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it follows that

<in T (v-+n—
A n= (y—l—n) Z 2V+n-2m_wbn_2m . (B4)
m=0

m!

These equations form the basis for determining v, (s),
for if we define

B(s,y)=y=*®=H (s,y) (BS)
and expand
B(S,:V) = Z—:O bn (5)}'" ) (B6)
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it then follows that
Ya(8) = (=" —als)—5+n]

X SZ%;: 2—a(s>—%+n—2mr(_a(s) ;j_'_n_M)bn_gm. (B7)

The factor (—1)" is due to the presence of I,4,(z) in
(B1) rather than J ., (3).

It is possible, using a similar procedure to that of
Ref. 11, to give integral representations for the signa-
tured partial-wave amplitudes directly. We shall not
do this here.
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The quantum theory of the electromagnetic interactions of a charged spin-1 particle is investigated,
within the framework of canonical field theory. An earlier treatment of this problem by Lee and Yang is
generalized so as to include an arbitrary quadrupole moment. Some difficulties connected with the lack
of relativistic covariance of the theory can be overcome, without using Lee and Yang’s “£-limiting formal-
ism,” provided one allows for direct scattering among the charged particles.

I. INTRODUCTION

HE quantum theory of the electromagnetic interac-
tions of a charged spin-1 particle has been treated

by many authors.}=* Although it is well known that a
spin-1 particle could have both an arbitrary magnetic
moment and an electric quadrupole moment, for sim-
plicity the additional quadrupole moment was generally
excluded in the past.® In this paper, we will attempt

* Work supported in part by the U. S. Atomic Energy Commis-
sion.

t Submitted to the Department of Physics, The University of
Chicago, in partial fulfillment of the requirements for the Ph.D.
degree.

IIn this paper, we will use the canonical formalism for the
spin-1 field as given in G. Wentzel, Quanium Theory of Fields
(Wiley-Interscience, Inc., New York, 1949).

2 A systematic study of the theory, which includes the effects of
an arbitrary magnetic moment, was given by T. D. Lee and C. N.
Yang, Phys. Rev. 128, 885 (1962). Both the canonical formalism
a,nld their £ limiting formalism were used to derive the Feynman
rules.

3 For an alternative to the Lee-Yang theory, see M. Nakamura,
Progr. Theoret. Phys. (Kyoto) 33, 279 (1965); K. H. Tzou, Nuovo
Cimento 33, 286 (1964).

4The Feynman rules can be found in R. P, Feynman, Phys.
Rev. 76, 769 (1949). Other fundamental papers are S. Kanesawa
and S. Tomonaga, Progr. Theoret. Phys. (Kyoto) 3, 101 (1948);
T. Kinoshita and Y. Nambu, #bid. 5, 473 (1950); 5, 749 (1950); C.
N. Yang and G. Feldman, Phys. Rev. 79, 972 (1950). The latter
two references use the g formalism.

5 The general form for the S=1 electromagnetic vertex function
on the mass shell can be found in V. Glaser and B. Jaksié¢, Nuovo

a systematic study of the general case, i.e., we will con-
sider a stable spin-1 particle which has a charge, mag-
netic moment, and electric quadrupole moment of arbi-
trary values, and its invariant couplings with the
electromagnetic field. No higher moments have to be
considered, since general arguments show that a particle
of spin S has 2541 intrinsic multipole moments.$
Although from past experience with the simpler
cases, we expect this to be a rather complicated theory,
its study is obviously desirable. For one thing, it is im-
portant to see if such a general theory can be constructed
at all, within the framework of canonical field theory.
A negative result would cast doubt on the possibility
for a spin-1 particle to have an arbitrary quadrupole
moment, at least within the framework of canonical
field theory. In Sec. III, we choose a trial interaction
term, which can describe a spin-1 particle with arbitrary
quadrupole moment. We find that it is possible to con-
struct a consistent theory, provided we add further
interaction terms. This is similar to the treatment of
Nakamura and Tzou® (see Sec. II) for the case of an
arbitrary magnetic moment. A more physical motiva-

Cimento 5, 1197 (1957). Some effects of an arbitrary quadrupole
moment were treated by J. A. Young and S. A. Bludman, Phys.
Rev. 131, 2326 (1963).

6 See, for example, L. D. Landau and E. M. Lifshitz, Quantum
Mechanics (Addison-Wesley Publishing Co., Inc., Reading, Mass.,
1965), p. 262.
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tion for a study of the general theory is that it might be
relevant in connection with the nonet of vector mesons.
Experimentally, their electric properties are not known’
(except for the charge), so that arbitrary values for the
intrinsic multipole moments may be needed in theo-
retical models.

