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A calculation was made to determine whether band-structure effects in Geld emission, as described in
the Stratton theory of tunneling from a metal, could explain the anomalous total energy distribution
(TED) for the (100) directions of tungsten obtained by Swanson and Crouser. In applying the Stratton
theory, a simple model for the tungsten energy bands based on Loucks's calculated relativistic augmented-
plane-wave band structure was chosen. The results are in fair qualitative agreement with the experimental
data of Swanson and Crouser with two important ditferences: (1) Swanson and Crouser observed merely a
shoulder in the TED, but our results show a small peak; (2) Swanson and Crouser observed an anomaly
centered around e——2.0d, but our peak is located at e——2.5d, where d is determined by the applied
field. These discrepancies between theory and experiment may be due to the crudeness of the band-structure
model used.

I. INTRODUCTION
' ~IELD emission was observed as early as 1897,' and

after the advent of Sommerfeld's free-electron
theory of metals, a quantum theory of the effect was

developed; this was begun by Fowler and Nordheim' in
1928. In their original work, the surface potential was
a step function at zero applied field and a triangular
barrier at finite values of the applied field, but this was
later modified by Nordheim' to a one-dimensional
image potential. The reduction of the problem to one-
dimensional motion prompted the use of the normal

energy distribution, and it was several years before ex-
perimental results seemed to agree with Nordheim
theory. 4 However, this agreement was discovered to be
fortuitous by Young and Muller' ' when measurements
performed with their increased-resolution retarding-
potential analyzer were found to be strikingly different
from the predictions of normal energy theory; this led
to the realization that the use of this retarding-potential
analyzer measured not the normal energy distribution
but rather the total energy distribution of the emitted
electrons. The total energy distribution derived by
Young' was found by Young and Muller' to agree quite
well with the new measurements. The detailed experi-
mental study of the Fowler-Nordheim (FN) theory by
Van Oostrom corroborates their work. 7

The recent field emission experiments with tungsten
and molybdenum by Swanson and Crouser' "indicate

*Supported in part by U. S. Air Force OKce of Scientific
Research and Grant Nos. AF-AFOSR 213-66 and 69-1704.
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that the FN theory as modified by Young4 does not
explain certain aspects of field emission from metals.
They measured the total energy distribution of elec-
trons field-emitted from tungsten and molybdenum
crystals in various directions and found agreement with
the FN theory for all but the L110) and L100) direc-
tions; for these directions, the total energy distribution
curves were significantly different from theoretical pre-
dictions. The largest deviation from theory was found
for the L100) direction. Figure 1 shows the total energy
distribution according to Young for various values of

p= AT/d with 2=0.174 ev; this is to be compared with
Fig. 2 which presents the experimental results of Swan-
son and Crouser for the $100) direction of tungsten.
While the shape of the experimental curves agrees with
FN theory, both very near to the Fermi energy and far
below it, there is an anomalous hump centered at
e——2d——0.35 eV. This hump was found to dis-
appear when a layer of low work function ZrQ was ad-
sorbed on the tungsten emitter. It is also interesting
that the emission from the L116) direction (only 13'
from the L100) direction) was found to be in good
agreement with theory. By various experimental means,
Swanson and Crouser were able to eliminate electron
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FrG. 1. Theoretical total energy distribution according to Young
with d=0.174. &=0 corresponds to the Fermi energy.

L. W. Swanson and L. C. Crouser, Phys. Rev. Letters 19,
1179 (1967).
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investigators and there is general agreement between
theory and experiment regarding the shape and di-
mensions of its Fermi surface. However, much less is
known. about lower-energy bands than about the Fermi
surface. In order to facilitate the description of the
Fermi surface and references to it, the notation of
Wigner, Boukaert, and Smoluchowski" for the sym-
metry points and directions in the Brillouin zone is
used; this notation is given for a bcc lattice in Fig. 3.

The first tungsten band-structure calculations were
done by Manning and Chodorow" who used the cellu-
lar method. More recently, Lomer" proposed a model
for all of the chromium-group metals, based mainly on
Wood's" augmented plane wave (APW) calculations
for iron. This model consisted of a central body which
tapered off smoothly in the I'H (L100]) directions but
Lomer" later revised this to an electron octahedron
centered on I' joined to hole octahedra at the symmetry
points H by spherical protrusions from the central
octahedron in the I'H directions. In the necks, joining
the central octahedron to the spherical protrusions, are
electron lenses which have been invoked to account for
the anomalies observed by Swanson and Crouser. There
are also small hole pockets at E. Although Lomer
limited the validity of this revised model to molyb-
denum, nonrelativistic APK calculations by Mattheiss"

F&G. 4. Sketch of the revised Lomer model for the Fermi
surface of tungsten.

