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student is presently evaluating the matrix element be-
tween states of different azimuthal quantum number,

using the Hunter and Pritchard wave functions (see
Ref. 11).

G. Herzberg, Spectra. of Diatomic Molecules (D. Van

Nostrand Co. , Inc. , New York, 1950), pp. 219-226.
16In the muonic molecules one need not worry about

spin-orbit coupling except in perturbation theory even

for non-0 states since the rotational splittings are of
order: e x Ryd and spin orbit is of order; G. & Ryd.
For the electron case, however, & - 10m, and spin-
orbit coupling effects are significant.

In general, for nonidentical nuclei, even in the adia-
batic approximation one cannot choose such a simple
form. Rather, a linear combination of odd and even P
components must be chosen (see Ref. 8).
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Hydrogenic-function and Sturmian-function expansions are examined in both the Schrddinger
and Faddeev formulations for three-body atomic problems. A detailed comparison of their
convergence behavior is made. The difficulty of Sturmian-function expansion in accounting
for the strong coupling between degenerate target states at excitation thresholds does not
arise in the Faddeev formulation. The difficulty with the uncontrolled continuum contribution
in the hydrogenic-function expansion, however, persists in both formulations. An estimation
of the continuum contribution in the hydrogenic-function expansion is made for off-shell am-
plitudes which appear in the Faddeev formulation.

I. INTRODUCTION

It is well known that a three-body scattering
function which has a specified symmetry and angu-
lar momentum but which is otherwise arbitrary
can always be expanded in terms of a complete
set of two-body eigenfunctions. This then leads
to a set of coupled integrodifferential equations
for the three-body system. Since for most phys-
ical scattering processes, one encounters the
scattering to two subsystems, consisting (for the
present three-body system) of an incident particle
and a two-body target subsystem in a certain
bound state, the complete set of eigenfunctions of
the two-body target subsystem constitutes, there-
fore, a natural set for the expansion. '

For atomic systems (with Coulomb potentials),
the two-body target functions are hydrogenic func-
tions which form a complete set only after con-
tinuum states are included. It was, therefore,
generally felt that such a hydrogenic-function
(HF) expansion would converge slowly since it
involves continuum states. To avoid the contin-
uum states, an alternative expansion in terms of
Sturmian functions which form a complete set of

discrete states has been proposed by Rotenberg. '
It was hoped that the Sturmian-function (SF) ex-
pansion, containing no continuum states, would

converge faster.
Subsequent investigation'-' of these two expan-

sions in the Schrodinger formulation have found

that both of these two expansions have undesirable
limitations. It has been observed that the SF ex-
pansion converges in a oscillatory manner and
cannot account for the strong coupling of the l-
degenerate target states at excitation thresholds.
The HF expansion, on the other hand, has the con-
vergence problem associated with the uncontrolled
error from continuum states. In addition, the
straightforward expansion methods have also dif-
ficulties in relation to the correlation problems'
and polarization interactions. '

A more serious drawback of the expansion meth-
od in the Schrodinger formulation is perhaps in the
treatment of rearrangement collisions. For such
a problem, there is no unique set of states avail-
able for the formulation of the clos~-coupling equa-
tions suitable for both scattering and rearrange-
ment channels. The powerful projection operator
method formulated by Feshbach" provides very
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interesting possibilities for the treatment of re-
arrangement collisions. By decomposing the
Feshbach projection operators into orthogonal
channel projectors, a set of coupled equations
adequate for both scattering and rearrangement
collisions may be obtained explicitly. " For three-
body collision systems, the exact expressions for
the channel projectors for both the scattering and
rearrangement channels has been constructed '
and applied to the (e+, H) collision system. "
The coupled equations obtained in the projection
operator formalism contains, however, a compli-
cated nonlocal oytical potential. " " Methods for
the evaluation of this potential in a systematic
manner have yet to be developed.

Recently, an alternative formulation of the three-
body problem was developed by Faddeev. " In this
formulation, the three-body collision matrix is
given by a set of three coupled equations in terms
of two-body scattering matrices of the three alter-
native pairs of particles. This set of equations
has no divergence problem and is adequate for
treating both the scattering and rearrangement
collisions. Now if the two-body scattering matrix
may be represented by a, sum of terms which are
separable in momentum representation, in the
initial and final momentum variables, the set of
three coupled Faddeev equations with five vari-
ables may be reduced to three mutually coupled
sets of single-variable integral equations. ' This
set of coupled single-variable integral equations,
just like the set of single-variable integrodiffer-
ential equations obtained in the Schrodinger for-
mulation, may be solved by straightforward meth-
Ods.