It turns out that the requirement of the relativistic
covariance of the theory is rather difficult to satisfy.
Indeed, already for the case of an arbitrary magnetic
moment, which was first introduced by Corben and
Schwinger,® Lee and Yang? found that the resulting .S
matrix was explicitly noncovariant.® Lee and Yang
proposed a method to obtain a covariant theory, which
they called the ‘“£-limiting process.” The covariant
theory was identified as that theory which was obtained
as the formal limit £ — Ot of some covariant, but un-
physical (for £5£0) theory. This continuous limit to the
physical theory might be questionable, however, since
it involves a discontinuous change in the number of
dynamical degrees of freedom of the system. An alter-
native method was later proposed by Nakamura and
Tzou.®* They showed that a covariant theory could be
achieved within the usual canonical formalism if an
additional invariant interaction term was appropriately
added. To lowest order, this interaction gives rise to the
direct scattering of two charged particles. In the clas-
sical limit #— O it vanishes, in agreement with the
correspondence principle. Classical electrodynamics
gives no hint of this interaction, whose origin must be
understood as being necessary to satisfy the require-
ments of relativistic quantum theory in this particular
case.l® Likewise, the generalization to an arbitrary
quadrupole moment and its interaction will require
additional interaction terms (counterterms) to obtain
a relativistic theory.

In Sec. II, the electromagnetic interactions of a
charged spin-1 particle that possesses an arbitrary mag-
netic moment will be reviewed. The theory will be that
of Nakamura and Tzou.

In Sec. ITII, the theory will be extended to allow for
an arbitrary quadrupole moment. The question of the
relativistic covariance of the theory and the related
question of counterterms will be studied.

7 For the neutral vector mesons p°, w, and ¢, a simple symmetry
argument shows that their moments are zero. If 4 is any self-
conjugate particle and j, is odd under charge conjugation, then
(A julA)=—(4]7u]4), so that (4| 7.]|4)=0, as well as all of the
mome1)1ts of the current. (I thank G. Wentzel for pointing this out
Lo me.

8 H. C. Corben and J. Schwinger, Phys. Rev. 58, 953 (1940).

? For the simpler case, when the Corben-Schwinger interaction
is absent, there is no difficulty with the covariance of the theory.
This was shown in the paper of S. Kanesawa and S. Tomonaga
(Ref. 4).

10 S. G. Brown and S. A. Bludman, Phys. Rev. 161, 1505 (1967),
have given support for the need of such a counterterm in the quan-
tum theory. They have shown that the Dirac-Schwinger covari-
ance condition can be unambiguously satisfied when the interac-
tion includes the counterterms, but fails if the counterterm is
absent.
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II. NAKAMURA-TZOU THEORY
A. Lagrangian

We tumn our attention to the electromagnetic inter-
actions of a charged spin-1 particle, allowing first for an
arbitrary magnetic moment. The theory will essentially
be that of Nakamura and Tzou,? while the derivation of
the Feynman rules will follow closely the work of Lee
and Yang.? This will be needed to prepare the way for
the general case, treated in Sec. ITT, where an arbitrary
quadrupole moment will be introduced.

Let the charged spin-1 particles be described by the
fields ¢,, ¢,* and the electromagnetic field by the vector
potential 4,.1! We will also need the four dimensional
curls of these fields, denoted by Gy, G,.*, and F,,, re-
spectively (Gu=0,0,—0,0,, etc.). The Lagrangian
density of the fields and their interaction is given by

£=81+ &,

L£1= —%énv*éﬂv_m2 ‘Pu*%t ) (2-1)
L= _%Fuvpun
where R
G”V=G”y—ie(A,,¢,,—A,,¢“) ’
G“,,*=Gﬂ,*—l—ie(A,.goy*—Aygo,‘*) ’ (22)

Fu=Futie(ou*0— or*0,).

Here ¢ is the charge and 14-« the gyromagnetic ratio of
the particle.

£1 can be obtained from the free Lagrangian by the
familiar rule 9,— 9,Fied,; £; gives the Corben-
Schwinger interaction ~iexF,,¢,*¢, plus a direct scat-
tering term between two charged particles. This latter
term is the counterterm of the Nakamura-Tzou theory.

It is interesting to note the similar structure of the
interactions written in £; and £,. Both contain the
minimal number of derivatives (namely, one) that is
consistent with gauge invariance.

