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In the context of the free-quark model, we discuss the validity of the na'ive Ward identities (WI's) for
arbitrary regularized n-point functions of scalar, pseudoscalar, vector, and axial-vector currents. In a
simple version of the regularization procedure described by Pauli and Villars, we Gnd that the naive vector
WI's are all automatically satisled, and that there is a compact necessary condition for the existence of
an axial-vector anomaly. Subsequently, this version leads to a large number of anomalous axial-vector
WI's (corresponding to the cases n= 2, 3, 4, and 5). It is shown that this number cannot be reduced, for
example, to Bardeen's "minimal" solution without additional cpunterterms beyond those possible in the
general regularization framework —in spite of the framework's well-known ambiguities. We discuss other
minimal sets, as well as a symmetry-breaking model in which no further anomalies are found. The explicit
forms of the WI anomalies for the general minimal solution is given along with the necessary counterterms.

L INTRODUCTION

ECENTLY it has been ascertained'2 that in the
0 model and in spinor electrodynamics the axial-

vector divergence equation implied by a naive manipu-
lation of the field equations is not satisfied in pertur-
bation theory due to the presence of triangle diagrams.
Accordingly, Adler' has given a modihcation of the
naive divergence equation; the aforementioned manipu-
lation involves ill-defined field-operator products and
hence must be done carefully, a fact pointed out years
ago by Schwinger. ' Careful field-theoretic calculations
have since been given which are consistent with
Adler's result. 4 Further work with respect to arbitrary
orders of perturbation theory' and with respect to
reduction-formula modifications' has also been done.

Specifically it has been seen that the Ward identity
(WI) relating the axial-vector —vector —vector (A VV)
and the pseudoscalar-vector-vector (PVV) three-point
functions (3-pf's) in electrodynamics must be modified
since the A VV triangle graph is super6cially linearly
divergent. No modification in the way of acceptable
counterterms could remove the "anomaly. '" This thus
carries over to the hard-pion calculations' involving
the (A VV) and (PVV) vertices. Wilson has studied
another set of WI's relating the 3-pf's (AA V), (PA V),
and (PPV) and found that these identities can be
satisfied by redefining the ingredient vertices with
appropriate counterterms. Examining the general set
of 3-pf's for scalar, pseudoscalar, vector, and axial-vector
currents in a free-quark model, Gerstein and Jackiw'
(GJ) found only (AAA) and (A VV) to have anomalous

~Work performed under the auspices of the U. S. Atomic
Energy Commission.' J. S. Bell and R. Jackiw, Nuovo Cimento 60A, 4'/ (1969).

2 S. L. Adler, Phys. Rev. 177, 2426 (1969}.
~ J. Schwinger, Phys. Rev. 82, 664 (1951).
4 C. R. Hagen, Phys. Rev. 177, 2622 (1969);R. Jackiw and K.

Johnson, ibid 182, 1459 (1.969); R. A. Brandt, ibid. 180, 1490
(1969); B. Zumino, in Proceedings of the Topical Conference on
Weak Interactions, CERN, 1969 (unpublished).' S. L. Adler and W. A. Bardeen, Phys. Rev. 182, 151/ (1969).

6 S. L. Adler and D. G Boulware, Phys. Rev. 184, 1740 (1969).
r H. J. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (196/).
s K. G. Wilson, Phys. Rev. 181, 1909 (1969).' L S, Gerstein and R. Jackiw, Phys. Rev. 181, 1955 (1969).
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WI's. In dealing with divergent momentum-integral
representations of the 3-pf's and 2-pf's, they prescribed
a certain recipe which was used to determine whether
or not two infinite quantities were equal. On the strength
of this procedure they then argued that no n-pf's for
n&4 were anomalous. In another spinor-Geld calcu-
lation by Bardeen, ' in which an e separation of the
interaction Lagrangian was used, the S matrix was
carefully dered by counterterms and some WI's
involving 4-pf's and 5-pf's were also found to be anoma-
lous. Since GJ utilized a regularization argument in a
portion of their work, their disagreement with Bardeen
raises an interesting question concerning regularization
and its relation to the general counterterm procedure.

This last remark brings us to the purpose of our paper.
We consider a generalization of the framework described
in GJ. In it we define general n-pf's by the regularization
described by Pauli and Villars" and employed in closed-
loop perturbation calculations by Steinberger. "In this
way, all of the pertinent symmetries of a given n-pf
are carried over unambiguously to its momentum
representation, which is now well dined. Furthermore,
no infinite quantities arise in the computation; there is
no need to equate one inanity with another. Finally,
this approach yields a simple prescription for locating
and calculating WI anomalies.

The outline of this work is as follows: In Sec. II, we
define our model and notation and discuss the corre-
sponding na'ive Ward identities (NWPs). A universal
regularization in which all of the n-pf's are regularized
in the same way is introduced in Sec. III. There follows
an enumeration of those universally regularized n-pf's
which have anomalous WI's. In Sec. IV we enlarge the
freedom in the definitions of the n-pf's to include general
local mass and momentum polynomials and describe
which additional NWI's are consequentially satisfied.
Section V shows how some of those local polynomials
can be identified with ambiguities in the regularization

"W. A. Bardeen, Phys. Rev. 184, 1848 (1969).
"W. Pauli and F. Villars, Rev. Mod. Phys. 21, 434 (1949);

see also S. N. Gupta, Proc. Phys. Soc. (London) A66, 129 (1953).
'2 J. Steinberger, Phys. Rev. 76, 1180 (1949}.
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scheme. In an effort to make a more realistic calculation
of possible anomalies, a symmetry-breaking model in
which the strangeness-changing vector currents are not
conserved is employed in Sec. VI. Conclusions and
discussions comprise Sec. VII.

II. NAIVE WARD IDENTITIES IN
A SPINOR MODEL

We begin by defining in the interaction picture the
SV(3)SU(3) currents"

The free spinor field P is also a column matrix in the
internal space which, for our present purposes, repre-
sents states with a common (degenerate) mass m. Later
on, in Sec. VI, a symmetry-breaking model is considered
which admits nondegenerate masses. In (1) we have
Gell-Mann's SU(3) matrices Xa (=X,), where a=0, 1,~, 8. The Dirac matrices I';=—1, ip5, y„,and p„y&imply
the scalar, pseudoscalar, vector, and axial-vector
currents j,a(x)=—S'(x), P'(x), V„(x), and A „'(x),
respectively.

It follows from the free-spinor equation of motion
that the divergence equations for the vector and axial-
vector currents are

a&V„(x)= 0, B~A„(x)= 2mP'(x) . (2)

The n-pf for our currents or, strictly speaking, its
Fourier transform is

(ji (ki) j&'(k&)' ' '2 '(k ))

d s'2d z3' ' 'd $~8 ' ' '8

With the neglect of Schwinger terms, we And for the
equal-time commutators that

LV. (*),j"(y)j*.=-='f"j"(x)&(x—y),

V. '(y) ~ '(x)
Ap (x) =if ' 8(x —y), (3)

A „'(y) „=„, V„'(x)

P'(x)
=id-b

I
s(x—y).

k —S (*)

is left understood. The general first-order (single-
momentum contraction) vector WI is, by na'ive use of
(2) and (3),

ki"(V„(ki)j& j„)= n —1 of the (n —1)-pf's. (5)

Also we And, for the axial-vector case, the N WI

ki"(A„(ki)j, .j„)=—2mi-(P (ki) j, j„)
+n —1 of the (n —1)-pf's. (6)

The coefficients of the (n —1)-pf's in (5) and (6) are
determined by the commutation relations in (3).
Higher-order WI's can be found if other currents in

j2, , j are vector or axial-vector ones.
Unfortunately, life is not so simple and (5) plus (6)

is hardly the whole story. When one substitutes an
explicit momentum-integral representation'4 for (4),
the ultraviolet-divergence difhculties prevent an im-
mediate verification of these identities. This is due to
the lack of the freedom needed for translating inte-
gration variables when there are linear or quadratic
divergences present. For the same reason, Bose sym-
metry or even the more general invariance of (4) under
the exchange

j,"(k;) j, (k,)

does not always hold in such representations. Thus,
displacement invariance in the four-momentum inte-
gration variable is indeed expected to be crucial.

