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A study of the propagation of rf ultrasonic waves in the antiferromagnetically ordered state of RbMn[s
is presented. Consideration of the effect of the sublattice magnetization orientation on the coupling between
elastic and magnetic modes of the system results in the prediction of a strong magnetic field dependence
of the measured elastic constants. Quantitative comparison with experiment is given, and the results are
used to obtain values of the magnetoelastic coupling constants b; and b, and the anisotropy constant K
at 4.2 K. The temperature dependence of the measured elastic constants, which show sharp anomalies at

T~60 K, is readily explained with the present model.

I. INTRODUCTION

N a previous paper! (to be referred to as I), we pre-
sented the results of a study of the elastic properties
of RbMnF; from 4.2 to 300 K. One of the results of
this study was the observation of a very strong depend-
ence of the “effective” or measured elastic constants
C;* on the orientation and magnitude of an applied
magnetic field. This effect was observed only in the
antiferromagnetically ordered state (I'<Tw=83 K)
and was strongly temperature-dependent.!? The origin
of this field dependence was discussed briefly (in I) in
terms of a model in which the effective coupling of the
elastic waves to the antiferromagnetic resonance modes
is determined by the orientation in space of the sub-
lattice magnetization vectors M2(i=1, 2); the orienta-
tion of these is dependent on the applied magnetic
field Hy. In the low-frequency limit (well satisfied in
the present study) the measured “effective” elastic
constants are independent of frequency, but depend
on the applied magnetic field. The effect is a result of
the field dependence of the effective coupling between
the elastic and magnetic modes, and not a result of
the field “tuning’” the magnetic modes with respect
to the elastic modes.

In this paper we first present a model describing the
effect of magnetoelastic coupling on the propagation of
rf ultrasonic waves in RbMnF;. The predictions of the
model are then compared with data obtained in a num-
ber of experimental cases. Quantitative as well as
qualitative agreement is found for those cases in which
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unambiguous theoretical results can be obtained. For
other cases, the consequences of the model cannot be
directly compared with experiment, owing to our lack
of sufficient knowledge concerning the orientation of
the sublattice magnetization.

Cole and Ince® have given an account of the static
equilibrium theory and the antiferromagnetic reson-
ance (AFMR) modes of RbMnF; at 4.2 K. Several of
their results will be used in the present study. Measure-
ment of the shift in the AFMR frequency on applica-
tion of a static uniaxial stress enabled Eastman* to
obtain the values of the two independent magneto-
elastic coupling constants (MECC) b; and b,. Quantita-
tive comparison of our results to his will be made.

In Sec. II the theory of rf ultrasonic propagation in
RbMnF; is outlined. Those experimental details which
are different from those in I are discussed in Sec. III.
Section IV is devoted to the presentation of the experi-
mental data and comparison with theory. A brief
summary is given in Sec. V.

II. THEORY

Coupied magnetic and elastic modes in antiferro-
magnetic insulators have been the subject of several
recent theoretical studies.5 ! These studies have dealt

3 P. H. Cole and W. J. Ince, Phys. Rev. 150, 377 (1966).

4D. E. Eastman, Phys. Rev. 156, 645 (1967).
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7 A. I. Mitsek, Fiz. Metal. i Metalloved. 16, 168 (1963).

8 M. A. Savchenko, Fiz. Tverd. Tela 6, 864 (1964) [English
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primarily with uniaxial magnetic systems and have
assumed elastic isotropy; as such they are difficult to
apply directly to the case of cubic RbMnI';, which in
many respects is quite different from a uniaxial system.
For this reason we present here a detailed calculation
applicable specifically to RbMnF3. In Sec. IT A a brief
review of the static and AFMR results is presented.
In Sec. II B the effective elastic constants C;* for
several types of eiastic modes are derived using linear
magnetoelastic theory.

A. Review of Equilibrium and AFMR Theory

Assuming (a) a single-domain sample describable in
terms of a two-sublattice molecular-field model and (b)
that the equilibrium orientation of each of the sublattice
magnetization vectors M® (¢=1, 2) lies in the (110)
plane, the magnetic free energy of the system can be
written in terms of the angle 8 between the [001] axis
and the vector 3(M*—My") =M in the (110) plane, the
angle ¢ between M and My, and the angle ¢ between
[001] and H,, also in the (110) plane. This energy ex-
pression is then minimized with respect to ¢ and 6, re-
spectively. The result,® expressing 8 in a transcendental
equation as a function of H, and ¢, shows that 6 is
strongly dependent upon both H,and ¢ for values of H,
of the order of H.~ (2HgH 4)'?. Here Hg=~8.9X10°
Oe and Hy=4 Oe are the respective exchange and
anisotropy fields in RbMnF3.22 Thus H. is the order of
a few kOe.

The AFMR modes in RbMnF; were calculated by
Cole and Ince® by considering the torques exerted on
each component of sublattice magnetization as a result
of the various magnetic interactions. The agreement
with experimentally obtained AFMR spectra was
found to be excellent for the case of Hy||[[001] although
some aspects of the theory were not verified for cases
in which H, was aligned along the [1107] or [111] direc-
tions. These minor discrepancies were attributed to
part of the sample having a different orientation than
the main part, incoherent rotation of the magnetization
vectors from positions of local-energy minima to posi-
tions of absolute-energy minima, or the overlap of
stronger resonances obscuring weaker resonances. The
effect of antiferromagnetic domains on the AFMR
spectra in RbMnF; has also been recently studied.t®

The approach taken in this paper to the coupling of
magnetic and elastic modes is similar to that taken in
calculating the AFMR modes. The difference is that we
include explicitly the elastic degrees of freedom and
magnetoelastic coupling and consider solutions only in
the low-frequency limit.

B. Magnetoelastic Coupling in RbMnF;

In this section conventional small-strain magneto-
elastic (ME) theory will be applied to the case of a cubic
2D, T. Teaney, M. J. Freiser, and R. W. H. Stevenson, Phys.

Rev. Letters 9, 212 (1962).
13 W, J. Ince and A. Platzker, Phys. Rev. 175, 650 (1968).
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antiferromagnet in which the sublattice magnetiza-
tion orientation is determined by the magnitude and
orientation of an applied magnetic field. Attention will
be focused on solutions for frequencies much lower than
the AFMR modes and also much lower than the Mn5®
nuclear Larmor frequency (»~680 MHz at 4.2 K).
The latier condition enables us to exclude effects
arising from the nuclear hyperfine term in the free
energy, since at these low frequencies the nuclei remain
parallel to and exert no torque on the electronic mag-
netization. The approximations involved in the low-
frequency approximation should be valid at all tem-
peratures except in the immediate vicinity of the Néel
temperature, i.e., Tx—7<2 K. At the low frequencies
under consideration (i.e., long wavelengths) the effect
of spacial nonuniformities in the magnetization is
negligible and is ignored. Note, however, that at fre-
quencies approaching the AFMR modes (not considered
here) such effects become quite important.

