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exchange-integral effects tend to be dominated by terms
of lower L. In addition, there is a phase factor =L
associated with the asymptotic behavior of term with
given L. Seeing the enhancement of the Friedel oscilla-
tions, when L=3 interband mixing is added to the
electrostatic exchange polarization, one might anti-
cipate a cancellation for the case of a transition-metal
local moment with its =2 mixing. While there may be
such a tendency for such a case, it should be noted that
both even- and odd-L partial waves are involved in the
exchange-integral term.!®!* This affects the frequently
made assumptions that the asymptotic form for the
Friedel oscillations holds quite accurately on into the
main peak, and that the amplitude of the oscillations
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faithfully reflects the net induced spin. It is clear from
our results that we have a case where neither assump-
tion is valid. They are probably a far better approxima-
tion when dealing with transition-metal moments, but
they will never be rigorously correct when both inter-
band mixing and electrostatic exchange scattering are
present.

ACKNOWLEDGMENTS

We wish to thank E. Wolfson for her assistance with
the computer calculations and to acknowledge com-
munication with A. M. Clogston, M. Peter, and J. R.
Schrieffer.

PHYSICAL REVIEW VOLUME 186, NUMBE:R 3 15 OCTOBER 1969
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Ultrasonic attenuation as a function of magnetic field intensity has been measured in very pure Cd at
liquid-helium temperatures. The results are related to the dimensions of the Fermi surface using the usual
phenomenological model for the magnetoacoustic effect. New resonances are observed, and an explanation
in terms of cylindrical sections of the Fermi surface is offered. Finally, evidence for acoustic cyclotron
resonance is presented, along with comments on the observation and interpretation of such phenomena.

I. INTRODUCTION AND THEORY

LTHOUGH there have been a number of earlier
studies of the magnetoacoustic effect in Cd,**
there has not been good agreement between the dimen-
sions quoted by the different workers for certain parts
of the Fermi surface. Also, some parts observed by
other experimental techniques* have not been found
using the magnetoacoustic effect. We have used very
pure single crystals of Cd in an attempt to clarify the
situation.

In carrying out these experiments, we have found
some rather interesting ‘“line shapes” which appear to
be the result of very long electron mean free paths and
relaxation times. In particular, it appears that a cylin-
drical section of the Fermi surface is responsible for some
very pronounced resonance peaks in the attenuation
over a restricted angular range.

* Work supported by a grant from the National Science
Foundation.
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University of Texas, 1966 (unpublished).
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Before presenting the experimental data, we will
summarize the principal results of the free-electron
theory for the magnetoacoustic effect, using the notation
of Cohen, Harrison, and Harrison.?

For a magnetic field B perpendicular to the sound-
propagation vector ¢, the attenuation can be expressed
as

;= (va/M'Us)Sii/l, (1)

where 7=1 for compressional waves, ¢=2 for shear
waves polarized perpendicular to B, 1= 3 for shear waves
polarized parallel to B, m is the electron mass, M the ion
mass, vp the electron Fermi velocity, v, the sound
velocity, and / the electron mean free path. The tensor
elements .S;; are defined by

Su=o0o Re[dzz/ (0'110'22+0'122)]“‘(]212/3 (1"‘0’27’2)" 1, (2)
Se=00 Re[011/(611022+0122)]—1, (3)
533=00Re(1/033)—1, (4:)

where ¢ is the dc conductivity, w=27» is the sound
frequency, and 7 the relaxation time. The conductivity-
tensor elements are defined in Appendix A. We have
assumed here that wc/4mro w21, where ¢ is the velocity
of light. A plot of Sy for wr<1 is shown in Fig. 1(a).

5 M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev.
117, 937 (1960).
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The elements of the conductivity tensor are expressi-
ble as sums of cylindrical Bessel functions J,(X), where
X =qvp/w.=2wRp/\, w,=eB/mc, Rp is the radius of the
orbit for an electron moving perpendicular to B with
speed vp, and M is the sound wavelength. The period of
the oscillations shown in Fig. 1 corresponds to a change
in X by an amount , or a change in orbit diameter by
1 wavelength of sound. For a general Fermi surface, one
expects oscillations with periods determined by ex-
tremal diameters of the Fermi surface in the direction
qXB.¢ This is the assumption used in interpreting the
experimental data in the following sections.

The spherical Fermi surface yields a Bessel function
like behavior of « versus B. However, other line shapes
are possible for nonspherical Fermi surfaces. In par-
ticular, open-orbit electrons moving along q in real space
yield sharp resonances.” This is because all of the open
orbits have precisely the same period (determined by
the reciprocal-lattice dimension) and therefore come
into resonance with the sound wave at the same mag-
netic field value.

One would expect to observe sharp resonances in « for
a Fermi surface with a constant extremal diameter (or
caliper) over a finite range of kg, the component of
k parallel to B. A simple model for calculating such
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Fic. 1. Calculated attenuation for spherical and cylindrical

Fermi surfaces for ¢/=100, wr=0, or v;/vp=0. The curve for the
spherical surface has been shifted upward by 300.

effects is a cylindrical Fermi surface with axis along B.
The calculations, which are summarized in Appendix B,
reduce to a two-dimensional problem. The results, which
turn out to be identical for compressional waves and for
shear waves polarized perpendicular to B, are shown in
Fig. 1(b) for the limit v;/vr— 0 or for wr — 0.