In order to proceed, we wish to redefine our n-pf's
by using regularization. This will remove not only the
infinities present in (4) but also the displacement
surface terms.

III. UNIVERSAL REGULARIZATION AND
WARD-IDENTITY ANOMALIES

The regularized n-pf is defined as

(Jl (kl) ' ' '
Jzz (kzz))regularized

=—Z ~'b (k ) j-'(k.))-,' (8)
i=0

Here the C s are functions of the set of masses m, and
the subscript m; on an n-pf refers to the mass of that
n-pf's loops. Also,

C 0= 1) SSP= 5$.

in which we have factored out the four-momentum-
conserving 8 function. Thus PC;m; =0, n=0, 1, 2, 3.

i=0

Such an n-pf [Eq. (8)] is free of ultraviolet divergences
&(0 I T(ji (0)j2 (&2) j-'(&-))

I o) (4) and integration-displacement ambiguities provided
that

Q k, =O

"Our basic notation and conventions are those of J. D. Bjorken
and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill

Book Co. , New York, 1964);Relativistic Quautum Fields (McGraw-
Hill Book Co., New York, 1965). ln particular, 60123= —c =—+1
and P =—y&p„.Other more specific notation often follows that of GJ.

'4 We are talking here about closed-loop Feynman diagrams.
The usual omission of the disconnected graphs is made.
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This can be seen by considering the integral and surface-
term calculations in Appendix A; the efficacy of (8)
and (9) will also be more transparent as we proceed in
the main text. Note that the 1V in (8) and (9) may be as
large as one wishes and that in the end the limit

m; —+, i&0

is left understood Lalbeit constrained to satisfy things
like (9)$. In view of such a limit, we demand that the
SuIIls

g C;m, inns, '=—E
i=o

are either finite or consistently redefined as part of
renormalization constants. Lastly we ask that

—+0 )

which is a stronger condition than is needed in electro-
dynamics of vector currents. "The condition (11) im-

plies, for example, that for n&5, the regularized n-pf

(8) reduces to our original amplitude (4).
We shall consider here a simple version of regulari-

zation in which the same set of C; and m; are used for
all of the n-pf's and are such that

E' =0, +=0, 1, 2, 3.
We call this "universal regularization" (UR). It will

be seen that the employment of a common set of C; leads
to a simple determination of WI anomalies. The ambigu-
ities present in the general regularization scheme (e.g. ,

nonzero E ) are fully considered later in Sec. V.
Before addressing ourselves directly to the vector

WI's of the UR n-pf's, let us recall the difficulties in
verifying NWI's with unregularized loop amplitudes.
One is that upon contraction of a momentum with its
corresponding vector or axial-vector current, the
(n —1)-pf's that result are usually not in "standard
form. "Their integration variables have to be translated
in order to attain the agreed-upon form for a given

(n 1)-pf. An—other difficulty is the unsatisfactory situ-
ation of dealing with infinite quantities (i.e., n-pf s for
n(4). Thus our UR procedure is to the point and the
use of a common set of C; assures us that the (n —1)-pf's
arising in a WI calculation will be consistently defined.

We may immediately say that the erst-order vector
NWI's (5) are satisfied by the UR n-pf's, since the
integral representations of (n —1)-pf's which arise on
the right-hand side can now undergo any desired
change of integration variable. This, as with other
assertions presented here, will be clearer when specific
examples are given later.

The axial-vector case is much different, however.

'5 There the condition need only be Eq. (11) with m; replaced
hy tn;s (see ReL 11).The mass parity is even if there are only V
currents (cf. Ref. 20).

2—i P C;(m; —nb)(P'(kt) js j.)~, . (13)
i=o

Even though the constants in (10) are set equal to
zerO in UR, ns; terms in (I'js j„),. imPly a non-

vanishing h. On the other hand, (13) does restrict the
anomalous (first-order) axial-vector WI's to those
involving only n&5. This follows from the integral
expressions for the Feynman loops in Appendix A, viz. ,

(jtjs .j.)sr= o(&' "),

Ke thus write down the loop-momentum represen-
tations for n&5 only, and thereupon list the corre-
sponding anomalous axial-vector identities according
to (13). Charge-conjugation invariance is assumed in

our model, so that our n-pf's remain invariant under
X, —+ c,'A, r for each current jp, where c; is +1 for the
8, I', and 3 currents and —1 for V.

For the 1-pf,
N

(ji'(0))Ua= ii4 Tr(—X +ciX r) Q C;Bi'(0)
0

where'~

S,(k)
—= (k —nb, ) '. (16)

Since only the current with the vacuum properties
(i.e., ji =S 5 s) gives a nonzero 1-pf, there are ob-
viously no WI's (5) and (6) with n= 1. For the same
reason the charge-conjugation information in (14)
yields no new restrictions. The momentum integral of

(15) is calculated in Appendix A utilizing a finite
integration region; it can thus be seen that the UR
version of the scalar one-point amplitude vanishes.

We continue with the two-point amplitudes

(ji'(P) js'( —P))ca =-', Tr() 4 b+c,cs) .'Xb )

XP C'Dts'(0, p)

1+ctcs .N

Q C;Dts'(0 p)
2

(17)

' We have performed —but shall not give here —a general
3-pf calculation in which the limit m; ~~, i/0 is taken before
the k& contraction. The result for the anomaly is the same but
this procedure requires extensive use of the mass expansion and
displacement formulas in Appendix A and is much more tedious
than that outlined in the text.

i" We use the notation 1'b =—J'd4k/(2s)4 after Brandt (Ref. 4).

With UR we And an anomalous term on the right-hand
side of (6)":

A(A (ki) jsjs j.)
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in which The three-vertex loops are

D»'(g, b) = Tr/r1S;(t+a) rss;(t+b)]. (18) (j1 (&)js'(p) js'(q))vR

The @=2 WI's for (AP)vR and (VV)vR are na'ive.
That is, they agree with the formal manipulations on (4)
and are termed nonanomalous. For instance,

N

Q C~[T1pLgXbkg+clcscsXa Xb Xc )F128 (py og q)
16 '

+Tr(X,X,Xs+crcscsh, rh. rhea~)F132 (q 0 —P)], (27)

p"(V. (p) V.'(-p)& = -lb" E C*&.'(p. ), (19)
with k+p+q=o and

F»s (a,b,c)
since

S'(t+P)PS'(t) = S*(t) S'(t+—P) (2o) Tr(r,S,(t+~)r,S;(tabb) rsS;(tyc)]. (28)

The right-hand side of (19) is zero because regulari-
zation allows us to shift integration variables, and so
this identity is naive- --as expected since it is a vector WI.

In the case of (AP&vR, the freedom in shifting inte-
gration variables can be used to obtain

P"(As (P)P'( P))vR =—2r1si(P"—(P)P'( P)&vR-
+b.s(S(O))vR+~(AP), (21)

We refer to GJ for a list of all the (first-order) 3-pf
NWI's. Of these, the vector ones are all satisfied auto-
Inatically by our UR amplitudes.

For example,

&"(V.'(b)A. '(P)A1'(q) &vR= f "L&A.(—q) A1(q) &vR
—(A.(p)A1( —P))vR], (29)

using

S;(t+p)pyss;(t) = 2m;S;(t+ p)ass;(t)
+~ s*(t)+s'(t+p)~.

where we have introduced the reduced 2-pf

(j,(p)j,(-p)) —= -', p c;D„'(o,p). (30)

Here we have employed the reduced 1-pf

(S(O))v =P C;a,'(0).