The free-energy density for the coupled ME system
of cubic symmetry is written

E=Egx+Ez+Es+Es+Eus. 1)

The exchange (Erx), Zeeman (Ez), anisotropy (Ea),
elastic (FEg), and magnetoelastic (Eumg) free-energy
terms have, respectively, the forms

Erx=—\Mi-M;, @
Ez=—Ho Mi+M,), ®)
K
Ey= —]—W—; i=zl,2 (MizZMiy2+C'P') ’ (4)
Eg=iCu ¥ o7 HiCulea™+ep)

+C12(e:c:ceyy+c-p-) (5)

By B;
EME=— Z M,;J26jj+‘-—‘ Z Mlezjej]-
of i=1,2 M@ i=z.y.2
j=%2

B,
+__“ MixMi €z + P
e z=z:1’2( yezytc.p.)

B
- [O0Mo M Madeatep ] (©)
0

In these expressions c.p. denotes cyclic permutation of
%, ¥, 3; M;; is the jth component (j=x, ¥, 3) of the ith
sublattice magnetization (i=1, 2); Mo=|M| =|M,|;
H, is the applied dc field, Cy1, Ci2, and Cy4 are the
adiabatic elastic constants, and B; ({=1-4) are the
magnetoelastic constants. The strains e;; are defined in
terms of the elastic displacements #; (r,f):

(')ui t')u,-
€= (1—%5z’f)< +f>- ("

x; 0%

4 A. J. Heeger and D. T. Teaney, J. Appl. Phys. 35, 846 (1964).
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The exchange constant X\ and anisotropy constant K
are related to their respective effective fields by
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have the form

?u, O’E O2E 2E
=M, P oR  omens Gyoens | 030
t Tz Z zz
Hy=4K/M,. ®) %0zz  0ydeay O20e
. .. oH (@ dH,®
In Eq. (6) the magnetoelastic coupling arising from cry- +M;- M,- , (11)
ox ox

stalline field effects (single ion) and magnetic dipolar
forces (two ions) are included. The volume magneto-
striction (strain dependence of the exchange interac-
tion) is not included since in the linear approximation
used below it contributes only to higher-order terms in
the equations of motion.

Denoting the equilibrium orientation of the two sub-
lattices with respect to the crystal coordinate system
by the angles (61,¢1) and (8s,¢2), where 6; and 6, are
measured with respect to [001] and ¢; and ¢, are
measured with respect to [100] in the (001) plane, the
respective free-energy terms are written as shown in
Appendix A.

The equations of motion for the ‘1’ magnetic sub-
lattice have the form

with c.p. of x, ¥, 2 to obtain the equations for #, and #..
The first three terms on the right-hand side of Eq. (11)
are the forces resulting both from elastic and from
magnetoelastic stresses and the last two terms represent
magnetic body forces. In Egs. (9) and (11) we have
omitted any dissipative terms.

Linearizing the Eqgs. (9a) and (11) with respect to the
variables M;; and u; and assuming harmonic behavior
of the form

(12)

with =1, 2, j=x, y, and k=x, y, 2 we obtain a set of
seven simultaneous, linear, homogeneous, algebraic
equations in the four magnetic and three elastic

Mij,\,uk,\,ei(wt—k-r) ,

aMy; ) variables.
=y(MiXH,©)i; i=a,y, (%a) Up to this point our treatment has been quite general
in that arbitrary orientations of the dc field Ho and the
aM ., equilibrium sublattice vectors M® and My have been
g =0; Mi.=Mo,. (9b)  allowed. A considerable simplification results if the

Equation (9b) is a consequence of the linear approxima-
tion.’s v is the electronic gyromagnetic ratio (y<0).
The effective field H1® acting on the “1” sublattice
is given by
oE
Hl(e) ==
oM,

The equations corresponding to the “2” sublattice are
obtained through the substitution 1— 2 in Egs. (9)
and (10).

The equations of motion for the elastic displacements

(10)

field Hy is restricted to lie in the (110) crystallographic
plane and M;® and My’ are assumed to lie in this
plane. These are the same restrictions used in deriving
the equilibrium orientation results® Thus, setting
¢1=¢s=%r and defining 6 to be the angle that
M=31(M;"—M,?) makes with respect to [001] we have
61=0—t and 6,=0+i+m, where ¢ is the tilt angle of
M, with respect to M. The angle which Hy makes
with [001] is denoted by ¢ and the angle ¢ is defined
by o=0—1.

With this notation the seven simultaneous equations
take the form!?®

[ 1 7 1 7 \ 3
Pzz sz Pzz _<t21+Sz_) ‘__tll _—‘(t21+51+) *“'511 g
Mo Mo 0
Tye Ty, Ty, ;l—o(fn"‘sy_) ——412 —]-‘l—o(t22+5y+) Azhz Uy
Pzz sz Pzz _(t23+S=_) __t13 __“(t23+Sz+) ~‘—t].s Uy =0 (13)
MO 0 MO 0
Pytu tytie Tyl13 a b 0 d My,
tyta1 iytae  tyles c a —e 0 M,
i’ytu i’yhz ’L.’yi13 0 —d a f sz
Uivia 2727 Tyles e 0 g a ) | Mqy)

15 Note that in Egs. (9) and (10) and henceforth in this paper, unless otherwise specified, the magnetic variables are expressed in
the equilibrium coordinate systems defined in Appendix A.
16 R. L. Melcher, Ph.D. thesis, Washington University, St. Louis, Mo., 1968 (unpublished).
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TasLE L. Solutions for several elastic modes in the weak-coupling limit with Ho in the (110) plane.

Elastic mode

Solution®

ywg bi? sin?26

1 Kiong||[001] Cu*=C11—4b; cos?0+4—-

0

2 Kiong[|[100]

Ywr sin%¢ 1 sin%20 .
Cu*=Cu—2b sin’0+4<—~ be? +- 14+—(1—%sin2)+
M

0

3K Ho [IoMg SinZ(p
1——(1—$ sin?0) ———
b1 4HE bl

wy? sin26

6K

Ho MoHo sinZgojH

w2 w+2 1 HE b1 sin26

ywg be? cos?d

() Cu*=Cuti—

0 w_

3 Kerans||[001]

2

ywg b cos220

(i) Cu*=Cuts—

0 w4

kione]|[110]

5 Kiong||[110]

Cr*=Cr—2(b1+0bs) sin2g+—
M

CL*= CL""Z (bl'—bz) sin20 -f

2

yor (b1+4b2)? Hy

6K
(1—3 sin%)+

MoH, sin2¢e
sin?26 4 14

0wyl 1+b2 2Hg (bi+D;) sin26
YWE (bl—bz)2 6K Ha Mof]o Sil’l2<p
sin226 4 14 (1—32 sin%?) +—— R

0wyl bi—be 2Hg (b1—bs) sin20

vaEr 1 /b;sing 2 1 /b;sin26 2
6 Kiong||[101] Cr*~Cr+ —_ 1-by cosd | +— —by cos26
Mo Lo\ 2 w2\ 2v2
_ yowgp[~ 1 /b1 sing 2 1 /b;sin26 2
7b Kkiong|[101] Cr*~Cr+2—| — —bycosf | +— +b; cos28
Mol w2\ V2 w2\ 2V2
Kirans||[110] ywg bs? cos?26
8 Cyu*=Cu+4— —
é[Ifoo1] Mo wy?
Kerans[|[110] v be? cos?0
9 Cu*=Cu+4—
élfoo1] 0 w?
Kerans||[[110] or [110] ywp bi? sin%f
10 ) C*=C'+4—
é[|[110] or [110] M, w2
Kerans||[101] or [101] Yoz bi? sin?d w2
11 B C*=C'4+— |:1—I—9- cos?d
#[|[101] or [101] M, o2 w,?
2 w42 =20210E +wi?( 2sin2p —1), w_2 = —[2a130E +wo? cos?p].

b The magnetic-body force terms have been omitted for simplicity in rows 6 and 7.