A separable representation of the off-shell two-
body scattering amplitude t~ may be obtained by
expanding the scattering amplitude in terms of a
complete set of SF. '~ This SF expansion for t~,
unlike the SF expansion for the scattering functions
in the Schrodinger formulation, ' provides adequate
descriptions of the thresholds associated with the
degenerate two-body states. This is because in
the SF expansion for t~ the energy dependence of
the SF is made explicit. At energies correspond-
ing to the two-body bound-state energies where
the amplitudes have poles, the SF become, within
a constant factor, the eigenfunctions of the corre-
sponding two-body states (see Sec. IV). Conse-
quently, the set of coupled integral equations ob-
tained in the Faddeev formulation accounts ade-
quately for the degenerate two-body thresholds.

Application of this set of coupled equations to
the (e, H) system has been carried out and found
that the SF expansions for t~ converges in an
oscillator manner and involves cancellations. '~

In the present work, we investigate the possibility
of an alternative separable representation for the
two-body off-shell amplitude and study in some
detail the convergence properties of these expan-

sions.
In Sec. II, the expansion method in the

Schrodinger formulation is reviewed briefly with
emphasis on the behavior of the resultant coupled
equations at the degenerate threshold regions.
The expansion method in the Faddeev formulation
is given in Sec. III. In Sec. IV, we investigate
the separable series representation for the off-
shell two-body amplitudes t~. An alternative
separable series representation for t~ in terms
of HF is derived. " A detailed study of the con-
vergence behavior of the two series representation
is carried out in Sec. V. The continuum contri-
butions in the HF series are investigated.

II. EXPANSION IN SCHRODINGER FORMULATION

The Schrodinger equation for a nonrelativistic
three-body system with two-body interactions may
be written

with H =Q. (K.+ V. ),
2.

(2. 2)

where Kz is the kinetic-energy operator and

V; (Vi =—Vjy) is the two-body potentials. For nu-
merical convenience, the Schrodinger equation
may be transferred into a set of couyled integro-
differential equations by expanding 4 in terms of
a complete set of two-body eigenfunctions y z

(K. + V. —& )y =0,(i) (i)
jk z v n

(2. 3)

e = a Q F (rl) y (r2),

in which all scattering functions (i. e. , the F )
are yroyerly associated with their corresponding
target states. This HF expansion has, however,
practical difficulties associated with the contin-
uum-state contributions. " The HF expansion has
nevertheless been applied to the (e, H) and (e, He )
system by a number of workers. '

Burke and his associates" have shown, in a
series of careful and detailed calculations, that
the truncated HF expansion is capable of yielding

where Kjp is the relative kinetic-energy operator
of particle j and k. The set of equations so ob-
tained may be further reduced to a set of single-
variable equations by angular decomposition" and
then be solved systematically by standard methods.

For a three-body system involving Coulomb po-
tentials, the natural set of eigenfunctions for ex-
pansion would be the set of HF. Such an HF ex-
pansion is particularly suitable for treating elec-
tron-atom scatterings. In this case, we have the
antisymmetrized expansion



186 HYDROGKNIC- AND STURMIAN-FUNCTION EXPANSIONS 27

&(I,I)
+ —+ 2E S (Er) =Odl

(2. 5)

for eigenvalue problems, where y&(E) =».(- 2E)&~'.
In solving Eq. (2. 5), the energy E is treated as a
constant parameter. For negative E, the radial
SF are found to be

(& -I-I)!
Xl 2[(X+l)!] '

X+1
x [2(—2E)'"r] J.

-(- 2E)"'r
e

' [2(-2E)'"r]

(2. 5)

accurate results in the vicinity of the two-body
excitation thresholds. At energies away from the
threshold region the convergence problem be-
comes, however, serious. Recent calculations
of the 'D electron-hydrogen elastic scattering
resonance below ~ = 2 has shown" that the position
of the resonance as calculated by the coupled equa-
tion depends critically upon the inclusion of higher-
lying states of the target hydrogen atom. Recent
experimental measurements have also found" "
that the truncated HF coupled equations (up to six
states) predict values which are about 15% larger
than that observed for the 1s- 2s and 1s- 2p ex-
citation cross sections.

The difficulty with the convergence of the HF
expansion is associated partly with the correlation
and polarization problems' &' and partly with the
omitted continuum states. Because of the latter
difficulty, there is a renewed interest in the SF
expansion 'y' which was first applied to atomic
collision problems by Rotenberg. '

The radiat SF may be obtained by solving the
equation (in a. u. )

quently, the SF expansion cannot, for such a
choice of E, satisfy proper boundary conditions
for excitation and deexcitation problems.

