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exchange-integral effects tend to be dominated by terms
of lower L. In addition, there is a phase factor mL

associated with the asymptotic behavior of term with
given L. Seeing the enhancement of the Friedel oscilla-
tions, when L=3 interband mixing is added to the
electrostatic exchange polarization, one might anti-
cipate a cancellation for the case of a transition-metal
local moment with its L= 2 mixing. While there may be
such a tendency for such a case, it should be noted that
both ever- md odd-L partial waves are involved in the
exchange-integral term. ""This affects the frequently
made assumptions that the asymptotic form for the
Friedel oscillations holds quite accurately on into the
main peak, and that the amplitude of the oscillations

faithfully reflects the net induced spin. It is clear from
our results that we have a case where neither assump-
tion is valid. They are probably a far better approxima-
tion when dealing with transition-metal moments, but
they will never be rigorously correct when both inter-
band mixing and electrostatic exchange scattering are
present.
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Ultrasonic attenuation as a function of magnetic field intensity has been measured in very pure Cd at
liquid-helium temperatures. The results are related to the dimensions of the Fermi surface using the usual
phenomenological model for the magnetoacoustic effect. New resonances are observed, and an explanation
in terms of cylindrical sections of the Fermi surface is offered. Finally, evidence for acoustic cyclotron
resonance is presented, along with comments on the observation and interpretation of such phenomena.

I. INTRODUCTION AND THEORY

I.THOUGH there have been a number of earlier
studies of the magnetoacoustic effect in Cd, ' '

there has not been good agreement between the dimen-
sions quoted by the different workers for certain parts
of the Fermi surface. Also, some parts observed by
other experimental techniques4 have not been found
using the magnetoacoustic effect. We have used very
pure single crystals of Cd in an attempt to clarify the
situation.

In carrying out these experiments, we have found
some rather interesting "line shapes" which appear to
be the result of very long electron mean free paths and
relaxation times. In particular, it appears that a cylin-
drical section of the Fermi surface is responsible for some
very pronounced resonance peaks in the attenuation
over a restricted angular range.

*Work supported by a grant from the National Science
Foundation.

f Based in part on a Ph. D. dissertation by F. H. S. Chang,
University of Texas, 1966 (unpublished).

f Present address: Florida Institute of Technology, Melbourne,
Fla. 32901.
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where 0-0 is the dc conductivity, co=2~v is the sound
frequency, and 7. the relaxation time. The conductivity-
tensor elements are dehned in Appendix A. We have
assumed here that o~c'/47ro0~, 2&&1, where c is the velocity
of light. A plot of Sii for cur«1 is shown in Fig. 1(a).

~ M. H. Cohen, M. J.Harrison, and W. A. Harrison, Phys. Rev.
117, 937 (1960).

Before presenting the experimental data, we will

summarize the principal results of the free-electron
theory for the magnetoacoustic effect, using the notation
of Cohen, Harrison, and Harrison. '

For a magnetic field 8 perpendicular to the sound-
propagation vector q, the attenuation can be expressed
as

~;= (~.,/cv. ,)s;,/t,
where i = 1 for compressional waves, i = 2 for shear
waves polarized perpendicular to 8, i =3 for shear waves
pola, rized parallel to 8, m is the electron mass, M the ion
mass, v& the electron Fermi velocity, v, the sound
velocity, and l the electron mean free path. The tensor
elements S;; are defIned by

S»= o'o Re[o qq/(o iiaqq+o. i2 ))—q~P/3 (1+os r') —1, (2)
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IOOOThe elements of the conductivity tensor are expressi-
ble as sums of cylindrical Bessel functions J (X), where
X=qvv/oi, =27rRv/h, &o, =eB/mc, Rv is the radius of the
orbit for an electron inoving perpendicular to B with
speed vg, and X is the sound wavelength. The period of
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FI'G. 1. Calculated at tenuation for spherical and cylindrical
Fermi surfaces for qt =100, cur =0, or v, /vv =0. The curve for the
spherical surface has been shifted upward by 300.