The anomaly is, from (13),

~(AP) =-2'Z C;(-;--)(P.(p)P (-»&.. (24)

Since (PP& has no m ' term in its mass expansion
Lsee (A16)], we have d, (AP) =0. Therefore, within the
framework of UR we say that the (AP) WI has no
anomaly.

Doing the same sort of things, we go on to 6nd that

p"(A. (p)A. '(—p))
2'(P (P)A—,'( P)&vR+&(A—A), (25)

with the nonvanishing anomaly

A(A A) = (1/247r'—i)p'p„ (26)

But the counterpart axial-vector WI by (13) and
(A18) is

p"(V..(u)A. '(p)A'(q)) ~
2'(—V„~(k)P'(p)Ag'(q)) vR

+f "L(V (&)V&(—&)&vR —(A.(—q)A1(q))vR]
+h(VAA), (31)

with the anomaly

D(VAA) = (1/24rr'i) f~"$2P P1,+3P q1,

+q.p1 g.1(3P'+q'+—3P.q)] (32)

As a consistency check, the second-order identity for
he"(V„A„A&,&vR can be obtained equivalently from
(29) or (31) after taking note of (25) and its anomaly.
The remaining anomalous n= 3 6rst-order axial-vector
WI's are

P"(S (&)A.'(P)P'(q)& = —2r1s'(S"(&)P'(P)P'(q))
+d'"L(P(—q)P(q) &vR

—(S(k)s(—k))vR]+6(SAP), (33)
where

a(A VV) = (1/8 ' )d'"—, .P qs

bs(A„kA„' )Ag' q) vn,"That is, the lack of available independent momenta prohibits
the construction of the necessary tensor forms. 2mi(P (k)A„'(P)—A1,'(q)&vR jh(AAA), (37)

One must go beyond UR in order to satisfy the (AA) 6(SAP) = (1/247r i)d~s'(P'+ q' Pq)—
NWI. Obviously, (25) implies that the second-order
WI for p"p"(A„A„)is anomalous also. Before continuing ~"(A~'(~) V~ (P) V1'(q)&vR
w1th the three-vertex loops, we remark that (AV), 2nsi(P'(—k) V, '(P) V),'(q) &vR+h(A VV), (35)
(As), (VP), and (SP) are zero by the usual pseudo-
tensor argument" and that (VS) vanishes due to charge-

(36)conjugation invariance. and
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where

g(A A A ) = —(1/247rsi )do bosyi ~epnqe (38)

We thus obtain anomalous second- and third-order

WI's for (VAA)uR and. also an anomalous second-order
identity for (SAA)uR, since it involves (33).

The momentum-integral representation for the
general 4-pf is

(Ji'(&)Js'(p)is'(q) J4"("))&R=—s's 2 (-i(IU'""III»s4'(p~ 0$ —5 q t)+c(4)IIi4»'(t»

+W""pI»4, (p, 0, t, ——t —q)+c(4)Eh3 s (q 0, t, ——t —p)j

+if -'"LII»s4'(q, o, —p, —p-t)+c(4)IIi4»'(t, 0, -p, -p —q)l), (»)
in which k+p+q+t=0 and

H»34'(a, b,c,d) —= TrLI'iS;(l+a) I'sS;(l+b) I'sS;(l+c)I'45;(l+d)$,

8' "~—=Trt ),Xs),hd+c(4)X, rkpk. r)b.pf,
c(4)=—cic2csc4. (42)

By an explicit calculation of (13) utilizing (A20), we find seven anomalous first-order axial-vector WI's here. "
Since it is cumbersome to write the anomalous equations here, we merely list the corresponding 4-pf s )which
occur on the left-hand side of (6)] in Table I. For completeness we also list the UR 2- and 3-pf's that are associated
with anomalies. The anomalous higher-order 4-pf %I's are rr. any, and we shall not enumerate them here.

Ke come now to the last loops which can give us trouble, those corresponding to the 5-pf

(ii (&)i2'(p) is'(q) i4"(t)i~'(~))ua

= ——p C;{Z"'"'LJig34,'(p, 0, —
q, q t, q t I—)+——c(—5)J—is4»'(u, 0, —t, —t —q,

—t —q
—p)]

0

+Z'"'"(J»s54'(p, 0, —
q,

—
q
—e, —

q
—I—t)+c(5)Ji45»'(t, 0, n, —I——q,

—u —
q
—p)j

+10 further permutations of 2345 synchronized with bede)t, (43)

with k+p+q+t+e=0 and

Jiss45'(a, b,c,d, e) = Tr/I'iS, (l+a) I'gS;(1+b)

XI'sS;(l+c)I'45;(l+d) I'g5;(l+ e)), (44)

Z.""—=TrL) ) ) ), )

+c(5)X rXsrX ~XgrX ~$ (45)

c(5)=clc2csc ic5.

Although the 5-pf's remain unchanged under it, the
regularization in (43) which leads to (13) for n= 5 pro-
vides a simple way of calculating the anomalies. One
should remember that any anomaly in a 5-pf (first-
order) WI is simply a consequence of the UR of the
4-pf LEq (»)3

Again it is cumbersome and unenlightening to do
more than list those UR 5-pf's which lead to anomalous
WI's. There are 11 that do so Linspection of the trace
in (A22) leads immediately to this result) and they are
given in Table I also. %e shall not list the large number
of higher-order a,nomalous WI'g that arise for the
5-pf's,

An examination of Table I shows how the tensor

structure of our n-pf's gives a clear picture of what is

happening. For +&5, a necessary condition for the
existence of an m ' term in the Appendix-A mass

expansions is that the number of I' and S in Eq. (13)

One-point

Two-point

Three-point

Four-point

Five-point

Six-point
and higher

None

(AA)

(AAA), (AA U), (AVV), (APS)
(AAAA), (AAAV), (AAUU), (AVVV), (A UPS),

(AAPP), (AASS)
(AAAAA), (AAAAU), (AAAVV), (AAUUU),

(AVVVV), (AAAPS), (AA UPP), (AA USS),
(A UUPS), (APPPS), (APSSS)

None

"It is a simple matter to find which 4-pf's have anomalous
first-order WI's: We need only determine whether or not the trace
in (A20) vanishes.

TABI,E I. Universally regularized n-point functions which have
anomalous first-order axial-vector WI's. The boldfaced ones are
of abnormal parity and represent Sardeen's minimal set.
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be odd."Since one P is the result of the axial-vector
contraction, the n-pf's in Table I all have an even

number of P and S. This condition is also sufFicient for
the normal-parity n-pf's —those that have an even
number of A and P.

Other than to say that n-pf's for n&6 can have
anomalous higher-order WI's as soon as they involve
the amplitudes shown in Table I, we have come to the
end of the UR picture. To remove any of the existing
anomalies, one must consider either a more general
version of regularization, or the addition of ad hoc
counterterms. Since it turns out that the regularization
ambiguities cannot be of any help in removing any of
the anomalies yet present in UR, we And it simpler to
present the results of the ed hoc modifications 6rst.

IV. GENERAL COUNTERTERMS

In Sec. III we found all the UR n-pf's which do not
satisfy first-order NWI's and listed them in Table I.
The existence of their corresponding anomalies cannot
be taken seriously, however, until all of the freedom in
defining the n-pf's is exhausted. This freedom includes
adding local polynomials (in m and the momenta).
Therefore, we now consider as a more general definition
of our n-pf, the UR one plus possible counterterms, the
object, of course, being the removal of as many anomalies
as possible. The form of these counterterms is quite
restricted from the start.

Since each polynomial must have the same dimension
and tensor structure as the associated n-pf has, it
attains a definite mass parity; the even and odd powers
of m cannot be mixed One notes that the dimension
of an n pf is (ma-ss)4 ".Therefore n-pf's for n&5 cannot
be modified without introducing kinematic or mass
singularities (i.e., cannot be redefined by polynomials).
Also, with e„„„g„„,and constants as the only dimen-
sionless counterterms, the 4-pf's which are rank-1 or
rank-3 I.orentz tensors may not be changed by local
quantities. An additional remark is that the normal and
abnormal (space) parity n-pf's (those which have even
and odd numbers, respectively, of A and P) are not
mixed by the KI's and hence give rise to two separate
"chains" of related n-pf's. Finally, we note that the
anomalies 6 of (13) are independent of m.