The quantities I's;, tx, Sw¥, (¢, 7=z, ¥, 3, k=1, 2,
l1=1, 2, 3, and m=wx, y, 2) and a—g are all defined in
Appendix B.Y There result only two independent
MECC b; and b, defined by

bi=B1—3Bs,

b2=Bg—B4. (14)

Our primary interest is in the quasielastic solutions
to Egs. (13). The upper left-hand 3X3 matrix T'; is

17 Equations (13) can be equivalently derived in the following
manner. In the crystal coordinate system write the nine equations
of motion corresponding to the six magnetic and three elastic
degrees of freedom. Apply the transformation which transforms
to the equilibrium coordinate systems to these nine equations and
delete the resulting equations for M1, and M, [corresponding to
Eq. (9b)]. The result is then exactly Egs. (13). This approach was
taken in Ref. 16 and is quite analogous to that used in Ref. 3 to
calculate the AFMR modes.

(with the addition of part of the magnetic-body force
terms) the matrix of elastic constants obtained for an
elastic medium of cubic symmetry. The lower right-
hand 4X4 matrix is that used to calculate the AFMR
modes (because we are considering the low-frequency
limit, the terms involving the hyperfine interaction
with the Mn?% nuclear spins have been omitted). The
coupling terms in f; correspond to magnetoelastic
stresses and torques, while those in S,* are derived
from the magnetic-body forces.

Solutions exist for Egs. (13) only if the 7X7 deter-
minant of coefficients is zero. The general secular equa-
tion is quite complex and we restrict ourselves to pro-
pagation along the [100] and [110] (or equivalent)
axes. In addition, the solutions will be obtained in the
weak coupling approximation; the effect of magneto-
elastic coupling is considered to be a small perturbation
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Elastic mode Solutions
4 20 He 462
Cu*=Cu——biF—b—————— ; Ho< (RHpH )"
1 kuongl|[001] T 0 . 3K S
Cu*=Cu; Ho> (3HgH 4)'?
10 He 4052
C11*=C11‘—b1"‘—bz—————; IIOS(%HEHA)UZ
9 HyHy 3 K
2 Kiong|[100] e 4
1

3 ktran.s ” [001]

4 klong”[llo:l

S klonz”[ﬁO]

6 kiongl|[101]

7 koggl|[101]

ktrans” [1 10]

8
¢(|foo1]
Kerans||[110]
9
é[|Ifoo1]
0 Ktrans||[110] or [110]
1
&|[1107 or [1107
Ktrans[|[101] or [101]
11

2||[101] or [101]

Cu*=Cu—2b—— 5 HQZ (%HI«;HA)UZ
K

162 [1—2 (He/HpH) ]
Cau*=Cyy——— ————————;
2 K [143(H*/HeH4)]

o> (SHeHa)'"?

Ho< (3HpH '

@)
C.s*=Cu;

2 H¢

152 8 He¢ 16 H¢t 1 H¢
Co*=Cra———{ 14— +— / 1—- - ~ ) Ho<(3HpHa)'"
6 K 3HgH4s 9 HpHa? 3HgHas 9 Hg?H4?

(i)

by? 2 Hg
C44*=C44+2*/ 1— — ] HOZ (%HEHA)”2
K 3 HgHa

4 10 He 1 (bi+b)?
Cr*=Cp—=(bi+bz) = (bs+b2) —
3 9 Hella 3 K
Ho2 (3HpH 4)'*
4 10 He 1 (bi—bo)?
Cr*=Cr—=(b1—bs) ——(b1—bv) ——;
3 9 Hglly 3 K
Ho> (§HeH 4)'"?

Cr*=Cr—2(b1+bs);

Cr*=Cr—2(b1—by);

1
Cr*~Cr——02+b2+b1bs); Ho=0
3K

1 2 H¢
Crr~Cr—— b12—4b22/ l—————)|; Ho=(3HrHa)'?
4K 3 HgHy

1
CL*ﬁCL——’(blz—f-bzz—blbz) 5 f10=0
3K

1 2 He
Cr*~Crp—— 512—41722/ 1— 3 Ho> (3HgH)'?
4K 3HpHyu

Cof=C 1022 [14(8/3) (H®/HpH 1)+ (16/9) (H*/Hg*H 4] )
MUK [1—3(He/HeHa) — (2/9) (He/H2H2]

bt 2 Hy
C44*=C44+2‘/ 1— H HOZ(%HEHA)W
K

3HgHy
102 (1—2Ho*/HgH 4)
C44*=C44—— — HOS (%HIZ'HA)”2
2 K (14+3He2/HgH,)
Cu*=Cu; Ho> (3HgH )"
bi?
C*=C'——; all H,
K
b2
C*=C'——; Ho< (GHpH
K
152
C*=C'—=—; Hy>GHgHa"
4 K

Ho< (3HpH 4)'?

H< o(3HpH )M

Ho< GHpH 4)'*

a The initial condition that M°||[111] for Ho =0 is assumed for each case.
b The magnetic-body force terms have been omitted for simplicity in rows 6 and 7.
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Elastic mode

Solution

1 Kkiong[|[[001]
2 Kiong||[100]
3 Kerans||[001]
4 Kiong|[110]
5 klong”[lio:l
6° klong“l:lolj
7° kiong]|[101]

Ktrans[|[110]

8
é|foo1]
ktrans” [1 iO]
9
€)[001]
ktrans“[llo___l or [110]
10 )
¢IC1i0] or [110]
Ktrans||[[101] or [101]
1

g|[101] or [101]

4 4b2
C11*=Cu——b1——*—; Hy=0
3 3K
C11**‘>C11—(8/3)b1; Ho> (2HgH 4)'2
4 42
C11*=C11~‘bl~—‘-; Hy=0
3 3 K
Cu*—0; He>QHgH )M
1022
C44*=C44———; =0
. 2K
@
Cu*—0; Ho>(2HgHa)'2
1 b2
Cu*=Cu———; Hy=0
6 K
(i)
Cu* — C44; Ho>(2HpH )2

4 1 (br+b9)?
Cr*=Cr——=(b1+0bs) —— — 5 Hy=0
3 3 K

Cr* — Co—2(bi+bs); Ho>(QHpH )M

4 1 (b1—0?)2
Cr*=Cr—=(bi—bs) —— 5 Ho=0
3 3 K

Cr*— CL—3(b1—b2); Ho>(2HpHa)'"
1
CL*ﬁcL———(bﬁ—f—bzz—blbg); H0=O
3K
Cr*—0; He>(2HgH )2
1
CL*ﬁcL——(b12+bz2—b1b2); f10=0
3K

CL* — 0; He>(2HEH 4)t2
1522
C44*=C44———"; Hy=0
6 K
Cyu* — C44; He> (ZHEHA)1/2
1522
Ciy¥=Cyy———; Hy=0
2K
Cu¥— 0; He>(HgHp)Y2
by?
C*=C'=—; Hy=0
K