the oscillations shown in Fig. 1 corresponds to a change HERICAL SURFACE
in I by an amount m. , or a change in orbit diameter by
1 wavelength of sound. For a general Fermi surface, one
expects oscillations with periods determined by ex-
tremal diameters of the Fermi surface in the direction
tl&&B.' This is the assumption used in interpreting the (b) CYLINDRICAL SURFACE

experimental data in the following sections.
The spherical Fermi surface yields a Bessel function

like behavior of n versus B.However, other line shapes
are possible for nonspherical Fermi surfaces. In par-
ticular, open-orbit electrons moving along q in real space
yield sharp resonances. 7 This is because all of the open
orbits have precisely the same period (determined by effects is a cylindrical Fermi surface with axis along B.
the reciprocal-lattice dimension) and therefore come Thecalculations, whicharesummarizedinAppendixB,
into resonance with the sound wave at the same mag- reduce to a two-dimensional problem. The results, which
netic field value. turn out to be identical for compressional waves and for

One would expect to observe sharp resonances in n for shear waves polarized perpendicular to B, are shown in
a Fermi surface with a constant extremal diameter (or Fig. 1(b) for the limit v./vv -+ 0 or for oor-+ 0.
caliper) over a finite range of hid, the component of The resonances can be explained by looking at the
k parallel to B. A simple model for calculating such form of Sii for ql))1, co,or'))1, d'or))1,

2 Po(X)J-'(X)+J (X)J-(X))'/ '
5]y= gg l ) (~)

(q'I'/2X') Ji'(X)+P LJ„'(X)/I]'—Q PJo(X)J„'(X)+Ji(X)J~(X)j'/I'
where all sums are from m= 1 to ~.

For q'P/2X'))1, Sii will be small except near the
roots of Ji(X). Near the roots Xi resonant behavior
will be found with maxima

Sir"'———
q l Jo (Xi)/t 1—Jo (Xi)g. (6)

Within the approximations stated above, the heights of
the resonances will be proportional to g'P and the widths
inversely proportional to q/, . (See Appendix B for
further discussion of this result. )

The effect of finite cur is to split the resonance peaks
as a result of Doppler shift. In Fig. 2, this effect has been
exaggerated by the use of a rather small value for the
ratio of vv/v, . In order to observe the splitting experi-
mentally, one needs a very pure specimen so that
oor&1, and B must be precisely perpendicular to q. In
Sec. III, we report the observation of resonance peaks
which we attribute to cylindrical sections of the Fermi
surface of Cd.

compressional waves, AC-cut for shear waves, and had
fundamental resonances near 10 MHz. The transducers
were bonded to the specimens with Nonaq stopcock
grease.

The attenuation and magnetic field were recorded in
both analog and digital format for analysis and plotting
by use of a high-speed digital computer. All experi-
mental curves reproduced in Sec. III are traced from
the computer plots.

The magnet used in these experiments had 7-in. poles
tapered to 4 in. at the gap. The gap was 1.75 in. , which
gave a maximum field of about 11 kG-. For the very
low-field measurements, the steel yoke and poles were
replaced by a nonmagnetic frame to eliminate hys-

600

400—

II. EXPERIMENTAL METHODS

A standard pulsed ultrasonic technique' was used in
the measurements. The transducers were X-cut for

A. B.Pippard, The Dynamics oj' Condnction E/ectrons (Gordon
and Breach, Science Publishers, Inc. , New Vork, 1965), p. 124.' J. D. Gavenda and B. C. Deaton, Phys. Rev. Letters 8, 208
{&962).

8 J. D. Gavenda, in Progress in App/ied Jtr/Iaterials Research,
edited by E. G, Stanford, J. H. Fearson, and W. J. McGonnagle
(Heywood and Co., Ltd. , London, 1964), Vol. 6, p. 43.