Taking the previous comments into account and
remembering crossing symmetry, we concoct the most
general counterterm for each n-pf, n&4. Let us dehne
this in terms of the "new" n-pf

"(iijs" i-)"=—&itis" i-)uR+~(itis" i-)
For convenience, we define Lsee (41)]

W =Wcbcd W =W bdc cW = Wacbd (48)

Levaluated at c(4) =+17, and the W; as counterparts
to (48), but with c(4) = —1

W —= lV""' [c(4)= —1], etc. (49)
2 From the momentum-integral representations in Appendix

A, it can be seen that the mass parity of a given amplitude is
(—1)"c~c,where I, (rcc) is the number of S (I') present.

8(5)= —6"'iaibcsm'; (51)
(2) n=2:

~(vv) = as~"(P'g" P.P.)—,
8(AA) = b(UV)+6" (yP'g„„+4arrbb'g„„),

8(AP) = —2iab8'bmP„,

( )= "( P'+ ')

8(SS)= 8'[(ab —y)P'+acm'];

(3) ib=:3:

~(vvv) a,f=. [g„,(& p),—+g„(q &),+—g„(p q)„]—,
8(VAA)=8(VVV)+yf '[3g„,&&, 3g„be—.+g. (p q)„],—
8(VAP) = —2i afs'b'm g„„
b(AAS) = i(4ab 6y)d—'mg„,,
~(UPP) = asf '(P q)~—
8(VSS)= (ab y) f '(P —

q)„, —
b(APS) = d"[us(q p) „+3y—p„],
b(PPS) = ', i(a4 ai) d—'"m,—
8(555) =-,'i(a4 —ai —4y)dcbcrrb;

(4) n=4:

(52)

(53)

5(VVVV) =- sia&Lg„,gb. (—Wi —Ws+21V, )
+g„,g„(2Wi—W& —Ws)

+g„,g„b(—Wi+2W, —Ws)],
8(A A A A) = 6(V VU V)+-',y/g„,ngb. (—Wi —W&+ Ws)

+g„&g..(Wi Ws Ws)— —
+g"g.b( —Wi+ Ws —«s)],

B(AA VV) = B(VVVV)+-s'yPg„,gb. (—TWi —TiV, +2Ws)
+g„ig„(3IU,—3',)

+g„.g„b(—3TV,+3TI's) 1, (54)

8(VVPP) =- —sabg„,(Wi+ W& —2liVs),

p(VUSS) = —s'(ab —y)g„,(%i+W& —2W&),

8(AAPP) = isabg„.(Wi+Ws+—21Ws)+ syg„„(Wi+IV:),
b(AASS) = —-sabg„.(Wi+IVs+2Ws)

+-,'yg„,.(Wi+ Ws+ I vc),
8(A VSP) = sig„crab(—W—i W2 2W—s)+3—y(W2+Ws)],
8(PPPP) = —,'s (ai —ac) (Wi+ Ws+ Wb),

b(SSPP) = —,', (a4 —ai) (Wi+ Ivs —Wb) —sy PVi+ Ws),
g(5555) = -'( —16y+ ai —a4) (Tvi+ ivr+ II's) .
"The notation is the following: The momenta and SU(3)

indices are consistent with the n-pf definitions of Sec. III, and
from left to right in a given n-pf the I.orent7 indices are p, v, X, 0,
and p vrhen needed.

Further, let
y= 1/24ir'i. (50)

By straightforward (but tedious) algebra, we find that
all of the normal-parity %%I's can now be satisfied
if there are certain relations between the counterterms
in the normal-parity chain. The normal-parity set is '

(1) n=i:
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All of those 6's which are not listed are necessarily zero.
It is interesting that there are stiH four arbitrary

constants a, in Eqs. (51)—(54). Thus the normal-parity
n-pf's still have some ambiguity in their definitions even
after demanding that they satisfy the vector and
axial-vector NWI's. However, we notice that a number
of UR n-pf's had to be changed even though they origi-
nally led to no anomalies (see Table I). This shows the
interlocking relationship arising from the imposition
of XWI's.

The abnormal-parity series is a diferent story. For
example, the (AAA) amplitude cannot be modified
in a crossing-symmetric way at all, and any modification
of (A VU) will ruin its vector NWI's. The latter result
turns out to be an example of a general problem:
Fixing up one abnormal-parity WI often spoils another.

Explicitly, the only nonzero 6's in the abnormal series
are"

b(A VV) = bid'bce„g, (p q)a, —
h(AAA V) = b2(Wi+W2 —Wb)e„„i...
b(A VVV) = bb(Wi W2 Wb—)e„,i.—

(55)

Hence the abnormal-parity anomalies will depend on the
constants b;. Taking the redefinitions (55) into account,
we find that the abnormal axial-vector anomalies now
are"

A(AAA VV) = ,'(, e„b,c[(y+Sib—2 Sibb)—
g(Zabcde+Zabdce+Zacbed+Zacebd)

+(3y—16ibb)Z '"-+(y—1 i6b)Z2abd)e(-)=i

—(d e-e e),

where e(bede) = 1 (—1) for even (odd) permutations of

h(AAA) = yd "e„),eP—qe,

&(A VV) =(2bi —3y)d "e i, ep q

&(AAA V) =-,'ie„i,. (Wi[bi(q+2t) +8ib2k +y(t —p) )
+W2[bi(3t —k) +8ib2k +y(3t —k) )
+Wb[ —bi(p+2t) —Sib2k +y(q —t) ]},

D(A UVU) = ,'ie„i,. -

&& (Wi[bi(3q+k) —Sibbk —3y(P+t) $

+W2[ bi(3t+k) +—Sibbk +3y(p+q) ]
+Wb[ —bi(3p+k) +Sibbk +3y(t+q) 1),

A(AAAAA) =—,', (y —16ibp) e„z,c

e(bede)Zabcde [c(5)=1],
all perm. of bede

(56)
A(A VVUU) = —,', (3y —16ibb)e, i,.c

e(bede)Zabcd. [e(5) 1]
all perm. of bede

bede. We emphasize that the above anomalies refer to
WI's obtained by contracting on the first (left-most)
axial-vector current,

If the b s introduced in (55) are nonvanishing, there
results abnormal-parity vector WI anomalies as well.
We define Av as the vector analog of A. So, bold/acing

that vector current which is contracted, the possible vector
anomalies are"

Ai (AV V) = b dabce„i epaqe

&i (AAAV) = b2e„cbat (Wi+W2 Wb—),
Av(A VVV) =-', ie„i...P [W'i(bi —Sibb)

+W, (—bi+ Sibb)+ Wb( —2bi+ S~b,)].

(57)

All abnormal-parity WI's not referred to in (56) and
(57) have no anomalies. In particular, the set of modi-
fications (55) still leave us with no 5-pf vector WI
anomalies.

It follows that we cannot avoid anomalies in the
abnormal-parity series. Depending on the choices for
the b;, we may have a number of minimal possibilities.
One can choose to eliminate all of the vector anomalies

by setting
bg- b2= be=0

This and the redefinitions (51)—(54) comprise the
"minimal" solution found by Bardeen. " The only
anomalous first-order WI's are axial-vector ones and
pertain to the seven boldfaced abnormal-parity n-pf's
in Table I; their anomalies are obtained by combining
(56) and (58).

The choices
2b&= 48ib2= 16ib3= 3y

limit the number of axial-vector anomalies to the WI's
involving (AAA), (AAAV), and (A VVV). Concom-
itantly there are vector anomalies in the KI's for the
latter two amplitudes and for (A VV). Here we have
only six separate anomalous WI's (not counting the
variants obtained by crossing) embracing four
amplitudes.

