—A? Reg)2+ (A2 Img)?]
and the result
Tr[Img Imt]=d Img Im¢,

where d is the degeneracy of the oscillator and of the
coordinate X to which it is coupled, we find that Eq.
(2.8) becomes

T w)
2pd (A2 Img)?
= . (315
3rmpo(w) (wo—w?—A? Reg)2+ (A2 Img)?
The resonance is shifted from w?=wy? to
w'=w,2=w®?—\? Reg(w,+1e). (3.16)

At low frequencies this amounts to a decrease in fre-
quency, since Reg(0) is positive. At resonance we again
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recover the peak theorem [Eq. (2.10)]. If we expand
about w?=w,?, we again obtain a Lorentzian resonance
as in Eq. (2.12), but with

A2 Img(wr—l—ie)
140 (d/de?) Reg],
~\% Img(w,~+17¢€).

wAw= Ay jpu?=T=

(3.17)

Some numerical estimates have suggested that even
with coupling constants A\ strong enough to cause a
marked shift of the resonance frequency away from wy,
it is nevertheless true that

[A\2(d Reg/dw?),|<K1.

Thus the last approximate equality in Eq. (3.17) is
likely to be accurate. This means that A has a very
strong influence on the resonance width, whereas it
has a relatively weaker influence on the resonance fre-
quency, except for cases of very strong coupling. This
state of affairs is different from that in case (a). There
the defect matrix y; plays the role of a coupling con-
stant, especially in the simple case where v;=1v,;| X)(X]|,
and it exerts a dominant influence on the resonance fre-
quency via the equation

1+v; Reg(w,)=0.

But once w, is determined, there is no explicit functional
dependence of the width on 7, since

I'=Img(w,)/[(d/dw?) Reg].

At low frequencies, this expression gives very small
values for T

These considerations suggest that a broad resonance,
especially one at low frequencies, is unlikely to be a type-
(a) resonance. On the other hand, type-(b) resonances
[and type-(c) resonances] can exist at arbitrary fre-
quencies and have arbitrary widths.

One should use Eq. (3.15) rather than the Lorentzian
approximation. This is especially true above resonance,
since Img(w) will have a strong w dependence in many
cases, e.g., ~w® for a breathing configuration, and will
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exhibit structure at the Van Hove singularities. In fact,
for large w the second term in the denominator may
dominate above resonance, and we obtain

(77N w)~2pd/3rmpo(w).

Since po(w)~w?, this drops off more slowly than the w™*
dependence of Eq. (2.12) far above resonance.

(3.18)

D. Coupling of Harmonic Oscillator
to Perturbed Phonons

The atom that has the internal degree of freedom,
being an impurity, is likely to introduce an additional
perturbation

vi1=AA—M-12AMM~/%?

into the lattice, even if the internal oscillator coordinate
x could be neglected. The total perturbation matrix is

r=1rtv0, Yo=7|X)(X],
vo=—N|X)(X|/(wo*—w?),
and':the ¢ matrix is still
t=v(1+gv)~".

For simplicity, we further assume that y; couples
only to the same configuration X that the internal degree
of freedom couples to. Thus «; takes the form

vi=|X)(X |1 (3.1%)

The total defect matrix is then
v=|X)(X| (yito). (3.19b)

This gives
Y Yo
t= + — . (3.20)
I4+gv: (I4gv)*[14+g1+gv)~"vo]

The resonance condition is now

w2=we>—A? Reg(w,)/[14+7: Reglw,)], (3.21)

and the peak theorem [Eq. (2.9)] still holds. The width
is now given by

[(wo—aw2)yi—N?] Img(w,+ie)

T =A1/2w2=

To see how the presence of v; affects the polarizability,
we return to Eq. (3.6), which gives

2 [8eg (0P — )47 X X Jog = —AXgx. (3.23)
q/

The unperturbed Green’s-function matrix
G(w)=A—u?)1
gives the following result in phonon space:
(g1 671@) | ¢) = bour (02 —?)..

[ (wo?—w,2)y—\](d Reg/dw?),—[ 14, Img(w,+ie) ]l

(3.22)

Define a Green’s-function matrix G; that obeys the
equation

G 1=G 4. (3.24a)
It is readily shown that
Gi=G(147,G) 1= (14+Gy) G,  (3.24b)

and that the projection of G; onto our simple defect
space is

&= (X|Gi| X)=g(1+gy)™ . (3.24¢)
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le>
X! q' » dw
N\, rd 7
lg> /(!"L—.)_—
(a) “(b)
le> = 3 "~ .
//q \ql “
Ig>

(c) (d)

Fra. 1. Four scattering events that contribute in lowest order
to phonon scattering by a two-level atom.

