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The phonon scattering 7' matrix is analyzed according to the irreducible representations of the point
group pertaining to the perturbation caused by a substitutional impurity in the diatomic fcc and bec lattices.
The effects due to change in mass at the impurity site and the changes in the nearest-neighbor central- and
noncentral-force constants for the impurity-host-crystal interaction are taken into account. Relations
between lattice Green’s functions are derived for the nearest-neighbor interactions in the pure lattice.
Simple expressions for the irreducible representations of the 7" matrix are obtained, by assuming only

central forces.

I. INTRODUCTION

UCH attention has been drawn in recent years

towards the study of static and dynamic prop-
erties of crystals containing substitutional-impurity
atoms. The behavior of the phonon scattering 7
matrix for the defect is investigated in a number of such
studies. The evaluation of the 7" matrix is of central
importance for calculating the phonon relaxation times
in transport theory.! The elastic properties? and the
infrared lattice-vibration absorption® due to gap and
resonance modes in imperfect solids may also be inves-
tigated using this formulation. The resonance denomi-
nator of the 7 matrix determines the condition of occur-
rence and the frequencies of these resonance and gap
modes. The explanation of several other phenomena,
e.g., the first-order Raman scattering,* the Mdsshauer
effect, and the second-order Doppler shift,’ involves
the evaluation of the perturbed Green’s functions,
which may be determined easily if we know the ele-
ments of the 7" matrix.

Several attempts!-® have been made to analyze the T
matrix in some realistic models, where effects due to
changes in mass and nearest-neighbor force constants
were taken into account. The change in the noncentral
force interactions were also included in later publica-
tions. Benedek and Nardelli” have studied the case of a
single impurity in a lattice having rock-salt structure.
One substitutional impurity in a monatomic bec lattice
has been discussed by Yussouff and Mahanty.® However,
their results are in error because of their neglect of some
nonvanishing elements of the perturbation matrix (see
Sec. IV). Mannheim® has studied the optic-active Fy,
modes in the case of monatomic bec and fec lattices.
Recently,?1% numerical calculations of some of the T
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matrix elements have been made. It is therefore inter-
esting to analzye the 7" matrix in some other realistic
cases.

In the present paper, the 7" matrix accounting for
the phonon scattering is worked out according to the
irreducible representations of the point group which
pertains to a single-substitutional-impurity perturba-
tion in the case of diatomic fcc and bec lattices. We take
into account the effects due to change in mass at the
impurity site, and the changes in the nearest-neighbor
central and noncentral force constants for the impurity—
host-crystal interaction.

A brief account of the dynamics of the perturbed
crystal with the reduction of the 7 matrix into various
irreducible representations is presented in Sec. II. We
block-diagonalize the 39-dimensional 7" matrix of fcc
lattice and the 27-dimensional 7" matrix of bce lattice,
using the lattice-site symmetries in Secs. III and IV,
respectively. For simplifying the calculations, relations
between the lattice Green’s functions are derived for
nearest-neighbor forces in a diatomic lattice in the
Appendix. These relations are utilized to obtain simple
expressions for the different irreducible representations,
especially the optic-active Fi, modes, for the case of
central forces only in Secs. IIT and IV.

II. THEORY

The time-independent equation of motion for a
perturbed crystal may be written in matrix form as?

[Lo+P(w?) ¥ =w?T, (1)

where Lo=M ¢ 12®oM /% is the dynamical matrix of
the perfect host lattice and P(w?) is the perturbation
matrix, explicitly given by

P(w2)= _w2M0—l/2AMM0—1/2+M0—1/2A¢M0—1/2_ (2)

Here M, and ®, are the mass and force constant
matrices of the perfect lattice, and AM and A® are the
corresponding perturbation matrices due to the presence
of defect atoms in the lattice. ¥ is a column vector
related to the usual displacement-column vector U by

U=Mgq12¥. 3)
712
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In diatomic cubic lattices, Ly is a 6N X6N matrix,
where N is the number of unit cells in the crystal. The
6N solutions of Eq. (1), i.e., the eigenvectors and the
eigenvalues, may be written as {¥,} and {w\?}, where A
is an index running from 1 to 6/N. These eigenvectors
{¥,} satisfy the orthonormality condition,

I\, M2 (M o+ AM)T )= 8\y 4)

The perturbation matrix P(w?) is a 37X3n matrix,
where # is the number of the atoms (including the im-
purity atom) directly disturbed by the presence of the
defect atom. The 31X 3% subspace, which is the space
of P(w?), will be the target of our study. The 7" matrix
satisfies the equation

T(z)=P(w*)—P(")GET (), ©)

where G(z) is the Green’s-function matrix operator for
the unperturbed lattice defined by