"L. P. Bouckaert, R. Smoluchowski, and E. Wigner, Phys.
Rev. 50, 58 (1936).

"M. F. Manning and M. l. Chodorow, Phys. Rev. 56, 789
(1939).

"W. M. Lotner, Proc. Roy. Soc. (London) 80, 489 (1962)."J.H. Wood, Phys. Rev. 126, 517 (1962).
"W. M. Lomer, Proc. Roy. Soc. (London) 84, 327 (1964).
"L.F. Mattheiss, Phys. Rev. 139, 1893 (1965).
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Pro. 5. Relativistic energy bands for tungsten (Ref. 18).

' T. L. Loucks, Phys. Rev. 139, 1181 (1965).
' W. M. Walsh, Jr., and C. C. Grimes, Phys. Rev. Letters 13,

523 (1964).
"D. Sparlin and J. A. Marcus, Bull. Am. Phys. Soc. 8, 258

(1963); 9, 250 (1964); Phys. Rev. 144, 484 (1966).
2I T. L. Loucks, Phys. Rev. 139, 1333 (1965); 143, 506 (1966).

as well as by Loucks" show that its major features are
also those of the Fermi surface of 8'. Figure 4 is a
sketch of the model. The size-e6ect measurements of
glalsh and Grimes" and the de Haas —van Alphen mea-
surements of Sparlin and Marcus" indicate, however,
two important differences between the revised Lomer
model and the measured Fermi surface of tungsten:
(a) Whereas in the Lomer model, the electron jack
(consisting of the central octahedron and the spherical
protrusions from it) contact the hole octahedra at H,
%alsh and Grimes have found that there is a separation
between them which is equal to about 5% of the I'H
distance. (b) While Sparlin and Marcus" were able to
observe orbits corresponding to the lenses in the Fermi
surface of molybdenum, they were not able to observe
the corresponding orbits in their experiments with
tungsten. Relativistic APK calculations by Loucks"
agree with these results. From Fig. 5, one sees that,
because of spin-orbit coupling, the lower A7 band is split
into two parts, the higher one having a small hump at
about 0.03 Ry or 0.4 eV below the Fermi surface. The
lens in the Fermi surface of molybdenum is a manifes-
tation of the dipping of the upper h7 band below the
Fermi level, which does not happen in tungsten, but the
existence of this hump shows that there are lenses in
the energy surfaces of tungsten at about 0.4 eV below
the Fermi energy. That this is almost the same as the
energy at which the anomalous shoulder observed by
Swanson and Crouser occurs adds to the plausibility of
their hypothesis that it is a result of this hump in the
d7 band.
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FIG. 6. Comparison of the total energy distribution according
to the model of Sec. lV {solid curve) with the total energy distri-
bution according to Young (broken curve) for p= 0.038.

of the computed A6 and 67 bands for tungsten. The
lenses were approximated by spherical energy surfaces
with effective mass ~=0.30, measured in units of the
free-electron mass. This value is that obtained by
Sparlin and Marcus" for a neck orbit but it is assumed
to be the same as the value that would be obtained for
an orbit around the rim of the lens, as is the case with
molybdenum, even though in tungsten the lens does
not appear until about 0.4 eV below the Fermi energy
(which is the reason for the lens orbit's not being ex-
perimentally observable for tungsten). The experimental
effective masses are cyclotron effective masses but for
circular orbits they are identical with the dynamic (or
band structure) effective masses.

One could employ a more realistic model by using
ellipsoidal energy surfaces of the form

~g +g ~Z
E(Ii) = + +

2823 2' 2 2'�]
in which case

IV. APPLICATION OF STRATTON
THEORY TO TUNGSTEN

9.76X10 'F

yl/si (y)
eV, (3)

where P is the electric field in V/cm, p is the work
function in eV, and m and t are slowly varying functions
of y=3.79&&10 4F'i'/P and tabulated in a review article
by Good and Muller. "A model for the energy surfaces
is suggested by the general features of the computed
Fermi surface of tungsten and other details of its band
structure.

Inasmuch as the band structure term in the Stratton
formula depends only on cross sections of the energy
surfaces in the direction of emission and not on their
detailed topology, it is possible to adopt a simple model
in applying it to tungsten. The central octahedron and
the spherical protrusions were approximated by a sphe-
rical energy surface whose effective mass is large enough
to cause the band-structure term to vanish. Recent
cyclotron resonance measurements of the effective mass
by Hermann" for this surface range from about 1.2 to
2.7. Similar values can also be deduced from an analysis

"R.H. Good and E. W. Muller, Handbuch der Physik 21, 181
{1956).

» R. Hermann, Phys. Status Solidi 28, 661 (1968); 25, 427
(1968).