Equation (3.23) then becomes
2 (g| Gl (wtie) | ¢)vy = —2NX gx
=

and has the solution
vy =— 2 (| Gulo+ie)[9) X,

' = —\x(¢'| Gilw+ie) | X).
The polarizability then becomes

alw)=e*2/mw —w?—Ngi(w+1ie)], (3.25a)

or
a=e*?/m we? —w? —Ng(1+v.,8)7].

The last equality follows from (3.24c).

The appearance of g; in Eq. (3.25a) is easy to under-
stand—the oscillator is coupled to a perturbed lattice;
hence the quantity

(3.25b)

Z=wo2—)\2gl‘

contains the perturbed Green’s function g;.

IV. TWO-LEVEL IMPURITY ATOM

Suppose the impurity atom has an internal degree of
freedom with dynamical coordinate x and with just two
energy levels having unperturbed eigenstates |g) and
|e) with respective energy levels —3#wo and §7iwo.
Select the phases of |¢) and |g) so that the matrix ele-

q 9

/>\ /‘\
le> —»T_,j.—»—- —— >
Ig> ]

(a) (b)
le>
lg>

N ~<”

(c) (d)

F16. 2. Four lowest-order contributions to the self-energy of
ground and excited states of a two-level atom.
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ment a=(g|x|e) is real and let
a*= f(#/2wo) (4.1)
define the oscillator strength f.
The Hamiltonian is then
H=H,+H+H, 4.2)

where H; and H' are still given by Egs. (3.2) and (3.3);
Hi=33 (pitwn?), H'=N2 Xz,
q q

and with

Hy= —4hao|g)e| +3haole)e] . (43)

A. Perturbation Treatment

Before attempting a more complete treatment, we
shall first discuss some results of second-order pertuba-
tion theory. We calculate the amplitude 4., for the
scattering of a phonon ¢ into ¢’; i.e., for an event which
changes the phonon occupation numbers from 7, and
gy to ng—1 and ny~+1. We must consider the four
processes shown in Fig. 1. In process 1(a), the atom
starts in its ground state, absorbs phonon g, is virtually
excited to the upper level, and then returns to the
ground state emitting phonon ¢’. In process 1(b), the
atom emits ¢’ while going from |[g) to |e) and absorbs
¢’ while returning. Processes 1(c) and (d) describe the
analogous events for the atom initially in state |e).

Let P, and P, denote the probability that ground and
excited states are occupied. Second-order perturbation
theory then gives for each contribution to 4., an ex-
pression of the form

NX X PL(ng+ l)nq]1/2(02/hD)[h/z(wqwq’)1/2] , (4.4)
where
D=w,—wo,P=P, for 1(a)
—wy—wy,P=P, for 1(b)
witw,P=P, for 1(c)
wo—wy ,P=P, for 1(d).

Here n, and 7, are the numbers of phons in states ¢
and ¢/. If we assume elastic scattering by setting
wgr=wg, WE obtain

Agq=—=NX X[ (ng+1)n,J"?
X[2w0a2/ﬁ(w02—wq2):|(Pg—Pe) .

If the atom is in thermal equilibrium, then
P,—P,=tanh(Bhwe/2), B=kT)1.
We also use Eq. (4.1) and find

A yq=—Nf tanh(Bhwo/2) X ¢ X,
XA{[(ng+ Dng ]2/ (wot —w?) } (/) 20qwy) -

This is the same amplitude that would be obtained in
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first order if the perturbation were
Heti' =% 2 Ty M0y,
aq’
with
Typotf= —Nf tanh(Bhwe/2) X X oo/ (we —wy?). (4.5)

Equation (4.5) may be improved by replacing wo by
the result of a calculation in second-order perturbation
theory of the energy levels of the atom. The processes
to be considered are shown in Fig. 2. From Fig. 2(a) we
obtain

s~

(nge H'| (nq+1),g><(%q+1),g|H'l”qye>>
fi(wy—wo)
(1/2w,)N2X 2a*(n,+1)
q h(wq—wo) .