200—
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FIG. 2. Calculated attenuation of compressional waves for a
cylindrical Fermi surface with I parallel to the cylinder axis and
perpendicular to q for ql = 100, ~r= 1.0, or v~/v. =100.
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III. EXPERIMENTA L RESULTS

Thehe experimentahe ental results are presented
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two i erent d'fferent parts of the Fermi surface with a very
fre-small difference in extremal diameter. When the re-

quency is increased further to 70 MHz, one of the series
remains essentially unchanged while the other has
attained a large amplitude and a greatly reduced line-
width. The temperature dependence shown in Fig. 5
indicates that the Cd specimen was of such purity that
the scattering at 4.2'K was largely due to thermal
phonons. When the temperature was lowered tod 1.06'K
the mean free path of the electrons increased as a con-
sequence of the reduction in phonon scattering. The
resonances become sharper, therefore, as a result of the
increased q/ value when the sound frequency is increased
or the temperature is lowered.

The spacings A(v/8) of the successive attenuation
maxima for various values of 8~ within this range were

90 80
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70 600
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FIG. 6. Half-caliper dimensions of the Cd Fermi surface for
various angles e& between B and $0001$. For the belly and ex-
tended orbits (A and B in Fig. 7), q is along L12101,and B is varied
through the (1210) plane. For the neck orbits (C in Fig. 7), shear
waves polarized along L1210] were propagated along L1010] and
8 varied within the (1010) plane.

O
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Maintaining the same 8~, we draw four more orbits on
equally spaced planes parallel to the previous one but
intercepting line IIII in the Brillouin zone at intervals
of 0.09 A '. The shapes of these orbits are quite similar.
Since we are primarily interested in the caliper diameter
ByCi, only these dimensions are shown in Fig. 8. It can
be seen that the deviations among the dimensions B~C~
to 85C5 are almost negligible. The same situation occurs
for other field directions within the 20' range in which
the sharp resonances were observed. When 0~ is below
this range, orbits around the belly of the undulating

v/B(MHz/gauss)

0 0.04 0.08 O.I2 0.16 0.20 0.24 0.28 0.32 0.36

FIG. 5. Temperature dependence of resonances
for 8~ ——40', v=110 MHz.

(a)
tOPO jJ d tlOIOj

tI 2IOj
H

Sused to find the momentum values from the relation
k= (en,/2kc)Ld(v/B)j '. The k values for the different
series within this range are given by the filled circles in

On the basis of the discussion presented in the Intro-
duction in connection with the possibility of sharp
resonances from a cylindrical Fermi surface we conclude
that these resonances are associated with a part of the
Fermi surface of Cd with a large fraction of orbits
having the same extremal diameter perpendicular to the
magnetic 6eld direction. Such orbits can be found
around the belly of the undulating cylinder on the
second-band hole surface as shown in Fig. 7 and marked
A. To illustrate the point about nearly equal diameters
for different orbits, we choose 0~= 45 and draw in ig.0 Fi . 8
the orbit for the plane passing through symmetry point
E in the Brillouin zone for the free-electron model.

(c)

w ~

FrG. 7. Cd Fermi surface (based on Fig, 2 in Ref. 11). (a) Fsrst-
band holes (caps). (b) Second-band holes (monster). (c) Third-
b d l t ns ( illow and butterflies), with fourth-band electrons
cigars shown cross-hatched. The orbzts labeled A, , an

referred to in the text as belly, extended, and neck orbits, re-
spectively.
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cylinder become impossible. When 0~ is above this
range, the characteristic of nearly constant extremal
diameter begins to disappear. Because of the complica-
tion of mixing with the series of oscillations from the
third-band "pillow, " the range of 20' is only an approx-
imate value, with a probable error of +5'. The mea-
sured k values in Fig. 6 are in general about 7% smaller
than those calculated from the free-electron model. This

FIG. 8. Orbit for a plane passing through symmetry point E with
B45' from L0001$ in the (1210) plane (A in Fig. 7). With q~~ [1210]
the dimension BICI is calipered. Dimensions for similar orbits on
parallel planes (at 0.09k ' intervals) are indicated by BsCs, etc,

TAn LE I. Half-caliper k values of monster waist for q along L1010$.

