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Possible Pairing without Superconductivity at Low Carrier Concentrations
in Bulk and Thin-Film Superconducting Semiconductors
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Simultaneous equations for the BCS parameter d and for the Fermi energy in the BCS state are studied
at low carrier concentrations in bulk and thin-film superconducting semiconductors at T=0 for large cutoff
energies, and solutions are plotted in the form of universal curves. For electron-electron attraction greater
than some critical value in bulk material or for any attractive interaction in very thin Alms, the pair-
binding energy tends to a constant limit for low n, and pairing without superconductivity is expected in
some temperature range. Solutions of simultaneous equations for T, as obtained by formal application of
the BCS theory, and for the Fermi energy at T„are also obtained in bulk material; but it is shown that
at low carrier concentrations the temperature T„at which pairing takes place is given by T„=2T„while it
is thought that superconductivity will not set in until a lower temperature, of the order of the Bose-Einstein
condensation temperature of the pairs, is reached. By combining the above theory with a previously pub-
lished model for superconductivity in Zr-doped SrTi03, predictions for this material in the region of low
carrier concentrations are made,

I. INTRODUCTION

1~URING the course of an investigation' of a model
to explain published experimental results' on

superconductivity in Zr-doped SrTi03 at carrier concen-
trations above about 4.10" cm ', an unusual phe-
nomenon was noticed. The model for strongly Zr-doped
specimens indicated that, if the carrier concentration e
were reduced below 10" cm ', superconducting transi-
tion temperatures T, would increase steadily until
effects associated with T, becoming comparable with the
Fermi energy would have to be considered. Under such
circumstances, shifts in the Fermi level due to tempera-
ture changes and to the formation of the supercon-
ducting state have to be included in the theory. As-
suming a density of states rising as (energy)'I', as
expected for parabolic bands, and a constant attraction
between electrons within a phonon energy h~, of the
bottom of the band, the simultaneous BCS' equations
for T, and for the Fermi energy f at T—, were discussed
in the low-concentration limit previously. It was found
that, if the pairing attraction were greater than some
critical value V„ then the Fermi level went below the
bottom of the band at T, for low carrier concentrations,
and that T, decreased very slowly as e decreased in this
region. The possibility that T, in this limit represented a
pairing temperature rather than a superconducting
transition temperature was discussed. However, in this
limit, where an independent pair model might be ex-
pected to give a fair representation of the actual situa-
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tion, the finite-temperature BCS equation, which in-
volves cooperative effects with the energy gap decreasing
as some pairs are split up into single particles, is
particularly suspect. On the other hand, since the con-
cept of pairing is quite physical, the zero-temperature
BCS equation is thought to have physical significance.

In this paper, for an (energy)'i' density-of-states rise,
solutions of the simultaneous equations for the BCS
parameter 6 and for the Fermi energy —|in the BCS
state at T=O are found by numerical methods for all
carrier concentrations in the form of universal curves,
under the condition that the cutoff energy Acr, is large
compared with all other energies occurring in the prob-
lem. For interactions greater than the critical strength,
we find that f tends to a limiting finite value in the low-
concentration limit, and the pair-binding energy E„ in
this limit satisfies E„=2).Similarly, universal curves
for the transition temperature T, are obtained and are
compared with the Bose-Einstein condensation temper-
ature for the pairs T&. However, by taking the binding
energy per pair for strong coupling in the low-concen-
tration limit at T= 0 and by using chemical-equilibrium
theory, it is shown that the temperature T~ at which
pairing becomes important is related to T, of the BCS
equations by T„=2T„ i.e., 2T, is a more significant
quantity than T,.

In bulk material, with an (energy)'I2 density of
states, it is necessary for V to be greater than some
critical value in order to obtain interesting effects at low
carrier concentrations. This may be compared with
results for critical strengths for square-well potentials
required for binding in three dimensions. 4 However, for
very thin films of superconducting semiconductors, be-
cause of quantization of the motion in the direction of
the thickness of the film, it is possible to form effectively

4 L. I. Schiff, Quantunz Mechanics (McGraw-Hill Book Co., New
York, 1955).
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two-dinlensional systems"""' witll densities of states
independent of energy. Solutions of simultaneous equa-
tions for the BCS parameter 6 and for the Fermi energy

t—in the BCS state under these circumstances can be
obtained in simple analytic form for all carrier concen-
trations, provided only that the phonon energy Aco, is
large compared with all other energies in the problem.
For a constant density of states, the quantity f tends to
a finite value in the low-concentration limit for any
attractive interaction, and, as in bulk, in this limit the
pair-binding energy E„is zi.