G(2)= (Lo—zI)"". ©)

Here, z is the complex frequency z=w?+2iwn in the
limit as 7 — 0%, The formal solution of Eq. (5) is

T(2)=P@)U+G@E P (7

The introduction of the symmetry coordinates ac-
cording to the various irreducible representations of the
point group of the impurity site block-diagonalizes
simultaneously the two matrices P(w?) and G(z) [=g(2)
in the subspace 3#X3xn]. Consequently, the inverse
matrix appearing in the expression of 7" matrix, can be
expressed as

[I+8@PWI =L T [Lm) (]

X[I+gEP @) Tm')(Tm'|, (8)

where |T'ym) denotes the normalized symmetry co-
ordinate, which transforms according to the first row
of the irreducible representation I'. The index m has
values from 1 to #(T), where #(T') is the number of
times the irreducible representation I' occurs in P (w?).
Each of the projected inverse matrices appearing in Eq.
(8) may be written as

(C|[I+g@P )T T)=Nr(z)/Dr(z),  (9)
where Dr(z) is the resonance denominator
det[7+g(z)P(”)],

coming from the representation I', and Nr(z) is the
corresponding adjoint matrix adj|I+g(z)P(w?)|. We
may therefore write for the irreducible representation
Tr (z)of the T matrix

Tr(z)=Pr(w*)Nr(2)/Dr(2), (11

where Pr(w?) is the abbreviation for (I'|P(w?)|T),
the matrix element of P(w?) for the representation T

(10)
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Similarly, we hereafter abbreviate (T'|g(z)|T) by gr(3).
The 7" matrix may thus be written as

T(Z)=ZPTII’)TF(Z)(FI- (12)

III. DIATOMIC FCC LATTICE

The elements off the 39X39 perturbation matrix
P(w?) for the fcc lattice are as follows:

P“(0,0) = — sz—i" 4()\‘{" 2)\’) 5

:#(0,0)=0,
pii(O,Ra) = —3X2(\4X), it ni=0
= —X12)\ for n;=0;
PO Ra) = —3XEO—N i,
pi(Ra,Ra) =3X(\FN) , if  n0
=X\, for n;=0;

and

pij(Rn,Rn)=%X()\-—>\’)nm]-, 1’7]:: 1; 2) 3 (13)
where ¢ is the mass-change parameter=AM /M, and
X=M_./M+ is the ratio of the masses of the ions of two
host sublattices. A=Ay/M, and N=Ay/M, are
changes in the central and noncentral nearest-neighbor
force constants, repsectively, in units of squared fre-
quency. R, the lattice vector of the immediate neigh-
bors of the impurity site at the origin, is given by
|R.| = (a/V2) (m1,m2m5) , (14)
where one of the numbers of the index triple (ni7.73)
has value zero, and each of the remaining two may have
values £1. The constant @ is the lattice spacing. In
Eq. (13), the upper signs apply when the impurity
occupies a positive-ion site, and the lower signs when it
occupies a negative-ion site.
The irreducible representations for an impurity site
having symmetry O in the fcc lattice are

I‘:4‘F1u+2F2u+2F1g+2F2g+2E9+Eu

+AoutA1+As,. (15)

The necessary symmetry coordinates, i.e., the sym-
metrized linear combinations of the 39 ionic displace-
ments in the space of the impurity ion, have been
worked out by Dettmann and Ludwig.!! However, their
results for the irreducible representations 2E, and E,
are in error. They have been corrected and presented
in Table I. After using the corrected normalized-sym-
metry coordinates for block-diagonalizing the per-
turbation matrix P(w?), we obtain the following matrix

11K, Dettmann and W. Ludwig, Phys. Condensed Matter 2,
241 (1964).
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elements for the various irreducible representations:

—etHAOF2N)  —2X (2O (AN) (2120 —))

—2x12)\’ X\ 0 0
PFlu(w2) = )
— (22 (A N 0 IXOAN) —IX(\—\)
(2X)1/2(A—\") 0 —IX(\—=)\") X))

AN —(A—A'))

mew?):%x(
—(—=\) ARV

’

)
/\ 3

KDY —\/3(}\—)\'))
—V3(A—))) A3\ /7
Pp (@) =X\, Pap,(@?)=XN', Puap(@)=X\", Pyy,(w?)=X\. (16)

From Eq. (16), one may note that for central forces only, i.e., for N’=0, the matrix elements of P(w?) for the
irreducible representations F1,, E, A4, and A, vanish, and therefore these symmetry motions of the ions of the
impurity space are absent.