0 (deg)

36
38
42
46
50

k values (half-caliper in A. ')

0.404
0.391
0.376
0.361
0.343

is not surprising, since we expect the Fermi surface in a
real metal will "shrink" down somewhat as a result of
energy-band gaps.

When 0~ is further increased, extended orbits around
the belly of the undulating cylinder become possible
when the magnetic field direction is approximately 15'
from L10107. These orbits run from the belly of the
undulating cylinder in one zone, cross over the zone
boundary and go around the belly in the adjacent zone,
as shown in Fig. 7 with the label B. Evidence of ex-
tended orbits was found with q along L12107 in the form
of a series of oscillations at the high-held end of the
attenuation curves, some of which are shown in Fig. 9.
This series of oscillations starts to appear at 0~= 74.4'
and ends at Og= 81.4', giving a range of 7'. The k values
calculated from the periods of these oscillations are
given by the open circles in Fig. 6. The k values and
their angular range agree quite well with the proposed
orbits on the nearly-free-electron model of Fermi
surface. Oscillations from the extended orbits at 1'K
were not quite so distinct as those at 4.2'K, apparently
because the over-all attenuation at 1'K was very large
and tended to obscure the small oscillations in the high-

0.0
I I I

O. I 0.2
&/B(MHz/GA U SS)

I

0.3

Fre. 9. Magrl. etoacoustic oscillations at high fields {~/8&0.1
MHz/G) attributed to extended orbits (B in Fig. 7). Measured
with 110-MHz compressional waves having q~)$1210j; B in the
(1210) plane, ss measured from L00017.

field region. It is believed that this also accounts for the
lack of evidence for these extended orbits for q along
L10107, since the attenuation in that case is generally
much higher.

z. ~iiLfoio7

The over-all attenuation is much larger for com-
pressional waves propagated along L10107. The highest.
frequency that could be used was 70 MHz. Again only
a few selected attenuation curves are presented in this
section; the results of the remainder being presented in
the form of caliper dimensions in Table I.

Again, resonant peaks in the relative attenuation can
be observed for certain values of 0~ although the sharp-
ness has decreased considerably. The variation of these
resonant peaks with sound frequency is shown in Fig. 10
at 1.08'K. It should be noted that the scales of the
ordinate as well as the abscissa have been reduced by
about one-half in this figure as compared to the attenu-
ation curves in Fig. 3 for q along L12107. In this direc-
tion also the resonances disappeared at 4.2'K.

When the sound-propagation direction is L10107, the
range of magnetic field orientation is 14' for these
resonant belly orbits (from e&=36' to approximately
50'), which is smaller than for q~~ f12107. The )'s values
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calculated from the periods of these resonances, given
in Table I, are again about 7% smaller than the free-
electron values.

The orbits corresponding to these field directions have
shapes similar to that shown in Fig. 8. One of them is
illustrated in Fig. 11 for 8~ ——39', and the caliper dimen-
sions for orbits on three other equally spaced parallel
planes are also included. It is seen that the caliper
dimensions are indeed nearly equal on different planes
perpendicular to the field, although the degree of uni-
formity is slightly inferior to that for q along L12107.
The frequency and temperature effects are similar to
those for q along L1210).

Evidence for orbits around the neck. of the monster
(marked C in Fig. 7) has been found in shear-wave

Dl Dp Dp Dy

El Ep Eg Ey

FyG. 11. Orbit for a plane passing through E with B 39' from
$0001) in the (1010) plane. With q~~(1010$ the dimension D2E& is
calipered. Dimensions for similar orbits on parallel planes are
indicated by D2E2, etc.
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Anderson and Love' as well as by Grassie" in de Haas-
van Alphen (dHvA) data. Gait et al.4 found the belly
orbits and extended orbits by the cyclotron-resonance
method. Although the "Outed surface" in their article
is not in full agreement with the model we propose, the
parts that are relevant to the two types of orbits in
question do agree. Tsui and Stark" also reported finding
the belly and extended orbits by the dHvA method.
The magnetic field angular dependence is more fully
discussed in their paper. More recently, rf size-eGect
measurements were made in Cd by Jones e1 al."and by
Naberezhnykh et al."Evidence for the extended orbits
was found, and the dimensions attributed to these
orbits agree within 10% with the caliper dimensions
presented earlier in this paper.