It has been shown by Gallaher and Wilets' that
by taking

(2. 9)

the 1s, 2p, 3d, etc. , SF coincide with the HF
within a factor (2Z)'~'/(I+1). This then permits
us to treat scatterings involving the ls, 2p, 3d,
etc. , channels. By choosing different l depen-
dence for E, one may make different SF coincide
with the HF. Hy the choice of E = —~ Z'/(I + 2)',
for example, we recover the 2s, 3p, 4d, etc. ,
hydrogenic states. However, one cannot by such
a choice for E, recover simultaneously all the
degenerate l states associated with a given prin-
cipal hydrogenic state.

This is, however, a serious limitation since
these degenerate states are strongly coupled. For
the (e, H) system, for example, Gailitis and Dam-
burg" have shown that because of this degeneracy,
a long-range dipole potential is created when these
degenerate states are virtually excited. Such a
long-range potential dominates the physics of the
scattering problem especially at energies in the
neighborhood of the two-body thresholds. The
HF expansion though converges slowly; it, how-
ever, accounts adequately for the coupling of these
degenerate states at the thresholds if the expan-
sion is truncated properly. This is part of the
reason why the close-coupling calculations have
been successful. " An alternative approach which
accounts for both channel couplings and continuum
effects consists of a mixed-mode expansion in
which the HF are used for the open-channel seg-
ment of the Hilbert space and the SF are used for
the closed-channel segment of the Hilbert space.

with the orthonormal properties

J S
I
(Er) —S,f

(Er)dr=5
p Xl r (2. I) III. EXPANSION IN FADDEEV FORMULATION

R (r) =[(2Z)'~'/n] S (e r) .
nl nl n

(2. 8)

For each set of values for E and l, the SF form a
complete discrete set.

If we take E to be en = ——,Z'/n' (the hydrogen
energy spectrum), we have y~(en) =&Z/n. The SF
S&,f(enr) then reduce to the hydrogenic radial wave
functions Rnf(r) (within a constant factor) when-
ever X=n.

In this section, the expansion method for solving
the Faddeev equations for three-body systems is
outlined in a form suitable for the present appli-
cation. For further details, we refer to the work
of Ball, Chen, and Wang. '

In the Faddeev formulation of three-body pro-
blems, one starts from the integral equation of
the Lippmann-Schwinger type. By decomposing
the total T matrix (or collision wave function)
into the sum of three components

This then implies that once E is chosen to be one
of the hydrogenic energies, say Gay only one SF
among the set (S&I), namely, Snq may corre-
spond to the physical hydrogen states. Conse-

T(s) = T"&(s)+T"'(s)+T"'(s),

corresponding to the three alternative pairs of
particles undergoing a final-state interaction,
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Faddeev derived the coupled equations for three-
body problems'

T (s) = T.(s)+ Q T. (s) GO(s) T (s),(i) (j)
z . . z

x [P.q. /(P. +q. -s)]e (P., q. , s), (3.7)
2 2 (j)

~j

with

(P, q s)
(i)

i=1 23 (3.2)
= .(P, q, nlT (s)lk, k, k }, (3.6)

where s is the total energy of the three-body sys-
tem. G,(s) is the Green's function for the three-
body system in the absence of interaction. The
two-body T matrix Ti(s) arising from a two-body

potential Vz is given by the I ippmann-Schwinger
equations

C' (P, q, s)(i)

= .(P, q, nl T.(s)lk, k, k ), (3.9)

T (s) = V. +V G. (s). 7 (s) . .
z 0

(3.3) (pqnlp q. n. . )
(i)

j j j
~ N

The absence of direct coupling of T~z~ with itself
in the Faddeev equations results in a less singular
kernel.

The nonrelativistic kinetic energy in the c.m.
frame may be written in momentum representa-
tion

IIP-Pl. +6'1 -P2 +9'2 -Ps +9'32 2= 2 2= 2 (3.4)

m~k. —m. k„k j j k

[2m. m (m. +m )] I'
j k j k

m (k. +k~) - (m + m, ) kj k j k z

t [2m. (m. +m )(m. +m. +m~)]'" ',
3 5)z j k z j k

where m„m„and m, and k„k„and k, are the
masses and asymptotic momenta of the three
particles, respectively. Consequently, the corre-
sponding state vector lk„k2, k~) may be written
in any of the three pairs of basis variables

1
= f, dcose A (e,e, e )pq. DQ. p p. pq. pq.ij ji jj

x 5(q —q. )t& (pp;s q )
2 2 (i) 2

A,(e,e, e )nn p. p. p. q. ' p. q.zj jz
)
L+L —/ —f 16v (2fi 1)v2

Q'

(/ L

L L' / L L'

(3. 1O)

x 1', (e,O),L'm, p. q. ' (3. 11j

x 1'* (e, 0) y' (e, O)

L Lf/ L j i

lk„ka, k, ) = lp„q, ), = lp„q, ), = lp„q, }, . (3.6)