C*—0; Ho>(2HgH 4)M2
bi?
C*=C'——; Ho=0
K

C*—0; He>(2HeH 4)'?

a Cij* — 0, Ho>> (2HEHA)'/2 means that the measured elastic constant is predicted to decrease monotonically with increasing Ho for large Ho.

b For Ho=0, M1°||[111] and for Ho5 0, M is assumed to remain in the (110) plane.
¢ The magnetic-body force terms have been omitted for simplicity in rows 6 and 7.

on the quasielastic modes and it is assumed that no Hjin the (110) plane. The solutions take the form of an
significant mixing of the elastic modes occurs. effective elastic constant Cy;*:

The solutions to Egs. (13) in this approximation for
longitudinal and transverse modes propagating along

pv?=C;*=Cij~+ fi(bx,Ho,0,K Hp, M),

(15)

cubic axes and face diagonals are given in Table I for where v=w/k is the ultrasonic phase velocity and p is
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the density. The terms linear in the MECC b; and b,,
which arise from the magnetic-body forces, are seen to
contribute as expected only to the quasilongitudinal
elastic modes. The results of the static equilibrium
theory® must be used to express 0 as a function of H,.
For a given orientation of Hy, the term f; is thus
dependent only on the magnitude of Hy and on the
temperature-dependent constants b;(7T"), M (T), K(T),
and Hpg, characteristic of the material. The lack of
frequency dependence of f;; is a consequence of our
low-frequency approximation.

We now discuss, as examples, three experimental
situations, and defer discussion of the others until
Sec. IV. In Table II are shown the theoretical results
for Hy||[001] and in Table III are shown the results
for Hy|[[111]. In Table III, because of the complexity
of the equations for arbitrary magnitudes of Ho, only
the limiting cases for Hy=0 and Hg>(2HgH 4)'? are
presented. These indicate simply whether the measured
elastic constant is expected to increase or decrease with
increasing H,.

(i) Consider longitudinal waves propagating along
the [001] axis with Ho|k|[[001]. According to the
equilibrium theory,? if we assume that My’||[111] for
H,=0, then for Ho=0 the vector M will rotate in the
(110) plane; the angle 8= < (M,[0017]) is related to H,

by
4 He

3HgH4

=143 cos20, H,<(3HgH)'"?

=3, H> (3HgH ). (16)
Because of the symmetry of the [001] axis with re-
spect to the four equivalent [111] axes (i.e., the four
possible antiferromagnetic domains) and to the (110)
and (110) planes, it is immaterial whether the mag-
netization lies in the (110) or the (110) plane or is
distributed in domains between these two planes. The
results of the magnetoelastic theory are independent
of the initial conditions placed on My® and My’. The
results for this case are given by row 1 of Table II. As
we demonstrate in Sec. IV, the experimental data are in
excellent agreement with theory in this case.

(ii) We now consider the case of H,|[[111]. The
equilibrium theory is not easily expressed analytically
for arbitrary H, and we restrict ourselves to the limit-
ing cases of Hy=0, and H>(2HgH 4)'2. For Hy=0,
M/||[111]; for Ho>>(2HgH 4)''2, M lies in the (110)
plane perpendicular to Ho. The results of the calcula-
tion for longitudinal waves propagating along [001]
and [100] are given in rows 1 and 2 of Table III. Ex-
perimentally, these two cases are identical. The theory
gives different results because the (110) plane is not sym-
metrical with respect to the [001] and [100] axes and
the assumption of the equilibrium theory is that M lies
always in the (110) plane. Experimentally, at 4.2°K all
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of the measured elastic constants show a decrease on
increasing Ho when Ho||[111].

(ii)) When H,||[110] the equilibrium results are
even more difficult to express analytically since M is
known to rotate or flip out of the (110) plane for H, be-
tween 0 and (3H gH 4)"/2.% Although we will not be con-
cerned in any detail with this case it is interesting to
note that antiferromagnetic domains® behave quite
differently for this field orientation depending upon
whether M for a given domain lies initially (i.e., for
Hy=0) in the (110) plane or in the (110) plane. Ap-
parent discontinuities in the data for Hy||[110] and
Hy=1 kOe are attributed below to such domain effects.

III. EXPERIMENTAL

The two single-crystal specimens of RbMnF; (S3A
and S3B) used in the present study and their prepara-
tion were described in I.!

The cw transmission technique described in I was
used to obtain the elastic constant data taken at ~30
MHz. The data taken at ~10 MHz were obtained
through use of the cw Q-meter technique.!®:** The data
are presented as the relative change in the effective
elastic constant C;;* as a function of magnetic field—
both magnitude and orientation. The relationship be-
tween the change in frequency of the nth mechanical
resonance Ay and the change in the elastic constant
AC;;=C;*—Cj is given by

ACy;/Cii=2(Av/vy), an
where magnetostrictive sample length changes are
neglected (see Sec. IVD) and »¢ is the mechanical
resonance frequency corresponding to the ‘“pure”
elastic constant Cj;.

The effective resistance presented to the Q meter by
the composite resonator consisting of the specimen-plus-
quartz transducer can be shown to be proportional to
the ultrasonic attenuation.!® The attenuation measure-
ments taken at ~10 MHz were obtained with this
method and are given in arbitrary units.

IV. EXPERIMENTAL RESULTS
AND DISCUSSION

The presentation of the data is divided into four sub-
sections. Section IV A deals with the dependence of the
effective elastic constants on the magnitude of magnetic
fields applied along symmetry axes of the crystal at
4.2 K. In Sec. IV B, elastic constant and attenuation
measurements are presented as functions of the orienta-
tion of the applied field at both 4.2 and 77.4 K. The
temperature dependence is discussed in Sec. IV C, and
Sec. IV D magnetostrictive effects are discussed.

18D, I. Bolef and M. Menes, J. Appl. Phys. 31, 1010 (1960).
1D, I. Bolef and J. de Klerk, Trans. IEEE UE-10, 19 (1963).
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A. Magnetic Field Dependence of Elastic
Constants at 4.2 K

In the following we summarize the experimental
data and present a comparison with the theory given
in Sec. II. The simplification that the magnetic-body
force terms are negligible is made throughout. Con-
sideration of the relative magnitudes of b1, b2, K, Hg,
H,, and M show that this is a very good approximation.

1. Longitudinal Waves, k Parallel to Cubic Axis

In Fig. 1 are presented the data obtained at »~10.6
MHz for k||[001] with H, aligned along the [001],
[1117, and [110] axes. When k||[100] and H,|[[1007,
[001], and [101], the data for »=30.0 MHz are as
shown in Fig. 2.

For both cases in which Hyl/k, theory yields the
results shown in row 1 of Table II; the prediction of a
discontinuous change in Cii* by ACy*=—45:2/3K at
Ho=H,= (3HgH +)'* agrees quite well with the data
shown on Figs. 1 and 2. Quantitative comparison with
theory is made in rows 1 and 2 of Table IV, where the
assumption is made that H, corresponds to that mag-
netic field at which C;*(H,) has a maximum slope. The
agreement between rows 1 and 2 of Table IV confirms
also the lack of frequency dependence of Cy* in the
frequency range of the present experiments.