vie&aeargausl)
I I I I I I I I I

0 0.0& 0.16 0.24 0.32 0.40 048 0.56 064 0.72

FIG. 10. Attenuation of compressional waves at 1.08'K propa-
gated along L1010] with B 36' from $0001j in the (1010) plane,
showing resonance amplitudes increasing with frequency.

kc e =8
W

o+
O 0

measurements with q along L1010j. The values of k
calculated from the data are given by 6 in Fig. 6, The
measured variation of the k values with 0~ is in good
a,ccord with the geometry of the proposed orbits around
the neck, three of which are illustrated in Fig. 12.

Probably as a result of the complexity of the orbits
associated with the second-band monster, very few
magnetoacoustic data on this part of the Fermi surface
have been published. Gibbons and Falicov' assigned a,

set of oscillations throughout a range of 30' for 8~ to the
"tubes" which were described as the tentacles of the
monster. Daniel and Mackinnon showed some of the
attenuation curves for their measurements, including
some with indications of the sharp resonance peaks, but
they did not speculate about their cause. Orbits around
the belly of the undulating cylinder were reported by

FIG. 12. Neck orbits (C in Fig. 7) for q1$1010), B in
(1010) plane, and ea measured from L0001].

~ J. G. Anderson and K. F. Love, Bull. Am. Phys. Soc. 8, 258
(1963).

's A. D. C. Grassie, Phil. Mag. 9, 847[(1964)."D.C. Tsui and R. W. Stark, Phys. Rev. Letters 16, 19 (1966).~ R. C. Jones, R. G. Goodrich, and L. M. Falicov, Phys. Rev.
174, 672 (1968).

V. P. Naberezhnykh, A. A. Mar'yakhin, and V. L. Mel'nik,
Zh. Eksperim. i Yeor. Fiz. 52, 617 (1967) /English transl. :Soviet
Phys. —JETP 25, 403 (1967)g.
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TABLE II. Comparison of k values for pillow
obtained by different workers.

Source

Ref. 1
Ref. 2
Ref. 3
Present work
Ref. 12
(RF size effect)
Ref. 13
(RF size effect)
Free-electron values

~ ~ ~

0.729
0.780
0.755

0.275 0.778 0.275
0.27 0.714 0.249
0.275 ~ ~ 0.270
0.271 0.758 0.270

0.781 0.299 0.758 0.276

0.73 0.26
0.829 0.270

0.73
0.829

0,27
0.270

k values (half-caliper in A ')

q along [1210] q along [1010]
0&——0' 0& =90 0&=0 e& ——90'

Fro. 18. Fermi-surface half-calipers for q)[[1210] and q()[1010].
The dashed line gives the free-electron dimensions.

is disc-shaped, closely resembling the free-electron
model, with approximately a 9% reduction in the L0001j
dimension and 10% in directions perpendicular to the
hexagonal axis. The dimensions of the pillow along the
three symmetry axes obtained by Gibbons and Falicov'
agree quite well with the free-electron model, but they
inferred that the pillow had a bump in the center instead
of being a smooth disc.