The resonances can be explained by looking at the
form of Sy for ¢2>1, w2rZ>1, w1,

22 LT o(X) T (X)+T1(X)T n(X) I/m?

Su=3¢

where all sums are from =1 to «.

For ¢??/2X%>>1, S1; will be small except near the
roots of J1(X). Near the roots X; resonant behavior
will be found with maxima

Suree= 3¢ (X1)/[1-J (X 1)]. ©)

Within the approximations stated above, the heights of
the resonances will be proportional to ¢%? and the widths
inversely proportional to ¢l. (See Appendix B for
further discussion of this result.)

The effect of finite wr is to split the resonance peaks
as a result of Doppler shift. In Fig. 2, this effect has been
exaggerated by the use of a rather small value for the
ratio of vr/v.. In order to observe the splitting experi-
mentally, one needs a very pure specimen so that
wr2 1, and B must be precisely perpendicular to q. In
Sec. III, we report the observation of resonance peaks
which we attribute to cylindrical sections of the Fermi
surface of Cd.

II. EXPERIMENTAL METHODS

A standard pulsed ultrasonic technique® was used in
the measurements. The transducers were X-cut for

8 A. B. Pippard, The Dynamics of Conduction Electrons (Gordon
and Breach, Science Publishers, Inc., New York, 1965), p. 124.
( 7 J.)D. Gavenda and B. C. Deaton, Phys. Rev. Letters 8, 208
1962).
8J. D. Gavenda, in Progress in Applied Materials Research,
edited by E. G. Stanford, J. H. Fearson, and W. J. McGonnagle
(Heywood and Co., Ltd., London, 1964), Vol. 6, p. 43.

12 ,
(¢%/2X3)T 2 (X)+22 L' (X)/n P =22 [Jo(X)T " (X) +T1(X) T n (X) J/m?

()

compressional waves, AC-cut for shear waves, and had
fundamental resonances near 10 MHz. The transducers
were bonded to the specimens with Nonaq stopcock
grease.

The attenuation and magnetic field were recorded in
both analog and digital format for analysis and plotting
by use of a high-speed digital computer. All experi-
mental curves reproduced in Sec. III are traced from
the computer plots.

The magnet used in these experiments had 7-in. poles
tapered to 4 in. at the gap. The gap was 1.75 in., which
gave a maximum field of about 11 kG. For the very
low-field measurements, the steel yoke and poles were
replaced by a nonmagnetic frame to eliminate hys-

600

400

Sn

0 4 8 12
X= gl/u,‘t

F16. 2. Calculated attenuation of compressional waves for a
cylindrical Fermi surface with B parallel to the cylinder axis and
perpendicular to q for ¢=100, wr=1.0, or zr/2,=100.
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teresis. The maximum field attainable was then about
1.5 kG. Magnetic field intensity in either case was
measured with a Rawson rotating-coil gauss meter
periodically calibrated with NMR equipment.

The single-crystal specimens were grown from a Cd
bar purified by zone-refining from stock with a claimed
purity of 99.9994-9,. At the completion of the zone-
refining process, silvers were cut from the bar with an
acid-string saw to determine the resistivity ratio
(p300°%/ pac2jx). Using a standard four-probe technique,
we found it to be in excess of 30 000.

The crystals were oriented to within 0.5° using the
Laue back-reflection technique and machined to final
size with a spark-erosion machine.

III. EXPERIMENTAL RESULTS

The experimental results are presented in four
separate sections. Secs. ITI A-III C describe and inter-
pret the results related to the portions of the Fermi
surface known as the monster, caps, and pillow, respec-
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F1c. 3. Attenuation of 70-MHz compressional waves at 1.08°K
with q||[[1210] and B L q. 65 is the angle between B and [0001].
In this and the other figures presenting experimental results, the
curves have been displaced arbitrary amounts in the vertical
direction for clarity.
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tively; Sec. ITI D presents evidenceforacousticcyclotron
resonance.

A. Monster: Resonant Orbits
1. qH[IZIO]

Rather than show the actual curves for attenuation
versus magnetic field, we summarize the results for them
in terms of caliper dimensions in figures and tables
below. However, the attenuation curves for a certain
range of the field directions have been found to be quite
significant and are presented in Fig. 3. The measure-
ments shown in this figure were made with 70-MHz
compressional sound at a temperature of 1.08°K. 6z
refers to the angle between the field direction and the
[0001] axis in the plane perpendicular to q. A com-
parison of the five attenuation curves in this figure

I 2dB/em

Relative Attenuation

v/8(MHz/gauss)
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F16. 4. Frequency dependence of resonances
shown in Fig. 3 for 65=40°.

shows that the geometric oscillations develop into sharp
resonances for 6z between 24° and 48°.