The field equations that follow from the Lagrangian
(2.1) for the charged and electromagnetic fields are,
respectively,

D,Gu—m? gy tienF =0, (2.3)
apﬁﬂﬂ —ie(énv* Pp— Pu *éuv) =0. (2.4)

The gauge derivative D,=0d,—ied, has been intro-
duced. For other notation, see Eq. (2.2). i

Taking the gauge derivative D, of (2.3) and summing
over », the divergence equation follows:

m*Dyy=Yie(1—k) F,G . (2.5)

Use has been made of the identity [D,,D,]= —ieF,,,
and the equation of motion for the electromagnetic field
(2.4). )

1! We use the notation x, = (2.,3t); Greek indices run from 1 to 4;
Latin indices from 1 to 3. Repeated indices are to be summed over.’
The asterisk is the Hermitian conjugation X (=), where # is the
number of occurrences of the index 4. Natural units are used

(=c=1).
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Associated with the multipole moments of the par-
ticles are the operators

#i=%€ijx/d3x x;7:(X),

Qif:/df‘x (Bxi;—x28,;)p(x) .

The intrinsic magnetic moment p and quadrupole mo-
ment Q are defined as the matrix element of these opera-
tors for a positively charged particle at rest and with
the spin eigenstate S3=+1:

M= (p=0, S3: 1]”3“’:0: S3= 1): (1+K)6/2m’
Q0= (p=0, S3=1|Qs|p=0, Ss=1)= —2xe/m*.
It is seen that the charge and magnetic moment can be

arbitrary, but once chosen, the quadrupole moment is
fixed.

B. Hamiltonian

One can now pass to the Hamiltonian dynamics in
the usual way.! The momenta conjugate to the fields
0ay 0o, and A, will be called mq, 74", and P, respec-
tively, and are given by

ire=0L/3(d10a) =Gas®,

1.71'“*: 6£/6(64¢ a*) = Ga4 y
iPo=08/0(9sA a)= Fas.

ms=m*=0 reflects the fact that the spin-1 particle has

three dynamical degrees of freedom. Their conjugate

fields ¢4 and @4s* can be expressed as functions of the

independent variables by setting »=4 in Eq. (2.3) and

using (2.6). The so-called constraint equations then
follow:

(2.6)

m2os=iD-m*—exP-o,
m2os*=1iD* m+texP- o*.

If the counterterm ~«?2 had not been included in the
Lagrangian, the constraint equations would take a
rather complicated form. This can be seen in the paper
of Lee and Yang? [see their Eq. (A25), Appendix B]. In
particular, the dependent fields ¢4, ¢4* cannot be ex-
pressed as polynomial functions of the independent
fields. This is rather important in connection with the
covariance of the theory (see the remarks at the end of
Sec. II D).

The Hamiltonian density 3C can then be expressed as
a function of only independent variables, substituting
for s, d¢/0t, etc., Egs. (2.6) and (2.7). The interaction
part is identified as J¢—3C (e=0).

2.7

C. Interaction Representation

We pass to the interaction representation to obtain
the Feynman rules. In this representation, the fields
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satisfy the free-field equation of motion [see Egs. (2.3),
(2.4), (2.6), and (2.7) with e=0]. In terms of the free
fields, the interaction Hamiltonian 3C; is given by
JCr= — L1+ 9, where

Lr=L—L(e=0)=1ed ,(Gu* 00— 0, G o)
=3¢ (due* — Ay, *) (Auer—Areu)
—iekF o * ot 1€ (0u™ o= 0" i),
N=—e*(d1ps*~As0™)(A10s—A1s01)
—(&/m*) AjGai* AiGa—5e** (0™ ps— 04* @1)?
+ (> /m*) AyF 4/ (Gu™* 05— Gaepi™) .
Besides the noncovariant terms that appear in the

interaction Hamiltonian contained in the 9 term, some
of the propagators also contain noncovariant parts!?:

<T[€0ﬂ(x) Wv*(o)]>vac= ‘{’D#V(x)'*' (i/m2)5u451'454(x) )
(T[GM(x)GaB*(O)]>vac
= —0,0,D,8—9,08Dyat 0,0,D,8
+ 0,08Dyat (84402408 05404040
— 8,40840va—81400ad,8) 34 () ,

(2.8)

(TLF (%) F ap(0) Dvac
=(—0,80,00— 0,020,957+ 8,580,904
+6,00,.98) 2D r(x)+7(5,40 04005+ 0,40540 4
- 6n43ﬁ46va - 51/450145#5) 54(90) )
where

3);w(x) = [6#1' - (1/m2) a#avj%AF(x) )

1
Ap=—i(8r)! / dt————et-,
krFm?—ie
(2.9)

1
Dp=—i(8r%) / dth—eit-,
k2

54(x) = 64(x)5(4) .