In applying the Stratton theory to a particular case,
it is necessary to make two model approximations, one
for the surface potential V(x) and another for the energy
surfaces. The potential model used in the following work
is the one-dimensional classical-image potential. The
expansion coefFicients c and d are therefore,

c= E6.83 &&10'qP "/Fhv (y) eV,

E (E,y)=
sin'Q+ (r,/r, ) cos'Q

=0 )

E(Err (4)
jv~ jv~

This differs from Eq. (32) of Stratton's paper which was
previously derived by Fischer'4 only in the substitution

24 R. Fischer, Phys. Status Solidi 2, 1088 {1962).

must be used in Eq. (2). ri and rs are effective masses
for orbits in the x-y plane and x-s plane, respectively,
and they are measured in units of the free-electron mass.
In this case, the integral would have to be evaluated
numerically and the improvement of the model for
energy surfaces of tungsten would provide no greater
information than the simpler model to be used as far as
the L100j emission is concerned.

It was assumed that the total energy distribution
Pr(E) is the sum of Pi(E) and Ps(E), contributions
from the main energy surface and the lenses, respec-
tively. The lenses correspond to the energy surfaces of
electrons in a filled band while the central sphere cor-
responds to the energy surfaces of electrons in a par-
tially filled band. Pi(E) is the usual total energy dis-
tribution for electrons field-emitted from a metal while
P&(E) is obtained by noticing that the main contribu-
tion to the electron emission from the 61led band will
be from the top of that band so B(E,), the logarithm of
the transmission coefficient, may be expanded about
the top of the filled band instead of about the Fermi
energy as for Pi(E). Thus, if c' and d' denote the values
of c and d as previously de6ned, evaluated at the top of
the filled band (E=EJr), and one uses the fact that for
the lens E (E,P) = r (ErI E) for E(Err and E (L',g—) = 0
for E)EIr, the following is obtained for Ps(E):

Ps(E) = 6+d'e &~'+&rr&s'l f(E)c&—&d'(] e '«rr &»"')—— —
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of EII—E for E and multiplication by a factor of 6, the
differences being due: (a) to the use of the bottom of
the conduction band as the reference level for potential
energy by Stratton; (b) to the fact that the lens does
not appear in the energy surface until the energy
E=Elr is reached; (c) to the existence of six lenses in
the equivalent I'H directions. The total energy distri-
bution is therefore,
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V. DISCUSSION OF RESULTS

The Stratton theory with our model for the energy
surfaces of tungsten yields total energy distribution
curves whose deviation from those obtained for free-
electron model is of the same order of magnitude as the
anomaly reported by Swanson and Crouser. However,
whereas the experimental anomaly has the form of a
shoulder in the energy distribution curve at e/d= —2.0,
the present work shows a peak at e/d= —2.5. This peak
can be made to coincide with the observed anomaly
simply by using a higher value of E~ in the foregoing
calculations; inasmuch as the quantity E~ is not yet
known with any certainty, it is possible that the value
actually chosen is too low. While our results are very
sensitive to the value of E~, they are almost independ-
ent of r as far as the position of the peak is concerned;
the height of the peak, however, does depend signifi-
cantly on r. '

In considering the significance of this work relative
to the validity of the Stratton theory, three model ap-

Pt(e) has been normalized to unity. Using r=0.30,
err= —0.40 eV, F=4.1(10)' V/cm and t'=4—80 eV.

this becomes (for e(err)

Pz, (e) P, (e)$1y5 82 (1 eo.n&o.oo+~t~)) eo.o4 «~j (6)

Pr(e) is plotted for comparison with Pr(e) in Figs. 6 and
7 for p=0.038 (T=77'K) and p=0.248 (T=500'K),
respectively, with a Geld of 4.1(10)7V/cm. From these
figures it is evident that the Stratton theory with our
model has at least qualitative agreement with the
anomalous measurements of Swanson and Crouser.

FIG. 7. Comparison of the total energy distribution according
to the model of Sec. IV (solid curve) with the total energy distri-
bution according to Young ibroken curve) for p =0.248.

proximations for the D7 band from which the anomalous
emission is presumed to originate should be remem-
bered. (1) The portion of the band at k&0.4 A ' has
been neglected, resulting in a discontinuous slope at
e/d= —2.3; the effect of including the neglected portion
of the A7 band in addition to eliminating the discon-
tinuity in the slope would be to lower the relative height
of the peak. (2) The disappearance of the lens below
e/d ——3.5 has been neglected; this obviously does not
aGect the total energy distribution significantly in the
range of the Swanson and Crouser results since it occurs
far in the wing of the distribution. (3) It has been
pointed out by Gadzuk" that the anomalous emission
is supposedly originating from d-like bands, whereas
we have not used any wave functions explicitly in our
calculations; i.e., this form of the WEB approximation
depends only on the nature of the surface barrier. Since
the tunneling of d electrons divers from that for s elec-
trons, taking account of the d-band characteristics
would cause the Stratton theory to give a less pro-
nounced hump in the total energy distribution due to
smaller tunneling probability of d electrons. Such a
general approach has been suggested by Gadzuk which
uses an additional angular-momentum —dependent po-
tential term in the WEB transmission coefficient and a
higher density of states for d bands. Besides these band-
structure approximations, we have made one other ap-
proximation in assuming that the total field emission
current which comes from two overlapping bands can
be calculated as the sum of contributions from each of
these bands, considered independently of each other.

