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Simple solutions of the Einstein scalar and Brans-Dicke field equations are exhibited, and the nature
of the Killing horizons of some static solutions is discussed.

I. INTRODUCTION

ECENTLY there has been some discussion of the
coupled gravitational and zero rest-mass scalar
fields in connection with investigations of the Killing
horizons of static asymptotically flat fields.! The
purpose of this note is to exhibit some methods of
obtaining simple solutions of the Einstein field equa-
tions when a massless scalar field is present and to
indicate the corresponding solutions of the Brans-Dicke
scalar-tensor theory. In particular, the spherically sym-
metric solution analyzed by Janis et al.! will be recon-
sidered in the light of some comments by Penney,?
and the significance of the singular nature of the event
horizon goo=0 will be discussed.

II. SOLUTIONS
The Einstein field equations are given by
G"v=_KTuv, (1)

where k=8nGo/c*, and G, is Newton’s gravitational
constant.? For rest-mass-zero scalar fields

Tuv=‘p.u'/’,v—%gw'/’.p‘p; s

Oy=0. (2)

When the gravitational equations (1) are satisfied,
Eq. (2) is a consequence of the Bianchi identities. For
static fields, the line element may be written

ds?=e2Uh;dxdxi— eV (da0)?, 3

where U and %;; are functions of x¢ alone. The field
equations (1) and (2) take the form®

and

\b:il':()y (43')
U;il'=03
H:;i4-2U0 .U = — ¥ 5, (4b)
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where H;; is the Ricci tensor for the auxiliary metric
hij, and the covariant derivatives are taken with respect
to this metric.

In the axially symmetric cases, Eqgs. (4a) reduce to
the two-dimensional Laplace equations when cylindrical
coordinates are used, and Eq. (4b) is then simply
integrated in terms of any two independent solutions,
U and ¢, of these equations.??

Simple calculations, similar to those of Ref. 5, lead
to the following results:

(1) If a vacuum solution of the Einstein equations is
given by the metric of the line element

ds*=e 2Vl dxtdai— eV (da0)?, )

then a solution of the coupled Einstein scalar equations
is given by the metric of the line element (3) and ¥,
where

Yy=AU and U=V(1+«xA4?)72, A aconstant. (6)

(ii) If a static solution of the Einstein scalar equa-
tions is given by the metric of the line element (3)
and ¥, then a static solution of the coupled Einstein-
Maxwell scalar field equations

Gu=—xkW =38,V P+ F P p—3guF oo F*7)
Oy=0, F#,=0, Fp,,=0
is given by
V¥, Foo=(2/)1%7 (6,°U ,,—6,°U,,)
and the metric of the line element
ds?= e 2V dxidai— eV (da°)?,
where W= —In sinhU.

Corresponding to each of these solutions of the
Einstein field equations is a solution of the Brans-
Dicke scalar-tensor theory.® For under the gauge
transformations,

O

Ii’nv= Gol /2F‘w R
p=(2ut-3/212,
the field equations (7) become the Brans-Dicke field
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equations _
Ox=0, (9a)
_ 8r .
Guv= _“—T,w—_o&#}\.v_%gnvgw)\,p)\.»
At A2 _
- (1/>\) O\;;w_g_;w[———m) . (Qb)

The energy-momentum tensor of the electromagnetic
field 7', is given by
Tﬂv= I?MPFVVP—%Q—W’F’P“FPU'

Consequently, if g., ¥, and F,, are solutions of the

Einstein field equations (7), §u, Fu, and N satisfy the
Brans-Dicke equations. In general, the trace T of the
energy-momentum tensor of the nongravitational fields
acts as the source of the scalar field, and Eq. (9a) has

the form E]A:T’XS#/(3+2&’)54' (10)

However, the trace of the energy-momentum tensor
of the electromagnetic field is zero, and, in this case,
the scalar field equation (9a) is source free.

III. SPHERICALLY SYMMETRIC SOLUTIONS

By applying the result (i) above to the Schwarzschild
solution of the vacuum Einstein equations

ds?= (R4+m/R—m)[dR*+ (R2—m?) (d0>+-sin26d ¢*) ]
— (R—m/R+m)de, (11)

the Einstein scalar solution, discussed by Janis et al.
in Ref. 1, is obtained:

ds?= (R+m/R—m) *[ dR?+ (R?— m?) (d6°+sin%0d ¢?) ]
— (R—m/R+m)'rde
Y= (4/2p) In(R—m/R+m)
p=%(4+2AH122 1.
The corresponding Brans-Dicke solution is given by

d82= (R-I—m/R-—m) (A+2p) [2up
X [dR: (R2—m2) (d6°+sin®6d ¢*) ]
—_ (R+m/R_m) (4—2p) /zﬂﬂdtz ,
A= (R—m/R+m)42»,

By introducing the constants B, C, D, and the
coordinate 7, defined by

R=%m(r/B+B/r)
4 2 2
up D

this solution may be put in the form

m? r--B\2(C+-D)/D BA\4
s
4B*\r—B r

X[dr*+72(dg?+sin?0d o?) ]— <

(12)
and

(13)

and

7+ B\ %P
B) ar, (14)
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A= (r—B/r+B)c/P
where
D?= (C+12—C(1—3C)>0.