D. Feynman Rules and Relativistic Covariance

The Feynman rules for calculating the .S matrix can
now be derived using the well-known procedures of
Dyson and Wick. Following Lee and Yang? [see their
Appendices B and C]J, this will be done in two steps.
First, the propagators and the interaction Hamiltonian
are replaced by an equivalent set, equivalent with re-
spect to the resulting .S matrix (the Lee-Yang equiva-
lence theorem). The new propagators are the covariant
part of the propagators given in (2.9), and the new in-
teraction Hamiltonian is given by

JCI'= —£1+ 5H N
where
8l = 316%(0) In[det(1+A4)7]. (2.10)
1A useful identity is T{A(x)B(x)}=3[4(x),B")]s

+ie(x—x")[A4 (x),B(x')]-, for A and B boson fields. We use this
formula to define the 7" product at the singular point x=4«’. The
propagator functions given in Eq. (2.9) can also be found in Ref. 2.
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Here A4 is an (11X 11) symmetric matrix characteristic
of the system (see Appendix A). The Dyson-Wick
methods can then be applied to the equivalent Hamil-
tonian (2.10), and the Feynman rules easily obtained.

For the Lagrangian (2.1), an explicit calculation
shows that det(1+4)=1, so that 8#=0. The covari-
ance of the .S matrix then follows.

The condition det(14-4)=1 implies that the de-
pendent fields ¢4, d¢/dt, etc., can be written as poly-
nomial functions of the canonical fields. Inspection of
Eqgs. (2.6) and (2.7) shows that this is so.

The Feynman rules for this case can be found in the
papers of Nakamura and Tzou.? The three- and four-
vertex functions are the matrix elements of 781 [see
Eq. (2.8)]. ) ‘

The vertex functions for the general interaction are
listed in Fig. 1. The above vertices can be obtained by
setting A= 0 there.

III. QUADRUPOLE INTERACTION
A. Lagrangian

The foregoing theory will now be extended to include
an arbitrary quadrupole moment. The Lagrangian den-
sity of the system is now

£=£1+£2+£3. (31)

£1+ £, have already been studied in Sec. IT; £3is taken
to have the symmetrical form

L£3= (ieN/ m2)ﬁ uvénp*ém P

with \ some constant [see Eq. (2.2) for notation].
The intrinsic magnetic and quadrupole moments are
now

(3.2)

u={1+x+Ne/2m, Q=2(\—«)e/m?.

Our criterion for choosing the interaction given by Eq.
(3.2) is that it is the simplest one that describes an arbi-
trary quadrupole moment and contains no more than
first derivatives of the vector fields ¢,, ¢,* and 4,.
Thus we omit from our theory an interaction of the
form G,‘,,*maxﬁ,,,—l—H.c., which might otherwise be
chosen, since it is closer to the classical form for a quad-
rupole interaction. Although this means a certain loss of
generality, our concern is to see if the addition pf an
arbitrary quadrupole moment can lead to a consistent
relativistic theory. o

Up to this point we have been careful to avoid using
such phrases as “minimal interaction” or “anomalous
moments” because of the known ambiguity of these
notions for the S=1 case.!® This is borne out by the
fact that the interactions contained in both £; and £,
seem to be equally fundamental interactions for all
values of the parameter x. However, £1+ £, can now be

13 See the article by G. Wentzel, in Preludes in Theoretical

Physics, edited by A. De-Shalit, H. Feshbach, and L. VanHove
(N grth-’Holland Publishing Co., Amsterdam, 1966).
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contrasted with £3, which has a more complex structure.
Also, as will be shown below, the attempts to satisfy
the relativistic requirements are more difficult for £;
than for £;4&£,. This could lead one to conclude that
in some sense £1+£; is a minimal interaction (\=0),
while £3 is nonminimal. A more precise definition of
minimality, and which is in agreement with the above
observations, is that by minimality we mean that the
interaction Lagrangian contains the minimal number of
derivalives consistent with the symmetries of the system.
Such a definition has also been advocated by Lee.!4
We note that the field equations for the charged and
electromagnetic fields are now, respectively,

DG/ —m? o +iexk, 0, =0, (3.3)
auﬁuv, _‘ie(GAuvl*%t_" ¢u*énv,) =0, (34)

where the effect of £; (~\) appears through the
quantities

GMV,: Auv+ (ie)‘/mZ)(FppGVp_vaGAnp) ’
b= Fy—(ieN/m?) (an*él'p_éw* Anp)
[G.» and F,, are defined in (2.2)].