From Fig. 2(b)

B ONX ()
AE, =Y — 7"

Thus
X —w, —‘-"0(2<”q>+ 1]

2

AE,=AEANAE,=\0a%Y

(‘*’q '—‘*’02)2‘*’q

The proper second-order energies are complex and
are obtained by giving wo a small imaginary part
wo—> wo1e or we® — wel+te.

In a similar manner, we obtain

AEg =AcEﬂ+AdEy
H2\2g2 Xq2[—wq+wo(2<nq>+ 1]

oo (wel—wo2—1€)2w,

Thus

E,—E,=liw+AE,—AE,

2a%w X 2(2(n)+1)
=hwo—h>\2< > Z (

w2 —wo—1€)2w, .
The new transition frequency wo= (E,— E.)/#% is given
by

i X2(2nqa)+1)
Go=wo—Nf 2 ——————,
¢ (w—wo?—ie)2w,
or approximately

302 =

@o2=wo?—N2f 3

(4.6)

Equation (4.6) is an approximation to the more exact
self-energy term 2Z(w,7") that we shall derive below.
Note that Eq. (4.6) is obtained from Eq. (3.14) by re-
placing g by a more complicated temperature-dependent
function. When we replace wo? in (4.5) by &¢? as given
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by (4.6), we obtain an approximation to the # matrix
for this problem, f,,,=1X,X//, with

t~ —\2f tanh(8%iwe/2)/D,
D=w®—w2—Nfwo 2 X¢:2(2(ngr)+1)
2

X[(“’q"2 -w02)wq"]_l . (47)

B. Thermodynamic Green’s-Function Treatment

Our approach will be similar to that of Huber and
Van Vleck® and will use Zubarev’s® double-time thermo-
dynamic Green’s functions.

The advanced and retarded functions will be denoted
by subscripts ¢ and 7, and for Heisenberg operators 4
and B, they are defined as follows:

(4®; B(t'))a
' =+ —){AOB{)—B{)A@)),

(A4@; BE))
= —i0(t—1)(AOB)—B)A®),

(4.8a)

(4.8b)

where the thermal expectation value for an operator L
is defined by

(L)="Tr(e#¥L)/Tre 5. (4.9)

These Green’s functions have a spectral representa-
tion

1 00
«4; B>>a.r("-’)=; {A(); B(0)))a,e™tdt.  (4.10a)
One can show that the function defined by
1 0
s By@=- [ (a0; O,
- for Imw>0 (4.10b)

1 oC
{45 B))(w) = {A(); B(0)))ae™t,
T for Imw<O (4.10c)

is an analytic function of w except on the real axis, where
there is a cut and where it equals

({45 B))r,a(w),

For a system with Hamiltonian H, the equations of
motion for ({4 ; B)) are

w{{4; B))(w)= (2m)7([A(0),B(0)])

for w=wrearZ=1e.

+7#H([4,H ]; B))(w), (411a)
w((4; B))(w)= (2m)7([4(0),B(0)])
—#(4; [BH])(w). (4.11b)

Here [7,s]=7s—sr denotes the commutator. One can

9D. N. Zubarev, Usp. Fiz. Nauk. 71, 71 (1960) [English transl.:
Soviet Phys.—Usp. 3, 320 (1960)].
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readily show that
{(4; B))(w)=((B; 4))(—w).

These new Green’s functions enable us to calculate
the quantities of interest. For instance, under the in-
fluence of an applied electric field Ee®?, there results
a complex atomic polarizability given by

aw) = —(2m/7)(e**/m){{x; x))(w+1c)
= — @2/ 1)(e*/m){(x; x))+(w) (w real).

In the lattice there is a corresponding mechanical
susceptibility

Orr=—Qr/B)((vr; v1))(w+ie€)
= —Q2x/M){(vz; v:))r(w),

which gives the displacement at site L when a unit alter-
nating force ¢*? is applied at site L’. Equation (4.13a)
defines a matrix &, which is an analytic function of
except on the real axis. In the representation of unper-
turbed phonons we have

@G @)]g)=—Q2n/n){(vg; 1)) ()

When the phonons are completely unperturbed (H’=0),
one can show that

(QI G (w) l ¢)=084g (0 —w?)t

Then & is the unperturbed Green’s-function matrix
G=(A—w)L.

We must calculate the Green’s functions ((x; x))(w)
and ((v,; v4))(w). For convenience, we summarize the
Hamiltonian

(4.11¢)

(4.12)

(4.13a)

(4.13b)

(see Appendix A).