To illustrate the results, they are applied to the model
for superconductivity in Zr-doped SrTi03 mentioned
earlier, ' and regions of temperature and concentration
where pairing without superconductivity might be ex-
pected are indicated. Ways in which nonsuperconducting
pairing would show in experiments are discussed.

In Sec. II, the bulk BCS equations are treated; Sec.
III deals with the effectively two-dimensional case; and
in Sec. IV the results are applied to the model for Zr-

doped SrTiO~. A short discussion of the results is given
in Sec. V, and conclusions are stated in Sec. VI.

II. LOW-CARRIER-CONCENTRATION REGION
DT BULK MATERIAL

Let us consider a semiconductor with a density of
states E(r/) at an energy r/ above the bottom of the
band, with an attractive interaction U between all
electrons within an energy p, of the band edge. Let the
Fermi energy in the BCS state at T=O be ep„and
suppose that 2).=/2o/, +max(O, e2,), where ho/. is some
phonon energy. For convenience for treating the very-
low-carrier-concentration region we will write es, —— t-

With this notation, and by use of e to denote one-
electron energies measured from the BCS-state Fermi
level, simultaneous equationsr for 6 and f at T= 0 for a
carrier concentration e are

P() )=—
' —~1+( '+) )']'"l

$1+(@2+),)2]'/2
(5)

Qo)—=
-1 x2+X

!s dS — 1—
2 L1+(*2+))2]»23

(6)

Here x= L(e—i)/6]'/2 )=i'/6, and the upper limit of
the first integral can be taken as infinite because of the
assumed inequalities.

Introducing a quantity A defined by

2=—1—
! Dv(ho/, )"2] ', (7)

we see from (3) that (6//2o/, )A '= $P(X)] ', and using
the relation e/, p= (3NVp/4D)'/'between 2/Vp/D and the
Fermi energy cg„p that would exist in the normal state at
T=0, we may deduce from (2) and (3) that (es„p/IEo/, ) 2

=L3QP)] '/'LP(X)] '. By evaluating P()) and Q(X)
numerically, we thus find (6/happ, )A ' as a function of
(e/-„p/ho/, )A '. Two branches of this function arise, one
for 3&0 and the other for 3&0. The two branches are
shown in Fig. 1 on a log-log plot. The values of the

hue, ))!1!and (//&u /6)'/2&)1 Eqs. (1) and (2) reduce to

1=DVar/2P'(), )y (h~,/~)'/' J
and

~Vp= 4D~»2Q() ),
where P and Q are defined by

1=—'V
&+& 1V(e—|')de

( e2+g )21 /2

nVp=2
1(

Q(» i') —
! 1—— de, (2)

2 k (e2++2)1/2
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where Vp denotes the volume of the material.
For bulk material at small energies, one can normally

suppose that%(r/) =Dr)t/2, where D= (V p/42)r(22222'/h2)»',

mg being the density-of-states effective mass. Then, if lO
iQ 2

Fno
lO

' B.A. Tavger and V. Ya. Demhikovskii, Zh. Eksperim. i Teor.
Fiz. 48, 748 (1965) LEnglish transl. : Soviet Phys. —JETP 21, 494
(1965)j.' D. M. Eagles, Phys. Rev. 164, 489 (1967).

Equations of this type were considered by J.Labbe, J. Barisic,
and J. Friedel (Phys. Rev. Letters 19, 1039 (1967)g for a density
of states proportional to (energy) '/', thought by these authors to
be suitable for the strong-coupling superconductors V3Si and
NbgSn.