In the present investigation, measurements were
made with different frequencies of ultrasound and at

various temperatures. Results obtained in the high-field
region were compared with those obtained from low-
field measurements. The low-field measurements also
provided assistance in sorting out oscillations belonging
to two or more series arising from different parts of the
Fermi surface. For the high-field measurements, the
open-orbit resonance was used whenever possible for
calibration purposes. The reciprocal-lattice dimension
in the direction of the open-orbit resonance is well
established, and the magnetic field intensity at which
open-orbit resonance occurs can be accurately deter-
rnined from the well-defined peak in the attenuation
curve. Substituting the reciprocal-lattice dimension for

FIG. 19. Attenuation
calculated from the re-
sults of Ref. 5 for q/
=300, cur=3, or v~~/vg
= 100. For compres-
sional waves S~~ ——3S,;/2
+30. For shear waves
with 8 perpendicular to
the polarization a, S22
=S;;—100. For shear
waves with 8~~e, S»=S;;—200.

l

50

x = qE/gz

I

100 150
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p in the equation p=ee, B/cv, the sound wavelength
e,/v can be determined from the magnetic 6eld intensity
B with an accuracy of better than &0.5%.

The momentum values for the pillow are shown in
Fig. 18 for propagation along L1210] and L1010]. In
general, values obtained from the former direction are
the more accurate because there are more well-defined
oscillations. The accuracies for these values are esti-
inated to be better than &1jo for L1210]and &2% for
t 1010]except in directions where there is strong mixing
of orbits.

It can be seen in Fig. 18 that the measured values for
qt~L1210] are in close agreement with the free-electron
model except for a small range of about 5' from 0~=0'
where the sharp corner is rounded. Evidence of a bump
in the center of the pillow is obviously lacking in this
figure. For q~~[1010], a slight deviation from the free-
electron model can be detected at approximately
0~ ——30', but in this region strong mixing of periods
occurs, so that the periods are more uncertain. For a
comprehensive comparison of results from the different
sources, the k values for 0~=0' and 90' are listed in

Table II for both propagation directions as obtained by
different workers including rf size-effect data as well.
The spread of k values is seen to be of the order of 5%.

D. Acoustic Cyclotron Resonance

Because of the extremely long electron-relaxation
time in our Cd specimens, the condition for acoustic
cyclotron resonance'4 (ACR), cur& 1, is satisfied at the
frequencies employed in these experiments. Features
such as the minima near v/B =0.7 Hz/G were frequently
observed. As we reported earlier, " even for err=0. 5
ACR has considerable inhuence on the shape of the
attenuation curves. One observes what appears to be
"beating" between two nearly equal geometric periods
as a result of Doppler shift.

Figure 19 shows the attenuation for the different
polarizations calculated from the free-electron model
for co7-=3. It is helpful to examine the asymptotic
expressions for the attenuation in the limit ql)&1, X)&1
as derived in Appendix A:

sinh(mX/q/)Lco:h(sX/qt)+(7rX) '" cos(~(o/(u, ) sin(2X —4ts)]
5]] —67K g)

sinh'(~X/q/) +sin'(7')/to, )

sinh (sX/ql) )cosh (~X/q/) —2 (7rX) '" cos (arcs/to, ) sin (2X—~t7r)]
522 —3q/

sinh'(sX/q/)+cos'(7r~/to, ) —4(mX) 't' cosh(sX/qt) cos(sea/~, ) sin(2X —4tvr)

sinh (vrX/q/) cosh (m.X/ql)
5~3 ——-', ql——

sinh' (s.X/qt) +cos' (vrto/a&, )

The ordinary geometric oscillations are the result of the
terms including sin(2X —~s.), while cyclotron resonance
occurs for S~~ when ~=me, but, for 5~2 and 533, when
to= (e+-,')~, . Note that the damping terms are func-
tions of 7rX/q/= ~/a&, r.

Roberts" suggested that one can distinguish between
ACR and long-period geometric oscillations by com-
paring results for compressional and shear waves. Since
geometric oscillations occur when orbit diameters are
multiples of A., their periods will be different for shear
and compressional waves of the same frequency because
v„and thus X, is different. However, the period of ACR
is determined by co and is independent of z, .

We were unable to use this criterion for distinguishing
between the two effects because we could not reliably
reproduce the field values at which resonances occurred
on different experimental runs. We attribute this to
failure to have 8 precisely perpendicular to q. This
produced a net drift velocity of electrons along q to
introduce an additional unknown Doppler shift.