H=H,+H+H', (4.3)

where
Hy= —}hel | )(g] — | e)el J= —4wm  (4.142)

defines the operator 5, which obeys the identity

n?=1. (4.14b)
In addition,
Hi=32 (p+w,,?) (3.2)
q
and
(3.3)

H=Xx 3 Xgp,.
q

We may write an explicit representation for the opera-
tors x and p:

' x=al|g)(e[+]e)g]], (4.15a)
with
22=a’=hf/2wo (4.15b)
and
p= (i) [x,H]= (ih)~[x,H,]
= —iwea[|g)(e| —|e)(g| ], (4.16a)
and with
Pr=wita?= o (4.16b)
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The operators 7, x, and p are closely related to the
Pauli operators o., 0, and oy, for the spin-% system. H,
then represents the Zeeman energy and H’ the off-
diagonal spin-phonon coupling. With these analogies
our problem is the same as that considered by Huber
and Van Vleck, with two differences—their perturba-
tion A’ included a term coupling % to the phonon co-
ordinates v,, and they did not treat the phonon scatter-
ing side of the problem.

C. Some Results

There is an exact relationship between {((v,; v4))(w)
and {(x; x))(w) which is derived in Appendix A:

—7 8o’
(g5 v ))(w) =——

2 (g —w?)

X, Xy
2 S

+A

(€5 @) (w)— (4.17)

we?—w? W t—w
This is a general result that holds for any atomic Hamil-
tonian H,; it depends only on the forms assumed for
H’' and H;. Since Eq. (4.11c) says that {((x; x))(w) is an
even function of w, Eq. (4.17) says that ((v,; v))(w) is
also.

When (4.17) is used in Eq. (4.13b), one finds that the
Green’s-function matrix &(w) obeys the equation

G (w) = G(w) — G(w)tlw)G(w), (4.18a)

with
tw)= | X)(X|#(w), (4.18b)
Hw) =2\ {{x; %)) (w) /7. (4.18¢)

Thus #(w) may be related to the polarizability by

Hw)=—\m/e*)a(w). (4.19)

If a dilute solution of the 2-level atoms is imbedded
in a medium with a refractive index #(w), assumed real,
and if the Lorentz local field correction applies, then one
readily derives the following expression for the absorp-
tion coefficient (in cm™1):

K(w)= (4mwp/cvo)[ (n2+2)%/9n ] Ima(wtic).

Here ¢ is the velocity of light and v, the volume of a unit
cell. When Egs. (1.7), (4.19), and (4.10) are combined,
the result is

(4.20)

2Img(w+ie)

po(w)

)=

Sdmevo 7 9n ]A K(w). (4.21)

2ntree*| (n2-2)?

In favorable circumstances, one may be able to use this
expression with experimental absorption data directly
in the conductivity integral. Note that X in Eq. (4.21)
is the coupling constant in H’ and not the wavelength.
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In Appendix B an approximate result is derived for

(w5 ) (w):

ma(w) 2
)
_ fny . (4.22a)
w2 —wo+A2(w/wo) gr(w)
Here (n) is given by Eq. (4.14a):
(m=([lg)gl —|e)e| y~tanh(Biws/2), (4.22b)

and the oscillator strength f by Egs. (4.1) and (4.2):
F=2uw0|{g|x|e)|%/. (4.22¢)
The Green’s function gr(w) appearing in (4.22a) is

wX ;2 coth(Bhiw,/2)

gr(w)= (4.22d)

q wo(w2—w?)

Separating imaginary and real parts gives (for w
positive)

Imgr(w+ie) =coth(Bhw/2)T 3~ X 20(w—w?)

q

=coth(B%w/2) Img(w1e) (4.23a)
and
° Imgr(w')de’
Regr(w+ie)= 27er/ (4.23b)
0 o'2—w?

Here the symbol P denotes the principal value. Equa-
tion (4.23b) should be contrasted with the result

* o' Img(w”)

Reg(w+ie)=27rP/ . do'.  (4.23¢)

0 w'2—w?

Note that g(0)=0, whereas
2(0) =27r/ o ! Img(w)dw=0.
0

Thus for the 2-level atom,
Z(w,T) d w02

as w— 0, whereas for the harmonic-oscillator impurity,
Eq. (3.14) gives

2(0) =w02-—)\2g(0) <w02 .
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The resonance condition obtained from Eq. (4.22a) is
w2 =we® —A%(w,/wo) f Regr(w,). (4.24)

For small w,, this will be close to wo, since Regr will be
very small. It is then a good approximation to use the
unperturbed value of (n):

{n)o=tanh(Bhwo/2).