The projected matrix elements of the Green’s function g(z) are as follows:

N0
Py (e0?) =X< > y Pryy(e?) =X<
A0 N 0

PEzg(wZ) = *}X(

go 2 81/2g, 812,
( ) 2g1 2g5+gu 81’2(gs+g7) szgs
§F1\3) = )
' 8”2g2 8”2(ge+g7) g4+g5+2g9+2g13+2g14 2gs+g15
8”2g3 2\/2_g8 2gs+g15 g4—g5—l—2g1o——2gle+2g17
g4+g5+2g9——2g13~2g14 —2g8+g15
ngu(Z) = )
—2gs+g15 g4—g5+2g10+2gm-—2g17
g12—2g16—2g17 —2ge+2g7+2gs
Eruale) = )
—2g6+2g11+2gs —ga—gst+280—g15
g12+2g16+2g17 2ge—2g7—l—2gs
ngg(Z) =< ’
2g6—2g1+2gs —ga—gs+2¢+g1s
( ) (-—g4+g5—2gs+2glo—2g13+2g14+%g15+gm+gn %Vg(—g15+2g1s+2g17) >
8E,\2)= )
V3 (—gis+2g16+2g17) —gatg5—2gs 281012813 —2g1a— S g15— g16— g1

gEu(Z) = —2g5+gn+2gm—2gn s gAzu(z) = —2gs+gu—4g16+4g17 s
gAz,,(Z) = -—g4+g5+4gs—|—2gm—2g13+2g14—g15—2g15—2g17 ,
gAl,,(Z) = —g4+g5+4gs+2gm+2g13—2g14+g15—|—2g16+2gn , (17)

where the different combinations of the elements of the Green’s-function matrix g(), are given by
Q@ s r gutk]s)
k.

g (z) = > (18)
(277‘)3 s=1 /pz wk,sz—-z
TasLE I. Unnormalized symmetry coordinates according to the irreducible representations 2E, and E, for an
impurity site having O, symmetry in the fcc lattice.
R, 000 3¢ 3a O ¢ 0 3 0 3¢ 3a 30 —3a 0 0 —3¢ 3¢ —%¢ 0 i
000 -1 -1 0 1 0 0 0 1 0 -1 10 0 —1 0 -1 0 0
IE 000 1 1 0 1 0-2 01 =2 1 -1 0 0 —1 -2 —1 0 -2
o 000 —1 1 0 1 0 2 0—1 =2 -1 —1 0 0 1 =2 —1 0 2
000 1 -1 0 1 0 0 0 —1 0 1 10 0 1 0 —1 0 0
E { 000 o 0 o0 0—-1 0 1 0 0 0O 00 -1 0 0 0 1 0
* 000 0o 0 -2 0 1 0 i 0 O 0 0 2 -1 0 0 0 -1 0
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Q is the primitive unit cell volume of the lattice, the number s indices the six polarization branches, and k and
wg,s are the wave vector and frequency of the normal mode of the perfect lattice, respectively. The integration
is to be taken over the first Brillouin zone (BZ). The 7, (k|s) for u=0 to 17, have the following expressions:

JoE(k|s)=|ea(x | k,5)|?,

715 (k| s) = ea(F | k,5)ea* (= | k,s5) cos(iksa) cos(3k,a),

Jot(k|s)=ea(F|k,s)e* (£ | k,5) cos(3kea) cos(3ksa),

7ot (k] s)=eo(F | K,5)es* (£ | k,s5) sin(3kqa) sin(3kga),

7t (k| s)=|e«(F | K,s) |2 cos(kaa) cos(ksa),

7= (k)= | ea(F [k;s5)| 2 cos(ksa) ,

Jot (k| s)= [ ea(F | k,s)|? cos(3kaa) cos(3ksa),

J=(k[s)=|ea(F |k,s) |2 cos(3kaa) cos(3ksa) cos(kya),

75 (k|s)=ea(F | k,s)es*(F | k,s) sin(3kqa) sin(%kﬁa) cos(3k.,a),

jot(k|s)=|ea(F|k,s)|? cos?(}kaa),

J1t (k] s)= | ea(F |k,5) |? sin?(3k.0a) ,

Jut(k]s)=[ea(F | k;s) [2[1+cos(ksa) cos(k,a)],

JiE(k|s)= | ea(F | k,5) | 2[1—cos(ksa) cos(kya)],

J1sE(k] 5)= |ea(F | k,5)|* cos(3ksa) cos(3k,a) ,

J1E (k] s)= | ea(F | K,5) |2 cos(kqa) cos(3ksa) cos(3k,a),

155 (k] s) = eo(F | k,5)es*(F | k,s) sin(k.a) sin(ksa),

165 (k| s) = eo(F | k,5)es*(F | k,s) sin(3k.a) sin(3ksa) cos(k,a),

JurE(k| )= eo(F | k,s5)es*(F | k,s) sin(3k.a) sin(3kga),
(e,8,y=1,2,3 but ax=p=y) (19)

where e,(= |k,s) are the Cartesian components of the polarization vector at the two different sites of the unit
cell of the host lattice. The polarization vector e(F | k,s) should be multiplied by a phase factor ¢®*R» to compare
it with the components of the eigenvectors eq(k|y;) of Born and Huang.'

