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The experimental implications of the Bardakci-Ruegg representation for the five-particle processes
KEwxrw and KKKEKr are investigated in the region of various resonance productions. As in the Veneziano
representations, there are many spins present in high-mass resonances. The angular momentum content of
the resonances and the angular distributions of the decay products are studied as a function of momentum
transfer. In a number of cases, we find that there is only a very small admixture of odd daughters. In these
instances, the condition under which the odd daughters vanish is nearly equivalent to certain previously

obtained mass formulas.

ECENTLY, there has been much interest in the
construction of generalized Veneziano representa-
tions for the N-point function! The experimental
implications of the Veneziano-type four-point function
have been investigated by a number of authors.2 One
general feature of these crossing-symmetric amplitudes
with Regge behavior is the presence of several partial
waves resonating at precisely the same energy. Although
one should view this representation as a first approxi-
mation, it indicates that perhaps the p-e interference
phenomenon is the rule rather than the exception. It is
our purpose in this note to focus attention on this and
other questions concerning resonance production in
what we believe to be a meaningful model.

In the present paper, we analyze the Bardakci-Ruegg
representations for the processes 7K — wrK and
KK — KK=? with emphasis on the features of reso-
nance production. Though, a priori, there seems little
reason to expect the odd daughters® of a resonance to be
absent in the asymptotic limit, they are not present
for many cases in the above processes. Even when they
are present, the odd daughters appear to be dynamically
different from the even ones. The angular distributions
and angular momentum composition of the resonances
change with varying momentum transfer in a rather
complex fashion. There are, however, certain regular
features of the variation which appear to be quite
general.

The five-particle processes are a function of five
variables which BR take to be the five subenergies s;;
(where j=144=1). (See Fig. 1.) In terms of these vari-

* Work supported in part by the National Science Foundation
and the U. S. Atomic Energy Commission.

1 See, for example, G. Veneziano, Nuovo Cimento 57A, 190
(1968); K. Bardakci and H. Ruegg, Phys. Letters 28B, 342
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4The odéi daughters of a resonance with spin & have spin
N—1,N=3, ++-.
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ables, the representation for the process 7% K—5—
e T3K—4 in the configuration of Fig. 1 is

A = €4y P1*Po" Py Py”
X[Bs(aiz—1, azs—1, aza—1, aus—1, aps—1)
+Bs(0123—1, 0!13—'1, 0114—1, 0145—1, a25—1)
—Bs(arn—1, az—1, as—1, ass—1, aps—1) ],

¢y

Bs(ais—1, asz—1, asa—1, ass—1, a5—1)

1 1
=/ dul/ du4 ul—a1z(1_u1)-—a23u4—a45
] 0

X (1 -—-1“)""34(1 _ulu4)-a15+a23+a34—1 ,
where
14 : U
ai=ai(si) =i’ +ai’si;  with @/ =1/GeV?,
ard=arl=a’ =as’ =o' =0,

s =1’ =a1d =as’ =ag.

Going to a pole in the 2-3 channel at ax=N and
taking s15 asymptotic,® we have

A=X(1,2,3,45)+X(1,3,2,54),
where

N-1 2
X<1;2)3)4‘15)=elll‘pVPIMP2vp3pP4a Z (—>k<k>
k=0
(1 —a)I'(k+1-N)
TQ2+k—N—ay)

I'(k+1 —aus) ( —agp) @R

Z2=3815—S34. (2)
3

F1c. 1. Five-particle process 2 4
where
sis= (p1+ps)?  s12=(p1—p2)%,
sez= (patps)?  Ssa= (Pst+p4)?
and S45= (P4—175)2.

| 5

5One gives ass a linearly increasing imaginary part when
taking si;5 asymptotic in the absence of a better unitarizing
procedure.
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~ TasBLE I. The relative probability for the production of angular
- P4 momentum J for a resonance of given asz=N.
(a) sis=—0.01
~ \J 1 2 2.12 3.66 4.23 4.70
- Py VAN
A 9 F16. 2. Helicity frame where
12 ! the z axis is given by the direc- 6 0.44
a | tion —p4, and where the y axis 5 0.63 0
I is perpendicular to the produc- 4 0.83 0 0.47
: tion plane. 3 0.96 0 0.34 0
| 2 1 0 0.17 0 0.09
= | X (1) (1) 8 0.0g 0 0.03 0
NS R l 0 0 0
\E)\J N=1 2 3 4 5 6
(b) sa5=—1.01
\J 1 2 2.74 3.30 3.75 4.16
I\
Two reference frames are of use to us. We perform
the angular momentum decomposition in the helicity g 043 0‘2(7)
frame, where we use the five variables si5, S, S, 4 0.65 "0 055
and 3 (see Fig. 2), in terms of which one can express sz \; . 0.8(7) 0 3(5) 0.5(1) 0
and s3. The angular distributions are given in the 1 1 0 0.13 0 0.06 0'18
Jackson frame, where we use the five variables sis, 0 0 0 0 0 0 0
S15, S23, 012, and ¢ (see Fig. 3) and integrate over g, V=1 2 3 4 5 6
and ¢ alternatively. =
Following the procedure outlined by Cook and Lee,® a,2=0.5 and
the helicity amplitudes for the production of a resonant i N ar
state in the 2-3 channel with spin J, and z projection Prob(N)= X [Xoul¥ & ¥ |Xsul2,
M, are given by M= J=0 M=—J