"N. Mikoshiba, J. Phys. Soc. Japan 13, 759 (1958)."J.D. Gavenda and F. H. S. Chang, Phys. Rev. Letters 16,
228 (1966)."3.W. Roberts, Phys. Rev. Letters 6, 445 (1961).

There are two factors which lead us to believe that
the low-field peaks are caused by ACR. First, their
amplitudes are extremely mean-free-path —dependent.
In most cases, they disappear completely at 4.2'K,
although they are quite prominent near 1.0'K. Second,
they have a large amplitude for shear waves even when"
8 is parallel to the polarization. The free-electron inodel
indicates, as shown in Fig. 19, that geometric oscilla-
tions should vanish for this condition; however, the
ACR peaks should persist as 8 is brought parallel to the
polarization. This is in qualitative agreement with the
experimental results.

There is one final comment to be made relating to
ACR. Note that, at least for the free-electron model, the
resonance condition for shear waves is co= (m+ —', )co„
while for compressional waves it is co=me, . Thus, one
would not expect to find the 6rst peak at the same value
of 8 for each of the two cases. In our experiments how-
ever, we found indications that the first peaks did tend
to occur at the same value of B.Until the measurements
are repeated with much more precise control of field
orientation, however, we cannot yet say whether this
represents a failure of the free-electron model, or
whether it is just an experimental error.
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IV. SUMMARY

We have used the magnetoacoustic effect in very pure
Cd specimens to determine some of the dimensions of
the Fermi surface not hitherto reported or concerning
which convicting data have been published.

We have observed resonances in the attenuation for
particular orientations of the magnetic 6eld which we
ascribe to portions of the Fermi surface with essentially
constant extremal diameter along a finite section of k, .
The resonances are similar in form to open-orbit
resonances which likewise result from finite regions of
the Fermi surface with constant dimension in k space.

Finally, because of the high purity of our Cd speci-
mens, we have observed ACR's superimposed on the
magnetoacoustic oscillations. We discuss some of the
problems which arise in attempts at determining the
ACR periods.

s (X)—=
m'/2

[J„'(Xsin8)]' sin'8 d8 (A10)

=r„(X)+(4X)—'(d/dX) [Xg„'(X)],

(dldX) [Xg.'(X)]
=Jg '(2X) —X 'J,„(2X)+X 'g„(X),

(A11)

(A12)

r„(X)=— J '(X sin8) cos'8 sin8d8 (A13)

=-2((1 n'—/X')g (X)+(4X) '(d/dX)

X[Xg.'(X)]). (A14)

We will assume that q/))1 and examine the expres-
sions for X))1. Under these conditions we get tT~22

«olio. ~~, so (2) reduces to
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APPENDIX A

We quote here the principal results from Sec. IV and
the appendices of Ref. 5 and then show the principal
components of 0.;; in the limit X))1,

Sll= Re(0.0/O. ll) —q'P[3(1+oPr')] '. (A15)

We use (A1) to obtain

g2)2 1+'Ehlr
Sgg= Re —1 . (A 16)

3 (1+~'r') 1—(1 icor)G—(X)

Sll ——-', q'P ReG(X) . (A17)

Since
~
(1—icvr)G(X) ~&&1 for the conditions given, this

expression can be approximated by

where
lrll (3lro/q=P)[1—(1—icur)G(X)], (A1) In order to evaluate G(X) we use the asymptotic ex-

pression for the Bessel functions:

012=
3a 0 (1—i(or) g„'(X)

)
tn 1+1(nM M)r

r (X)
033=30p

n=~ 1+i(mo (u) r
m'/2

g-(X)
G(X)—= Q

n ~ 1+l (nod~ —M)r

s„(X)
022=30 p

1+i(n(u, —(a)r

(A2)

(A5)