These sets of basis momenta which are defined by
Eq. (3. 5) in cyclic order of i, j, 0 are linearly de-
pendent. '4

The angular decomposition of the Faddeev equa-
tions may be carried out in a number of ways. '
Since the total angular momentum J and its pro-
jection M is conserved, we consider the states to
be diagonal in J and M. The separation of the
angular momentum states can be carried out using
the relative angular momentum l between two par-
ticles which are combined with the angular momen-
tum L of the third particle in the over-all c.m.
system. %e have"

(p, q, s)=C (p, q, s)(i) (i)

where pi'=pj'+q. ' —q'and ep ~p. , for example,
is the angle between momentum variables pz and

p . For convenience the discrete quantum num-
ber (JMlL) are collectively denoted by n.

It has been observed that if the off-shell,
partial-wave two-body scattering amplitude
tf (~)(P, Pi, s —q') may be represented in a sum of
terms separable in p and pz, then the p depen-
dence of 4'f(i)(p, q, s) becomes explicit. The par-
tial-wave Faddeev equations with two variables
as given by Eqs. (3.7) can, therefore, be reduced
to a set of single-variable integral equations. '4

This set of equations may then be solved system-
atically by standard methods for integral equations.

Let us suppose that the two-body t matrix
t(k, O', E) may be represented

1 (i)1' dp. 1' dq. x. (pqn l p.q.n. )4 . . p j p j j
cv- j4 z

t(k, k';E)=Q C (E)f (a, E)g (O', E), (3. 12)
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where C&(E) is f
tions f~ and g& m y y p
the f& and the g& are not the same functions, the
symmetry with respect to the interchange of k
and k' may be preserved for t~ term-by-term in
the series by writing

2x(p. , s —q. ) (3. 16)
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unction of E only. The func- x(q, p. , q. ;s) —. ; —CX, (s-q. )f,(j)
P. '+q. - s

a or ma not de end on E. If 2

t(k, k; E)= Q C (E)[f (k, Z)g (k', E) (q, s)= Q f dP. f dp.
Q. p j 2

+f (k', Z)g (k, Z)] . (3. ia)

x(s —q )f (p, s —q )y (q, s).2 (i) 2 (i)
Xn

(3. 14)

The functions y&~(i) can be determined from the
set of coupled single-variable integral equations

(q, s)=q (q, s) + Z J dq.
(i) (i) 2

icy ' Xn '
&, . &. 0 j

""( )

with

X, ' (q q. ;s)=—4 J dp. 8(i,j)," 2 (i)
' j' 0 j o.o. X

It should be noted that the separable series repre-
sentation for t~ need not be diagonal as assumed
by Eqs. (3.12) and (3.13). The double-sum sep-
arable series for t~ are, however, more cumber-
some to deal with numerically. We will show in
Sec. IV that there are several such single-sum
series for the off-shell two-body amplitude avail-
able.

Utilizing the assumed separable series repre-
sentation as given by Eq. (3. 12), Eq. (3. t) may
be written

(p, q, s)=e (p, q, s)+Q C
(i) (i) (i)

(i)xa (q, p. , q. ; s)on X ' j' j'j
2 2 (i)x[p. q. /(p. +q. —s)] C (p. q. ;s), (3. 17)j j j j n. j j'

(i)(SP ~q is)

1
= f dcos8 A (8,8,8 )p. q. &Q. p.p, p. q. p. q.

x 5(q —q. )g (p., s —q. ) .2 2 (i) 2

2 X 2' j (3. 1S)

This then demonstrates the fact that if the off-
shell tI may be represented in sums of separable
terms, the set of two-variable Faddeev equations
may be reduced to a set of single-variable inte-
gral equations.

This set of single-variable coupled integral equa-
tions [Eq. (3. 15)] corresponds to the set of single-
variable coupled integrodifferential equations ob-
tained in the Schrodinger formulation. The con-
venient features of Eq. (3.15) lie in the fact that
this set of equations provides adequate description
for both bound and resonant three-body states and
for both scattering and rearrangement collisions.
The numerical practicability of this set of equa-
tions depends, of cource, again on the conver-
gence of the expansion. Here, it depends on the
convergence of the expansion for the off-shell
two-body amplitudes.

IV. SEPARABLE SERIES REPRESENTATION FOR tI (k, k '; E)

There are several separable series which may be found for the off-shell two-body amplitudes. We first
consider the separable series representation for tt (k, k; E) in terms of the set of eigenfunctions of the
homogeneous two-body Lippmann-Schwinger equation. A new separable series representation for
tf (k, k; E) is then introduced in terms of a set of eigenfunctions of the two-body Schrodinger equation in
momentum representation. For the case with a Coulomb potential, these eigenfunctions are known analyt-
ically for both the homogeneous Lippmann-Schwinger equations and the Schrodinger equations in the mo-
mentum representation. They are the SF and HF, respectively. A comparison of the convergence prop-
erties of these two separable series for Coulomb potentials is given in Sec. V.