We may now write the different irreducible representations 7'r(z) of the 7" matrix after using Egs. (9) and (11)
as follows:

T 124(2) =XN1+XN(—gatgs+4gs+2g10+2g13— 21+ g15+ 2816+ 2817) I, (20)

T 42,(2) =XNT1HXN (— gatgs+4gs+2g10— 2813+ 281a— g15— 2816 —2g17) |, (21)

T 45,(2) =XN[1—=XN'(2gs— gut+4g1s—4g1r) I, (22)

Tr,(2) =XNT1—XN'(2g5— g —2g16+2g17) I, (23)

T (o) = X < INFNFXNN gy, 22 —\/3(>\—)\’)—4X>\>\’gE2012> (24)
4D, () \—VE(\—N) =X\ gEs, 1 N3N 40N gy, 1

where
Dyy(2) =1+HX[(A+N) (— gatg5—2g5+2g10) — (A —=N)(g13— g1a— 15+ e+ g17) JHXEN[(— gat g5 —2¢5+2410)*
—4(g1s+g17)* — 815" +2g15(gr6+g17) —4(g13—g14) (Q13— g1a—3g1s— g16—g1r) . (24b)
X NAFXANgre, 22 —XAN gry, '
DF,,(Z)<—x>\>\'gF,,12 )\-}—X}\)\’gmu)’

T 5y (2) = (25a)

where
Dy, (2) =14+X[N(—ga— g5+ 280+ g15) +N (g12+2g16+2g17) JHXAN'[(g12+2816+2817) (— ga— g5+2g0+£15)
—4(gs—grtgs)*]. (25b)

Tr,(2)= (26a)

poNd (1+x>\’gpl,,22 —XN'gp ' )
DFW(Z) —X>\lgF1,,12 1+X>\/gm,,u ’
12 M. Born and K. Huang, Dynamical Theory of Crystal Lattices (Clarendon Press, Oxford, England, 1954), p. 298.
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where
DF“,(Z) =1 —Xk’[g4+g5—gu+g15—2(gs —gm—g17)]+x2>\’2[(gm—2gle—2g17)
X (—ga—gs+2g0—g15) —4(gs—gr—gs)2].  (26b)
X AN 22X grg 22 —NFN —2XANgp,, 12
T p2(2) =_"( ’ fre ), (27a)
2D pa () \ AN =200 g2 AN AH2XAN gy, 1L
where
Dpo(z) =1+HXL(NAN) (ga+got+g10—g1s— g1a+grs— g11) + (A —N")(2g5—g15)
FXN[(gatg5+280—2g13—2814) (ge— g5+ 2g10+ 2816 — 2417) — (285 —815) 2]« (27b)
In these Tr(z) matrices, gr* denote the matrix elements  and
of the corresponding projected Green’s function of the ,
representation T, i.e., gr(2). (O Pas)ezs= O P11 =X\\"2,
For the optic-active 4F;, modes we have (O Pass)13a= — O Pro= —2X52AN'2
Tr(2)=0Q/Dr. (3, (28)  (OP130)134= O Paa=XAN (4N —ews?)
where the matrix elements Q;; of the 4X4 Q matrix are (OPs24)12e= — O Prs= —(2X)*XAN2,
given by (OP124)126= O Pgs=3XNT16M —ew? A +-)N') ],
Qii=Piy+2 2 (APup)ingoe+2.2 22 (O Pipk)imn (OP12)125= O Pss= — XN (\HN)ew?,
k#j p#i a>m  k>p (DP314)214= -—DP23= —4.21/2x2)\)\"2 ,
X (Agok)mnt | Priu(@) | Ogiy (290 (OPs1e)ae= — O Pss=2CN A—\)ew?,
where i, j, k, m, n, p, etc.=1, 2, 3, 4. (OP2s)195= — (O Pa1s)215= O Pry= O P2=0. (31)