To see how the resonant peaks change with the fre-
quency of the sound, measurements were made at
1.08°K and 05=40° using frequencies of 70, 50, and
30 MHz. Results of these measurements are presented
in Fig. 4. The temperature effects were investigated by
comparing the line shapes of the resonances at tem-
peratures of 1.06 and 4.2°K, as shown in Fig. 5 for
110-MHz sound.

These sharp resonances are highly sensitive to the ¢/
value for the experiment, as illustrated by Figs. 4 and 5.
At 30 MHz, the oscillations are very much like ordinary
geometric oscillations with wide linewidth. At 50 MHz,
the broad peaks in the attenuation curve start to break
up into two series of oscillations, apparently caused by
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two different parts of the Fermi surface with a very
small difference in extremal diameter. When the fre-
quency is increased further to 70 MHz, one of the series
remains essentially unchanged while the other has
attained a large amplitude and a greatly reduced line-
width. The temperature dependence shown in Fig. S
indicates that the Cd specimen was of such purity that
the scattering at 4.2°K was largely due to thermal
phonons. When the temperature was lowered to 1.06°K,
the mean free path of the electrons increased as a con-
sequence of the reduction in phonon scattering. The
resonances become sharper, therefore, as a result of the
increased ¢l value when the sound frequency is increased
or the temperature is lowered.

The spacings A(v/B) of the successive attenuation
maxima for various values of 8z within this range were

T=106°K

Relative Attenuation

v/B(MHz/gauss)
' . ) R L . L L
O 0.04 008 0.12 0.6 020 024 0.28 032 0.36

F16. 5. Temperature dependence of resonances
for p=40°, »=110 MHz.

used to find the momentum values from the relation®
k= (evs/2kc)[A(v/B) . The k values for the different
series within this range are given by the filled circles in
Fig. 6.

On the basis of the discussion presented in the Intro-
duction in connection with the possibility of sharp
resonances from a cylindrical Fermi surface we conclude
that these resonances are associated with a part of the
Fermi surface of Cd with a large fraction of orbits
having the same extremal diameter perpendicular to the
magnetic field direction. Such orbits can be found
around the belly of the undulating cylinder on the
second-band hole surface as shown in Fig. 7 and marked
A. To illustrate the point about nearly equal diameters
for different orbits, we choose §5=45° and draw in Fig. 8
the orbit for the plane passing through symmetry point
K in the Brillouin zone for the free-electron model.
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F1c. 6. Half-caliper dimensions of the Cd Fermi surface for
various angles 0z between B and [0001]. For the belly and ex-
tended orbits (A and B in Fig. 7), q isalong [1210], and B is varied
through the (1210) plane. For the neck orbits (C in Fig. 7),shear
waves polarized along [1210] were propagated along [1010] and
B varied within the (1010) plane.

Maintaining the same 65, we draw four more orbits on
equally spaced planes parallel to the previous one but
intercepting line HH in the Brillouin zone at intervals
of 0.09 A—1. The shapes of these orbits are quite similar.
Since we are primarily interested in the caliper diameter
B1Cy, only these dimensions are shown in Fig. 8. It can
be seen that the deviations among the dimensions B:C;
to BsC; are almost negligible. The same situation occurs
for other field directions within the 20° range in which
the sharp resonances were observed. When 65 is below
this range, orbits around the belly of the undulating

F1c. 7. Cd Fermi surface (based on Fig. 2 in Ref. 11). (a) First-
band holes (caps). (b) Second-band holes (monster). (c¢) Third-
band electrons (pillow and butterflies), with fourth-band electrons
(cigars) shown cross-hatched. The orbits labeled A, B, and C are
referred to in the text as belly, extended, and neck orbits, re-
spectively.
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F16. 8. Orbit for a plane passing through symmetry point X with
B 45° from [0001] in the (1210) plane (A in Fig. 7). With q||[1210]
the dimension B;C; is calipered. Dimensions for similar orbits on
parallel planes (at 0.09 A~! intervals) are indicated by BsCo, etc.

cylinder become impossible. When 6z is above this
range, the characteristic of nearly constant extremal
diameter begins to disappear. Because of the complica-
tion of mixing with the series of oscillations from the
third-band “pillow,” the range of 20° is only an approx-
imate value, with a probable error of ==5°. The mea-
sured % values in Fig. 6 are in general about 7%, smaller
than those calculated from the free-electron model. This
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F16. 9. Magnetoacoustic oscillations at high fields (v/BZ0.1
MHz/G) attributed to extended orbits (B in Fig. 7). Measured
with 110-MHz compressional waves having q||[1210]; B in the
(1210) plane, 63 measured from [0001].
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is not surprising, since we expect the Fermi surface in a
real metal will “shrink” down somewhat as a result of
energy-band gaps.