A. SF Representation

The partial-wave two-body amplitude tt (k, k; E) for potential Vf can be obtained from the solution of
the Lippmann-Schwinger equation
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O'"V (k, k")

0

(4. 1)

where p, is the reduced mass for the two-body system. R writing Eq. (4. 1) we take the two-body scat-
tering amplitude to be normalized on the energy shell according to the equation

t (k, k;k /2p) =-—,2 1 lE»
sindhi

e (4. 2)

where 5& is the standard phase shift and dEk/dk =5'k/p, is the density of states.
A set of eigenfunctions p~f (k, E) of the homogeneous Lippmann-Schwinger equation may be obtained by

solving the eigenvalue problem

[y (E)] 'p (k, E)= — dk' „-
2

V (k, k')p (O', E) .
0

(4. 3)

This set of p&f (k, E) forms a complete orthonormal set for negative values of E with the orthonormality
property

r»~& =& r ~

0

(4. 4)

For negative values of E, the solution for tf (k, O'; E) can be expressed in tern. s of the p&&. We have the
separable series representation for tf (k, O';E)"

t (k, k';E)=V (k, k')+Q y, (k, E)y, (k', E)/y, (E)[l-y, (E)1, (4. 5)

E)~ f(k', E (4. 6)

Since the argument E is replaced by s —q in the Faddeev equations [see Eqs. (3.10)], it is negative de-
finite provided the three-body energy s is below the three-particle breakup threshold (s =0). The series
representation [Eq. (4. 5)] is therefore adequate for reducing Eqs. (3. 7) to a set of single-variable equa-
tions of the type given by Eq. (3. 15) for dealing with problems below the three-body breakup threshold.

At energies lying above the three-body breakup threshold, one may use the completeness property of
the Q~f and expand tf in a double-sum series

t, (k, k';E)= Q a,(E,E)y (k, E„)y,, (k', E ),XX"' '
where E, is an arbitrary negative number and the a&&i (E0, E) are the expansion coefficients to be deter-
mined. The double-sum expansion, however, is rather cumbersome numerically.

For Coulomb potentials, we have

V (k, k') = (Ze2/kk') q [(k2+k")/2kk'] (4. 3)

where Q~ is the Legendre function of the second kind and Z is the product of the charges of the two par-
ticles. We adopt the convention: Z= —)Z) attractive and Z= tZt repulsive. In this case, the eigenvalue
problem for the homogeneous Lippmann-Schwinger equation [Eq. (4. 3)] may be solved analytically. We
have

y„f (E) = —X(—2 pE)'12/Zp, (4 9)

24l+ 3
(k )

2 X(X —l-1) t
(

)(2l+3)/4
Xl '

p I'(x+/+1)
» l+1 »2+2pE

2 1+1 X —f —1 k' —2pE
k —2p,E

(4. 10)
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where C~ i 1&+1 is the Gegenbauer polynomial.
It is important to observe that the SF expansion for t

~
accounts adequately for the degeneracy of the ex-

citation threshold. This is apparent since the two-body poles in tf appear at y~f (E) =1 [see Eq. (4. 5)].
From Eq. (4. 9), we see that this corresponds to the two-body bound-state energies

E =- Z'p, /2X' (4. 11)

At y!,f (E)=1, the SF become the HF function [see Eq. (4. 15)] within a factor. Consequently, the SF
expansion for t~, unlike for the three-body collision wave function, is adequate to account for the
strong coupling arising from the degeneracy in l for each principal quantum state of the two-body
bound subsystems.

B. HF Representation

A single-sum term-by-term separable series representation for tf (k, k'; E) can also be obtained in
terms of eigenfunctions of the Schrodinger equation. In momentum representation, the Schrodinger
equation for potential Vf (k, k') is

(k' —2p~ ) P (nk) = — dk'k" V (k, k') t!I (nk'),2p
n nl r l ' nl

0

(4. 12)

where en is the eigenvalue associated with the eigenfunction (nf (nk). )nf satisfies the orthonormality re-
lation

f (*f (nk) (,f
(n'k) k'dk = 6 (4. iS)

For a Coulomb potential [Eq. (4. 8)], we have for discrete states

= —Z' p, /2n' and
n

(4. 14)

2 n(n —1 —1)! ! ( 2 )(2l + 5)/4
4/+ 5

i
1/2

nl m(n+f )'! ~ n

l &2+ 2@,e

l + 2 n —l —1 k' —2!Lek' —2pe n
n

(4. 15)