Here P;; or g; are the matrix elements of the 4X4
matrices Pr, (2) or gr,,(2). (AP;p)jx or (Agip)jx are the
2X2 subdeterminants containing the matrix elements of
the two rows or columns ip and the two columns or
rows jk of Pp,,(2) or gp,,(3). (OPjpr)ima is the 3X3
subdeterminant containing the matrix elements of the
three rows or columns jpk and the three columns or
rows imn. In writing these subdeterminants the orders
of the rows and columns should be kept in mind. One
interchange in the rows (or columns) means a multipli-
cation of the subdeterminant by —1 once. [Jgs; or
OP;; are the cofactors of the matrix elements g; or
P;;. |Pp(2)] is the determinant of Pr,,(z). The sub-
determinants of the projected perturbation matrix
Pp,, (z)may be simplified to have the following values:

(AP1)12=XNT4(A+2N) —ew?],

(AP13)15=3X(\HN )[4\ —ew*],

(AP19)1a=2XN (SAHN) —3X (AN ew?,,

(AP33)ss= (AP2s)ss=$EN (\FN)

(AP3e)3e=X"N\', (AP14)34= —(2X)312AN,
(APp)s= —282XN (N, (AP1)es= =X (AN,
(AP12)14=232XN'(N—X') , (AP15)2a=X32N(A=N),
(AP13)a3= (2X)12XN"(NN') ,

(AP32s)2a= —3XN'(A—=NX'),

(AP15) 4= —(2X)112XN' (A—X"),

(AP12)34= (AP13)34= (AP23)34= (AP24)34

= (AP1s)23= (AP14)24=0, (30)

The resonance denominator

Dry(3) =142 T giiP i+ X2 Z 2 (Agma)is(APma)ii

a>m  J>1

+3 ¥ 0guOPy+ | Priu(a)| [gru(@) ], (322)

where the second term
2 % giPy=[40+2N) — e Jgo—8X "N (g2—gs)
o +N (g1+g2+g8) JHXAN) (gat-got810
+ g1+ g1a— gro+g17) +XN (2g5+g11)
—X(A—=\")(2gs+415)
and the fifth term simplifies to the form

[P (@] ] grun(2) | = =X\ 2ew? 3 g0 g1 (32¢)
7

(32b)

The third and fourth terms, which are too lengthy to
reproduce here, may be written after using values of
(APn»)i; and 1Py, given by Egs. (30) and (31), and
the Green’s-function matrix gr,,(2).

For the fcc diatomic lattice the relations between
the various Green’s functions may be written after using
Eqgs. (A6)-(A8) of the Appendix. Equation (A6) reduces
to the form

AL (n+20")go—X {0’ g1+ (n+n")g2— (n—n")gs} ]

=1+atg. (33)



186

If we substitute the two values (a/V2)(0,76,7,) and
(a/V2)(naynp,0) for |R,'|, in Eq. (A7), we have

4(n+-29") g1 —X12[ 29" (2g5+gu) +4(n+n") (gs+g7)
—4(n—n")gs]=w?g1, (34)

and

4(n+27")g2—X"2[ 27" (gs+gn)+3 (n+n") (gatgs+2g0

+2815+2g10) —3(n—7") (2gs+ g15) J=wgz.  (35)
The choice of |R,'| = (a/V2)(14,0,7,) in Eq. (A8) gives

4(n+2n")ga—X [ 29" gs+5(n+n') (285t g15)

—5(n—1")(ga—gs+2g10— 2816+ 2g1) ]=w’gs.  (36)
In these relations n=+/M, and o'=+'/M., where v
and v’ are the central- and noncentral-force constants
of the pure lattice.

The problem is immensely simplified if we confine
ourselves to central forces only. For this particular case
the use of the above relations between the Green’s func-
tions help us a lot, and the 4X4 matrix Pp, (z) reduces
to a 3X3 one. For this particular case we have

QOu Qi
Do) |0 9=
Q31 Qse

Q13
Q2 ,
Qs

Tplu(z) =

where

On= (4\—er?) — (hewt/dn?) (1w?go)+ (/) e?

X[w’go—4nX1*(g2—g3)],
Qr2= Q1= — (2X)2A[ 1+ (ew?/4n) (1+w?go—4ng0) ],
Q13= Qa1= (2X)V/2\[1+ (ew?/4n) (1+wgo—4ng0) ],
022=033=3 0N\ (1 —ew?g0),

and
Q2= Qs2= —3 (N (1 —ew?g0). (37)
The resonance denominator
Dy, (2)= 14 (4N —ew?) go+ (N /49?)
X[+ €w?+47(2 —ew?go) L1+w?go—41g0]
+ANX12(1 —ew?go) (g2—gs) . (38)