When 65 is further increased, extended orbits around
the belly of the undulating cylinder become possible
when the magnetic field direction is approximately 15°
from [10107]. These orbits run from the belly of the
undulating cylinder in one zone, cross over the zone
boundary and go around the belly in the adjacent zone,
as shown in Fig. 7 with the label B. Evidence of ex-
tended orbits was found with q along [12107] in the form
of a series of oscillations at the high-field end of the
attenuation curves, some of which are shown in Fig. 9.
This series of oscillations starts to appear at §p=74.4°
and ends at §5=381.4° giving a range of 7°. The & values
calculated from the periods of these oscillations are
given by the open circles in Fig. 6. The & values and
their angular range agree quite well with the proposed
orbits on the nearly-free-electron model of Fermi
surface. Oscillations from the extended orbits at 1°K
were not quite so distinct as those at 4.2°K, apparently
because the over-all attenuation at 1°K was very large
and tended to obscure the small oscillations in the high-

TasLE 1. Half-caliper % values of monster waist for q along [10107.

05 (deg) k values (half-caliper in A1)
36 0.404
38 0.391
42 0.376
46 0.361
50 0.343

field region. It is believed that this also accounts for the
lack of evidence for these extended orbits for q along
[10107, since the attenuation in that case is generally
much higher.

2. ¢||[1010]

The over-all attenuation is much larger for com-
pressional waves propagated along [10107. The highest
frequency that could be used was 70 MHz. Again only
a few selected attenuation curves are presented in this
section; the results of the remainder being presented in
the form of caliper dimensions in Table I.

Again, resonant peaks in the relative attenuation can
be observed for certain values of 6z although the sharp-
ness has decreased considerably. The variation of these
resonant peaks with sound frequency is shown in Fig. 10
at 1.08°K. It should be noted that the scales of the
ordinate as well as the abscissa have been reduced by
about one-half in this figure as compared to the attenu-
ation curves in Fig. 3 for q along [12107. In this direc-
tion also the resonances disappeared at 4.2°K.

When the sound-propagation direction is [1010], the
range of magnetic field orientation is 14° for these
resonant belly orbits (from 65=236° to approximately
50°), which is smaller than for q||[12107]. The % values
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calculated from the periods of these resonances, given
in Table I, are again about 7%, smaller than the free-
electron values.

The orbits corresponding to these field directions have
shapes similar to that shown in Fig. 8. One of them is
illustrated in Fig. 11 for 63=39°, and the caliper dimen-
sions for orbits on three other equally spaced parallel
planes are also included. It is seen that the caliper
dimensions are indeed nearly equal on different planes
perpendicular to the field, although the degree of uni-
formity is slightly inferior to that for q along [1210].
The frequency and temperature effects are similar to
those for q along [12107].

Evidence for orbits around the neck of the monster
(marked C in Fig. 7) has been found in shear-wave
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Fi1c. 10. Attenuation of compressional waves at 1.08°K propa-
gated along [1010] with B 36° from [0001] in the (1010) plane,
showing resonance amplitudes increasing with frequency.

measurements with q along [10107]. The values of %
calculated from the data are given by A in Fig. 6. The
measured variation of the % values with 65 is in good
accord with the geometry of the proposed orbits around
the neck, three of which are illustrated in Fig. 12.
Probably as a result of the complexity of the orbits
associated with the second-band monster, very few
magnetoacoustic data on this part of the Fermi surface
have been published. Gibbons and Falicov® assigned a
set of oscillations throughout a range of 30° for 65 to the
“tubes” which were described as the tentacles of the
monster. Daniel and Mackinnon? showed some of the
attenuation curves for their measurements, including
some with indications of the sharp resonance peaks, but
they did not speculate about their cause. Orbits around
the belly of the undulating cylinder were reported by
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Fic. 11. Orbit for a plane passing through K with B 39° from
[0001] in the (1010) plane. With q|[[1010] the dimension D,E; is
calipered. Dimensions for similar orbits on parallel planes are
indicated by D.E,, etc.

Anderson and Love?® as well as by Grassie? in de Haas—
van Alphen (dHvA) data. Galt ef al.* found the belly
orbits and extended orbits by the cyclotron-resonance
method. Although the “fluted surface” in their article
is not in full agreement with the model we propose, the
parts that are relevant to the two types of orbits in
question do agree. Tsui and Stark! also reported finding
the belly and extended orbits by the dHvA method.
The magnetic field angular dependence is more fully
discussed in their paper. More recently, rf size-effect
measurements were made in Cd by Jones et al.? and by
Naberezhnykh et al.* Evidence for the extended orbits
was found, and the dimensions attributed to these
orbits agree within 109, with the caliper dimensions
presented earlier in this paper.

0-0°

Yl

kcal. 6p=8° 2w

Il °|°
fg16°

Fi1c. 12. Neck orbits (C in Fig. 7) for q||[[1010], B in
(1010) plane, and 63 measured from [0001].

(1;673)& Anderson and W. F. Love, Bull. Am. Phys. Soc. 8, 258
0 A. D. C. Grassie, Phil. Mag. 9, 847§(1964).
1D, C. Tsuiand R. W. Stark, Phys. Rev. Letters 16, 19 (1966).
12 R. C. Jones, R. G. Goodrich, and L. M. Falicov, Phys. Rev.
174, 672 (1968).
BV. P. Naberezhnykh, A. A. Mar’yakhin, and V. L. Mel’nik,
Zh. Eksperim. i Teor. Fiz. 52, 617.(1967) [English transl.: Soviet
Phys—JETP 25, 403 (1967)].
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Fi1c. 13. Attenuation of 70-MHz compressional waves at
1.04°K for ¢||[10107] and 6z measured from [10007].