Some notes are in order here. It is impossible to define
away d, (AAA) and h(AAA V). Also, the fact that we
can find a set of b; which eliminates at/ 5-pf anomalies is
not surprising since there are no integration-displace-
ment troubles there. If we wish to minimize the number
of n-pf's with anomalous WI's, (59) is as good as we
can do; one can let b& be arbitrary, however, since there
are still only four amplitudes involved. This class of
solutions then includes b;=0, which revives the vector
NWI for (A VV).

It is mathematically possible to eliminate all of the
anomalies if we introduce counterterms with singulari-
ties at m= 0 (i.e., an m ' series). These generally violate
the Weinberg asymptotic behavior" of our loops and
may ruin the soft-pion extrapolation. " For complete-
ness, however, we give the prescription for these
counterterms here. According to Sec. III and Appendix
"S. %einberg, Phys. Rev. 118, 838 (1960).
23 In this regard see the discussion in Ref. 8.
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A, one can write

(jyj2' ' ' j„)un=Q —, ra=max(n —4 1). (60)
r=rp m

The general counterterm 8 is then

00

~(j~j~
t'=~p m

(61)

8„=—A„ for r&rg
0 for r&rg+1, (62)

V. AMBIGUITIES IN PAULI-VILLARS
REGULARIZATION

The logarithm sums (10) represent an ambiguity in
our UR procedure. This is a special case of the general
situation in which different sets of C; are used for dif-
ferent n-pf's. We ask here whether the corresponding
ambiguities in these individually regularized (IR)
n-pf's might yet include the polynomial counterterms

where r~ is the total number of 5 and P currents in the
given n-pf. We omit derivation details and examples,
giving only some essential points which enable one to
understand how such a recipe works.

Since r~ is the same on both sides of a vector WI, the
counterterm (61) will not ruin the UR result, which is
already nonanomalous. This is because the coeKcients
of a given power of m ' satisfy the vector WI also. In
the axial-vector case, we saw that the UR anomalies
are independent of m, meaning that only the zeroth-
power equation is anomalous. The 2mi(P j2 j„)uR
term which has an extra P in it can be redefined to
include the anomaly via (61) but this feeds back into
other WI's. Taking into account the mass parity men-
tioned earlier, "we can convince ourselves by induction
on examples that the series does truncate. In fact, only
a maximum of three nonvanishing terms is needed in
(61) for any of the UR n;pf's.

Before considering in Sec. V the ambiguities involved
in the Pauli-Villars regularization, let us categorize

briefly what has been found:

(a) The UR n-pf's satisfy all (first-order) NWI's
except for the 23 axial-vector ones implied by Table I.
All of these amplitudes vanish as m ~~.

(b) The UR n-pf's plus the local counterterms
(explicitly given in the preceding discussion) represent
redefined amplitudes which give rise to only a few
unavoidable abnormal-parity anomalies. These ampli-
tudes include polynomials in m; hence there are a
number of nonvanishing (and even divergent) ampli-
tudes at m= ~.

(c) An "unphysical" solution with no anomalies
whatsoever can be constructed. via (61). The corre-
sponding n-pf's would vanish at m= ~ but have bad
behavior at m=0.

of Sec. IV. This thus takes into account the full un-
certainties in the Pauli-Villars regularization for
our problem and determines whether, for example,
Bardeen's minimal solution can be obtained in such a
framework.

The answer is that some of the polynomials can be
swallowed up into the regularization definitions but that
none of the anomalies in Table I is so removed. A
sketch of the path to this answer follows.

The IR n-pf's are

j-)»—=r. C'(i ~. j-)(j~ j -)-;

&&/ f (j, .j„)m;1nmP. (63)

The quantities f are calculated from the integral
representations and the resulting mass expansions in
Appendix A. We note that these vanish for n&5 and
also, as detailed calculations show, for all abnormal-
parity loops. I et us now consider some of the remaining
cases.

We have, as an example,

(VV) =(VV) +y~"(p'g" p.p.)—
&&+ C,(V V) lnm, '. (64)

If y Q, C, (VV) 1nm;2= a~, we see from (52) that indeed
the counterterm 8(VV) can be included in the regu-
larization definition. On the other hand,

(AA), =(AA) +yS (pg„„—p„p„)PC, (AA)1

—6yb'g„„gC;(AA)m, 2 lnm' (65)

which shows that 8(AA) cannot be incorporated into the
logarithm sum ambiguities. The quantity g; C,(AA)m,
Plnm, ' can only be a multiple of m'. Another example
with this same trouble is

(»S).=(»S) yd. '(p ~). --
)&Q C;(APS) lnm . (66)

It can be shown that the remaining cases in which the
logarithm terms do not have the same momentum and
tensor dependence as the 8's are (VAA), (AAAA),
(AA VV), (AASS), (AAPP), (AVSP), and (SSPP).
Therefore, the ambiguQies in regularization are of no
hetp ~n removing any of the anomalies referred to in
Table I. We must include counterterms ancillary to the
regularization ones in order to obtain the minimal sets
discussed earlier.

There are some interesting sidelights that result from
the calculation of f 's. The f 's all vanish whenever
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the corresponding 5's are necessarily zero. Furthermore,
all of the arbitrary constants u; of Eqs. (51)—(54) can be
absorbed into the logarithm sums. Thus the arbi-
trariness of the 8's is a partial measure of the ambiguity
in the regularization procedure.

In any event, we conclude that universal regulari-
zation provides an accurate gauge of the minimal
number of anomalous WI's present in the general
Pauli-Villars framework.

VI. ANOMALIES IN SYMMETRY-BREAKING
MODEL

So far we have discussed WI anomalies for the case
of exact SU(3) symmetry where all of the vector cur-
rents are conserved. However, in the real world, the
strangeness-changing vector currents are not conserved
and the exact SU(3) symmetry is necessarily broken.
Since, for example, hard-meson and E~3 form-factor
calculations involve WI's for these vector currents,
it is of importance to consider the effect of the broken

symmetry on our previous anomaly analysis.
In order to investigate this effect we employ a model

proposed by Gell-Mann, Oakes, and Renner. " This
model can be introduced into our framework by assurn-

ing that the quark masses split according to their
strangeness quantum number. The p and n nonstrange
quarks have the same mass m„,which is different than
that for the strange A quark, mq. Our spinor field

and the na'ive axial-vector identity (6) becomes

ki&(A„(ki)j2 j„)= —2&V 'i(P'(ki) j, j„)
+n 1—of (n —1)-pf's. (71)

Of course, when 6m=0, everything reverts to the exact
symmetry of Sec. II.

The unregularized momentum-integral representation
for an n-pf is now

(S "(k ) Z-'"(k-)) = —l(l~) "LI""-' '"(k,k, ,k-)
+synchronized permutations of a, , k;, and I',
for j=2, 3, , n with (n —1)!terms in all], (72)

where we have used

P,.„l'„8(l—ka — —k,.)+cic2. c X„rI'i8(l+k2)

Xz.,ri', 8(&)X.,rr, S(l—k,)

X.„ri'.$(l—kg — —k.)]. (73)

The propagator 8 is no longer a multiple of the internal
space unit matrix I,

S„(k) 0 0
8(k) —= 0 S„(k) 0 =A„S„(k)+Agni(k),(74)

0 0 Sp(k).
with

now satis6es

(iy 8 M)iP=—O,

S (k)—= (k —m )
—'

Sp(k) —= (k —mii) '

and the projection operators

(75)

where

m„o 0

A.„=—-',l+ (1/v3) X,
i4=-', I-(1/VS) X, . (76)

M= 0 m„0 =tnI ——8mX8,
&3

L 0 0 mp.

m=——',(2m, +my),

(68) consequently there is no simple factorization of the
internal matrix trace in (73).