For the monatomic-fcc lattice this denominator reduces
to Eq. (31) of Mannheim.? The other nonvanishing ir-
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reducible representations 7'r(2) are:

o) poN ( 1 —1> (39)
Fo,\%)= )
Y Dr\-1 1
where
Dy, ()= 14X\ (ga+2gs+ go+ 10— g13— g4
—g15+g16—g17)- (40)
Ty, (2)=XN[1 —=X\(gatg5— 289 —£15) 7, (41)
TAl,(Z)=X>\[1—Xk(g4—g5—4gs—2gm—2g13
—!—2g14—g15—2gm—2gn]‘1, (42)
and
Ton(d) X < K)N —\@A) (130)
Eg,\2) = ’ a
N Dey@\—VAN A
where
DE20(Z)= 1—Xk(g4~g5+2gs—2gm+g13—g14
-—g15+g16+g17). (43b)

IV. DIATOMIC BCC LATTICE

The matrix elements of the 27X27 perturbation
matrix P(w?) in the CsCl structure are

$::(0,0)= —ew®+38(\+2X),
$:5(0,0)=0,
2:(0,0)= —3xX12(\4-2)\")
pii(0,Rn) = —3X 2N\ —=\)nin;,
2:i(Ra,Ry) =3 (042X,
pii(Ra,Ry) =3X(N—=N)nim;,
(i,j=1,2,3) (44)

where |R,| = (a/V3)(n1,75,n5) and each of the numbers
of the set {#} may have values 41. Yussouff and
Mahanty® have considered the case of substitutional
impurity in the monatomic bec lattice. They neglected
the matrix elements p;;(R,,R,), which are, in fact,
nonvanishing elements.!* The inclusion of these matrix
elements in P(w?) alters significantly the final results.

The various irreducible representations for a sub-
stitutional impurity having Os symmetry in bece lattice
are

P=3F1u+2F2g+F1g+F2u+Eg+Eu+A2u+A 1g- (455)
The perturbation matrix P(w?) has the following

13Dr. M. Yussouff has accepted this correction (private
communication).
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matrix elements for these irreducible representations:
—3ew?F8(NF2)\")  —(8X)V2(\+2)\) —4(O)Y2(A—=)\)
P (@) =% | —(8X)2(A+2)) X(\4-2\") V2X(A—)\") ,
—4X12(\—)\) V2X(A—\") X(2A)N)
Pra(e) =%X<)\+2N \/7()\—)\’)>
VZ(A—=X") 2NN
P (@) =X\, Pry(w?)=X\, Pg,(w?)=X\,
Pp, (@) =X\, P (0?)=X\, Pa,(e?)=X\. (46)

For central forces only, we observe that the matrix elements for the irreducible representations Fi,, Fa,, E,,
and E, vanish, and these symmetry motions are not present. These results are different from those of Yussouff
and Mahanty,® who have shown that all the irreducible representations contribute in this particular case.

The projected Green’s functions for these irreducible representations are

2 81i2g) —4g,
gr(z)= |82 gatgstget2g+28s  —V2(go+gu0) )
—4gy  —V2(got+gw) gat+gs—ge 89— 210
ga—gt+get261—2gs  —V2(go—g10)
g1, (7) = ) ,
——\/Z(gg—gm) gs—gs—ge+g9+glo

gr1,(2) =gs—gs—gs—go— g0,

gra(2) =gatgs—go—go+ g0,

8E,(2) =ga— g5+ g6 —2g1+2gs—go— g0,

gr.(2) =gs g5+ 86— 2¢1—2¢s—go+g10,

8a2.(2) =gs g5+ —281—2gs+2g0— 210,

8a1,(2) =g1—g5+8s—2¢1+2gs+2g0+2g10. (47)

Again, the Green’s functions g,*(z) are the complex-valued integrals given by Eq. (18). Now, however, j,%(k|s)
for u=0-10 has the following expressions:

Jot(k|s)=ea(==1k,5) |2,

(k| s) = ea(E | k,5)e*(F | k,s) cos(kk1a) cos(ikea) cos(Lksa),
Jot(k|s)= ea(F | k,5)es*(F | k,s) sin(3kaqa) sin(3ksa) cos(3k,a),
st (k| s)=2]ea(F|k,s) | cos?(3kaa)

jet(k] ) =2 ea(F | k,5) |2 sin®(3kqa) ,

75 (k|s)= | ea(F|k,s)|? cos(kia) cos(ksa) cos(ksa),

Jot(k| )= | ea(F | k,5)|? cos(ksa) cos(k,a),

(k] s)= | ea(F | k,5) |2 cos(kqa) cos(ksa),

JsE(k|s)= [ ea(F [k;5) |2 cos(kga)

JoE (k| s)=ea(F | k,s)es*(F | k,s) sin(k,a) sin(kga),
J10E(k] $)= ea(F | K,5)es*(F | k,s) sin(kqa) sin(kga) cos(kya), (48)