B. Caps

No results of magnetoacoustic measurements have
been published in connection with the first-band caps
(or pyramids) on the Fermi surface of Cd. It is believed
that the complexity of the Fermi surface and the conse-
quent intermingling of magnetoacoustic oscillations
from different sheets are the main reasons for this. In
the present research, the high purity of the specimens
was taken advantage of, and measurements were
carried out to very low fields. Since w,r on different
sheets of the Fermi surface may not be the same, the
geometric oscillations assigned to the different sheets
may start from different magnetic field values in the
very low-field region. This characteristic allowed us to
sort out oscillations assigned to the third-band pillow
and the first-band caps. Oscillations from the latter
portion of the Fermi surface start at about 20 G.

1. q|[2070]

Compressional waves of 70 MHz were used in these
experiments which were performed at 1.04°K. The

90° __ 80° 70° 60
0.24 Be
50°
0.20
0.6
40°
*<0.12
E 3 309
0.08
20°
0.04
10°
0.00% 0°

F1c. 14. Fermi-surface half-caliper dimensions for 70-MHz
compressional waves with q|[10107] and 6z measured from [0001]
in the (1010) plane.
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symmetry axes were located by the open-orbit resonance
and were accurate to #0.1°. Typical results of these
measurements showing the presence of two or more
periods are presented in Fig. 13.

The values of %k calculated from the low-momentum
maxima in the measurements are plotted in Fig. 14 in
polar form, using a sound velocity of 3.85X 105 cm/sec.
Well-defined oscillations were absent for 65=0°. A
probable explanation is that, for this magnetic field
direction, oscillations from orbits around the neck of the
monster are mixed with oscillations caused by the caps
which have very similar caliper dimensions.

The % values obtained for 65=8° to 66° are generally
209, smaller than the cavity in the undulating cylinder
of the second band in the nearly-free-electron model.
This deviation is believed to be largely caused by the
energy gap from spin-orbit coupling. The angular
variation of these k& values is fairly consistent with the
shape of the caps although the increase in % value as 0z
is increased is less than expected. This is probably the
result of the averaging effects of orbits with different
extremal diameters on planes perpendicular to the
magnetic field. The same reason may also account for
the disappearance of oscillations beyond 65=66°, since
the caps have quite sharply pointed ends in the [0001]
direction.

2. q||[1210]

With q along [12107], measurements were made with
70-MHz shear waves polarized along [10107 at 1°K.
Some of the results of these measurements are presented
in Fig. 15. In these curves two sets of oscillations can be
discerned: one set with larger period in the low-field
region and one with smaller period in the relatively
higher-field region. The latter is mixed with the former
set of oscillations at »/Ba1 MHz/G.

The results for shear-wave measurements with q
along [1210] illustrate more distinctly the intermingling
of oscillations from the third-band pillow and the first-

g+ 0°

I 1dB/cm

RELATIVE ATTENUATION

v/B(MHz/GAUSS)
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Frg. 15. Attenuation of 70-MHz shear waves at 1.0°K with
q||[[1210], polarization along [1010]. 65 is measured from [0001]
in the (1210) plane.
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band caps. The & values calculated from the attenuation
maxima for the low-field series of oscillations are plotted
in Fig. 16 in polar form by use of a sound velocity of
2.23X10% cm/sec for this direction. It will be noted that
the % values in Fig. 16 for q||[1210] are approximately
5% larger than corresponding values in Fig. 14 for
q||[[1010]. This is in accordance with the geometry of
the caps, since in the case of ¢||[[1010] we caliper be-
tween one corner of the triangular-shaped cross section
and the base, while in the case of q||[[1210] we caliper
between two corners of the triangle. No distinct oscilla-
tions appear beyond 63=42° because the shear wave
was polarized along [1010] and, as 65 was increased
further, the direction of the magnetic field deviated
further from being perpendicular to the polarization
vector. Hence, the geometric oscillations gradually died
out. The beats that appeared on the attenuation curves
in Fig. 15 are either due to mixing with some other
orbits or acoustic cyclotron resonance (see Sec. III C).

3. q||[0001]

The existence of orbits around the first-band caps is
further verified by results obtained with q||[0001] using
both compressional and shear waves. The accuracy of
the measurements in this direction is not as good as that
obtained in the other symmetry directions since the
over-all attenuation is very high and since geometric
oscillations are not distinct. The average number of
distinguishable maxima is approximately eight for
compressional waves. For shear-wave measurements it
is less.