In dealing with the anomalies in WI's for (72), we
can make good use of our earlier degenerate-mass
calculations by means of the expansion"

The divergence equations (2) are now changed to

cI~V„~(x)= (2/v3) 5mf"'S'(x)
c!iA ~(g) =2Lmg" —(1/&3)gmd'~i)Pi(x)

=—235 'P'(x). (69)

24 M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev.
175, 2195 (1968).

Hence the vector NWI (5) is changed to

k,~(V„(k,)j, j„)= —(2/v3) hami f"'(S'(ki) j, j„)
+n —1 of (e—1)-pf's (70)

Sg(k) =S„(k)+S~(k)bmS„(k)
+S„(k)bmS (k) bmS„(k)+ . (77)

That is, m„canplay the part of m, and bm can be con-
sidered as due to a unitary-singlet scalar interaction
with zero momentum transfer. This procedure also
avoids regularization complications which would arise
if a closed loop with different propagator masses were
present. Thus, we may still use our old regularization
here. Altogether, then, the broken-symmetry n-pf's
(72) can be rewritten via (74) and (77) as an infinite
series of degenerate-mass m„loops.

'~ We consider this as a proper expansion in the perturbative
sense. The quantity bm is essentially a mass counterterm.
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Since we have reinterpreted the symmetry breaking
as a mass splitting„ the results of Bardeen" imply that
we should find no changein the mass-degenera]e anomah'es

listed in Sec. IV—if general counterterms are allowed.
This turns out to be the case. A description of the
calculation involving the infinite series in bm is rele-

gated to Appendix 8; we merely list the results here.
If the degenerate-mass m„ loops are universally

regularized, we find that:

(i) The vector-current NWI's (70) are all satisfied.
(ii) All of the normal-parity 2-, 3-, and 4-pf axial-

vector WI's Lsee Eq. (71)] are anomalous as well as
the normal-parity 5-pf ones listed in Table I.

(iii) N'o new abnormal-parity axial-vector identities
beyond those already listed in Table I are anomalous.
These conclusions are reasonable since we have seen
that UR anomalies correspond to the existence of ng '
terms in n-pf's, a fact that carries over to the non-

degenerate case.

Now if the degenerate nz„loops arising from the use
of (77) are redefined with auxiliary counterterms as in

Sec. IV, all of the norinal-parity anomalies Lsee case
(ii) above] are removed. This means that the non-

degenerate normal-parity n-pf's can be modified by
polynomials in bm and m„such that they satisfy Eqs.
(70) and (71). However, as before, the abnormal-parity
WI's

t see case (iii) above) cannot be redefined so as to
remove alt of their anomalies. But the anomalies are
still the same (independent of bm) as the degenerate-case
ones in Eqs. (56) and (57).

We remark that, in principle, it is also possible to
remove all anomalies even in this case if the patho-
logical m ' series mentioned earlier could be used.
Because of the expansion (77), this requires an infinite

number of counterterms for each n-pf.

VII. CONCLUSION

The purpose of this work has been twofold. First,
we desired to put the notion of a WI anomaly into
the language of the Pauli-Villars regularization. Second,
we wanted to find the explicit forms of the general
"minimal" set of anomalies (that set corresponding to
the WI's relating the abnormal-parity n-pf's for rt(5)
in a quark model which includes symmetry-breaking
effects. This would give some guide to the validity of
certain hard-meson calculations.
&"We have found that the usual regularization is not
adequate' for redefining n-pf's in the free-quark model,
since acceptable ad hoc counterterms can be introduced
which further reduce the number of anomalous WI's
(however, it required a pathological m ' series to elim-

inate all of them). The philosophy here is that the
NWI's are dynamical criteria. A simple form of regu-
larization did lead automatically to the naive forms for
the conserved-vector-current WI's and a compact
formula [Eq. (13)j for the spurious axial-vector terms.
The former development is to be expected since
regularization was intended for gauge-invariant calcu-
lations. The latter is independent of the quark mass m
and therefore the limit m —+ 0 (corresponding to
BsA„.=O).

Depending upon whether one wants to preserve the
naive forms of all of the vector-current WI's, to remove
as Inany as possible of the axial-vector anomalies, or
whatever else, the general minimal set of abnormal-
parity d s has been given explicitly in Sec. IV. The
question concerning which set should be chosen is a
dynamical one and has partially been answered in that
(A VV) seems to require an anomaly in its axial-vector
WI—without any in its vector WI. This provides a
resolution of the x -decay puzzle' and requires b&= 0
in Eq. (55). Additional experimental information is
needed in order to determine the specific values for the
other b;; in electrodynamics, however, gauge invariance
would require the set (58) given by Bardeen. It should
be stated that the higher-order WI's and their anomalies
can be found by contracting on the first-order set
enumerated in Sec. IV. Generalizing the free-quark
model to include nonconserved strangeness-changing
vector currents, we discovered no change in the anoma-
lies found in the exact-symmetry case. This generali-
zation presented in Sec. VI yields no freedom with
which one could modify our 6's.

Since only the abnormal-parity n-pf's for n&5 enter
into anomalous (first-order) WI's, the kinematic
structure of an n-pf seems to be at the heart of the
matter. This has been noted by Wilson in a calculation
comparing the WI's for (A VV) and (AA V).'

For a concluding remark, we mention that the
coeS.cients of the anomalies we found are, of course,
model-dependent. For example, the quark-model
result predicts a m lifetime about nine times smaller
than the accepted experimental value; a successful
prediction, however, can be obtained in the Ban-Nambu
model. '~

Note added t'e proof C. R. Hagen .has pointed out
recently LPhys. Rev. (to be published)j that the e

separation method has certain inconsistencies; con-
sequently, he has advocated that a particular form
of the regularization technique is the appropriate one
to employ. We have also discovered work by W.-K.
Tung LPhys. Rev. (to be published)g and by D. Amati,
C. Bouchiat, and J.-L. Gervais LOrsay Report (un-
published)) in which Ward-identity anomalies have
been investigated using regularization."After the completion of this work, it has come to our attention

that C. W. Kim, W. W. Repko, and A. Sato )Johns Hopkins
Report (unpublished)), as well as J.-L. Gervais and 3. W. Lee
forsake Report (unpublished}g, have discussed the inadequacies
of the usual reg~~&arization in the o. model.

M Y»»nd & &ambu, Phys Rev 1p9Q fpp6 ($965)
&n this connection see S. Okubo, sir'd. 179, 1629 (19dy)
Appendix 3 of Ref. 2.
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131((3)== 81"(. g) == TrLF15(i+a)] = (161rpj)—'

XTr{F1Lm'(lnm'+2 p)
—m' —m 42+-,'m432]

APPENDIX A
where

——,'F1aLA2+m' ——',t22j}, (A1)

This appendix is divided into three sections. The
momentum integrals which arise in our n-pf represen-
tations are evaluated in (i). The displacement "surface
terms" for the n=1, 2, and 3 cases are given next in

(ii); from which it follows that the regularization de-
scribed in the text does indeed remove these ambiguities.
Finally, in (iii) we exhibit the mass expansions of the
loop integrals singling out the lnm' and m ' terms so
vital to our work.

Here A p ——A p(E) and A2 = A2(Ã) are "constants"
which diverge logarithmically and quadratically,
respectively, as X is expanded to inanity.

The two-vertex spinor loop, following the notation
of Eqs. (18) and (A1), can be expressed as

D12(u, b)

Tr/F15(I+a) F25(I+b)]

(i) Momentum Integrals

In momentum space, the integration region is con-
sidered to be large but finite if there are ultravi. olet
divergences present. In particular, we follow the method
of Akhiezer and 8erestetsky' in which the finite
invariant symmetric region is denoted by X.The reader
is referred to Appendix III of their book for the details
but is reminded here that 43 change of earic3bles also
changes E.Note that we can obtain all of the momentum
integrals needed below by taking the appropriate
derivatives of the results in Ref. 28 and that the usual
Feynman parametrization is put to good use.