The conjugate momenta can be easily obtained by
the replacement G — G’, G* — G'*, and F — F’ in Eq.
(2.6):

1T o= G ot = Gos™— (1N /1) (F Gy — Fu,Gop®) ,
1:71'4*: Ga4’= Ga4+ (ze)\/mQ) (Fapé4p —F4péap) y
iPo=Foi' = Fos— (ieN/m?) (G up*G 1y~ Gty*Cay)

while the constraint equations (2.7) remain unchanged:

(3.5)

(3.6)

mros=iD-m*—exP- o,
m? o *=iD* - m+texP- .

The desirable feature of the constraint equation (3.7),
that the dependent fields ¢4 and ¢4* can be expressed
as polynomial functions of the canonical fields, is main-
tained here. However, as can be seen from (3.6), the
same is not true for the time derivatives of the fields.
This will cause difficulties connected with the relativistic
covariance of the theory.

(3.7)

B. Interaction Representation and Relativistic
Covariance of the Theory

As has already been pointed out, we expect that our
theory will not be relativistically covariant. Indeed,
already for the simpler interactions treated in Sec. II,
we found that only electromagnetic interactions were
not enough, but also direct interactions among the
charged particles were needed to obtain a relativistic
theory. Notwithstanding the fact that some direct in-
teraction among the charged particles has already been
included in £; through the use of 7, rather than F uvs
we will see that the theory is not covariant. This lack of
covariance shows up in the derivation of the Feynman

14T, D. Lee, Phys. Rev. 140, B967 (1965).
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Element Graph Value
Internal photon line ETTq T D= —iSl_L,,/qZ
Internal meson line a T'i—’? S= —i/(B./_Ly +me P py),
B (p2+m2—je)!
o' .
3 —vertex <=5 V= See Table I
P q=p’-p
(1
8 y
<«
p ~79q
4 —vertex < U= See Table I
P N
q
A
a H
B v
P Q
4 —vertex W= See Table I
p q
4 w

F1c. 1. Feynman rules for some of the simpler graphs associated
with the interaction Lagrangian given in Eq. (3.13). Only the
values of the three- and four-vertex functions are listed (see Table
I). Higher-order vertex functions, as well as the vertices associated
with the counterterms £cr, are not included. The rules are given in
the momentum representation.

rules that correspond to £3. As in Secs. IT B and IT C, the
canonical formalism will be used.

We first need the Hamiltonian of the system as a func-
tion of the canonical variables ¢, =, etc. This can be
found in the standard way.! We note that it will be an
infinite series in the parameter eN/m?® because of the
presence of denominators when the Egs. (3.6) are in-
verted. We then pass to the interaction representation
to obtain the Feynman rules. In this representation,
the interaction Hamiltonian is a function of free-field
variables. It, too, is an infinite series in eN/m?. The gen-
eral form of the interaction Hamiltonian will be
— &1+, where all the terms that transform noncovari-
antly under Lorentz transformations appear in 9. £1 is
given simply by

Li=L—L (8:()) N (38)

and is a covariant function.

As in Sec. II C, we replace the interaction Hamil-
tonian by an equivalent one which is to be used in con-
junction with the covariant parts of the propagators for
calculating the S matrix. Since our interaction, with the
added term £3, is still contained in the class of interac-
tions considered by Lee and Yang,? their equivalence
theorem can be applied here. We find, then, that the
equivalent Hamiltonian is given by

jo = —L1+0H,
where £1=£—£ (e=0) as before, and
SH=1i54(0) In[det(1+4)].

4 is an (11X 11) matrix characteristic of the system.
In an explicit calculation, which is given in Appendix
A, we find that det(14-4)#1 and, in particular,

o0H = —%154(0) (26)\/'}%2)2[2@1:1*@1‘1—]- Fklpkl]

+0(e\?). (3.9)

HARMON ARONSON

186

A 8H50 is clearly an undesirable aspect of the
theory. Not only does 8H transform noncovariantly
under Loretz transformations, but it also breaks the
unitarity of the S matrix and is divergent.

An attempt to amend the theory so that 6H is elimi-
nated, at least to lowest order in e\, and an indication of
how this could be extended to higher orders will now be
given.

C. Counterterms

We amend the Lagrangian £ given in (3.1) by suitable
counterterms. These counterterms will be designated
collectively by £cr, and the theory will now be given by
the Lagrangian (£-+&cr). £cr is determined by the
requirement that the resultant theory be relativistic in
the sense that the 6H terms of this theory are zero.