There are practically no published magnetoacoustic
data for Cd with compressional sound waves propagated
along the hexagonal axis. The reason is that the attenu-
ation is extremely large and increases rapidly with field
for B1.[00017], reaching a level of 40 to 50 dB/cm at
70 MHz even below a magnetic field intensity of 200 G.
The rapid increase is believed to be the result of open
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Fi16. 16. Fermi-surface half-caliper dimensions
for 70-MHz shear waves with q||[1210].
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Fic. 17. Fermi-surface half-caliper dimensions for 70-MHz
compressional and 50-MHz shear waves with q||[0001].

orbits in a constant-phase plane of the sound wave.
Deaton! interpreted the periods which he observed for
this geometry to give the dimensions of the linear ex-
tension of the open orbits perpendicular to their direc-
tion of motion.

The % values calculated from the attenuation maxima
are plotted in Fig. 17 in polar form, using sound veloci-
ties of 2.53X 10% and 1.67X 10 cm/sec for compressional
and shear waves, respectively.

The % values in Fig. 17 are in general agreement with,
but approximately 209, larger than, results for the cap
orbits with q along [1010] and [1210]. One of the
possible reasons for this discrepancy is that the velocity
of sound in this direction is actually less than the value
assumed. The angular variation of these values pre-
cludes other possible orbits. dHvA work by Tsui and
Stark™ also revealed the existence of these cap orbits.
Only qualitative agreement can be reached by a com-
parison of these two concurrent findings, since it is quite
difficult to convert the extremal-area data obtained in
the dHvA work to the extremal caliper dimensions in
our magnetoacoustic measurements for the irregular
cross-sectional areas of the first-band caps.

C. Pillow

The series of oscillations in the ultrasonic attenuation
pertaining to the third-band pillow of the Fermi surface
of Cd have been found to be the most distinct in com-
parison with series assigned to other parts of the Fermi
surface. However, the shape and dimensions of the
pillow from the ultrasonic measurements by previous
workers are not in agreement. Deaton® obtained the
cross section of a disc in the [1010] plane as predicted
by the free-electron construction, but not in the [1210]
plane. Daniel and Mackinnon? found that the pillow
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F1c. 18. Fermi-surface half-calipers for q|[[1210] and q||[10i0].
The dashed line gives the free-electron dimensions.

is disc-shaped, closely resembling the free-electron
model,with approximately a 99, reduction in the [0001]
dimension and 109, in directions perpendicular to the
hexagonal axis. The dimensions of the pillow along the
three symmetry axes obtained by Gibbons and Falicov®
agree quite well with the free-electron model, but they
inferred that the pillow had a bump in the center instead
of being a smooth disc.

In the present investigation, measurements were
made with different frequencies of ultrasound and at
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TasLE II. Comparison of £ values for pillow
obtained by different workers.

 values (half-caliper in A~
q along [1210] q along [1010]

Source 05=0° 65=90° 0=0° 63=90°

Ref. 1 e 0.275 0.778 0.275
Ref. 2 0.729 0.27 0.714 0.249
Ref. 3 0.780 0.275 cee 0.270
Present work 0.755 0.271 0.758 0.270
Ref. 12

(RF size effect) 0.781 0.299 0.758 0.276
Ref. 13

(RF size effect) 0.73 0.26 0.73 0.27
Free-electron values 0.829 0.270 0.829 0.270

various temperatures. Results obtained in the high-field
region were compared with those obtained from low-
field measurements. The low-field measurements also
provided assistance in sorting out oscillations belonging
to two or more series arising from different parts of the
Fermi surface. For the high-field measurements, the
open-orbit resonance was used whenever possible for
calibration purposes. The reciprocal-lattice dimension
in the direction of the open-orbit resonance is well
established, and the magnetic field intensity at which
open-orbit resonance occurs can be accurately deter-
mined from the well-defined peak in the attenuation
curve. Substituting the reciprocal-lattice dimension for

500—
400—
S .
300 Fi1c. 19. Attenuation
calculated from the re-
sults of Ref. 5 for ¢l
=300, wr=3, or vr/vs
= =100. For compres-
v sional waves S11=235/2
iV S22 +30. For shear waves
20001 with B perpendicular to
the polarization €, Sa»
=.5%4—100. For shear
waves with Blle, Sa
=S::—200.
100
Sy
o
| | ] | | | | | | 1 | | | |
0 50 100 150
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# in the equation p=ev,B/cv, the sound wavelength
v,/v can be determined from the magnetic field intensity
B with an accuracy of better than #-0.59%,.

The momentum values for the pillow are shown in
Fig. 18 for propagation along [1210] and [1010]. In
general, values obtained from the former direction are
the more accurate because there are more well-defined
oscillations. The accuracies for these values are esti-
mated to be better than =19, for [12107] and 429, for
[1010] except in directions where there is strong mixing
of orbits.

It can be seen in Fig. 18 that the measured values for
q||[1210] are in close agreement with the free-electron
model except for a small range of about 5° from 63=0°
where the sharp corner is rounded. Evidence of a bump
in the center of the pillow is obviously lacking in this
figure. For q||[[1010], a slight deviation from the free-
electron model can be detected at approximately
65=230° but in this region strong mixing of periods
occurs, so that the periods are more uncertain. For a
comprehensive comparison of results from the different
sources, the % values for §5=0° and 90° are listed in
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Table IT for both propagation directions as obtained by
different workers including rf size-effect data as well.
The spread of & values is seen to be of the order of 59%,.