The one-vertex loop Lsee Eq. (15)) with fermion
mass ns is found to be'9

= (161rpi)—' dx Tr{F1P,(a) I'2P,. (b) (lnD, +A p)

+-'2F1y F2y pD, (lnD, —
—2,+Ap) ——.2'A2+-3'p, pj

y-', r,p.(&)r,p,+-,'r,p,r,p, (b) ——,'r,p,r,p,}. (A2)

Ke have introduced some convenient notation which
will also be of value later:

P,(k)—=p, +A.+m, D,=a,+p42, —
where in the case of (A2)

(A3)

p,—= —43x—b(1 —x), 6,=m' a'x b—'(1 —x) . (—A4)—
For the three-vertex loop we write the i=0 term of
Eq. (2S) as

F123(13 b, C) = Trj F1$(i+43)F2$(4+b)F35(I+c)$=(16 i2)rp' ydydx Tr{F1P„(43)F2P,(b)I'3P„(c)D„'

+2)F1P„(43)F2yrpy +F17 F2P„(b)F3++r,q.r2q-r, P,(c)](lnD„+-'+2)

+-,'PF,P„r,~.r,y-+F,~.F,P„r,y-+r,~.r,v-r,P„j},(AS)
where in terms of (A4),

p.=p.y c(1 y)
—~.=—~—-y+—(m2 —c')(1—y)

The four-vertex amplitude (see Eq. (40)j is

(A6)

H1234(C3&b)c&d) = TrI F,S(ly~)r25(lyb)r35(I+c)r~(t+d))=(16& i) 1 z dzydydx

XTr{ F1P4(43)F2P4(b) F3P4(c)F4P4(d)D4 +2LrlP4(43) F2P4(b)F37+F47 +rlP4(Q) F2|'ar3P4(C) I 4'r

+four more perms. )D, '+—'(g ~g3'+g"3gz'+g 'go') F1y rpyzrpypr4y, (lnD, + '+A p) }, (A7)—
P,—=P„z—d(1 —z), 441.=D„z+(m—' d') (1 z)—, — (AS)

's A. I. Akhiezer and V. B. Berestetsky, Qguntgm E/ectrodyncmics I'State Technico-Theoretical Literature Press, Moscow, 1953)
(English translation by Consultants Bureau Enterprises, Inc. , New York, 1953).

2& ~e Qo not require four-momentum conservation at the vertices of our loops; this enables us to examine the ambiguities due to
shifts of the integration variables.
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in terms of (A4) and (A6). Finally, following Eq. (44), the five-vertex loop is (where we may allow 1V ~pp)

J„„,(a,b,c,d, c)= —Trfr, 5(i+a)r 5(l+b) r,5(l+c)FQ(l+d) r,5(t+e)]=(16~'i)-' scsdsc ssdsydydg

XTr{2riP„(a)rsP (b)I'sP (c)rsP (d)rsP (e)D„s—sLriP„(a)rsP„(b)rsP„(c)rsvprsvp~

+ FP„(a)rsP„(b)rsvp FP„(d)ry +eight more perms. ]D„'+s(g—Sgs'+g 'gS'+g 'gSs) p'iP„(a)rsv rg S

XF4ysrsy, +I ip~rsP„(b)I's QF47srpy, +three more perms. ]D„'},(A9)

where, compounding (A4), (A6), and (AS), expected not to be present for n& 4. In any case we may
see this quantitatively by noting, as an example that
combinations like P,+a, P,+b„and 6,+P,s in (A7)
are invariant under a —& a+s, b ~ b+s, etc.

(jj) Loop Integration Disylacements

Ke concern ourselves here with the change in values
of our loops corresponding to a change in the integra-
tion variable l bit with the same integration region E.
The change I —+ I+s inside the integrals of (A1), (A2),
(AS), (A7), and (A9) is equivalent to the changes
a ~ a+s, b —& b+s, etc., as the case may be. The one-

vertex displacement ambiguity is then from (A1)

1l,(a+s) —g, (a) = (167rsi)—' Tr{-,'rims (s+2a)
~-,r,; (,+2.)--;r;LA,+ --.(.+ )», (A11)

which, although in6nite as E —+~, will be removed
under regularization.

A shift of s in the two-vertex loop (A2) results in the
surface term

b3= I'g.

Equation (A2) expands as

(A15)

(1ll) Mass Expansions

This section is devoted to displaying the Inm' and
m ' terms of the previously written loops which are
required in the anomaly calculations. We begin by
observing that the one-vertex loop has no m ' terms,
but that its mass expansion is seen from (A1) to be of
the form

Bi(a)= (16s'i) ' TrfbimAs+bsAs+bsms(lnms jAp)
+bsms+bsms+bsm+bs], (A14)

where the relevant coeQicient is

Dis(a+s, b+s) —D~s(a, b) = ——',(167r'i) '

XTrLF&srs(-', s—aj2b+3m)+ Fi(-,'s+2a —b+3m)
XrsS —rip rsvp S (S+a+b)], (A12)

also remov'ed by regularization. For a= 0, b= p we ag«e
with Eq. (33) of GJ. There is also a displacement prob-
lern for the three-vertex term (A&):

F„,(a+s, b+s) c+s)—Piss(a, b, c) = —,', (16m'i) '

XTr(r,sr,~.r,7-+r,~.r,sr,~-+F,~.F,V-r,s).
(A13)

Dip(a, b) = (16~'i)-' Tr/d, A,+d,m'(lnmsgA, )
+dsm(lnm'+ A p)+ d4(lnm'+ A p)

+dsm'+dsm+d7+ ds/m+O(1/m')],

with the coefficients of interest being

ds rlrs+ s F17urs7

ds ———,'Lrg(a —b) I', —rirs(a —b)],
d4 ——p'Lr, (a —b) r——,(a—b)+-'(a —b)'r ~ r ~-]
ds= —p(a —b)'ds.

(A16)

(A17)

This difference also agrees with GJ /see their Eq. (29)]
modulo a factor in- their loop definition. Regularized

3-pf s will evidently be shift-invariant.
The n-pf integrals for the cases n& 4 have no displace-

ment ambiguities. For example, (A7) is only logarith-

mically divergent, so that one expects no shift trouble

in the four-vertex loop. Since loops with more vertices
are not even divergent, the displacement problem

associated with the linear and quadratic divergences is

Not«hat an expansion like (A16) automatically sepa-
rates out A2 and Ao, since their presence is related to
m —+~ divergence of our loops. That is to say, the
O(m ') terms are independent of Ap and A, .

Similarly, from (A5) we have

F~ps(a, b,c) = (32vr'i) ' TrL f&m(lnm'+Ap)+ fs(lnm'+Ap)
+fsm+- f,+fp/m+-O(1/m')] (AIS)

where we need

fs, ———,'(r,pursy rs+riy~rsrsv +»rsvarsv ) ~

f,= ~LF,&„r,& r, (2c—a —Q)+ r ~ I' (2b —a —c)I' y + I' (2a —b —c)F 7 Fsv ],
f,=&(as+bsycs —a b —a c—b c)(r&rsrs —f&)+—,', (a a~+b bs+c cs+a bc+a cs+b c&)

XL{r,v }rYSF +r {r,,y }rsyp+riyprs{rs, v }]+riarsbrs+riar I'sC+I",F bI' C

+riars{ rs, y Zf}+{Fg,y.Zr}I'sbrs+ rs{rs, y.Zr}rsa,

(A19)
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with

Zf—= ',—(a-+b+ c)

Going on to (A7), the expansion is

H»34(a, b, c,d) = (96m'i) 1

XTr)ki(lnm2+A3)+k2+I33/m+O(1/m2)] r (A2O)

where

pressed in the following fashion:

(Ji (kl) J2 (k2) ' ' je (ke))degenerste mess

= —-'(-'i) "(I ' """"I1 2 ... (k2 k3 ~ ~ ~ k )
+synchronized perms. of a2, ~,a„;2, ,n;
)&k2, ,k, such that there are

&& 21L(n —1)l] terms in all), (81)

with the internal-symmetry term

k =-:(g'g"+g"g'+g"g")r ~-r v r v r ~

k2 2Lk1234(a)+ k2341(b)+k3412(c)+k4123(d)g y

in which

I~~'2-. '-=—Tr A. A. -
L. aI ag az

(A21) +cic2 "c„X~X ~ .X rj (82)

and its loop-momentum-integral coefficient

XI1,2,"~, (k2k3 ''' k )
k,;,.(p) = r;(p+z, )r,pr, r„—V.r.~ r„

'Y r&r v r&7 r 7]
Z5=— ,'(a+—b+—c+d) .