186 I MATRIX FOR A SUBSTITUTIONAL IMPURITY

719

where o, 8, v=1, 2, 3, and a>%85<v. Again, the polarization vector e(F | %,s) should be multiplied by a phase factor

e Rn o compare it with that of Born and Huang.!?
The different irreducible representations 7'r(z) may again be written down as

T 414(2) =XN1+XN(ga— g5+ go — 27+ 285+ 280+ 2810) I,

T 43,(2) =XAN[1+XN\(gs+ g5+ go—281—2gs+2g0— 2610) ],

T, (2) =XN[14+XN (gs+ g5+ 86— 281 — 285 —go+g10) 177,

Tgo(2) =XNT14+XN (ga—gs+gs—2g1+28s—go—g10) I,

T pau(2) =XN[14HXN (ga+g5—go—go+810) I,

Tpy,(2) =XN[14+XN (gs— g5 —go—go—g10) ™",

T = X <)\—|—2)\'+3X)\)\'gng“ \/7(>\—>\/)—3x>\>\’gpz,12>’

2D 1y, (3) W2(N—=N') —3XANgra,'2 2NN +3XAN gy, !

where

D, (2)= 1+ FOLN+N)gs+ (A+2N) (g4t 27— 285) —3(\+N)gs— (A —N)ge— (2A—5\") g9+ 3(2A—N\")g10]
FXONN[(ga— g5+ g6+ 287 —285) (gs— g5 —go+go+g10) —2(g9—g10)*].

Here gr,,” are the matrix elements of gr, ().
For the optic-active modes 3F1,, we have

Tr,(2)=0Q/Dr,,(3),

where the elements Q;; of the matrix Q are given by

Qii=Pi+2 2 (APi)jmgmi+ | Pr(2)| Agsj

k=i mAj

(49)
(50)
(51)
(52)
(53)
(54)

(55a)

(55b)

(56)

(7)

in which Ag;; are the cofactors of the elements g;; of the matrix gp,,(3), and | Pp,,(2)] is the determinant of Pp,,(2).

The subdeterminants (AP;x);m, which are to be written as discussed in Sec. III, are given by

(AP33)o5=XAN",  (AP15)52=(2X)**\N,
(AP1)1= P2 —e(A+)N)],  (AP12)=0,
(AP12)12= —3X(A+2\)ew?, and (AP31)15= 2V2X (A —\)ew?.

The resonance denominator

Dp (@) =142 X Pijgii+ 2 2 (APu)pi(Agin) vt | Pri(@) | [gru() |

k#1 pF#£j]

where

3 Pigii=[—ew?+(8/3)(\+2)") Jgo— (16/3)X*L(AH2N) g1 —2(A —=\') g2 ]

F+EOLAF2V)gs+ AN ga+3N+N)gs— (A —=N)ge+2(A+20") (gr+gs) — (2N —5N)ge—3 (2N —N)g1o],
> T (AP)pi(Agir) pi =XAN[XAZ11+-8Age+4(2X) 2A g1, ] — §Xew?[ (2A+N)Agaa+ (N+2N) Agss

k%7 p#£j
—232(\—N\")Ages ],

and
[Pr(a)] | gr(2) | = =X\ e[ goAgu+8'/2g10g10—4g2Ag13 ]

(38)

(59a)

(59b)

(59¢)

(594)



720

Again, Eqs. (A6)—(A8) of the Appendix give the follow-
ing relations between the Green’s functions:

(8/3){ (n+27")go—X [ (n+27")g1—2(n—n")g21}

=14w?gy, (60)
(812/3)[8(n+2n")g1—X 2{ (n+2n") (gs+ g5+ g6
+2g:+2g5) —2(n—n") (go+ g10) } ]= g1, (61)
and
(4/3)[8(n+27")g2 =X *{(n+27")(go+g10)
—(n=n") (g4t gs—ge+go—g10) } ]=w?g2, (62)

where n=v/M, and n'=+'/M ..
For the particular case of central forces only, we have
Tr(2)=0/Dr.(3), (63)

where the explicit forms of the matrix elements Q;; are

3\ A
Q11=((8\/3) — ew?) ——ew*(14w?gy) +—ew?
8y? 7

8
X[w2go—"gxl’2(g1“2g2)] )

3ew

ew? &7
Quz=0Qn=— (SX)”%)\[I +—<1+w2go—_g0>] s
87 3

3ew? 87
Ql3=Q31=—4X1/2%?\|:1+ < <1+w2go—§go):| )
n

Qu=3XN1—ew?g), QOs=3\(1—ew0),

and
Q23=Q32=21/2X%)\(1—ew2g0). (64:)
The resonance denominator
Dp, (2)=14(8\/3—ew?)go+ (3N /872)
X[(169/3)4 (14 €)w?—(87/3) ew?go]
X [1+w?go—(8n/3)go ]+ (8)/3)
XXM (1 —ew?go) (g1—2g2).  (63)

Again for the monatomic bec lattice this determinant
reduces to that of Mannheim.? The other nonvanishing
contributions to the 7" matrix are from the irreducible
representations T 4,,(2), T 4,,(2), and Tr,,(z) which are
given by Egs. (49), (50), and (55).