FIG. 1. Universal plots of BCS half-gap parameter 6 and Fermi
energy —P in the BCS state at T=0, as a function of the Fermi
energy e~ 0 which would exist in the normal state if it per-
sisted to zero temperature. The parameter A is de6ned as
A =—1—1/DV(~, )'/', where D is related to the density of states at
energy q by E(q) =Dg'/', and V and Ace, are the BCS interaction
parameter and cuto8 energy, respectively. It is assumed that
Ace.»/2, and that (Ace./~ 1 j)'/'&&1



Fermi energy in the BCS state can also be obtained in
universal form, and a reduced value of |i ~

is plotted in
Fig. 1 as well. For the A)0 branch of the curve,
corresponding to interactions V) V„where V, is de-

I

fined by
DU, (h&o )"'=1, (8)

we notice that at low carrier concentrations the Fermi
energy changes sign and passes beneath the bottom of
the band. Thus, only the tail of the BCS distribution is
present. The lowest single-particle excitation energy is
not equal to 6 under these circumstances but from a
simple viewpoint might be thought to be (A'+I')"", and
so this energy is also plotted on Fig. 1. For A )0, it can
be shown that, in the low-concentration limit, I satisfies

10
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I /hco, = (2/sr)'As

and that the binding energy per pair E„is given by

A'o=21 .

The latter result can be obtained by more general
arguments. '

Simultaneous equations for the BCS transition tem-
perature T, and for the Fermi energy —t at T. can be
discussed in a similar way, although the physical signifi-
cance of these equations in the low-concentration limit
is not clear. It is straightforward to show that results
for 2k T.under the conditions kco&)

~
I ~

and (kco./2k T,)"'
))1 are formally similar to those for 6, if we make the
transformations

6 ~ 2kT„P(X)~ R(tt), Q(X) r S(tt), (11)

where tt = I/2kT„and R and S are defined by

(12)

and

S(tt) —=

1+elsio'+oil
(13)

Thus, by numerical methods, universal curves for 1,can
be obtained in the same way as those for 6, and these
are shown in Fig. 2. As before, we have two branches,
according to whether A is positive or negative, i.e.,
whether V is greater or less than its critical value given
by (8).A very slow fall of T, with decreasing n occurs on
the upper branch.

Since the diameter of the pairs will become smaller
than the mean distance between them in the low-
concentration region for the upper curve, it seems that
superconductivity will be limited to temperatures below
a temperature of the order of the Bose-Einstein con-
densation temperature of the pairs, 1'g. Using standard
expressions, ' T~ can be shown to satisfy

FIG. 2. Universal plots of the BCS transition temperature T,
and of the Bose-Einstein condensation temperature T~ of pairs as
functions of zero-temperature normal-state Fermi energy 6p' p&

under conditions Ace,»2kT, and (M,/2kT, )'/ »1. For definitions,
see the caption to Fig. 1.

where e&„&
——(k'/2rrt&)(3w'rt)'t' is the Fermi energy for

single particles which would exist in the normal state at
T=O, if this state persisted to zero temperature. Here
M. d denotes the density-of-states mass for single par-
ticles. The quantity k T& is also plotted in Fig. 2. It falls
below T, throughout the upper branch of the curve and
also on parts of the lower branch.

As mentioned in the Introduction, the physical sig-
nificance of the BCS transition-temperature equation at
low carrier concentrations is in serious doubt, but since
the concept of pairing is physical, the zero-temperature
BCS equation is thought to have some physical validity.
Thus, in the limit when the diameter of pairs is small
compared with the mean distance between pairs, it
seems that the best way to And the temperature T~ at
which pairing becomes significant is to use the chemical
theory of equilibrium between pairs and single par-
ticles, s s with the binding energy per pair given by (10),
(9), and (7).

If e, and e„denote the concentrations of single
particles and pairs at a temperature T, and rt= rt,+2no,
by use of this type of theory we can show, for equi-
librium between pairs of spin 0 and single particles of
spin —,'y that

nPs+rt, B(T) nB (T)=0, —(IS)
where

B(T)=sr(rttdkT/k'rr)"'e cot "r. (16)

The equation for e, differs slightly from an equation in
Blatt's books for a similar problem, because of our
inclusion of two different spin states for the single
particles.

The equation for the temperature T, from a formal
solution of the BCS equations in the low-concentration
limit may be written in the form

k Tgg =0.22&p„p, (14) '(2mdkT. /srIt')st'e —rt" ' rt— —

' J. M. Blatt, Theory of SuPerconductioity (Academic Press Inc. , ' J, C. Slater, Introduction to Chemical Physics (McGraw-Hill
Xe~v York, 1N4). Book Co., Neve York, 1939).
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Tp= 2T. (19)

where T, is the temperature obtained from a formal
solution of the BCS equations plotted in Fig. 2.

