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Spin Splitting of Landau Levels and. the Effective g Factor in Gray Tin~
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Spin splitting of magnetoresistance oscillations was observed in Sb-doped gray-tin samples having a low
electron concentration (8)&10"cm ') and also in those in a high-concentration range (10"—10'9 cm '). The
high-concentration samples showed splitting for both longitudinal and transverse magnetic-held configu-
rations; in low-concentration samples the high-Geld-component peaks disappeared as the field was rotated
from a transverse to a longitudinal direction. The splitting factor 6, (2A, Ace equals the Landau-level split-
ting) was evaluated for the field in principal crystallographic planes. The angular dependence of 6, is
similar to that of the oscillatory period, reflecting the shape of the Fermi surface. Values of the effective
spectroscopic splitting factor ~g ~

evaluated from the h. values for various 6eld directions and electron con-
centrations ranged between 7.5 and 27.5.

I. INTRODUCTION

'N addition to the orbital quantization of electron
~ - energies into Landau levels, a magnetic field lifts
the degeneracy of electron spin states, thereby splitting
the original Landau levels. Necessary conditions for the
resolution of spin-split Landau levels at moderate field
strengths are (i) a small efrective mass and (ii) a, large
absolute value of the effective g factor. From k. y
perturbation theory, a low effective mass and a high

g value are direct consequences of a low value of the
pertinent interacting energy gap. ' Work of several
investigators has shown that in InSb the conditions for
resolved spiri splitting are adequately met' '; the
electron e6ective mass is 0.016m, and the g factor is
about —50. The latter value has been determined
experimentally by oscillatory magnetoresistance'4 and
magneto-optical absorption' and has also been cal-
culated theoretically. ' In Ge it has been shown that
the g factor is near —3.7 in (100) directions and —2.3
in (111)directions, ' values which compare well with the
theoretical predictions of Cohen and Blount. ' The g
factor of conduction electrons differs from the free-
electron value of 2 because of spin-orbit coupling, and
its magnitude can greatly exceed 2 if there is a three-
fold orbital degeneracy or if the spin-orbit splitting
becomes large compared with the pertinent interacting
energy gap. ' Both of the above are true or nearly so for
most elemental and zinc-blende-type semiconductors. '
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In the course of investigating the symmetry, ' non-
parabolicity, ' and ionized-impurity scattering" of the
I"-centered conduction electrons in Sb-doped gray tin
by oscillatory magnetoresistance, we observed spin-split
oscillations in samples for which the ionized-impurity
scattering was weak. Sufficiently weak scattering occur-
red in the lightly doped samples (Nq=SX10ts cm ')
because of the low concentration of scattering centers,
and also in samples for which 10' (Ãg(10' cm 3

because of the very effective screening of ionized
impurities by the high-mass electrons in the L,-centered
states which begin to be populated at a donor concentra-
tion of 5X10"cm '.

We expect the effective g factor for gray tin to lie
between the above values for Ge and InSb because the
interacting gap Eg ——0.41 eV" lies between those of
Ge (0.89 eV) and InSb (0.23 eV). Furthermore, the
higher bands which determine the nonsphericity of the
F8+ conduction and valence bands are expected to
affect the g factor in a similar fashion. "Consequently,
the spin splitting should have an angular dependence
similar to that recently published for the gray-tin
conduction-band Fermi surface. '

In this paper we present and discuss the data on the
angular dependence and the donor-concentration
dependence of spin splitting of Landau levels in gray
tin. From the data, we obtain the corresponding
dependences of the g factor. The apparatus and experi-
mental procedure as well as the methods of crystal
growth, selection, and orientation have been described.
previously. ' '

II. THEORY

In a sufficiently high magnetic field, electrons occupy
one-dimensional harmonic-oscillator states with respect
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Xew York, 1964), Sec. 3.5.
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to their motion perpendicular to the field, while motion
parallel to the held is unaffected by quantization. The
degeneracy of the electron spin states is also lifted.
Consequently, the electron energy for a free-electron-
like system with the magnetic field in the s direction is
the sum of these three contributions:

I I I I I I I I I I I I I

Ep ——(e+-,'+6,)k(u,

where &,= gm*/4m, =——,'gm'. Rearranging, we have

(2)

1/B = (m+ ,'&6,)ek-/m*cEi, (3)

or that the period P= A(1/B) =eh/m*—cEr, since
successive Landau levels are located at the Fermi
surface when e changes by 1. In a real crystal the
eRective mass may not be the same at all points of the
electron orbit. In this case the cross-sectional area
between Landau levels is still quantized and the area
6 corresponding to level e is given by"

0', = (rl+ ', +6,)2rreB/cb-
01

1/B = (e+,'ah, )2me-/eke,

Both Eqs. (3) and (5) may be expressed as

r1,=1/BP (6)

Thus, plotting Landau-level numbers against the
reciprocals of the field values of the split magneto-
resistance peaks yields two straight lines separated
vertically by 2h„ the level splitting in units of Ace.