Out of these, Tr,,(3) simplifies to

XA 1 V2
TFzg(Z) = ( ) )
3DF20(Z> V2 1
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where

Dy, (2)=14(X\/3)(2gs+ g4—3g5—gs+ 287

—2g8—2g9+6g10). (66)

ACKNOWLEDGMENTS

The author is grateful to Professor G. S. Verma for
his encouragement, and to Ashok Kumar Gupta for
reading the manuscript.

APPENDIX: RELATIONS BETWEEN
GREEN’S FUNCTIONS

The time-independent equation of motion for a pure
diatomic lattice may be written as

K’ K

L ol ) oniel ), (A

B.x f (34 k,s § k,s
where the Fourier-transformed dynamical matrix

Caﬂ( k/)
is defined by
Cap(k) =% Lag’(1)e RO, (A2)
174 T (4

Here [=1-1', R()=R(,x)—R{¥ ), and R{,«)=R()
+R(x), where R(?) is the lattice vector of the cell (7),
and R(k) is the position vector of atom « with respect
to the cell (7).

Lag’( 1)

are the elements of the dynamical matrix L0 of Eq. (1).
The eigenvalues of the matrix C are the squared fre-
quencies wg, %, and the eigenvectors e.(x/k,s) are the
Cartesian components of the polarization vectors
e(x/k,s). They are orthonormal and normalized as

2 e (/K s )eal/k,s) =651, (A3)
gea*(x’/k,s)eﬂ(x/k,s) =0 a0k - (A4)

The eigenvectors of Eq. (A1) should be multiplied by
the phase factors e®R® to compare them with the
eigenvectors eq(k|y;) of Born and Huang.!?

For nearest-neighbor forces only, we may write Eq.
(A1) as

Z LGBO(O:())eﬁ(i l k:s)—l_z ¢k Rn Z LOIBO(O;R")
B Rn B

Xeg(F fk,s) =wg,s%a(E lk7s) , (AS)

where the two different sites of the unit cell are repre-
sented by + or —, and R, denote the position vectors
of the nearest neighbors of the ion (4) or (—) at origin.
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Multiplying (AS) by e.*(£|k,s), dividing by
(wx,s?—w?), and then integrating over the first Brillouin
zone in & space, we have

Laao(o:o)gﬂ‘l‘z LuaO(O,RH)gaa(Rn)
Rn

+2 X Lag"(0,R0)gas(Rn) =140 ua(£) -

Ry B#a

(A6)

In writing Eq. (A6), the symmetry properties of the
Green’s functions g.s(R,) and the elements of the
dynamical matrix have been kept in mind. The per-
tinent Green’s functions are defined below.

Multiplying Eq. (AS5) by e.*(F | k,s)e™ R+’ where R,/
denotes one of the nearest-neighboring sites, and by
repeating the process we find

Laao(oao)gaa(q:)+§ LaaO(O,Rn)gaa( l Rn '—Rn, l )

+2 T Las"(0,Ra)gap(| Ra—R'|) =0?gaal(Ra’) . (AT)
Ry B a
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Again repeating the process after multiplying (AS) by
e.*(F | k,s)e™=R" | one gets

Laa°(0,0)ga7(%c)+RE Laa’(0,R,)gar(|Ra—R,'])

+2 X Laﬂo(Oan>gﬂv(lRn_R",l)=w2ga7(Rnl) . (A8)

Ry Ba

In these relations the various Green’s functions
gaa(E), Laa(F), gar(F), and gas(|R.—R,'|) are ob-
tained from Eq. (18) after using the following values
for jx(k|s):

jaai(i)= ].Oi—z INES l kas)ea*(:i: [k:s) ’ (AQ)
Jaa=(F) = ea(E | k,5)e,a*(F | ks)e R, (A10)
Jart(F)=eal(= I k,s)e,*(F lkrs)eik‘R"' s (A11)

and

Jas(| Ra—Ry' ) = €a(Ru | k,5)eg* (Ry | k,5)e ik ReRad,
(A12)