J»(2X) = (lrX) 'l' cos(2X—~~lr —m.)+0(X 'l'), (A1S)

and integrate the second term on the right in (A7) by.
parts. We find

g-(X) = (2X)-'[1+(-X)-'&
XSin(2X —~~lr —nor)]+O(X 'l') . (A19)

One can ignore the higher-order terms in the expansion.
of J2 (2X), despite the fact that they increase as n/X,
because the g (X) contribute to the sum appreciably
only near neo, =&u, i.e., near X=n(vr/ll, ). Since lip/v, is
of the order of 100, the higher-order terms can safely
be neglected. We now use

g„(X)—= J„'(Xsin8) sin8 d8

J,„(2x)dx

(A6)

(A7)
and

00 1 lr
—(1—i(or)lr

coth
n=-~ 1+i(n~, (u)7 ~,r— (A20)

1
=—Z J2m~2n+. i(2X),

X m=o
(AS)

( 1)n00 lr (1—icor) lr
csch

n—~ 1+i(nod, ~)r ld, r ~,r
(A21)

g„'(X)—=dg„(X)/dX, (A9) to evaluate the sum in (A2) and obtain (7).
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g-(X) =J-'(X),
g„'(X)=2J„(X)J„'(X),

~-(X)= t J-'(X)3'.

(A22)r (X)= (4X) '+O(X '").
and

In this case the oscillatory terms cancel out to a higher
order. With (A5) and (A20) we arrive at

We must now evaluate sums of the form= (3 /Yi) tK(1— ) / ~ 3

We find the asymptotic form of r„(X) through the use reduce to
of (A12), (A14), (A18), and (A19): (a1)

(82)

(83)

This can be substituted into (4) to obtain (9).
Finally, we use (A11) and (A22) to get

s (X)=(4X) 'L1—2(z.X) '"
&&sin(2X —42r —222r) j+0(X '") (A24)

U'sjng (A3), (A20), and (A21), we obtain

3o o7r
- (1 2olr) ~—

o.22 = COth
GOc7

f-(X)S=fo(X)+2 P
n=l 1+222ol 2r

(85)

A further simplification can be made if we assume
GO cT))1

f-(X)

1+2(rlol, ol)r—
These can be greatly simplified if we assume co7((1,
whence

—
(1 iolr)rr——2(2rX) '~2 csch sin (2X—422r) . (A25)

- f-(X)S=fo(X)+
GO 7 '+=& tl

(H6)

(A26)S22= Re(&o/o 22)

Again neglecting O. j2 in coIIlpaIison with 0»&22 we find

(3) reduces to

Using these approximations we Gnd that

~ll= (2~o/0'f')(1 —Jo'(X)—(2/~ 'r') 2 LJ (X)/& j')
(&&)

from which the result given in (8) follows.

APPENDIX 8

o 22= 2~of LJo'(X)]'+ (2/~ 'r') Q t J„'(X)/n$')

and

(88)

Sievert" has treated the case of a cylindrical Fermi
surface, but since we disagree with some of his asymp-
totic expressions for the attenuation, we present here
some of the major steps in the derivation.

As Sievert showed, the problem becomes two-
dimensional for this geometry. The expressions for S~~

and S22 are still given by (2) and (3), and for oil, o22,

and 0 l2 by (A1)—(A4) (except for the replacement of the
factor 3 by 2 wherever it occurs). However, the integrals
no longer depend on 8, so we find (A6), (A9), and (A10)

' P. R. Sievert, Phys. Rev. 161, 637 (1967).

&12 (2&o/ql)[Jo(X) Jo'(X)
+(2/-."')Z J-(X)J.'(X)/ ~. (»)

These expressions are substituted into (2) Lwith loq2p

replaced by 2lq2P and terms in (ol,r) o neglected) to
obtain (5).

Our Eqs. (5) and (6) differ drastically from Sievert's
asymptotic expressions. While he concludes that the
heights and widths of the resonances are independent
of q/, we find the behavior generally expected for
resonances. Furthermore, we obtain identical behavior
of S» and 5», while Sievert says they have different
functional forms.