III. VERY THIN FILMS

For films with plane-parallel surfaces, only discrete
values of electron wave vector in the direction of the
film thickness are possible. This limitation on wave
vectors causes the density of states to rise in a series of
steps instead of in a smooth (energy)"' curve, and leads
to oscillations in the superconducting transition temper-
ature. ' "For semiconductors, for thicknesses less than
some critical value d, it is possible to have all carriers
in the lowest quantum state with respect to motion in
the direction of the thickness at low temperatures, and
hence to have an effectively two-dimensional system
with a density of states independent of energy. ' ' For a
semiconductor with u valleys, a carrier concentration n,
and boundary conditions such that wave functions
vanish at the surface, d is given by

d~= (-,'vs/e)'/3 (20)

However, if the cutoff energy Ace, for superconductivity
is large, in order to apply a model with a constant
density of states it also will be necessary for d to satisfy
d &d„where

(h'/2m) 3s'/d, '= Ao), . (21)

Using standard expressions for the bulk Fermi energy
eF, we deduce from (20) and (21) that

d /d (~,/h~ )1/2(3~2)1/6 (22)

For effectively two-dimensional systems, the density
of states is proportional to the reciprocal of the thick-
ness, and consequently large increases in the density of
states at the Fermi level are possible for sufficiently
small thicknesses. Also, for a given local value of the
electron-electron interaction, it turns out that, for
electrons in one quantum level, because of better fitting
of wave functions, the effective V in the BCS theory is
increased by a factor of 1.5 over that for electrons in
different quantum levels. "Thus, if the local value of
interactions is assumed to stay the same on passing to
thin films, the combination of the density-of-states
effect with the factor of 1.5 on effective V can give rise
to large predicted increases in thin-film superconducting
transition temperatures. ' However, since screening at

"J. M. Blatt and C. J. Thompson, Phys. Rev. Letters 10, 332
(1963).

"A. Paskin and A. D. Singh, Phys. Rev. 140, Aj.965 (1965).

Hence, since E~= 2i, the quantity B(T) in (16) is equal
to e when T=2T„and so

e,/e = -', (+5—1) .
Thus the temperature T„at which pairing becomes
significant in this limit satisfies

y =—(eF„p/ha, )e2/~~, (23)

where 6p p, the Fermi energy which would exist if the
normal state persisted to T=O, is proportional to the
carrier concentration for an effectively two-dimensional
system. Then the results obtained for 6 and f when
ha)&)i', d, and Puu, )op„o are

(6/Aco )e'/ ~= 2y'/'

Q'/ha). )e"~r = 1—y. (23)

In the low-concentration limit, the binding energy per
pair E„satisfies

E =2t =2ha&, e '/~~— (26)

and this tends to a limit independent of carrier concen-
tration for any attractive interaction. There is a factor
of 2 in the exponent in (26) not present in the expression
for 6 at more usual carrier concentrations, but because
of the possibility of large densities-of-states enhance-
ments and the domination of unscreened interactions,
this factor of 2 does not necessarily stop pair-binding
energies from becoming large.

The expressions for reduced 6,
~ i ~, and (6'+i'2)'/2 are

plotted as a function of the reduced carrier concentra-
tion y in Fig. 3. Plotted in this form, the results are very
similar to those for the upper curves for bulk material
shown in Fig. 1. As in bulk, for low carrier concentra-
tions the diameter of pairs will become small compared
with the distance between pairs, and so there should

Iow frequencies is likely to be proportional to the
density of states, at high carrier concentrations the as-
sumption that the local value of interactions will remain
unchanged on passing to thin-film form is misleading,
and so, for SrTiO~, the best that can be done is to
choose a thickness giving a density of states corre-
sponding to that in bulk at the maximum in transition
temperature. One will then be left with the factor of
1.5 on V, insofar as interactions are local.

On the other hand, at very low carrier concentrations,
the frequency range in which screening is significant is
so small that the unscreened interaction should domi-
nate, and the full force of densities-of-states increases in
thin films should be felt. In this concentration region,
however, shifts of the Fermi level in the BCS state have
to be taken in to account, and thus simultaneous equa-
tions for the Fermi level op, and for the parameter 6 in
the BCS state have to be considered, just as they must
be for the bulk for strong interactions and low carrier
concentrations.