This is just that one of the four spherically symmetric
static solutions, found by Brans,” which is asymptoti-
cally flat.

Although the event horizon ge=0 is a regular hyper-
surface for the Schwarzschild metric, the curvature
scalar is singular there for the other two metrics. In
the case of the Einstein scalar fields, the event horizon
is a singular point. For the Brans-Dicke fields, how-
ever, the nature of the event horizon depends on the
values taken by the parameters C and w.

The value of the coupling constant w has been set
by Dicke in his interpretation of the precession of the
perihelion of Mercury at w=6, and the range of values
that C may take is determined by the asymptotic form
of the solutions for A and geo. For physically realistic
fields, the trace of the energy-momentum tensor of
the matter source 7, the energy density ¢ and the
pressure p of matter satisfy the inequalities

T=3p—e<0, €20, p>0.
In these cases, it follows directly from Egs. (9) and
(10) and the values of goo and X\ given by Eq. (14)
that C must be negative. The event horizon go=0 is
then a singular point.

It should be noted that axially symmetric solutions
of the Einstein scalar fields have been investigated by
Gautreau and Penney.??® The former considered solu-
tions of the type given by Egs. (5) and (6) and found
that these solutions also have singular event horizons
goo=0. In contrast to the static vacuum case,® it was
found that solutions with singular point horizons, which
act as multipole sources of the field, may exist when
the scalar field is present.

In previous considerations of the spherically sym-
metric Einstein scalar solution,! an analysis of the
behavior of the luminosity distance

r=(Rtm) 1k (R—m)*ln, (15)
in the limit of vanishing coupling constant «, led to the
suggestion that the physical solution corresponding to
a spherically symmetric point mass might differ from
the usual Schwarzschild solution by having a singular
point event horizon geo=0. Penney has suggested that
if nonspherically symmetric solutions of the scalar
wave equation are considered, one is led to the usual
Schwarzschild solution in the limit of vanishing cou-
pling constant, and, consequently, analyses of this
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type do not indicate a physical singularity at the
Schwarzschild radius. However, the example he gives
in support of this contention contains a calculational
error, and, in fact, his solution is singular at the horizon
goo=0.9

9 In Ref. 2, Eq. (19) should be replaced by
k@’ R (R—2m)+m? sinf] ex [ xa®R(R—2m) sin’g
R R(R—2m)-+m? cos® ]2 p‘L2[R (R—2m)+m? 00520:]’}'

The curvature scalar is then singular when R(R—2m)-+m? cos’d
=0, for all values of «.

Ryp=
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A more serious objection has been raised by Misner,?
who has pointed out that it is not possible to provide
a material source, under normal conditions of hydro-
static support, for the solution (12), beyond a minimum
distance

rr= (m?/4?) (ut- 1) 2k (u— 1)/,

Consequently, the singularity at goo=0 would seem
to be of no physical significance in this case.
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A recent proposal of asymptotic symmetry for the proper amplitudes is tested with reference to the
Adler-Weisberger sum rule and is found to lead to an inconsistency, thereby demonstrating its incom-

patibility with local chiral current algebra.

HERE has recently been a very interesting sug-
gestion by Barry, Gounaris, and Sakurai,’ who
seek a modification of the Adler-Fubini sum rule?® by
postulating specific asymptotic requirements on the
proper amplitudes rather than on amplitudes involving
matrix elements of currents. In view of Gerstein’s proof*
of the inconsistency of this approach with local current
algebra involving currents of unegual masses, it is inter-
esting to ask if the inconsistency persists for equal
masses. In this paper, we propose to answer this in the
affirmative within the framework of asymptotic SU(2)
XSU(2) symmetry. We first present a derivation of the
modified sum rule resulting from asymptotic SU(2)
XSU(2) of the proper amplitude and explicitly demon-
strate that it violates the well-established Adler- Weis-
berger® (AW) sum rule. Finally, we give a simple and
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direct argument based on Regge theory as to why the
asymptotic symmetry for the proper amplitudes will be
inconsistent with the usual form of asymptotic chiral
symmetry.

Let the amplitudes for the forward weak vector and
weak axial-vector scattering off nucleons be defined by

M, 43 g?) =ifd4x €120 (x0)
XN (@) [LV (), VA O)IIN(p)),
M, A43(y,q%) =i/d“x €750 %0 (2x)

XN (p) | [44i(), 4,70) T N (p)),

where 7 and j denote isospin and »= —p-g/m, m being
the nucleon mass. Following Fayyazuddin and Hussain,®
let us write the invariant decomposition of the spin-
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