When H, is aligned along a different cubic axis at
right angles to the propagation direction (Fig. 2) the
appropriate expression is given in row 2 of Table II.
The comparison with experimental results is given by
row 3 of Table IV. The values shown in parenthesis
are those obtained using the same value of H, as in the
above two cases. The quantitative agreement with
theory is striking for these three cases. Because of
symmetry no domain effects are expected in these
cases and none are observed.
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When the magnetic field is applied along the “easy”
[111] direction the experimental situation is indepen-
dent of along which equivalent [100] axis k is aligned.
However, the theoretical results for k||[[001] (row 1
Table III) and for k||[100] or [010] (row 2 of Table
III) are quite different as discussed in Sec. II. For
H>>(2H gH 4)'? the orientation of M;° with respect to
k is different for k|[[001] than for k|[[100] or [010],
thus leading to the discrepancy between rows 1 and 2 of
Table ITII. Experimentally, the data (Fig. 1) show that
C1r™® decreases with increasing H,.

When H,|[[110] LKk||[001], the measured elastic
constant is independent of H, (Fig. 1). However, if
H,||[101] and k||[100], then C11* increases monotonic-
ally with increasing H, (Fig. 2).

2. Transverse Waves, k||[[0017, ¢|[[110] or [100]

Rows 3(i) and 3(ii) of Table I show that the
degeneracy of the pure elastic mode is lifted by the
inclusion of magnetoelastic coupling. However, any
small perturbation (i.e., a slight misorientation of the
crystalline axes) will also break the symmetry which
causes the degeneracy; quantitative measurements are
thus difficult to make with this mode. Since the two
nondegenerate modes given in row 3 Table I are char-
acterized by the coupling constant ., some qualitative
estimate of b, can be made. To within the experimental
error of 4-0.0049,, C4* (not shown here) was found to
be independent of H, regardless of the orientation of
H, with respect to k, with the exception of H,|[[111].
In the latter case (H,||[[111]), a monotonic decrease
in Cy* of magnitude AC4=0.008%, was found on in-
creasing Hy from zero to 8 kOe. The weak magnetic
field dependence for the Ci mode indicates that

0oLy
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TasLE IV. Comparison of theory with experiment.®
Kb be
AC;* AC;* ergs ergs
a, | 10— 106—
Elastic mode; Frequency (kOe) Ci; Cij ' cm? ( cm?
field orientation (MHz) (expt) (expt) (theoret) (expt) (expt)
Kiong||[001] 4 b2
1 10.6 1.85 6.49 X103 - 0.586 b1=1.90
H,||[001] 3 CuK
Kiong||[1007] 4 b
2 30.0 1.85 6.80X1073 - 0.586 b1=1.95
H,||[100] 3 CuK
Kiongl|[100] 2.00 1 b 0.685 by =2.02
3 30.0 1.55X107* —
H,||[001] (1.85) 3Cuk (0.586) (b1=1.87)
Kiong]|[110] or [110] 1 (b1z£b,)?
4 11.5 2.00 1.74 1073 - 0.685 by==bs=2.05
H,||[001] 3 CLK
Kiong[|[1017 or [101] 1 (bi=k20y)
5 11.5 1.90 0.292X107% e e 0.620 b1==2b,=1.66
Ho||[001] 12 CLK
ktmns”[101] 3 blz
6 g|fio1] 10.2 2.00 11.5X1073 - 0.685 b=2.11
Ho||[001] 4K
b1=1.54+0.15
7 0.866
Eastman-AFMR b2=0.164-0.02
under static uniaxial
. stress 0 =1.840.15
by=0.1754-0.02
aT=42K.
b K =MoH2/2HE, where Mo=305 G, Hr =8.9 X105 Oe.
¢ C11=1.275 X102 ergs/cm3, C’ =0.4266 X102 ergs/cm3, and Cr =1.175 X 10!2 ergs/cm3,

3. Longitudinal Waves, k||[[1107, Hy iz (110) Plane
The dependence on magnetic field of
Cr*=3(CurtCrat2C1)*

for Ho||[0017, [1117, and [1107 is given in Fig. 3. Rows
4-7 of Table I give the theoretical results for Cr* as
determined by propagation along the four equivalent
[110] axes.

For H,||[[001] and k||[110] or [110] (equivalent ex-
perimental situations) rows 4 and 5 of Table IT apply.
The difference in these two results is due to the as-
sumption that M remains in the (110) plane. However,
since by<<b;, the two expressions are qualitatively the
same and agree with the data of Fig. 3. They are
compared to the data in row 4 of Table IV. Comparison
of row 4 with rows 1, 2, and 3 of Table IV confirms our
conclusion from the previous paragraph that 6y<<b;.

When k||[101] or [101] and H, is again parallel to
[0017, rows 6 and 7 of Table I apply. Again equivalent
experimental conditions yield different but similar
theoretical results. The comparison with experimental
data (not shown here) is given in row 5 of Table IV.

Application of Hy along the [111] axis with propaga-
tion along the [1107] or [1017 axes results in a smooth

decrease in Cr* with increasing Ho. Rows 4 and 6 of
Table III cover this case and give qualitatively dif-
ferent results for the reasons discussed above.

When the field is aligned parallel to the propagation
direction (i.e., Ho||k||[1107]) there is little difference be-
tween the low- and high-field values of C*; however, at
H¢>1 kOe there is an apparent discontinuous jump in
Cr*. This is a result of the mechanical resonance
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Fic. 3. Relative change in the elastic constant Cpr*=3}
(Cui+Ci242Cu)* versus magnetic_ field for Ho applied along
three symmetry directions in the (110) plane; T'=4.2 K.
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splitting into two peaks at this value of Hy; one peak
dominates at low fields and the other at high fields.
This effect is most probably due to the existence of
domains.’

4. Transverse Waves, k||[110], &||[[001],
H, in the (110) Plane

The coupling constant for this case is again &, [see
rows 8 and 9 of Table I, thus indicating that the
dependence on magnetic field is weak. This is demon-
strated by the data of Fig. 4. Again, the initial condi-
tions determine the result of the calculation, as shown
by comparison of rows 8 and 9 of Table II which
correspond to identical experimental conditions, i.e.,
k||[110] or [110] and H,||[001].

The splitting of the mechanical resonance when
H0H[110]Hk and H=>1 kOe as seen in the top panel of
Fig. 4 is similar to that discussed in the previous
paragraph and is again attributed to domains. The
bottom panel shows that Cus* decreases slightly with
increasing H, for Hol|[111].
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Nu

5. Transverse Waves, k||[110], &||[110]

Figures 5 and 6 show the magnetic field dependence of
C™*=% (Cui—C19)* for several orientations of Ho. Rows
10 and 11 of Table I cover the four possible orientations
of the directions of propagation with respect to the
(110) plane.

When Ho||[[001] and k||[110] or [110], C’* is seen
(Fig. 5) to be independent of the magnitude of Hy. Such
behavior is predicted by row 10 of Table II, which, for
no obvious reason based on symmetry, yields identical
results regardless of whether k|[[110] or k||[1107.

If the propagation direction is along the [101] or
[101] axes and H,||[001] the expected behavior is given
by rows 11 of Table IT. Again the two theoretical results
are identical and the good agreement with the experi-
mental data (see Fig. 6) is shown in row 6 of Table IV.