At higher frequencies, if w, is noticeably different from
wo, 1t is better to use

(n)=~tanh(Bhw,/2).

An experiment would give w, as the resonance fre-
quency; wo would not be directly measurable. An'ex-
perimental value f, for the oscillator strength would be
obtained by setting

[(glxle)]|2=1fo/2e,. (4.25b)

One should then put f= f.(wo/w,) into Egs. (4.22a) and
(4.24):

(4.25a)

ma(w) —2w )
=——((w; o)) (w+1e)
e*?
w c<"7 /wr
- of o) | (4.260)
02 —wo? N2 fo(w/w,) gr(w-ie)
@t =wo2—A2f, Regr(w,). (4.26b)
The width of the resonance is given by
N\f, Imgyp(w,~+1€)
Ao Aypot=l= T
14221 ,(d/dw® Regr),
~\2f, Img(w,+1€) coth(Bfiw,/2). (4.27a)
Note that Eq. (4.27a) may be written
T(7)=T(0) coth(Bhw,/2),
(T)=T(0) coth(g w./) (4.27)
'(0) =2 f, Img(w,+1¢) ,
or
I(T)=f. coth(Bhw,/2) Tose, (4.27¢)
where

Tose=A? Img(w,+1i€)

is the width of the equivalent harmonic-oscillator im-
purity level.

The strength S of the resonance may be identified
with the ratio of the area 4A(7) under the resonance
part of the absorption curve to its value at 7=0:

)=

At resonance, we obtain a new peak theorem,

S(@T)=A(T)/A0)= (n)=tan(Bhw,/2). (4.28)
The mean phonon scattering rate is
2pAN f 2(wow/w,2) (Img)? coth(Bhw/Z) tanh(B%w,/2) (4.29)
31’7!'[)0((.0) {[w2—w02+}\2fe(w/wr) Reg?’]2+[)‘2fe(w/wr) COth(:E’hwl/z) Img]2} ’ ‘
(77N wr) = [2pd/3rmp(w,) J(wo/w,) [ tanh (Bhew,/2) I*. (4.30)
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Except for the appearance of the ratio (wo/w,), which is
likely to be close to unity, this result was foreseen in
Eq. (2.17).

The new peak theorem differs only moderately from
the peak theorem Eq. (2.9) for harmonic oscillator
and/or substitutional impurities. It may be difficult to
distinguish them in practical situations.

The optical-absorption coefficient may be obtained
by combining Egs. (4.21) and (4.29). Equations (4.29)
and (3.15) share a property that may be very important
when used in (4.21) to determine the absorption. The
functions Img(w+-i€), Reg(w), and Regr(w) will have
discontinuities in slope at the frequencies of those Van
Hove singularities that couple to the configuration X.
If the resonance frequency w, is close to one or more of
these singular frequencies, there will be structure in the
absorption curve. Such a structure is, of course, not in-
cluded in the Lorentzian approximation or in the ex-
pression derived from the perturbation theory result
for ¢ [Eq. (4.7)].

D. Coupling of a Two-Level Atom to Perturbed Phonons

With a nonzero perturbation y; assumed of the form
7| X)(X| in the lattice due to changes in force constants
and/or mass, we have to modify the above results. The
modifications are very similar to those for a harmonic
oscillator coupled to perturbed phonons.

In Appendix C, it is shown that ({(x; x)) is changed by
replacing gr(w) by gr(w)[14+7yig(w) J'. Thus

ma(w-tie) —2

e*? #

" s ) (ki)

_ wofe<77>/‘*’r . (431)
w?—w 02+>\2fe(w/wr)g’1'(1+71g)~1

It is also shown in Appendix C that the scalar part
of the ¢ matrix is now given by

t= b+ (7/20) [N (x5 @)/ (14gv2)*],

L=~ (1+gy)™

and ((x; x)) given by Eq. (4.31). Equation (4.32) is the
exact analog for this problem of Eq. (3.20c). Explicit
expressions for (771)(w,7") and I are readily derived, but
they are complicated and will not be given here. The
peak theorem is also complicated, but it tends to Eq.
(2.9) when the first term in (4.32) dominates and to
(4.30) when the second term in (4.32) dominates.