Let us first take £cr to have the form

Lor= Lot Lo+ Lot La, (3.10)
La=a(eN/12):G0*GroGp*Gop,  (3.11a)
L4="b(eN/m2)?G,.*G10Gro*Gyy,  (3.11D)
Lo=c(N/m?)*F,Gro*F, Gy, (3.11¢)
La=d(eN/m)2 PG *E,,Gy, (3.11d)

where a, b, ¢, and d are constants to be determined. The
calculations are contained in Appendices B and C.
Briefly, the new interaction Hamiltonian is found which
now includes £cr. The equivalent Hamiltonian is then
constructed, with £cr contributing a term, called 6Hcr,
to the 8H already found (3.9). We then demand that to
lowest order (e?\?), 6Hcr+6H =0. This uniquely deter-
mines the four constants

a=2, b=—%, c=-2, d=4. (3.12)
In the next order O(e*\?), however, §Hcr+6H is non-
vanishing, so the theory must still be judged unsatis-
factory. A reasonable next step is the construction of
further counterterms, i.e., we choose additional counter-
terms which result in 6H cr+ 6H =0 to O(e3\3), while not
affecting the lower-order calculations. For example, for
the O(e?A®) term, counterterms containing a product of
five field operators would be appropriate, a typical one
being ~ (eN/m?)*FFFG*G.

Concerning still higher-order terms in §Hcr+6H, we
have no reason to believe that they are all zero at this
stage. But by proceeding as indicated above, by adding
appropriate counterterms, the theory could be made
covariant to all orders in e\. We wish to point out that if
the above study of the lower-order terms is any indica-
tion, we would expect that additional counterterms are
needed for each order of 6Hcr4-6H. Thus we expect
that Lor will have to contain products of field operators
of arbitrarily high order to finally obtain a relativistic
theory.
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TasLE I. The values of the three-* and four-vertex functions associated with the interaction Lagrangian (3.13).
The notation is given in Fig. 1. (\'=\/m?2.)

V=ie[8ap(ptp'—Np'- qp+Np qp")u—08an(p—rq—Np'- qp+N"- Q) g—85.(0"+xg+Np-qp'—Np"+ pQ) a+Npupa’ gp—N by’ qaps]

U=—16*(26,8 ap—Saudpr—8edpu) +3€"N {8,080p(q—q') - (9"~ P) —8eudpn(q- 2"+ - )
+8a8u(q- 0+ 1) — 80l q (P’ — P)u— 0’ &' — )y 10 98(q— 1) a— P’ (q— ) 81486 (qaps’ 9o bu 0o 04’ — ¢/ D)
—8ar(q6 u—0u' P8t q8Put05'D) —Sup(By' qa— Do’ Gt Drgat ' 9a’) +-8ua(Bras— pogy+aspy + 46’ 0) }

W =1e%2(28 8,0 ap— 88advu— 8 gudvar)

— e\ { 8,80ua(q’+2") - (g 1) —8vadup(q’ - g+2" p) —8apdu (P’ ¢+ ) +8,u(g6' qa— 94’8 +q8pa"+ 44 p6)
+8as(0sqi’ 14’ G0 bu— D' ) — Sualqeps’ + pra8 + 996"+ pt) —8u8(Pu' Gat0o' Put ' Gatpa’ 1)

+0us(By' ¢a—pa’ Gt 304" +pa’ pv) +0e (g8 Pu—qu Do+ Pspu’+a.'q2) }

» When the charged particles are on the mass shell, the three-vertex function V reduces to V — 4e[8ag(p+2")p+ (1 +x+)) (82,08 —3puga) + (N /m?) (gagp
—3¢%ap) (0 +15")u]. This is in agreement with the expressions written down on general invariance grounds by A. Zichichi, S. M. Berman, N. Cabibbo, and
R. Gatto, Nuovo Cimento 24, 170 (1962). See also Glaser and Jaksi¢ (Ref. 5).

D. Feynman Rules

The vertex functions for the general interaction are
listed in Fig. 1 and Table I. They are the matrix ele-
ments of

1L1+iLer
= —ed,(Gu™ or—0,*Gy)
—3ie*(Auer* —Ar0,") (Auer—Ar0,)
F ekl o ot e (0% 0r— 0% @)’
—(eN/m?)FGp*GptiLor.  (3.13)

IV. SUMMARY

We have demonstrated that it is possible, in principle,
to construct a relativistic theory of the general electro-
magnetic interactions of a charged spin-1 particle. Our
particular interest was the inclusion of a quadrupole
moment of arbitrary value. In order to construct such
a relativistic theory, however, it was necessary to in-
clude terms beyond those suggested by the classical
interaction of multipole moments with the electromag-
netic field. In particular, we needed both nonelectro-
magnetic interactions, involving products of the charged
field variables only, and higher-order electromagnetic
interactions. The latter interactions contained the elec-
tromagnetic field in a nonlinear way. These additional
terms (counterterms) were explicitly found to lowest
order O(e?A\?), with their strength uniquely determined
by the requirement that to this order the resulting
theory be relativistic. It was then indicated how the
higher-order terms could be constructed in a similar
manner, and how the theory could then be made co-
variant to all orders in e\. These counterterms have
physical significance, and, for example, additional scat-
tering terms are predicted which are due to them.