Application of Hy along the [1117] axis results in the
expressions presented in rows 10 and 11 of Table III.
These two expressions (for identical experimental
situations) agree qualitatively (again because of our
initial conditions on My’ and My, the exact expressions
differ somewhat). Qualitative agreement with theory
is shown by the data of Fig. 5.

In Fig.6 it is shown that, for k||[101] and Hy||[101]]| k
or Hy||[101] Lk, the expenmental results are identical.
By considering row 10 of Table I one sees that this
must be the case.

B. Angular Dependence of Elastic Constants and
Ultrasonic Attenuation at 4.2 and 77.4 K

We present here several representative sets of data
for the relative change in the elastic constants and at-
tenuation when a 7.5-kOe applied field is rotated with
respect to the propagation vector k in specific crystallo-
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graphic planes. The data show a remarkable difference
between the behavior at 4.2 and 77.4 K.

1. Longitudinal Waves, k||[0017, H, in (110) Plane

Shown in Figs. 7(a) and 7(b), respectively, are the
relative attenuation and relative elastic constant Cy
for 10.6-MHz ultrasonic waves at 4.2 K. The data show
a sharp minimum in AC;;/Cy; and a maximum in « as
H, is rotated through the [111] direction. This be-
havior may not be explainable unambiguously on' the
basis of an equilibrium analysis. Considering the equili-
brium orientation of the magnetization in high fields,*
the magnetization remains in the (110) plane for H
between the [001] and [111] axes, i.e., ¢ <54.7°. For
¥>54.7° the magnetization abruptly flips out of the
(110) plane. The instability associated with this abrupt
and irreversible behavior might be expected to lead to
increased absorption and a “‘softening” of the lattice as
observed.

The data for the identical experimental situation at
774 K is presented in Figs. 8(a) and 8(b). The gross
difference in behavior at the two temperatures is dif-
ficult to understand since the same gualitative behavior
is predicted at all temperatures by the theory outlined
in Sec. II. It is perhaps worthwhile noting that the
anisotropy constant K, which plays such an important
role in these effects, is extremely small at 7'=77.4 K.

2. Longitudinal Waves, k||[001], Hy in (010) Plane

The relative elastic constants at 77.4 and 4.2 K for
this case are given, respectively, in Figs. 9(a) and 9(b).
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Several points of interest should be noted. The qualita-
tive behavior at the two temperatures for H, in the
(010) plane is the same. The behavior at 4.2 K for H,
in the (010) and (110) planes [see Figs. 9(b) and 7(b)]
is qualitatively quite different. At 77.4 K the behavior is
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qualitatively and quantitatively the same [see Figs.
9(a) and &(b)] regardless of in which of the two planes
H, is rotated. This appears to indicate that the higher-
temperature magnetic anisotropy effects are different
than at the lower temperature.

3. Longitudinal Waves, k||[1107, Hyin (110) Plane

The behavior of this mode at 4.2 K with Hj in the
(110) plane is qualitatively similar to that shown in
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constant C"*=% (C11—Ci2)* (b) versus orientation of magnetic
field (Ho=7.5 kOe) in the (110) plane. T=4.2 K, y~10.2 MHz,
Y=< (H,, [001]). Data for 55°<y¢ <65° could not be obtained

" because of the high attenuation.
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I16. 12. Relative difference between the measured (C1;*) and
the pure elastic constant Cui versus temperature. The solid dots
represent the quantity (Cu*(7)—Cu(T)/[Cu*(4.2)—Cn(4.2)]);
the data are taken from Fig. 6 of I. The open circles represent the

quantity (b:2/K)r/(0:2/K)4.2 x; the values of b1 (7) and K(T) are
obtained from Refs. 4 and 21, respectively.

Figs. 7(a) and 7(b) for k||[001]. A detail of the relative
behavior of the elastic constant and attenuation is the
angular region near the [1117] axis is given in Fig. 10.
These data illustrate the interesting fact that the at-
tenuation is a maximum for the magnetic field oriented
about 13 deg from the position at which the elastic
constant is a minimum. This behavior is observed with
each elastic mode for which the dependence on angle is
sharp enough to allow the required angular resolution.

4. Transverse Waves, k||[110], &/|[110],
H, in (110) Plane

In order to illustrate the qualitative difference be-
tween this transverse mode and the two longitudinal
modes considered in Secs. IV B 1 and IV B 3 above,
the behavior of the attenuation and C’* versus orienta-

~ tion of Hy in the (110) plane is shown in Fig. 11. Again,

the minimum in the elastic constant is observed; data
were not obtained in the angular region 53°<8<65°
because of the extremely high attenuation. Note that
for Ho||[111] a difference in C’* of more than 39, from
that for Ho||[110] is measured.

C. Temperature Dependence

The temperature dependence of the difference,
AC;j=C;*—C;j, between the measured and the pure
elastic constant for a given elastic mode is given by the
quantity 8(7)/K(T), where b(T) is the appropriate
linear combination of the MECC b, and b,, and K(T)
is the magnetocrystalline anisotropy constant.
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In Tig. 12 the experimental values of ACu(T)/
AC1;1(4.2 K) are plotted as a function of temperature
(solid dots).? Using the experimental values of (74
and K(7)? the ratio [8:%/K Jr/[0:%/ K Js.ox has also
been plotted in Fig. 12 (open circles). The errors for
b2(T)/K(T) were estimated from the scatter in the
expérimental data; they become rather large for
T>50K, since b;(T) and K(T) become quite small as T
approaches T'y. As discussed in I, there is also con-
siderable uncertainty in the value of AC11(7T) for T
near 60 K because of the strong magnetoelastic coupling
in this temperature region. Although there exists some
systematic difference between the two sets of data, the
agreement has to be considered satisfactory when the
respective error bars are taken into consideration.

The effective elastic constants Cpui*, Cr*, and C'*
(whose ME component is dominated by the MECC b,)
all show qualitatively the same behavior near 7'~ 60 K.
The “anomaly” in Cu* (whose ME component is
dominated by the MECC b,) is so small that it can
barely be observed experimentally. Since 4, is an order
of magnitude larger than b,, the anomaly in Cu* is
expected to be two orders of magnitude smaller than
for the other modes as observed (see Figs. 6 and 7
of I).

The sensitivity of AC;=C*(T)—Cy(T) to K(T)
demonstrates the important role played by the mag-
netic anisotropy in antiferromagnetic phenomena. In
contrast, when treating rf ultrasonic propagation in a
typical ferrimagnet, the anisotropy can be neglected.?

D. Magnetostriction in RbMnF;

Minimizing the free energy [Eq. (1)] with respect
to the strains e;;, the following expressions are obtained
for the static strains:

261[C12— (Cuu42C12)vi]

€ii= (18)
(C11—C12) (C11+2C12)
and
2b, .
= ——"Yi¥j, %] (19)

44

where the v, are the direction cosines of the equilibrium
sublattice magnetization with respect to the crystal
coordinate system, and we have made the approxima-

20 The values of C11*(T") —Cu(T) are obtained from Fig. 6 of 1.

2 M. J. Freiser, R. J. Joenk, P. E. Seiden, and D. T. Teaney, in
Proceedings of the International Conference on Magnetism, N otting-
ham, 1964 (The Institute of Physics and The Physical Society,
London, 1965), p. 432.