The discrete functions together with continuum functions form a complete orthonormal set.
Utilizing this property, the off-shell two-body amplitude tf (k, k; E) can be expanded in the form

t, (k, k', E)=Q C (k, E)q (nk'), (4. 16)

where the prime on the summation sign indicates that we sum over (if Vf is attractive) the discrete states
and integrate over the continuum states. Substitution of Eq. (4. 16) into Eq. (4. 1) yields, after forming
matrix elements with g„f functions, the equation

C (k', E) = f dk k'V (k, k') (* (nk) ——"—Q, C, (k', E) f dk" k», (, (n'k")

x f dk k'V (k, k")g* (nk) .
0 E

' nl

When Eq. (4. 12) is utilized, we then obtain

(4. iv)

C (k', E) = ——(k" —2pe) P* (nk, ') + Q, C, (k', E)nl ' 2p. n nl n' n'l

$112
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By writing (k'" —2p, en) as (k'" —2pE), +2I'(E —en) in Eq. (4. 18), we obtain the sum rule for the expansion
coefficients

Q, C, (k', Z)
00 0"—2p, e

n
(4. 19)

By using Eqs. (4. 12) and (4. 13), Vf(k, k') may be expressed in terms of pnf as series

V (k k')=- g (k'-2~~ )y*(nk)q (nk')
l '

2p, n n nl nl
(4. 20a)

f
=-—Q, (k"-2~e )q*(nk)q (nk').

2 p, n' n nl nl (4. 20b)

When the series expressions for tf (k, k', E) as given by Eq. (4. 16) and for Vf(k, k'), as given by Eq. (4. 20a),
are substituted into the second term at the right-hand side of Eq. (4. 1), we obtain, with the help of the sum
rule for Cnf, the separable representation for tf (k, k';E)

(k'-2i"e )(k"—2p, e )
t(k, k';Z)=V, (k, k') — ', ) " "

y+, (nk)q„, (nk'), (4. 21)

where Vf (k, k') may take either the separable expression given by Eqs. (4. 20) or by a symmetrized ex-
pression

V (k, k')= — Q, [(k' —2p, c )+(k"—21 e )](*(nk)( (nk') (4. 20c)

V. CONVERGENCE PROPERTIES OF
SEPARABLE SERIES

Numerical investigation of the convergence prop-
erties of the two separable series for the off-shell
amplitude [Eqs. (4. 5), (4. 6), (4. 21), (4. 20)] are
carried out for the case with Coulomb potential.
The s-wave results for Z = —1 Coulomb interaction
are shown in Figs. 1-3 for three sets of values
for the arguments k, kf, and E. It is seen that
the off-shell amplitude as a function of the number
of terms (included in the series) behaves differ-
ently for the two series representations. For the
HF series tl appears to be a smooth function of
the number of terms. For the SF series, tl is
an oscillating function of the number of terms.

For the purpose of illustrating the details, we
plot in Figs. 1-3, in addition to t„V0(kk ) and
[t,(k, k';E) —V,(k, k')] as a function of the number
of terms. By comparison with the exact values
for V, (k, k'), it is observed that the SF expansion
for V, [Eq. (4. 6)] oscillates about the exact V,
value and slowly converges to the exact value. On
the other hand, the HF expansion for V, [Eq.
(4. 20a)] converges uniformly and rapidly to a
limit which is displaced from the exact value.
The displacements which depend sensitively upon
the arguments k and 0f, arise from contribution
coming from the continuum states. For (f, —V,)

102

101

100

98—
I

t0(k, k;E)

—M-=-c~--~
k =00550

k =0.4829

E = —0.45 a. u.

C3

105.5 ~HF
105.0 y

i f)0(kk E) V0(k k)I

2

V0(k, k )

10 15 20 25 30 35 39

NUMBER OF TERMS

FIG. 1. Comparison of the convergence behavior of
the SF and the HF expansions for the s-wave Coulomb

potential (Z= —1) and off-shell amplitudes for a fixed
set of arguments k, k', and E as given by Eqs. (4.5) and

(4.6) and by Eqs. (4.21) and (4.20c), respectively. The
dashed curve for to(k, O', E) is obtained from Eq. (4.5)

with the exact Vp(~, k') tzq. (4.8) l.

[i.e. , the VGt part of Eq. (4. 1)] both series con-
verge rapidly and uniformly (except for the first
few terms) but not exactly to the same limit. The
difference in the two limits is, however, very
small and for most cases is less than 1%.
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FIG. 2. Comparison of the convergence behavior of
the SF and the HF expansions for the s-wave Coulomb
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(4.6) and by Eqs. (4.21) and (4.20c), respectively. The
dashed curve for tp(k, k', E) is obtained from Eq. (4.5)

with the exact Vp(k, k') [Eq. (4.8)].