The problem of the renormalizability of the theory
still remains. Our point of view throughout the paper has
been that it is meaningful to consider the two problems
of the relativistic covariance of the theory and its re-
normalizability separately. While the structure of our
theory is rather complicated, we are at least reassured

that a positive answer could be given to the problem of
the relativistic covariance.
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APPENDIX A

In this appendix, we will calculate the value of
In[det(1+4)]. For the purpose of this paper, it will
be sufficient to evaluate it to O(e®\?). This work will use
the general results found in the Lee-Yang paper (see
their Appendix C).

The symmetric matrix 44 is defined by

Aap= 9L/ W adYs, (A1)
where £1=L£—£(e=0). The 11 Hermitian variables
Yo (@=1, - -+, 11) are defined by

Y;=1iFy;,
Vo= (1/V2)[G4j—Go*],
Yori= —(1/V2)[G4+Gy*],
Y10=(m/V2)[os—o4*],
Yu=—(im/V)[ est ¢4*],
where j=1, 2, 3.
In (A1), £; is to be understood as a function of the

¥q, while all other variables like ¢, ¢*, G;, etc., are to be
treated as constants.

Using Egs. (3.1), (A1), and (A2), the symmetric
matrix 4 can be found for our theory. Written in block
form, it is

(A2)

0 a; by R I

0 Cij Si Ji
A= 0 T: K; (A3)
u v

w

We have used a mixed notation: e, b, and ¢ are (3X3)
matrices, R, S, T, I, J, and K are (3X1) columns, and
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U, V, and W are (1X1) elements. The elements of the
(3X3) matrices are

ai;=—V2eN (Gi+Gis®),
b¢j= V2e\ (Gij—éij*) ,
Cij= 26)\’F;j.

The elements of the (3X1) columns are

Ri= (ex/V2m) (0i+ %)+ (1N /N2m) A;(Gij—G ) ,

L= — (iex/VZm) (¢i— 0*)+ (N /N2m) 4G+ Gi*)

Si=(eN/m)Fd 4 (kN /2m) (o4 ¢,) (Gi*+Gyy)

Ji=—(e/m) A+ (ie*N /) 2m) (o* — ) (Gi*+Gy)

Ti=(e/m) A+ (ie*kN' /2m) (0;*+ ¢,) (Gi* —Gy)

K= (e2N'/m) A;Fi;— (kN /2m) (0% — ) (Gi*—G ).
The (1X1) elements are

U= (e/2m*)(pit ¢i*)
—(iekN /m?) A (@it 0% (Gis* —Giy) 242 /m?
V=_(ie*/2m*)(¢i* ¢i* — i)
+ (3N /m?) A i(0*Gi*+ 0:Gy)
W= —(e*/2m*)(¢i— ¢i*)*
+ (iekN /m*) A (0 — 0) (Gi*+G i)+ A% /m?.

(¢ and 7 run from 1 to 3, and summation is understood
over repeated indices). N =\/m?.

The value of In det(144) is needed. We first perform
column and row manipulations and are able to transform
144 into diagonal block form:

9Xx9 0

@+ | .
0 2X?2

The (9X9) part of (1+4) is not affected by this trans-

formation, but the (2X2) part is changed. The deter-

minant of the new (2X2) piece=1. We are then left
with a symmetric (9X9) determinant to evaluate, i.e.,

1 a b
det(144) —> det|a? 1 ¢|.
bT T 1

For calculational purposes, the following identity is
useful:

In det(1+X)=Tr In(1+X)
—Tr(X—3X* X+

With
0 e b
X=1aT 0 ¢,
b7 T 0

we find, to the required order, that

In det(1+A) = “4@2)\’2(261;:'*@1';‘*— Flﬁﬁ"f) )
-—iléea)\lsFijij*Gkrf* 0(64}\4) .

This gives the result in Eq. (3.9).
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APPENDIX B

In this appendix, we will generalize the Lee-Yang
equivalance theorem to include a larger class of inter-
actions. This is necessary to treat the counterterms that
were added in Sec. III C.

We take for a model Lagrangian

L:%Qa2+%kAaanQb','%)\zRuanQb. o
FINM 030aQ Q@ Qa+C, (B1)

where all indices run from 1 to V. This Lagrangian rep-
resents a system of V coupled oscillators, with 4, R, M,
and C functions of the coordinates Q, only. A\ is the
coupling constant, which we take to be small, and as-
sume that expansions can be performed in terms of it.