For a density of states equal to a constant E, say, it
is simple to solve Eqs. (1) and (2) analytically for all
carrier concentrations, provided, as before, that the
cutoff energy Ace, is large compared with all other
energies in the problem. We put op, = —i' as before, and
for convenience introduce a dimensionless carrier con-
centration y defined by
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where p=fuu, /pp)1, and $1V(0)V),ii is an effective
density-of-states interaction product including effects of
renormalization. The cutoff energy A~, was taken as
Ace, =0.0497 eV, following Koonce et al "and the form
chosen for L1V(0)Vj,ff was

B,M,S'~'
LX(0)Uj,ii ——A,

~

k(1+28M N"')'
EM,Ã'~'

28)
1+28M E")
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IV. APPLICATION TO Zr-DOPED SrTi03

A. Bulk Materials

The model for Zr-doped SrTi03 discussed in the
Introduction' made use of an expression' for transition
temperatures in a BCS-like model for semiconductors
with Fermi energies ep smaller than cutoff energies A~„
but with kT,((e&. For a density of states rising as
(energy)'~', this expression is

(&+P)'"—&)"'
kT, =0.614&p

(1+p)'"+1

Xexp 1 '~' —— —,27
pE(0) V),H)

FIG. 3. Vniversal plots of BCS half-gap parameter 6 and Fermi
energy —f in the BCS state at T=O, as a function of reduced
carrier concentration y defined by Eq. (23), for an effectively two-
dimensional system with a density of states E independent of
energy. It is assumed that the cutoB energy 6, is larger than all
other energies occurring in the problem.

exist regions of pairing without superconductivity. In
two-dimensional films, however, this phenomenon should
occur for any attractive interaction, i.e., it is not
necessary for V to be larger than a critical value as in
bulk.

Since a Bose gas does not undergo a condensation in
two dimensions, it is not clear whether there will be
superconductivity or even quasisuperconductivity (i.e. ,
greatly enhanced conductivity) at low carrier concen-
trations at any temperature for thin films. However, it
seems probable that something unusual will occur when

temperatures such that k T 4 e p~ are reached, where we
use p&& to denote the Fermi energy for the film (note
that pz&~e for a two-dimensional system), and we

bring in the factor of 4 to reduce to a Fermi energy for
2e hypothetical fermions of mass equal to twice the
single-carrier mass.

Here M, and X are dimensionless masses and carrier
concentrations defined by Mp=m, /m. and cV=e/10iP
cm ', where e is the carrier concentration and m, is the
average mass in one valley for q% Zr-doped specimens.
The quantity E gives a measure of the intervalley
Coulomb repulsion, and if the intervalley high-fre-
quency dielectric constant for SrTiO;& is taken as equal
to 2, then 8=0.0429. The strength of the unscreened
intervalley phonon-induced interactions in q% Zr-
doped material is measured by B„and A, is a composite
multiplicative parameter supposed to include effects of
(i) renormalization, (ii) intravalley interactions below
~„(iii) frequency dependence of intervalley screening,
and (iv) high-frequency effects. Dependences on q of
M„A „and 8, were taken in the forms

Mp ' ——Mp '(1—0.14q),

A, =A p(M p/M, )'(1+qC),

B,=Bp(1+qD),

(29)

(30)

with Mp ——2.50. The rate of mass variation given in (29)
was obtained from analysis'" of penetration-depth
data. ' In (30) and (31), Ap and Bp were obtained by
fitting the 0% Zr transition-temperature results as well
as possible with the simple model, while C and D were
similarly found by fitting results for 1, 2, and 3% Zr
doping. Values obtained were Ap ——1.215, Bp=0.1046,
C=0.264, and D =0.050.

Use of this model with Eq. (27) led to predictions
that for 3% Zr-doped specimens, T„w lodurise steadily
as carrier concentration decreased until, for e between
10"and 10"cm ', effects associated with the failure of
the condition kT,«pp, required for (27) to be valid, had
to be considered. Also, for 2% Zr-doped specimens the
model predicted that, after a slight fall below 10"cm ',
T, would rise again as e decreased further, with failure
of kT,«e~ again before e reached 10' cm '. The uni-
versal curves of Fig. 2 can be used to extend the
predictions somewhat into the region where kT,
Also, we can predict pairing temperatures T~ in the
very-low-carrier-concentration region, by making use of
the result of Sec. II that in this region the temperature

"C. S. Koonce, M. L. Cohen, J. F. Schooley, W. R. Hosier, and
E. R. PfeiGer, Phys. Rev. 163, 380 (1967).