A relation similar to Eq. (6) is obtained from the
theory of transverse magnetoresistance given by Adams
and Holstein" when this theory is appropriately
modified to include spin splitting. 6 The previously
published' expression for the oscillatory component of
magnetoresistance under the conditions of our experi-

"J.M. Ziman, E/ectrons end Phonons (Oxford University Press,
London, 1962), pp. 513—523.

'4 E. N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10,
254 (1959).

E= (e+-')4)+k'k '/2m, *~Peg-,'B, (1)

where rd=eB/m~c is the cyclotron frequency which
depends on the cyclotron effective mass m*. Ps ——e k/ 2m, c
is the Bohr magneton, 8 is the magnetic field, g is the
effective spectroscopic splitting factor, and k, and m,*
are the s components of the wave vector and eRective-
mass tensor, respectively. Here e is the Landau-level
number which takes on positive-integer values including
zero. With increasing 6eld, the Landau-level spacing
Aco increases so that the levels appear to approach and
pass through the Fermi surface. This produces Quctua-
tions in the density of states at the Fermi surface which
are periodic in reciprocal field and which are manifest as
fluctuations or oscillations in the electronic properties.

The periodicity in reciprocal field can be seen in the
free-electron-like case by rewriting Eq. (1) for level
number e at the Fermi surface:

ments is

where

Ap/ps ———A cos (2~/PB ——,'7r )cos-,' arm'g,

(T+T )e eTDm'/B—
~ =(-[—~s(~)3

B'~' sinhg (T+T;)m'/B]

and C =5&2m'ke(m*c/E~eh)'ls, a constant for a partic-
ular sample and field orientation. Js(cr) is the Bessel
function of order 2 and argument u =2vrB /PB', where
B is the amplitude of the modulated field; P=2~kii

Xm, c/he; TD is the Dingle temperature which measures
the broadening of Landau levels due to scattering by
ionized impurities; and T; is the empirically introduced
inhomogeneity temperature which measures the level
broadening due to sample inhomogeneity. '

In connection with the amplitude expression, it may
be noted that the observation of magnetoresistance
oscillations requires some appropriate combination of
small eRective mass, low sample and eRective tempera-
tures, and high magnetic 6eld. Another requirement is
that of statistical degeneracy. These conditions are
conveniently sunimarized in the statement'

Ep) Are) ks(T+Tn+T;)= kisT'. —

8-

I

4 6 xl0 B (kG)

FzG. 2. Integer-versus-1/8 plot for the oscillations of Fig. 1.
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FIG. 1. Magnetoresistance oscillations for a sample with
Eg ——7.6&10" cm 3 at T=1.35'K with the magnetic field in a
(100) direction transverse to the current. Spin splitting of the
n=1 Landau level produces the well-resolved component peaks
at 7.4 and 9.25 kG.
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FIG. 5. Spin-splitting parameter 6, versus Geld orientation in a
(110}plane for the sample of Fig. 1.
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It shows the oscillations at 1.35'K for the field in a
(100) direction transverse to the current. The well-
resolved component peaks at 7.4 and 9.25 kG are
identified with the m=1 Landau level through the
integer-versus-1/8 plot of Fig. 2. (Splitting of the
m=2 peak was evidenced in the original trace by a
barely discernible shoulder on the main peak. ) Substitu-
tion into Eq. (13) of the above field values together
with 8=8.23X10 ' G ' (evaluated from the slope in
Fig. 2) yields 6,=0.166. The phase factor vi is then
found to be —0.48 from Eq. (15). Similar analyses of
the data for other principal directions yielded the 0,
values given in Table I. Also tabulated are the g values
calculated from 6, and the previously published
effective masses. '

The variation of the splitting as the transverse field
was rotated in a principal plane was also investigated.
The traces for the (001) plane are shown in Fig. 3.
Except for the varying held direction and a lower
amplifier gain, the experimental conditions were the
same as for the trace of Fig. 1.Analysis Lusing Eq. (13))
of these and similar data for the (110) plane yielded
the angular dependences of 6, shown in Figs. 4 and 5.