2 D, E. Eastman, Phys. Rev. 148, 530 (1966).
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tion that My*=—My. The relative change in length of
the specimen due to the spontaneous magnetic order in
a direction defined by the direction cosines B; is
given by
Al =2y vos 262( )
P Ei—— Vi'Bi —=——(v=VuBuBy+c.p.
by Cu—Ciyi=z.y.2 Cus e

2b1C 12

+ .
(Cu1—C12) (C1+2Cys)

(20)

The length changes resulting from the reorientation of
the sublattices due to the applied field Hy can be cal-
culated from Eq. (20). It is found that our use of Eq.
(17) is justified because typically, Al/I-<5X 106, Since
b(T)/C:(T) is a smooth monotonic function of tempera-
ture no anomaly in the magnetostriction is expected
near T~60 K corresponding to the “anomaly” in the
measured elastic contants C;;*(T).

V. SUMMARY AND CONCLUSIONS

In this paper we have presented an experimental and
theoretical study of the propagation of ultrasonic waves
in the antiferromagnetic state of RbMnF;. It is found
that the magnetic field dependence of the effective
elastic constants can be understood on the basis of a
model in which the effective magnetoelastic coupling is
determined by the equilibrium orientation of the sub-
lattice magnetization; the orientation is determined by
the applied magnetic field.

For all cases considered in which the theoretical
results are unique, they are in agreement with the ex-
perimental results, both quantitatively and qualita-
tively. The magnetoelastic coupling constants obtained
in this way at T=4.2 K are

b1=1.95+0.15X 108 ergs/cm3,
5:<0.24-0.1X 108 ergs/cm?®.

The anisotropy constant is found to be K=0.62
#0.06X10° ergs/cm?®. Eastman’s values of K, by, and
b; are given in row 7 of Table IV. In row 7’ are given
the values of & and 3, obtained from Eastman’s
data using our I values of the elastic constants at
4.2 K1

The “anomalies” in the measured elastic constants
Ci;* observed previously? are readily explained on the
basis of the present model.

In those experimental cases for which the orientation
of the sublattice magnetization is not uniquely known



504

the theory gives ambiguous results. A better knowledge
of the state of the magnetization should enable one to
obtain agreement with experiment in these instances.
In addition, domain effects greatly complicate the
analysis in some cases and are believed to cause the
apparent discontinuous behavior shown in Figs. 3
and 4.

The gross qualitative differences in the magnetic
field orientation dependence of the elastic constants at
4.2 and 774 K do not appear to be explainable on
the basis of the present theory.

The peaks and absorption edges in the ultrasonic
attenuation observed by Shapira and Zak® in the
uniaxial antiferromagnet MnF, in the neighborhood
of the spin-flop transition apparently result from a pro-
cess fundamentally different from that considered in
the present paper for RbMnF;. Tani* has proposed
that at least some of the MnF, results are caused by
volume magnetostrictive coupling to the spin-wave
instabilities which exist at the spin-flop transition.
This mechanism need not be considered in the present
experiments on RbMnF; when H,|[[001]. For this field
orientation no instabilities exist, i.e., the magnetiza-
tion is at equilibrium for all values of H, and there is no
transition analogous to the spin-flop transition. For
H||[[111] in RbMnF; spin flopping and attendant in-
stabilities may exist.?

R. L. MELCHER AND D. I.
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APPENDIX A: EQUILIBRIUM
COORDINATE SYSTEMS

We define the equilibrium coordinate systems
(#,9',2) in which My||%, and (£”,9”2”) in which
M[[2"”, where My, and My represent the equilibrium
sublattice magnetizations. The magnetization com-
ponents M;; in the crystal coordinate system (£,4,%)
are expressed in terms of the components M or M;;
in the equilibrium systems (#',9’,8') and (£"/, 9" ,2"):

M1z= M.+ cosfy cospr— My, sing;

+M 1. sinfy cosey,
Myy= M1z cosby singy+My, cose;

+M1zr sin01 Sin§01,
M= —M 1, sinb1+Mi,r cost.

(A1)

The equations for M, are obtained by setting 1 — 2
and (:ﬁ/,y/’ﬁl) N (ﬁ”,j}”,%”),

By substituting [Eq. (Al)] into Egs. (2)-(6), the
free-energy terms are written.

Egx=—NM 1oM 2,[ cosb; coss cos(p1— @2)-+sindy sinfy |4+M1,M 5[ cos (o1— @2) ]

~+M 1.M 2.[ 5inf; sinfs cos (¢1— @2)+cosb1 cosy |+ M 1.M 5[ cosby sin (@1— @) J— M 1,M 2,[ cos8s sin (31— ¢3)]

~+M 1M 2. [ cos81 sinfz cos(p1— @) —sinb cosfy |+M 1M o, sind; cosfs cos(p1— ¢5) —cosh; sinfs ]

— M 1, M 2.[5inf; sin (o1— @9) J+M 1M 3, [sindy sin(e1—¢5) ]},  (A2)

Eg=—{H [ M1, cosby cosp1+Mss cosfz cospe— M1y singr— M, sings+M 1, sindy cosei1+Mo, sinds cos ®2]

+Ho,[ M. cosby sini+-M 2, cosfs sine+M 1, cospi+M oy cospe+M1, sinb singy+M s, sinfs sin o2 ]

+Ho[— M1, sindy— M, sinfe+M1, cosbi+Mo, cosbs ]}, (A3)

Ex=— (K/M&{(M12M124M 2.2 M . )[1—5 sin?26, (1 —% sin?2¢1) 4+ (M 1,2M 1 2M 3,2 M .2)
X[1—$ sin®; sin2 o1 |43 (M 1.*+M 2,)[sin?201+-sin*0s sin2 @1 45 (M 1M 1,M 1.2 — M 5, M 3,M ».2)
X[sin(h sin201 sin4 ¢1]+% (Mllef-l-M%Mzz”)[sin401+sin201 sin201 sin22 g01:|

Eg=3Cun X

J=z,9,2

2 Y. Shapira and J. Zak, Phys. Rev. 170, 503 (1968).
% K. Tani, Phys. Letters 26A, 419 (1968).

;2 +3Cu(es*+c.p.) +Cro(sstyy+c.p.)

+% (M 1yM 1,3—M 2,,M 2,3) [sin30 1 Sin4¢1:]} (A4)
(AS)
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Eve=Mq*{[Bi(M1*+M2?) — BsM1.M 5, ] sin’f; cos? o1+ Bi(M1.M 1,+M 2.M 2.) =3 By (M 1M o, +M 1, M 5.) ]