» An interpretation of the large mass increases in terms of a
transition between diferent types of polaron state is given in
D. M. Eagles, Phys. Rev. 181, 1278 (1969).
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low-frequency screening is proportional to the density of
states. Thus, for a two-dimensional film, it seems that a
first approximation to the correct form for LE(0)U],ff at
high carrier concentrations mould be to introduce the
factor of 1.5 on effective V for local interactions, and
then to multiply each term ~,X'I' in (28) by the ratios
of the film and bulk densities of states. For a (111)film

of SrTi03 of thickness d, this ratio, which we write as

Xs(0)/Xs(0), is given by'
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FIG. 4. Extension of predictions of T, for 2 and 3% Zr-doped
SrTi03 for the model of Ref. 1 to carrier concentrations n below
10' cm ', and plots of the pairing temperature T„and the Bose-
Einstein condensation temperature Tg of the pairs for the model
at low carrier concentrations. Regions where pairing without
superconductivity are expected in the model are noted. There is an
intermediate carrier-concentration region between about 10"and
a few times 10' cm ' where it is not clear at what temperature
superconductivity will set in.

T„at which pairing becomes significant satisfies T„
=2T„where T, represents the formal solution of the
BCS equation for the transition temperature.

In Fig. 4 we show on a log-log plot the predictions of
the model for 2 and 3% Zr-doped specimens extended
into the region below 10" cm '. The Bose-Einstein
condensation temperature of the pairs T~ in the low-

carrier-concentration region is also plotted, and regions
where pairing without superconductivity is expected are
indicated. The limiting values of V at low carrier con-
centrations for the model are 1.11 and 1.25 times the
critical values for 2 and 3'%%u~ Zr-doped specimens, re-
spectively, and so, using (10), (9), and (7), the pair-
binding energies in this limit are given by E„/&=5 K
for 2'%%u& Zr doping and E„/0 =19'K for 3% Zr doping.
Thus, comparing with Fig. 4, we see that T„ is con-
siderably smaller at all carrier concentrations than the

limiting pair-binding energy.
If the linear relations (29)—(31) are assumed to be

valid for higher dopings, the model predicts a maximum
pairing temperature for 4% Zr-doped specimens of
3.3'K, but that the corresponding temperature for 5%
dopings goes down again to 2.6'K.

B. Films

It is not simple to see how to modify the LX(0)U],fr

of (28) to apply to the very thin films. However, the
density of states is known, and it is probable that the

where k~ denotes the Fermi wave vector in bulk ma-
terial measured from the bottom of any one valley.
Neglecting anisotropy in any valley, for a carrier con-
centration n, kp is given by kp ——(3~'trav ')'", where p

denotes the number of valleys (i =3 in SrTiO,).
Since expression (28) passes through a maximum at

some optimum value of the density of states, it seems

that, at high carrier concentrations, in order to maximize
the transition temperature we should choose a film

thickness corresponding to the optimum density of
states. This thickness turns out to be about 35 A for
SrTi03 without Zr, but rather larger for Zr-doped
specimens. In order to estimate the optimum carrier
concentration for obtaining high T,'s, we make use of

(24), but note that, when es„s)hro„ the usual expres-
sion 6 =2hs&, e "~v replaces (24). Thus, since kT.
=0.57~ when ~((~g, it would appear at first sight to be
advantageous to choose a carrier concentration large
enough to make Ep2+AG0„, provided that this is con-
sistent with all the carriers being in the lowest quantum
state. However, in the model for SrTi03 being discussed,
the fact that intravalley interactions remain unscreened
in the vicinity of AM, is important, and this will not be
the case when Eyg+AM . Hence it is probable that the
optimum carrier concentration is the la, rgest which is
consistent with intravalley screening being insignificant
at frequency co.. It is expected that the Fermi energy
t.&2 at this carrier concentration is given by ~&2=bed~. ,

where b is slightly less than unity. Assuming opti-
mistically that b=1, and using cps= (A'/2nz)svrnd and
m=2.5ns„we find for 35-A films of SrTiO, with

Lr, =0.05 eV that cg2 ——ko, when e =4.5g 10"crn '. For
35-A thicknesses, however, the separation hE in energy
between the lowest and next-lowest energy quantum
states, given byhE= (A'/2m)3s'/d' satisfies BE=0037.
eV, and so all carriers remain in the lowest state only up
to carrier concentrations e =3.3X10' cm 3. Values of e
slightly below this should maximize transition tempera-
tures. The optimum density-of-states interaction prod-
uct in our mode1 for bulk SrTi03 is 0.129, and so, for
35-A films, the product is expected to be enhanced to
1.5)&0.129=0.193 under our assumptions.