The symmetry displayed here is the same as that of
the angular dependence of the oscillatory period. '

A qualitatively different spin-splitting behavior is
observed in the longitudinal magnetoresistance of these
low-concentration samples. The trace of Fig, 6 was

TAar, z II. Comparison of mass energy gap Ez, spin-orbit
splitting 6, the k=0 conduction-band-edge reduced mass /Q',

and the efFective g factor for Ge, n-Sn, and InSb.

Zg {eV) ~ (eV)

Ge
n-Sn
InSb

0.89
0.41~
0.24

0.3
0.80'
0.9

0.041
0.0236
0.016

3.0
22.2b

50.0

a S. H. Groves, C. R. Pidgeon, R. j.Wagner, and A. W. Ewald, Bull.
Am. Phys. Soc. 13, 429 1968).

b Average of low-electron-concentration values.
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FzG. 6. Oscillations under the same conditions as for Fig.
except that the Geld is parallel to the current. The high-field
component of the spin-split peak disappears as the 6eld is rotated
from the transverse to the longitudinal direction.

Fxo. 7. Oscillations for a high-elec-
tron-concentration sample (Eq =2.5 &10"
cm ') at T=1.33'K with the magnetic
field in a (100) direction transverse to the
current. Nodes at low magnetic fields and
constriction of the high-6eld amplitude
are due to field modulation.
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FIG. 8. Integer-versus-I/8 plot for oscillations of Fig. 7.

obtained under conditions the same as for I'ig.
except that here both the current and field were in a
(100) direction. Clearly, the high-field component of
the v=1 split peak has vanished. Upon rotating from
the transverse to the longitudinal direction, the
component peaks do not coalesce; the high-field
component just disappears. Apart from the m=1 and
e =2 peaks, the oscillations for the two geometries are
identical. This behavior has been observed by others in
InSb' 4 and some attempt has been made to explain it
by postulating different scattering rates for spin-up
and spin-down electrons. ' '

Turning now to the high-concentration region, the
first indication of spin splitting is observed at %~=7
X10' cm '. At this concentration a slight shoulder
appears on the high-field oscillations. When Ed=2.5

X10" cm ', the Dingle temperature has reached
its lowest value and spin splitting is well resolved.
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FIG. 9. Spin-splitting parameter 6, versus Geld orientation in a
(100) plane for the sample of Fig. 7.

Figure 7 shows data at 1.33'K for this concentration
with the transverse field in a (100) direction. The
distortion of the high-field oscillation valleys is not
angular-dependent and is attributed to higher harmonic
content. The integer-versus-1/8 values of the compo-
nent peaks are plotted in Fig. 8. The intercept again
gives q ———,'. Traces similar to that of Fig. 7 were
recorded for various field directions in the (001) and
(110) planes. The 6, values d.educed from the several
split peaks of a given trace were averaged and these
average values are plotted against field direction in
Figs. 9 and 10. The angular dependence is the same as
for the low-concentration samples, and similar to that
found in Ge.' An interesting but unexplained difference
between the two concentration regions is the persistence
in the high-concentration case of both spin-split-
component peaks as the field is rotated to the longi-
tudinal direction.

Table I summarizes the principal-direction results
obtained for all samples showing resolved spin splitting.
The g factor reflects the concentration-dependent mass
or nonparabolicity of the band. Table II shows the
systematic variation of the g values and related band
parameters for Ge, o.-Sn, and InSb. The higher-lying
I~5 conduction band is primarily responsible for the
nonsphericity of the Fermi surface in Ge" and cx-Sn.
The observed similarity between the anisotropy of 6,
and the oscillatory period' supports the recent sugges-
tion" that the spin-splitting anisotropy is also deter-
mined by I'~5.

A further study of the spin splitting of Landau levels
in gray tin by means of the magnetoresistance oscilla-
tions is planned. In particular, samples having donor
concentrations less than 8X10" cm ' will be inves-
tigated in an effort to observe the splitting of the v=0
Landau level and its dependence on held direction.