(4.32)
with

V. APPLICATIONS TO EXPERIMENTS

An application of the results of this paper has been
made to fit thermal-conductivity data on OH~ in alkali
halides and will be published separately.™

1 R. L. Rosenbaum, C. K. Chau, and M. V. Klein, following
paper, Phys. Rev. 186, 852 (1969).
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One can look back at previous calculations of phonon
scattering rates to see if they obey the peak theorem.
A good example is NaCl:Ag*t.'* In Ref. 11, a nearest-
neighbor central force model was applied, with the force
constant adjusted to give an infrared-active resonance
at the observed 53-cmm* frequency. (77')(w) was then
calculated on a computer using Eq. (1.8). The nu-
merical result may be shown to agree quite well with the
peak theorem. A recent detailed far infrared study of
this system has shown that noncentral-force-constant
changes, rather than central-force-constant changes,
have the major role.!? The width of the resulting cal-
culated infrared resonance is not changed, but its oscil-
lator strength is. The considerations of the present paper
show that the behavior of (771)(w) in the vicinity of the
resonance would still be the same if it were machine cal-
culated using the new force-constant models. The only
differences would come away from the peak, where the
Lorentzian approximation might break down. Thus
unless the resonance tails really have a strong effect,
the new calculation would not give better agreement
with the experimental data than the old calculation did.
The old discrepancies between theory and experiment,
seen in Ref. 11, would not be due to inadequacies in
the defect model, but rather to the incorrectness of
Egs. (1.1) and (1.2) at relatively high frequencies
and/or to an inadequate treatment of 3-phonon
processes.

In Ref. 12, data are presented showing an infrared
resonance in NaCl:F~ at 59.5 cm™ with a width of less
than 2 cm™'. At 80°K the peak shifts to 64 cm™?, and
the width grows to 14 cm=. Thus at temperatures where
a thermal-conductivity dip would appear (20-70°K),
the I~ and Ag™ resonances would have roughly the
same position and shape. The considerations of the
present paper then predict that thermal-conductivity-
resonances dips should be qualitatively and quanta-
tively similar, and the data in Ref. 11 show that they
are.

When we apply the ideas of this paper to NaCl:Li*,
we learn something new about this system. There is a
far infrared resonance at 44.5 cm™! having widths of 5
cm™! at 7°K and 17 cm™! at 80°K."2 Infrared absorp-
tion curves calculated using various theoretical models
could give a peak in the right place, but the infrared
oscillator strength was overestimated by factors of 20
to 300. One explanation was that not all the Li ions in
the crystal were participating in this resonance; another
was that the effective charge associated with the defect
was anomalously low. If the second explanation were
correct, the thermal-conductivity dip for a given con-
centration of Li™ should be greater than that for the
same concentration of Agt because of the greater high-
temperature width and lower frequency of the Lit
resonance. Instead, the experimental-conductivity data

1R, F. Caldwell and M. V. Klein, Phys. Rev. 158, 851 (1967).

12H. F. MacDonald, M. V. Klein, and T. P. Martin, Phys.
Rev. 177, 1292(1969).
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show a weaker Lit depression for a given concentration
by a factor of about 6. This proves rather convincingly
that not all the Li* is active in producing the resonance.

ACKNOWLEDGMENTS

The author wishes to thank D. Cowan for useful dis-
cussions, D. K. Brice for a critical reading of the manu-
script, and F. L. Vook for the opportunity to work on
this paper while at Sandia Laboratories.

APPENDIX A

It is desired to derive Eq. (4.17). Starting with Egs.
(4.3), (4.14a), (3.2), (3.3), (4.15a), (4.15b), and (4.16a),
(4.16b) [summarized above Eq. (4.17)], the following
commutation relations may be derived:

[x,H]=ihp, (A1)
[p,H]= —itwix—ih NS Xoan,  (A2)
[op1=ihfin, q (A3)

Coa]=2ip/on, (A%)

[, p]= —2iwes, (A3)

Cowpe]=itbur, (A6)
ConH]=ifpa, (A7)
[pq,H:]——‘ —1hw 20— 1INX g%, (A8)
(49)

[n,H]=2i\ 3 X 4p/wo.

We begin by applying Eq. (4.11a) to ((vg; v4)). With
the aid of Eq. (A7), we find
(g5 24)) =P Va'))/ .