Xsin26; cos?o1—[B1(M1,M 1. —M o, M 5.) —5Bs(M 1,M 2.+M 1.M 5,) ] sinf sin2 o1} €z,
+M [ By(M124Mo.?) — BsM 1. M 5, ] sin®0y sin? o1 [ By(M 1M 1.4-M oM 5.) — 3 Bs (M 1.M 0,4+ M 1.M »,) ]
Xsin26y sin?o1+[ B1(M 1, M 1. — M 2, M 5,) — 3 Bs(M 1,M 5,— M 1.M 5,)) ] sinf; sin2 o1} e,
+M [ Bi(M12+M.?) — BsM 1.M 2. ] c0s*01— [ By (M 1M 1.~+M 2. M 5.) —5 Bs (M 1oM 0, +M 1.M 5,) ]
Xsin201}e..+M 2[5 B2 (M 1.*+M 2.2) — BaM 1,M 3, ] sin®01 sin2 o1+ [ 5B (M 1M 1,~+M 5. M ».)
—3By(M 1M o.M 1,M 5,) ] sin26y sin2 o1+ Bo(M 1, M 1,— M o, M 2,) — Ba(M 1, M 5, — M 1.M »,) ]
Xsinb; cos2 g1} e,y +M o 2{[3Bo(M1.2+Mo.2) — BiM 1,M 5, ] sin260; cos e
F[Bo(M 1M1, 4M 2. M s,) — Ba(M 1.M 2.+ M 1.M 5,) ] c0526; cos o1
—[Bo(M 1M1, —Mo,Ms.) — Ba(M 1,M 5. — M 1,M 5,) ] cosby sines}ea,~+M o 2{[3Bo(M1.24+M 2.2) —BaM 1.M 5, ]
Xsin26; sin 1+ Be(M1oM 1,4+ M o.M 5.) — Bo(M 1M 5,4-M 1,M 5,) ] c0s26; sin ey

+[Bo(M 1M1, —MoyM.) — Bs(M 1, M 3. — M 1.M5,) ] coss cosei}e,.. (A6)

The primes denoting the equilibrium coordinate systems have been deleted for simplicity. Note that components
Hy; (i=x, y, 2) of the dc field and the strains e;; (3, j=x, ¥, ) are still expressed with respect to the crystal co-
ordinate system (£,4,8). Third- and higher-order terms in the small quantities M;; (i=1, 2; j=x, ¥) and e;; have been
neglected (this is consistent with the linear approximation used in solving the equations of motion). In the ex-
pressions for E4 and Eug the additional approximation that ¢»= ¢; and =61+ (M= —M,?) has been made.

APPENDIX B: DEFINITION OF THE COEFFICIENTS IN EQS. (13)

The coefficients in Eqgs. (13) are defined in terms of the material constants of the system, the propagation vector
k, and frequency w of the magnetoelastic modes and the magnetic field Hy:
Tao= — pe+ (Cri— 2b; $in20)k2-+Caa (k24 F2) — 2bo 5in20 b, ~+ (5in26/V2) ks Tk,
Tyy= —pwt (Cri— 201 sin?0) k24 C 44 (k2 4-k.2) — 2b4[ sin?6 ko (sin20/V2)k. Ik, ,
Tas= — pat+ (Cri—4by c05%0)k 2+ Caa(ka2+k,2) — 265 (sin20/V2) (kat-Fy s,
T2y= (C1o+Caa— 20, sin0)k .k, — 2b5[ sin0k .+ (sin26/V2)k, k.,
T..= (C1o+Caa—4b1 cos?0) ek ,— 2b5(sin260/V2) (k4 ky )k (B1)
Tyo= (CiaFCaa— 20y in20) bk, — 2bo[ sin20k,+ (sin20/N2)k, ke, ,
Tyo= (CratCaa— 4y c05%0) gk s— 265 (sin260/V2) (bt ey,
Too= (C1o+Caa—2by sin0)k ok ,— 20y sin?0k,~+ (sin26/V2)k, k.,
Ty = (C1o+Cua— 2b; sin0)k, ke ,— 2By sin20k,+ (sin26/V2)k, k.,
a=—1iw,
b=a1,—wr—wo CosSp,
c=an+wr+w cose,
d=—uwg,
e=—wg cos2i~—wp+3 (w¥/wr) sinyp, (B2)
f=—a1twg—wcosep,

g=—ay1—wg+wo Ccose,
where
a15=3w4(1—% sin20+3 sin®) , as=—3w4(1—242 sin20+6 sin%f) (B3)
and
wo=—vH,, wg=—vHg, -, etc. (B4)
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Finally, the magnetoelastic torques and stresses are given in terms of the components

=01 sind kz'f‘bz(\/%) cosf .I’c‘z,
tig=— b1 smﬁk,,—bz(\/%) cosf kz 5

f13= bg(’\/%) COSG(k;;_ ky) ,

to1=">01X% sin26 k,+bsX % sin26 ky+by(v/3) cos20 k.,

tay=b1X} sin20 ky+bs(v/}) cosf koA-b2X % sin26 .,
taz=—b1 5in26 k., +b5(V/3) cos20(k+k,) .

The S»* of Egs. (13) are defined by

Snt=[3K sin20 (1—% sin’0)2=M oHo sing Jkn,

BOLEF 186
(BS)
Mm=x,93. (B6)
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Lorenz Number for Metals with Magnetic Impurities*

SaNG Boo NaM AND MARTIN S. FULLENBAUM
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(Received 12 May 1969)

A simple formula for the electronic thermal and dc electrical conductivities has been obtained by expand-
ing the ¢ matrix. The result is applied to get the Lorenz number. We found that the Lorenz number for
metals with magnetic impurities has a maximum at a certain temperature.

IN this paper we show that one can calculate alge-
braically the electronic thermal and dc electrical
conductivities for metals by expanding the ¢ matrix in
terms of the frequency variable.

In general, the thermal (K) and dc electrical (o)
conductivities for metals may be written as! K=ATI,
and o= BI,, where

1\t w
In=<-—> / dw 0"®(w,T") sech’—. (1)
2T 0 2T

The function @ is given in the usual way by the average
value of the product of the square of the group velocity
and the relaxation time over the equal-energy surface
with an appropriate density of states. In most cases,
the group velocity and the appropriate density of states
are almost constant. The main variation in & comes
from the relaxation time which in turn is given by the
imaginary part of the ¢ matrix:

(27)1=1Imt.

By inspecting the integrand in Eq. (1), we see that the
factor sech?(w/27) makes the integral converge uni-

* Work supported in part by the U. S. Air Force under contract
No. AFSOR-1138-66 and the Center for Advanced Studies under
NSF Grant No. NSFGU-1581.

IN. H. Mott and H. Jones, 7'he Theory of the Properties of
Metals and Alloys (Dover Publications, Inc., New York, 1958),

. 306; S. B. Nam, Phys. Rev. 156, 470 (1967), Eq. (5.5), Ref. 40.
EI‘ (w) is proportional to the inverse of the relaxation time.]

formly. We may expand ® in terms of w/27=x:

P,7)= 2

m,n=0

x[am,m,z") fl) +b<n,m,T>(§’f)n]}, @
m—+1 X

where 6(x)=1 for >0, 6(x)=0 for x<0, and R,, are
the radii of convergence of the expansion. In practice,
only even-power terms contribute in Eq. (2), since
Im#(w) =Imi(—w). Inserting Eq. (2) into Eq. (1), we
obtain K and o:

K=73% [a@nm,T)S2n+2m)R 12

{ O(Rmp1—x)0(x—R,,)

+6Q2nm, T)U2n~2,m)R»?], (3)
o=2_ [a(2n,m,T)S2n,m)+b2nm,T)U(2nm)], (4)

where

Rmt1
R 1S (n,m) =/ x™ sech® de=R,,"U(—n,m). (5)
Rm

For metals with magnetic impurities described by the
s-d interaction, the imaginary part of the ¢ matrix may
be written

(27)7'= (Imd) j—o+C(Imi) s,

where J is the coupling constant of the s-d interaction,