Since AE&@o„we cannot strictly apply the two-

dimensional model for 35 A thicknesses, but it is proba-

bly fair to say that the order-of-magnitude increase in

T, over its maximum in bulk should be given by the
factor Lexp( —1/0. 193)/exp( —1/0.129)] 10, i.e., for



462 D. M. EAGLES

2 (Qs+ sas) 1/s
(33)

with the corresponding equation for the energy of a
single pair for a similar type of attraction, given in

' J. M. Dickey and A. Paskin, Phys. Rev. Letters 21, 1441
(1968)."W. L. McMillan, Phys. IZev. 167, 331 (1968)."J.W. Garland, K. H. Bennemann, and F. M. Mueller, Phys.
Rev. Letters 21, 1315 (1968).

35-A films with suitable carrier concentrations,
T, 3'K. This value is much smaller than temperatures
predicted in Ref. 6, because of the unrealistic assump-
tion made there that the local value of interaction re-
mains unchanged on passing to the thin-film form. How-
ever, we should note that even the present figure can be
regarded only as an order-of-magnitude estimate. The
effects of (a) decrease of screening at frequencies above
e&, (b) intravalley interactions, and (c) high-frequency
interactions, will all be changed in thin-film form. The
high-frequency interactions and intravalley interactions
are predominantly nonlocal, and so the multiplicative
factor of 1.5 for local interactions may be altered. On
the other hand, having bumps in the density of states
always gives the possibility of increasing effective
X(0)'v' by putting the bumps at the best places. De-
creases of phonon frequencies giving rise to increas ng
V as in metals should also be considered. " "

Another point worth noting is that the Fermi energy
becomes smaller more rapidly in films than in bulk as e
decreases, and so effects of decrease of screening at
energies above the Fermi energy will be more important.
In fact, in the low-concentration limit, with y of Eq. (23)
satisfying y((1, screening is of no importance. Thus the
unscreened interaction dominates, and the full ad-
vantage of the densities-of-states increases can be felt.
However, because of the factor of 2 in the exponent in
(26), it is necessary to go to lilms of only a few atomic
layers thickness in order to obtain large pair-binding
energies in this limit. As mentioned in Sec. III, it is not
clear whether there will be any transition to a super-
conducting state at low carrier concentrations in two
dimensions, although it is thought that something
unusual will happen when k T ~ ~I; „0, where ~ p p

denotes the normal-state Fermi energy for the film
at. T=O.

V. DISCUSSION

A. Comyarison with Single-Pair Problem at T=o

In the work of the previous sections, our only attempt
at justification of the use of the solutions of the zero-
temperature BCS equations was the statement that the
concept of pairing is physical and does not depend on
having high concentrations of particles. In the low-
concentration limit, however, we can do better than
simply make assertions, and may compare the BCS
equation (for constant &)

V

SchrieGer's book on superconductivity, ' viz. ,

V
1=

& 2&I,—8' (34)

where W is the energy of the pair. In Eq. (33) the zero of
energy is the Fermi level in the BCS state, and in (34)
we can use the same zero of energy for convenience.
Since, for V greater than its critical value, 6«f in the
low-concentration limit, where f is the distance of the
Fermi level below the bottom of the band, d can be
ignored in (33). Thus, a solution of (34) with the BCS
Fermi level as zero of energy is 8"=0. Hence, if the
bottom of the band were chosen as zero of energy, we
would have W =2(, i.e., the binding energy per pair is
2f, as was obtained from the BCS equation. Thus,
provided that the retarded nature of interactions does
not alter things too much, we appear to be justified in
the use of the BCS equation in both the high- and low-
concentration limits, which lends credibility to its use in
the intermediate case.