We apply Eq. (4.11a) again and use Eqgs. (A6) and (A8)
to obtain

T, —— s o0)). (A10)
27 (w, 2—w2) wd—w?
Now apply Eq. (4.11b) twice to ({x; vg)),
(25 v ))=[—NX ¢/ (wg* =) J{(x; 2)). (A1)

Equations (A10) and (A11) together give Eq. (4.17).

APPENDIX B

In this Appendix, we derive Egs. (4.22). We start by
applying Eq. (4.11a) twice to ((x; 4)) and using Egs.
(A1)-(A3):

% A
I N S o ).

7!'(0)2‘—(.002) wz—wo q

((w; %)= (B1)

At this point we have a choice of operating on v,7 or on
x in {(vgn; x)). The result, Eq. (4.22), will be the same.
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Apply Eq. (4.11a) to ((vgn; x)):

1
{van; x>>=2—;<vq[n,x]>

2

2 X (v p; x>>+ ((Pqﬂ; x)). (B2)

ﬁwwo ¢

When Eq. (4.11a) is applied to ({p.n; x)) in Eq. (B2),
we obtain

(pan; x))=——<ﬁq[n,x]>+ Z Xy {(pavarp; %))

wqu

—iINX {{an; x>>/w_iwq2<<7)q"l; x))/w.

Thus
(@ —we){(van; %)) = (w/2m)(ve[ 0,6 )+ (i/2w)(p[n,x])

+__

woq

Xq’«(iqu_PQ)vq'P; x))
FAX (o ) -

Consider the factor ({(x7; x)) appearing in the last
term in Eq. (B3). By applying Eq. (4.11a) twice, we
find

((on; 2)) =

(B3)

[w(wnax—xan)+i{pna—axpn)]

27 (w2 —wo?)

_/\fw/wo

w?—wo

z, (B4)

where 2 is the sum appearing in Eq. (B1):

2=Zq: X o{{ogn; %)) (B3)
Use of Eq. (A4) gives
{xnx—xxn)=2i(xp)/w0. (B6)
Differentiating (4.15b) gives
0=da?/dt=xp+ px.
Hence, by Eq. (A3),
ap=%(xp—px)+i@p+px)=3inifn.  (B7)
Then (B6) becomes
(an—wxxn)=—7f(n)/wo. (B8)
Now consider
pnx—axpn= (pnx— pxn)+ (pxn—xpn)
=2ip?/wo—ihfn?= (BY)

(4.14b) and (4.16b). Equation (B4) then

7 f{n)oo Afeoo/wy
>

2rwo(w?—we?)  w?—wo? )

by Egs.
becomes

((on; %)=

(B10)

This result is exact.
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With the aid of Eq. (A4), the first two terms in Eq.
(B3) become

(#/mwo){(wvytipy) p)= —F X N/ 2m.

This will be further evaluated below.

The third term in Eq. (B3) involves a fourth-order
Green’s function. We evaluate it approximately by re-
placing the products v,9,» and p.v, by their expectation
values

(B11)

(0404)=304q (1/w,) coth(Biw,/2) (B12)

and
(Pper)= —%idqq . (B13)

Equation (B12) is approximate, but holds exactly for
the unperturbed phonons (H'=0). Equation (B13)
is exact:

(Pq'”q’>: %(?q'”q' _vq’f’q>+%<pqvq’+vq'lbq>
=31hbq+3(d/dt) <7)q7)q’> = _%ihéqq’—*— 0.
This approximation gives
{(twvg—po)vgvyp; %))
=[(iwh/2w,) coth(Bhw,/2)+5in((p; x))
=3[ (w/w,) coth(Bhw,/2)+11((x; %)).
Equation (B3) then becomes
(@2 —wA){(ven; «))
F X, o & ‘
=—\ ﬁ—l——Xq[—— coth(,Bﬁwq/Z)—i—lil((x; x))

2 wo Wq

ANf(n)wXq N flw/wo)
— X

27rwo(w2—wv02)

(B14)

=. (B15)

w2—wo2

Thus the quantity ==3%, X,((vyn; x)) obeys the
equation

Mo A ff{n)w
2 =—g1——gr((w; ¥) +———
21rg wog 276o(w? —wo?)
N?f(w/e0)
w2—w02
with
X F,
ga=>2 (B17)
q qu—w02

gr is defined by Eq. (4.22d) and g is given by (2.12a).
Equation (B16) when solved for Z gives, for the second
term in Eq. (B1),

Az

2 2

W —wy

Nfgdi Afew

FANTRIOY™

27 wo(w2—wo?)