FIG. 4. Comparison of the convergence behavior of
the SF and the HF expansions for the p-wave and d-
wave off-shell amplitudes for the Z=-1 Coulomb inter-
actions as given by Eqs. (4.5) and (4.6) and by Eqs.
(4.21) and (4.20c), respectively. The dashed curve for
t~(k, k', E) and t2(k, k';E) is obtained from Eq. (4. 5)

with the exact Vp(k k ) [Eq. (4.8)].
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(4.6) and by Eqs. (4.21) and (4.20c), respectively. The
dashed curve for tp(k, k', E) is obtained from Eq. (4.5)
with the exact Vp(k, k') [Eq. (4.8)].

The convergence behavior of the two series for
the P-wave and d-wave amplitudes are essentially
the same as for the s-wave amplitudes. The con-
tinuum contribution now appears to be slightly
larger. In Fig. 4, illustrative results for Z= —1
Coulomb interaction for each partial wave are
shown for a set of values for the arguments k, k',
and E.

From these results, it becomes clear that the
source of difficulty in both series for t~ comes
primarily from the Vf (k, k') part of the series.
This is not unexpected since Vf (k, k') is essen-
tially a logarithmic function (actually the
Legendre functions of the second kind). The
series for Vf (k, k') in both the SF and HF con-
verges essentially as n-', characteristic of the
logarithmic divergence when k equals k . This be-
havior is more apparent when the argument k ap-
proaches k as shown in Fig. 2.

The SF expansion for V~ depends arbitrarily
on E. It does not seem possible to determine an
optimal value for E so that the series would con-
verge with minimum oscillations. The conver-
gence of the SF expansion can be improved by
introducing screening constant for the Coulomb
potential as shown in the Appendix. The signifi-
cance and its effect on the three-body solution
for such a screened two-body potential is, how-
ever, not clear and requires further studies.

There are several alternative expressions [Eqs.
(4. 20a,)—(4. 20c)] for the HF expansion for
Vf (k, k'). A comparison of the three equivalent
(in principle) expansions for Z= —l Coulomb po-
tential is given in Fig. 5 for the l =0 case. It is
seen that the three expansions converge uniformly
but to different limits which depend sensitively
upon their arguments. For the unsymmetrized
series, Eqs. (4. 20a) and (4. 20b), the conver-
gence is better if the smaller of the two argu-
ments is taken to be the weighting factor
(k —2pe ).

Utilizing the completeness properties, the
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series for VI (k, k') may be rewritten

('((k, k')=~(z a () ((m)')( (tm(. ")—(2p) 'I!((.-(. '))
(5. 1)

Though the 5 function, 5(k-k ), is not separable in
k and k', it is of interest to examine whether the
error introduced by truncating the closure rela-
tion

Z q (nk) q* (nk') =k-25(k-k') (5. 2)

in the truncated series for VI (k, k') is large. The
result is also shown in Fig. 5. It is seen when the
arguments k and k' are far apart, so that V) is
away. from the logarithmic singularity, the series
for VI [Eq. (5. 1)] converges rapidly to a value
very close ta the exact value. From the compari-
son, in Fig. 5, it is seen that continuum- state con-
tributions to the closure relation is of importance.
As the argument k and k' approach each other, so
that V) moves closer to the logarithmic singularity
the series given by Eq.. (5. 1) converges badly.

It is obvious that, all the expansions for VI(k, k')
fail badly when the two arguments become equal
to each other, since the expansions must now re-
produce the logarithmic singularity. This failure
may not be as serious as it appears for the intend-
ed applications for solving the Faddeev equations
below the three-body break-up threshold. This is
because the kernel in the coupled integral equa-
tions [compare Eqs. (3. 7) and (3. 15)] depends on
quantities in which Vf(k, k ') has been integrated
once over one of its arguments. Since the singu-

larity at k =0 'is only logarithrnatic, the integra-
tion removes this singularity and the kernel
therefore no longer contains the singularity.

For a similar reason that the kernel depends on
quantities in which tf(k, k', E) has been integrated
once the oscillations in the SF series are not as
discouraging as it appears to be. After integrat-
ing over the three-body phase space, the oscilla-
tions are smoothed out considerably. There are,
however, residual oscillations. The effect of
these residual oscillations is critical as is ap-
parent from the work of Ball, Chen, and Wang. '
They have observed that the Faddeev equations
converge in an oscillatory manner with respect to
the number of terms to be kept in the SF series
for the off-shell amplitudes. These oscillations
can, nevertheless, be confined if sufficient terms
are included in the SF series.