If we set Aq’'=NAap+MNR,p, we see that (B1) differs
from the Lee-Yang Lagrangian [their Eq. (A41)] in an
essential way by the inclusion of a term which is of
fourth order in the velocities §,.

The canonical momenta are

Po=093L/0Q0= (8ar+Aat Qs+ NM 15:0Q:QQa.  (B2)

This equation can be solved for , as a power series
in A

For the purpose of this paper, we will only need the
equivalent Hamiltonian to O(A\?). This requires the ex-
pression for the interaction part of the Hamiltonian to
the same order. The interaction Hamiltonian of Lee and
Yang [their (A47)] is modified by the additional term
in (B1), and to O(A?) the interaction Hamiltonian in the
interaction representation is given by

] 000
1+A' ab

—INM 030iQuQ1QQa+O0(N) . (B3)

The vacuum expectation values of the 7 products in the
interaction representation, given by Lee and Yang,? are
the following:

<T[Qn(t)Qm(0) ]>vac: 30nms(t),
<T[Qn(t)Qm(0)]>vac= F0umd(?)
<T[Q"(1)Q.m(0)]>vac= —%5”,,".3"(1) —151”,,5(0 )

where

Hint= “‘%l:

(B4)

s()=e for 120
for t<0,
$=ds/dt, $=ds/di.
To obtain the equivalent Hamiltonian, all Feynman
diagrams are calculated, but only the explicit §(f) part
of the propagators [see Eq. (B4)] is used for an internal

line. The equivalent Hamiltonian calculated in this way
will then have the form

Hequiv: —Lint+ 6H .

0H is the term due to those Feynman diagrams in which

= it
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F16. 2. Feynman diagram as-
sociated with Eq. (B6) of Appen-
dix B.

()

5 = >
Qq X'Mgbed @

an internal line begins and ends at the same point. More
technically, it is due to the 7" product of operators which
are at the same instant of time.

In Eq. (B3), let us set

Hiny=1+411,
= —3[(4"/14 4] Qs
IT= —iNM 050QuQeQ L.

The 6H due to I in the above equation has already been
calculated by Lee and Yang. We note their result (with
Aaqp replaced by A4’ =AM\ Rys):

8Hy=1i8(0) Tr[In(14+4")as]. (B5)

To order A2, the contribution of II to 6H can be found
by calculating the diagram of Fig. 2:

0H11=— (6/4))‘2MabchaQb<T[Qc(O)Qd(O)]>Vac
=22(i/2)8(0) X2 3" M 1peQaQs,

where

(B6)

where only the §(¢) part of the propagator was used in
the last line. In order to obtain a sensible theory, we
must impose the condition that

Z MabccQaQb=0- (B7)

Otherwise, contracting the remaining two operators in
(B6) gives an additional

SH1r' ~N2(3/2)25(0)8(0) X% >~ M agec.
It is to forbid such terms that (B7) has been imposed.

APPENDIX C

We are now able to calculate the coefficients of the
counterterms of Sec. ITII C, which were denoted as a, b,
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¢, and d there. We determine them by requiring that
they result in 6Hcr+6H =0 to order e?A%. The results of
Appendix B for particle dynamics are generalized to the
present case of field dynamics by identifying the @, as
the Hermitian part of the 9 fields Fy;, Gu;, and Gy™*.
More specifically,

Q;— iF4,
Qsii— (1/V2)(Gy—Ga™),
Qo1i— —(i/V2)(Goj+Goi®).
From Appendix B, Egs. (BS) and (B7), we find that

the equations that must be satisfied for 6Hcr+6H =0
to order A? are

(C1)

Trd =0, (C2)
Tr(4—1R?) =0, (C3)
Z MabccQaQb=O- (C4:)

The explicit form for 445 is given in Appendix A; only
the (9X9) submatrix is needed here. Since it is traceless,
Eq. (C2) is satisfied. R, and M 4p.q can be found by
comparing the counterterms Eq. (3.11) with the model
Lagrangian of Appendix B, Eq. (B1), and making use of
Egs. (C1) above.

After a straightforward calculation, using the 4, R,
and M so found, Eq. (C3) results in the pair of equations

(2a+4b+0)Gi*Gi= —4G*Gy;,

pA 7 S
EF,']'F,','= —ZF,;jFij, (C )

while Eq. (C4) results in the pair of equations
(12a+ 16b+4¢c+2d)G4*G =0, (C6)

(4c+2d)Fy;F=0.
The solution of (C6) and (C5) is
a=2, d=4.

b=—%, ¢=-2,

This gives the results quoted_in Eq. (3.12).