The five-vertex loop (A9) yields

J» 345( ab, c,d, e) = (384 2ri2)
' Trf ji/m+O(1/m') j, (A22)

with

j1=2rir2r3r4r5 C rQ r2+ r3r4I5
+rip r2r3y I'4I'5+eight more perms. j

+-.'(g'g'+g'g'+g"g")D' v-r ver v r ~.r
+r,q.r2q, r3q3r4r5q, +three inore perms. g. (A23)

Our final remark is that the loops with six or more
vertices are O(m ').

APPENDIX 3
In this appendix we shall describe the calculation

which has led us to the conclusions in Sec. VI. Equation
(77) is crucial here since the nondegenerate-mass n-pf's
can be related through its use to a series of degenerate-
mass amplitudes, allowing the arguments of Secs.
II—V to then be applied term by term.

The starting point is Eq. (72). This expression can be
written explicitly in terms of S„andSd by (74); in
turn, the latter propagator is expressed as an infinite
series in the former via (77).Thus each n-pf is an infinite
series in loop integrals all with the same mass m„
circulating through them. These loops can then be
regularized according to the text discussion with, say,
UR. That is, a finite sum of regulator loops (each with
a large mass m;) is added to each m~ loop and, further-
more, bm is considered as an external parameter. This
can be shown to be the same as regularizing the original
nondegenerate n-pf by assigning the regulator mass m;
to m„and m;+8m to md.

Let us consider, in more detail, these ingredient
degenerate mass loops. In order t-o develop some notation,
the unregularized degenerate-mass n-pf may be ex-

Tr~r Sg+k )r2S(i)r~(i —k )

I' S(l k3 ———k )+cic2 c riS(l+k )

&&r„sg)r„,s(i—k„,)
r2S(l —k 1—~ —k2)]. (83)

Through the help of a lemma, the description of the
NWI's for the n-pf (81) can be made in terms of these
quantities I and L. Before stating this lemma, we make
the observation that each of the (n —1)-pf's on the
right-hand side of an n-pf NWI is always multiplied by
an f or d coefficient Lsee Eq. (3)].Therefore the com-
mutation relations

2if 59.'=Llew X5g 2d 59.'=(li X5)

imply that the internal variables on that side of the
equation can each be written as a sum of two I's that
also occur on the left-hand side.

Now we can make good use of the following lemma'.
After a momentum contraction on (81), the coeKcient
I (83) of a given internal variable term I (82) goes over
to the coeKcient of the same I which arises on the right-
hand side of the associated NKI—aside from the pos-
sible need for a shift in the integration variable. The
proof of this statement is straightforward.

As a result of the preceding discussion, we may shift
our attention to the WI's for the individual I 's. Indeed,
in practice the removal of an anomaly in a given WI
(see Sec. IV) amounts to the removal of the anomalies
in the individual I WI's. The counterterms in Eqs.
(51)-(55) can be looked upon as sums of I's (e.g. , the
lF's of Sec. III are I's for the case n =4), each I having
a coeKcient which can be interpreted as a modification
of L.

At this point, we return to the nondegenerate-mass
n-pf and note that in its bm expansion, the internal
variables now differ from the I's. Ke obtain a degen-
erate-mass n-pf plus an infinite series in

(bm)' "I1,2, ..., 1(k2,k3, ~,k„), (85)
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with /) n+ 1.This expression (B5) is a sum of two loops
corresponding to an original degenerate-mass pair with
the addition of l —n scalar vertices, each with zero
momentum transfer k;. A detailed examination shows
that a lemma analogous to the previous one holds for
the nondegenerate-mass case, and thus if each L in

(B5) satisftes its WI then the corresponding WI for
n-pf is also naive.

In searching for WI anomalies with respect to non-
degenerate n-pf's, we note that in their 8m expansions,
those loops with l&6 already satisfy their individual
WI's; those loops with /&5 can be modified according
to the Eqs. (51)—(55). Our previous minimal solution
in the degenerate-mass case has been examined term

by term in I. It therefore guarantees our minimal

solution again in the present nondegenerate case. It is
worthwhile to note that the linear independence of the
W's and Z's (introduced in Sec. III) makes the term-by
term balancing of individual L WI's easily understood.

Let us attempt to clarify what has been said so far.
In the norma/-parity case, each L either satisfies its
NWI or can be modified to do so; therefore, by our
preceding arguments, the corresponding nondegenerate-
mass n-pf's can be defined so as to satisfy their WI's.
The anomalies present in the abnormal nondegenerate-
mass WI's are the same as those in the degenerate case.
This is true because an abnormal-parity loop with any
scalar vertices has no m ' terms, and thus the bm expan-
sion shows that no new anomalies are introduced by the
mass breaking.
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Quark Model and the Pomeranchuk Theorem*
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It has been pointed out that the quark model may not be compatible with the pomeranchuk theorem.
We investigate one such model in more detail and discuss the implications of violation of the Pomeranchuk
theorem, if any.

I. INTRODUCTION

HE equal-time commutation relation (ETCR)
of the axial-vector currents has led to the

Adler-Weisberger sum rule, ' upon using the partially
conserved axial-vector current (PCAC) assumption' and

the infinite-momentum technique. ' Applying a similar

operation on the matrix element of the ETCR which

involves the divergence of the axial-vector current,
and using the subtraction method that has been

described in Ref. 4, one can derive a superconvergence
sum rule' for the zero-mass-pion nucleon scattering
amplitude. In particular, it has been pointed out4

that the ETCR of pion Q.elds which are considered as

bound states of the quark-antiquark system may be
incompatible with the P

orner

anchuk theorem' (I'
theorem). In this paper, we discuss such a possibility

* Work supported in part by the U. S. Atomic Energy Com-
mission.' S.Adler, Phys. Rev. Letters 14, 1051 (1965);W. I. Weisberger,
ibid. 14, 1047 (1965).
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5K. Igi, Phys. Rev. 9, 76 (1962); K. Igi and S. Matsuda,
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further and elaborate on its experimental implications.
In Sec. II, the model is specified, and in Sec. III, we

show that the violation of the P theorem is related to
the nonvanishing bare masses of quarks. Section IV is
devoted to a discussion concerning the validity of the
P theorem.

II. QUARK MODEL

We consider a quark model in which the interaction
Lagrangian respects the SU(3) XSU(3) symmetry and
the violation of the symmetry is due only to the mass
terms. This is the model that has been discussed by
several authors. ' "

The interaction Lagrangian may be taken as" "
Z t = gvigi—y„ggiy„iver+g~Piy„y&~iy„y&P

+ G (iJriy„hsggiy„h;iver Pip„ash;iJfiy„ash—sp)
+G'(4hA4hA NV shAPV shA—

+iJ'hoPPho4' 4''ys~~o4'4'sho4'), —(1)
7 Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961);

124, 246 (1961).
s M. Gell-Mann, Phys. Rev. 125, 1067 (1962).
9 M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175,

2195 (1968).
'0Z. Maki and I. Umemura, Progr. Theoret. Phys. (Kyoto)

38, 1392 (1967).
~~ H. Koyama, Progr. Theoret. Phys. (Kyoto) 38, 1369 (1967).
"The dummy index j runs from 1 to 8.
'3 The Fermi interaction of tensor type is not permissible.