The HF series for the off-shell amplitudes con-
verges uniformly for most of its arguments, k and
k' at fixed values of E. For smaLL values of k and
k' some oscillations at small values of n have been
found in the V~ part of the series. Though the HF
series is not, in principle, limited to the negative
values of E, it has, however, the uncontrolled
error from the continuum states. In the case
where the Coulomb potential is repulsive, the
entire contribution comes from the continuum
states. Because the continuum Couloub states are
difficult to deal with numerically, this then limits
the practical usefulness of the HF series for re-
pulsive Coulomb interactions and for the case
with E& 0.

The convergence behavior of the SF series for
repulsive Coulomb interactions, on the other hand,
appears to be the same as for the attractive inter-
action. In Fig. 6, the convergence behavior for
SF series is shown for two sets of values for the
arguments.

It appears that a mixed-mode representation for
the three off-shell amplitudes for the alternative
pair of particles may be satisfactory for the
Faddeev equations. In the mixed-mode repre-
sentation, the HF series is adopted for pairs of
particles with attractive interaction and for pairs
of particles with repulsive interaction the SF
series is adopted. This would be a particularly
suitable representation for cases with large nega-
tive E where the continuum contribution in the HF
series is small.

An investigation of the continuum contribution is
carried out for the Z = —1 Coulomb interaction at
negative energies. (The zero energy for the three-
body system is set at the three-body breakup thres-
hold. ) Some representative results are presented
in Tables I and II for several sets of values for the
arguments k, k', and E. In Table I the converged
values for Vo, with Z= —1 calculated from Eqs.
(4. 20c) and (5. 1), are compared with the exact
values for various values for k and k'. It is seen
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FIG. 6. Convergence behavior of the SF expansion
for the s-wave off-shell amplitude |Eqs. (4.5) and (4.6)]
for repulsive (Z= 1) Coulomb interactions.

that the continuum contributions are significant
for most of the arguments.

To estimate the continuum contribution in the
HF series for t, (k, k', E)—V, (k, k'), we consider
the converged values obtained from the SF series
[Eq. (4. 5)] to be a good approximation to the ex-
act value for t, —V,. A comparison of the two
series for t, —V, is given in Table II for various
values for k and k' at three E values. . Utilizing
these results, an estimate of the continuum con-
tribution is made. It is seen that, in general, the
continuum contributions are very small.

From this study, it is clear that the source of
convergence difficulty in both separable series
representation comes mostly from the V~ part of
t~. The series for V) converges, except for cer-
tain cases in the HF expansion, in an oscillatory
manner. The continuum contribution in the HF
series for tf(k, k', E) at E & 0 comes also largely
from the V~ part of the series. This then sug-
gests that numerically it would be advantageous
if the V~ part of t~ may be treated separately in
the Faddeev equations.

APPENDIX: SCREENING IN tI ( k,k ', E )

The convergence of the separable SF expansion for the off-shell amplitude t~(k, k', E) may be improved
by introducing into the expansion a convergence parameter. By replacing y~ in Eqs. (4. 5) and (4. 6) by
(1+Z')~ y we have '

X

f, (k, k', Z)= P [1 —(1+Z') y,]-'y, (k, Z)y (k', Z),

where Z J is a constant. If Z'=0 we have t~ = t~. I«a»e shown that the constant Z' so introduced has the
physical significance of being a screening constant.

To demonstrate this we examine the part of Eq. (Al) corresponding to the potential part of the series,
[see Eq. (4. 6)]

g, (k, k')=- Q [(1+Z') y, ] 'y, (k, Z) y, (k', E) .

We show (for the 1 =0 case) that the series at the right-hand side of Eq. (A2) may be summed up to give a
screened potential.

For /=0, we have (k, E) = (6/p)' j'[(- 2gZ)'I'k/( k' —2pz)] sink yk/sin yk

with cosy = (k +2pz)/(k'- 2pz) .
k

A.

Then p, (k, k') =+
slllkklkalllk(kk k I l(Pk —(kk ) -l(klk —I k )

)X=1 X(1+Zk)X 2kk'~ 1
& 1+Z' 1+Z'

(A4)

( E'(yk+ ykk) & -E,(yk+ ykk)

1+Z' 1+Z'
I(I'k+ I'k') '(I'km I'k'))

,— ln 1- J 1
2kb ' 1 +Z 1+Z

-1
~~ ~'((kk- Ilk ') I(I'k (kk ')

)1+Z' 1+Z'
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Z ' k'+k" Z "(k'- 2pE)(k" —2gE)
kk ' ' 2kk' SpE(l+ Z ')(k'+ k ") (A5)

This then demonstrates that the constant Z ' introduced in Eq. (A2) as well as in Eq. (Al) has the physical
significance of being a screening constant. The interesting feature of the screening lies in the fact that it
is energy-dependent.
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