D. Acoustic Cyclotron Resonance

Because of the extremely long electron-relaxation
time in our Cd specimens, the condition for acoustic
cyclotron resonance® (ACR), wr2 1, is satisfied at the
frequencies employed in these experiments. Features
such as the minima near »/B=0.7 Hz/G were frequently
observed. As we reported earlier,”® even for wr=0.5
ACR has considerable influence on the shape of the
attenuation curves. One observes what appears to be
“beating” between two nearly equal geometric periods
as a result of Doppler shift.

Figure 19 shows the attenuation for the different
polarizations calculated from the free-electron model
for wr=3. It is helpful to examine the asymptotic
expressions for the attenuation in the limit ¢gZ>>1, X>>1
as derived in Appendix A:

Su=5mg - - )
sinh? (7 X /ql)+sin?(rw/w,)
— sinh (rX/ql)[cosh (X /ql) —2(x X)~1/2 cos (rw/w.) sin (2X —%x)] )
=% y 8
T b (1 X/ gl) o8t (meo o) — A (X )12 cosh (x X /gl) <08 (meo/eoe) sin (2X —ix)
sinh (7 X /ql) cosh(wX /ql)
533 =% Z q . (9)

g sinh?(rX /gl)+cos*(rw/w,)

The ordinary geometric oscillations are the result of the
terms including sin(2X — %), while cyclotron resonance
occurs for S1; when w=nw, but, for Ss; and S3;, when
o= (n+3%)w.,. Note that the damping terms are func-
tions of 7X/ql=m/w.r.

Roberts!® suggested that one can distinguish between
ACR and long-period geometric oscillations by com-
paring results for compressional and shear waves. Since
geometric oscillations occur when orbit diameters are
multiples of A, their periods will be different for shear
and compressional waves of the same frequency because
s, and thus A, is different. However, the period of ACR
is determined by w and is independent of v,.

We were unable to use this criterion for distinguishing
between the two effects because we could not reliably
reproduce the field values at which resonances occurred
on different experimental runs. We attribute this to
failure to have B precisely perpendicular to q. This
produced a net drift velocity of electrons along q to
introduce an additional unknown Doppler shift.

14 N. Mikoshiba, J. Phys. Soc. Japan 13, 759 (1958).

15 J. D. Gavenda and F. H. S. Chang, Phys. Rev. Letters 16,
228 (1966).

16 B. W. Roberts, Phys. Rev. Letters 6, 445 (1961).

There are two factors which lead us to believe that
the low-field peaks are caused by ACR. First, their
amplitudes are extremely mean-free-path-dependent.
In most cases, they disappear completely at 4.2°K,
although they are quite prominent near 1.0°K. Second,
they have a large amplitude for shear waves even when*
B is parallel to the polarization. The free-electron model
indicates, as shown in Fig. 19, that geometric oscilla-
tions should vanish for this condition; however, the
ACR peaks should persist as B is brought parallel to the
polarization. This is in qualitative agreement with the
experimental results.

There is one final comment to be made relating to
ACR. Note that, at least for the free-electron model, the
resonance condition for shear waves is w= (n+3)w,,
while for compressional waves it is w=#w,. Thus, one
would not expect to find the first peak at the same value
of B for each of the two cases. In our experiments how-
ever, we found indications that the first peaks did tend
to occur at the same value of B. Until the measurements
are repeated with much more precise control of field
orientation, however, we cannot yet say whether this
represents a failure of the free-electron model, or
whether it is just an experimental error.
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IV. SUMMARY

We have used the magnetoacoustic effect in very pure
Cd specimens to determine some of the dimensions of
the Fermi surface not hitherto reported or concerning
which conflicting data have been published.

We have observed resonances in the attenuation for
particular orientations of the magnetic field which we
ascribe to portions of the Fermi surface with essentially
constant extremal diameter along a finite section of ..
The resonances are similar in form to open-orbit
resonances which likewise result from finite regions of
the Fermi surface with constant dimension in k space.

Finally, because of the high purity of our Cd speci-
mens, we have observed ACR’s superimposed on the
magnetoacoustic oscillations. We discuss some of the
problems which arise in attempts at determining the
ACR periods.
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APPENDIX A

We quote here the principal results from Sec. IV and
the appendices of Ref. 5 and then show the principal
components of o;; in the limit X>>1,

o= 3oo/¢A)[1— (1—iwr)G(X)], (A1)
where
0 gn(X)
RS E T )
- sa(X)
0'22=30'0 Y (A3)
n=—w 141 (nw,—w)r
300(1—twr) = 2 (X
e (1 —iwr) g/ (X) ’ (A%)
ql n=—o 141 (nw,—w)r
B 2 (X
a33=2300 ——u— , (AS)
n=—w 141 (nw,—w)r
/2
g (X)= / J.2(X sin) sinf df (A6)
=X—1[%_‘/ﬁ° Jon (2%) dx:| (A7)
x
1
=“X_ = ]2m+2n+1(2X) ) (AS)
g/ (X)=dg.(X)/dX, (A9)
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/2
sa(X) E/ [J./ (X sinf) ] sin®) df (A10)
=7 (X)+(@X) 7 (d/dX)[Xg. (X)], (A11)
(d/dX)[Xgn' (X)]
=J0' 2X) =X, 2X)+Xg.(X), (A12)
/2
7. (X)= / J2(X sind) cos? sinfdf (A13)
=2{ (1—n*/X*)gn(X)+ (4X)7*(d/dX)
X[Xg.' (X)]}. (A14)