If the same procedure that we have used for tungsten
were employed in calculating the total energy distribu-
tion for the (100) direction of Mo, the only difference

25 J. W. Gadzuk, Phys. Rev. 182, 416 (1969).
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would be in the value of &II. If we chose ~II——0.15 eV,
then excellent agreement with experimental results
would be obtained in that the theoretical total energy
distribution would then have a peak at about the same
energy as that observed by Swanson and Crouser. "
Since we do not really know what e~ is, however, and
because of the approximations mentioned above, this
result must be treated with reservation. Also, the accu-
racy of this procedure for estimating e~ depends on the
approximations mentioned above.

The modifications suggested by Gadzuk and improve-
ments in our band-structure model might result in
better agreement with the experimental results. How-
ever, in view of the doubtful accuracy of the WEB ap-

proximation as applied to this problem and the validity
of separating the energy of an incident electron into
transverse and normal part for any but a parabolic
energy band, a diGerent approach would seem to be
more promising, e.g., the formulation of the problem in
terms of scattering theory or more exact treatment of
tunneling from periodic structures in a WEB
approximation. "
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Fourier-Series Representation of the Pt FeIIIIi Surface*
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The Fourier-series representation is shown to give an accurate representation of the band structure of
transition metals in a restricted energy interval, e.g., near the Fermi energy. A 19-term 6t to the fifth
and sixth bands in fcc Pt is used to compute the de Haas —van Alphen areas and effective masses of all
orbits expected for the Fermi surfaces associated with these bands.

INTRODUCTION

ANY methods may be used to calculate energy
bands in metals through the entire Brillouin

zone and over all energies of interest. The interpreta-
tion of various experimental quantities in terms of these
energy bands is complicated. Most quantities that can
be determined experimentally are averages over some
region of momentum space and/or energy. If such
averages are found from quantities derived directly
from band calculations, much computer time is ex-
pended. Even with the comparatively fast interpola-
tion techniques' the process requires considerable
computational time.

For many properties, e.g. , transport phenomena, all
that is required is a knowledge of the band structure
(momenta and velocities) in. the immediate vicinity of
the Fermi surface. Even in such a restricted energy
range, the time required to derive momenta and veloci-
ties (%RE) from the band-structure calculations is sub-
stantial. Therefore, a parametrization scheme is re-
quired capable of giving a faithful representation of the
constant-energy surfaces near the Fermi energy using
relatively little computational time. Moreover, ex-
perimental momenta and velocities are modified by

*Work performed under the auspices of the U. S. Atomic
Energy Commission.' F. M. Mueller, Phys. Rev. 153, 659 (1967).

many-body effects. A properly constructed scheme
should have sufficient generality to include such effects.

Such a representation is particularly useful in con-
verting the extremal areas and eftective masses meas-
ured in de Haas —van Alphen experiments into Fermi
rnomenta (radii) and Fermi velocities. The inverse
process of comparing the results of band-structure
calculations with experiment is also of interest. For
closed, single-valued surfaces possessing inversion
symmetry, the problem of converting areas and masses
into radii and velocities has been solved by the present
authors. ' 4 The problem has also been treated by
Foldy. ' The techniques make use of a series expansion
of a theorem due to Lifshitz and Pogorelov. ' The terms
in the series are appropriate combinations of spherical
harmonics such that the point-group symmetry of the
surface is maintained in each order of the expansion.

One of the surfaces to be discussed here is the open
fifth-band hole surface of Pt. This surface, because it is
open, does not satisfy the conditions for application of
the Lifshitz-Pogorelov theorem. The proper representa-

' F. M. Mueller, Phys. Rev. 148, 636 (1966).
3F. M. Mueller and M. G. Priestley, Phys. Rev. 148, 638

(1966).
4 J. B. Ketterson, L. R. Windmiller, S. Hornfeldt, and F. M.

Mueller, Solid State Commun. 6, 851 (1968).' L. L. Foldy, Phys. Rev. 170, 670 (1968).
I. M. Lifshitz and A. V. Pogorelov, Dokl. Akad. Nauk

SSSR 96, 1143 (1954).