(gr+g){{x; x)+

m™ wo

w2 —wo?—N\2(w/wo) fg.

MILES V. KLEIN

186
The resulting equation may be solved for {(x; x)):
fhin)/(2m)
(s @)=
o w?—wo?+A2(w/wo) fgr
Nefgh/ (2o
fgih/ (2m) (B18)

w2—wo?N2(w/wo) fer

We shall not use the second term in Eq. (B18), but
for the record we shall derive an expression for g; by
evaluating the left-hand side of (B11). By applying the
equations of motion to the equation

(d/dt){px)=0,
one obtains the result

(pe®)=—(vep). (B19)

Next consider
0= (d/dtqup) = _wq2<”qP>—w02<'qu>
+fA 2 Xq'(?q”q”?>+>\Xq<xP> . (B20)
ql

The third term is already first order in \. We therefore
evaluate it using the unperturbed expectation value

(Parm) =P )(m)= —%i{n)qq'.

Use of Equations (B7) and (B18) in (B19) gives

(vep)=0.

For {p,p), consider the equations
0=d{px)/dt=pyp)—wvx) —NX 1t f/(2w0) ,
0=d(v,p)/dt=(pop) —wi*(vx)— N 2.0 X (varvgn).

We make the approximation

(@grvgm) = (0)(n)=5(n) (1/@4)84q coth(Blicw,/2)

and solve for (p.p):

(Pap)=[NX o7 f(1)/ 205" —wo?) ]
X[wq coth(Bhw,/2) —wo(n)~].

(B21)

This gives
Fo=[fn)/wi(ws’ —w*) JLwq coth(Biiwy/2) —wo(n)™]

and

fn)
g1=—;
qu[wq COEh(fﬁwqéjz —2600 C(:)th(ﬁhwo/Z)] - (322)

We neglect the second term in Eq. (B18) because it
is second order in X\ and because it might greatly com-
plicate the analysis of this problem. It may be that a
consistent treatment that includes this term should also
use a more exact expression than (B12) in the third
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term of Eq. (B3). The decoupling procedure represented
by Eq. (B14) neglects multiple phonon effects, which
appear to be very difficult to handle, but which might
be important in the strong coupling limit.

APPENDIX C

Here Eqs. (4.31) and (4.32) will be justified. In the
presence of a lattice perturbation matrix y;=7;| X)(X|
everywhere in our derivation of ({x; %)), we should re-
place an equation of the form

(W —we?) fo= Jas
Z (G~1+Tl)qq’fq’=].q-

by

The solution changes from f,= (w?—w,?) 7, to

fe=2 (G v, (Cy)

When this is done in Eq. (B11), which is then solved
for {{(vym; %)), we obtain

<<7’q77; x))=zl (G D)o Ry,

where R, represents the right-hand side of Eq. (B11).
The resulting expression for 2 is simply the old expres-
sion with different Green’s functions. In partlcular, any
Green’s function of the form

X*Ng

7 W t—w?
becomes

= Xqu(G—IWL'Yl)qq’Xq’
aq’
=2 XN J[GI+vG) e X o
aq’

'—Z _"[(I'{“'YZG) oo X o
X 2N,
I P — (C2)
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This last result follows from an expansion
(I+7.G)1=I-vG+71:Gy.G—- - -.
For example, consider the second term .
——Z (@) e X =—m1 q‘L:,” XXy GyrgXg
X,
=—vX,2 =—718X,.

q wq,Z_wZ

This is the second term of an expansion of Nq(1+'yzg)‘
Use of Eq. (C2) transforms Eq. (4.26a) into (4.31).

When the changes indicated by Eq. (C1) are made in
Egs. (A10) and (A11), we obtain

{(vg,04°))
=—(#/2r) 3 [(G Hv) " ewdpe
SR K(Can S P

XXp[(G—I"l"Yl)—l]q’p’Xp'«x; x))
= —(#/2m)(G—Gt;G) 4

XX (—/2m)[((w; ) 2/8)]
(02— (@t —w?)(I+gr)?

Thus the matrix ¢ has elements

Ogr = —2m((vg; v ))/ =G o —(Gt,G) 4o

_[G

with t—|X)(X|¢ and ¢ given by Eq. (4.32). Of course,
{{x; x)) will also contain new Green’s functions as de-
scribed by Eq. (C2) and will be given by Eq. (4.31).

2| X) (X |

= (G— GtG) aq’
(14gv)?

a9’

T s >>—G]