B. Fluctuations

Effects of fiuctuations in the order parameter can be
more serious at low carrier concentrations. To illustrate
by one example, a theory of Aslamov and Larkin' for
conductivity in films above T, gives a contribution to
the conductivity dependent only on T,/(T T,)d, where-
d is the thickness. Since the normal-state conductivity
might be expected to decrease with a dependence on e
something like e'~', the relative importance of fluctua-
tions may go up roughly as e '~' as e decreases. How-
ever, in regions where Fermi-energy shifts start be-
coming important, it is expected that a diferent type of
theory for the fluctuation contribution to the con-
ductivity will have to be developed.

C. Ways of Observing Pairing

Although the pairing at low carrier concentrations
predicted by the theory does not set in suddenly at the
temperature T„, but occurs gradually over a range of
temperature, it should not be difficult to see effects of
pairing experimentally. Some ways in which it might
show up are: (a) in the temperature dependence of
electrical conductivity and specific heat; (b) in the
electric field dependence of electrical conductivity
(electric fields h such that Sr„E„,where r~ is the pair
radius, should split up the pairs); (c) in a reduction of
spin resonance due to pairing, since electrons of opposite
spin should be paired; (d) in unusual magnetic proper-
ties at temperatures T' and fields H such that kT&&pH,
where p is the Bohr magneton (a property of the un-
condensed Bose gas in this region' is a saturation of the

"J. R. Schrie8er, Theory of Superconductivity (W. A. Benjamin,
Inc. , New York, 1964)."L. G. Aslamov and A. I. Larkin, Fiz. Tverd. Tela 10, 1104
i1968) [English transl. :Soviet Phys. —Solid State 10, 875 {1968)].
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diamagnetic moment due to motion of the bosons); and
(e) possibly in a weak microwave absorption peak due
to splitting up of the pairs.

D. Caution Regarding the Model for Zr-Doyed SrTi03

In the model' for Zr-doped SrTi03, which is con-
siderably oversimplified, the interaction V does not
become greater than its critical value until e 10"cm '
or less. This is quite a long extrapolation from the range
in which superconductivity has been observed up till
now. Thus, it is possible that a more accurate model
would not give interactions su%ciently large for pairing
to occur in bulk.

Another point to note regarding SrTi03 is that
Appel" has shown that it is not implausible that the
low-temperature phase transitions'0 in SrTi03, although
only giving a very small noncubic distortion of the
lattice, can be of sufhcient importance to bring phonons
which would not be significant in the cubic phase into
the problem. The phonons discussed by Appel are
originally low-energy transverse zone-edge phonons in
the cubic phase, but become zone-center phonons in the
new smaller Brillouin zone below the phase transition.
There appear to be some Inisleading assumptions about
the interaction with the polar intravalley modes in
Appel's paper, since only the lowest-frequency longi-
tudinal modes are considered, whereas the highest-
frequency ones are most important. "Nevertheless, the
point about the possibility of the new low-energy zone-
center transverse modes playing an appreciable role is

"J.Appel, Phys. Rev. 180, 508 (1969)."P. A. Fleury, J. F. Scott, and J. M. Worlock, Phys. Rev.
Letters 21, 16 (1968); references to earlier work on the phase
transition may be found in this paper.

"A. S. Barker, Phys. Rev. 145, 391 (1966).

significant. Inclusion of their eGects could lower the
effective cutoff frequency in (27), and hence make it
more dificult for the condition V& V, to be attained,
where U, is given by (8). (Pote added im proof A.further
reason for thinking that the model for superconductivity
in SrTiO used here may need modification is that re-
cently published experimental results" indicate that
paramagnetic centers may play a role in the reduction
of T, at high carrier concentrations. )

VI. CONCLUSIONS

Pairing without superconductivity at low carrier
concentrations may be attainable in bulk semicon-
ductors for electron-electron attractions V greater than
some critical value V„and in very thin films of super-
conducting semiconductors for any attractive inter-
action. Under such circumstances, superconductivity is
not expected until the Bose-Einstein condensation
temperatures of the pairs is reached, and possibly not at
all in very thin films. Although there is no sharp tem-
perature at which pairing occurs at low carrier concen-
trations, observable effects associated with pairing are
expected in electrical conductivity as a function of
temperature and of electric and magnetic fields, in
specific heats, in reduction of spin resonance, and in
unusual magnetic properties. Zr-doped SrTiO, appears
to be a promising material in which to look for these
effects in bulk.
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