We will assume that ¢/>>1 and examine the expres-
sions for X>>1. Under these conditions we get o2
Ko11092, 50 (2) reduces to

Sn=Re(oo/ou)—q2l2[3(1—f-w2-r2)]_1. (AlS)
We use (A1) to obtain
¢ 1+iwr
Su= RL —lil . (Alé)
31+l 1—(1—ien)G(X)

Since | (1—iwr)G(X)|<1 for the conditions given, this
expression can be approximated by
Su=1¢2 ReG(X). (A17)

In order to evaluate G(X) we use the asymptotic ex-
pression for the Bessel functions:

Ton(2X) = (rX)~12 cos(2X —tr—nm)+0(X—312) | (A18)

and integrate the second term on the right in (A7) by
parts. We find

gn(X)= 2X)7[1+ (xX)1/2

Xsin(2X —ir—nr) H0(X—52), (A19)
One can ignore the higher-order terms in the expansion
of J2n(2X), despite the fact that they increase as #/X,
because the g,(X) contribute to the sum appreciably
only near 7nw,=w, i.e., near X=nun(vp/v,). Since vp/v, is
of the order of 100, the higher-order terms can safely
be neglected. We now use

o 1 T (1 —iwr)m
- —=v—coth[—*—:| (A20)
n=—w 14i(nw,—w)r . WeT

and

=—-csch
n=—ow 14+i(nw,—w)T .

w (=" ™ [(1—iwr)vr:| (a21)

WeT

to evaluate the sum in (A2) and obtain (7).
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We find the asymptotic form of 7,(X) through the use

of (A12), (A14), (A18), and (A19):
ra(X) = (4X) 0 (X5). (A22)

In this case the oscillatory terms cancel out to a higher
order. With (AS) and (A20) we arrive at

o33= (3oor/ql)coth[ (1 —iwr)m/w,T]. (A23)
This can be substituted into (4) to obtain (9).
Finally, we use (A11) and (A22) to get
52 (X) = (AX)"[1—2(rX)112
Xsin(2X —Lr—nr) JHO(X—52).  (A24)

Using (A3), (A20), and (A21), we obtain

oo (1 —ior)r
099 = {coth[ ]
4ql WeT

(1 —iwr)T
—2(mX)"12 csch|:—~—

WeT

} sin(2X—1r). (A25)

Again neglecting ¢1® in comparison with ¢119 We find
(3) reduces to
522= Re(ao/a’gg) 5

from which the result given in (8) follows.

(A26)

APPENDIX B

Sievert!” has treated the case of a cylindrical Fermi
surface, but since we disagree with some of his asymp-
totic expressions for the attenuation, we present here
some of the major steps in the derivation.

As Sievert showed, the problem becomes two-
dimensional for this geometry. The expressions for Si;
and Sy are still given by (2) and (3), and for o131, o2,
and 012 by (A1)-(A4) (except for the replacement of the
factor 3 by 2 wherever it occurs). However, the integrals
no longer depend on 6, so we find (A6), (A9), and (A10)

17 P, R. Sievert, Phys. Rev. 161, 637 (1967).
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reduce to
gn(X)=]n2(X)y (Bl)
g/ (X)=2J.(X)J.' (X), (B2)

and
so(X)=[J.' (X)P. (B3)
We must now evaluate sums of the form
© Jn(X)

S= Yy — (B4)

n=—x 141 (1w, —w)r ’

These can be greatly simplified if we assume wr<1,

whence
s—px+2 5 28 (BS)
’ n=1 14-n%w 27
A further simplification can be made if we assume
w>1
= fn(X)
S=folX)+— X =~ (B6)

Wl n=l %
Using these approximations we find that

o= (200/¢P){1—T*(X)— (2/w2r?) 2 [J2(X)/n},

(B7)
oa=20{[J ' (X) I+ (2/w2r?) L [J./(X)/nT}, (BS)
and
012= (20’0/Ql)[]0(X>]0’ (X)

+(2/wlr?) 3 J.(X)JTJ (X)/nx]. (B9)

These expressions are substituted into (2) [with 322
replaced by 3¢%? and terms in (w.7)~* neglected] to
obtain (5).

Our Egs. (5) and (6) differ drastically from Sievert’s
asymptotic expressions. While he concludes that the
heights and widths of the resonances are independent
of ¢, we find the behavior generally expected for
resonances. Furthermore, we obtain identical behavior
of S11 and S, while Sievert says they have different
functional forms.