Asu (815,845,523) =

/ d cosadBY ;i (a,B)

XA (s15,515,523,0,8) ,  (3)
which becomes in the asymptotic limit s;5— 0,
A 11 (515,845,823) = (14 (=) 7 (=) ) X rar (515,545,823).  (4)

The residue at the pole is a polynomial of maximum
degree NV in the subenergies adjacent to the resonant
channel. This ensures that angular momenta J greater
than V will not be present in the resonant state.” The
signature factor is expected on the basis of G-parity
arguments applied for positive-integer values of aus.
There are similar signature factors for the other charge
configurations we will speak of, but we shall usually
ignore them and concern ourselves only with X .
X sar also depends on the masses 71, ms, and ms;.

In Tables I(a) and I(b), we present the angular
momentum composition of X for m;=ms=m;=0, where

6 L. F. Cook and B. W. Lee, Phys. Rev. 127, 283 (1962).

7 Actually one should have a properly unitarized amplitude.
However, as long as the exchanged masses in the 1-2 channel are
reasonably large, the present polynomial is an adequate representa-
tion of the unitarized polynomial. However, the polynomial
appearing at the pole in the BR representation is unable to
represent a crossed channel 1-2 pole if the pole occurs at a small
value of si2 such as the pion mass. The projection of such a pole
term gives a much larger effective range than the BR representa-
tion is capable of reproducing. Thus, in such a case, one would
expect substantial corrections due to proper unitarization.
Approximate unitarization might proceed along the lines suggested
by R. Z. Roskies [Phys. Rev. Letters 21, 1851 (1968) ; 22, 265 (E)
(1969)], who finds that for large energies many poles may con-
tribute in the vicinity of a resonant energy.

N
J=3 J Prob(J)
J=0

for two values of s4.® Prob(J) represents the relative
probability that the resonance at as;=N has spin J,
and J is the average spin of the resonance. As expected,
Prob(J) falls off for the higher values of J. It is also
clear that as sy becomes more negative there is a shift
towards lower values of angular momentum. This is the
case for all physical configurations one can study using
the Bardakci-Ruegg (BR) representations. If, in the
2-3 cm. system, one considers particles 4 and 5 as a
single particle of m?=ss; and spin ass, the crossed-
channel ¢ variable is sz, and d cosfiz « dsy5/2k?, where

Pl
)
b2 42
; . Fic. 3. Jackson frame, which
| is the same as the helicity
| frame except that the z axis
: is given by the direction $;.
!
| T
SRR
\J\|
¢ 4

8 Note that J4 for the full amplitude 4 equals J despite the
signature factor, if only even or odd J are present.
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TasLE II. The relative probabilities for the production of angular
momenta J for a resonance of given ass=2N.

(a) S45= —0.01
\{ 1 184 280 3.78 465 537
J
6 0.657
5 0.75  0.156
4 081 0.18 0.103
3 081 0.8 002 0.076
2 084 0.18 000 004 0.004
1 1 016 001 001 001 0.004
0 0 0 0 0 0 0
N=1 2 3 4 5 6
(b) sss=—1.01
J 194 28 376 451 517
J
6 0.585
5 0.72  0.096
4 0.83 0.1  0.241
3 090 0.1 013  0.068
2 094 009 005 004 0.005
1 1 006 001 001 000 0.005
0 0 0 0 0 0 0
N=1 2 3 4 5 6

k=+/ (k). Here k; and k; are the initial and final
c.m. momenta in the 2-3 rest frame. One can then view
the above shift in J as the combined result of two com-
peting angular momentum barrier effects: (a) decreasing
the effective spin of the 4-5 particle ass, keeping sus
fixed, which causes J to decrease, and (b) increasing
ss5, and hence the effective momentum %, keeping aus
fixed, which causes J to increase.® Were we to use
somewhat unphysical values of the trajectory inter-

T
L1

1 //504;—1.01 |
/

29
T

T
.
o
1

F1c. 4. J versus k for the cases given in Tables I(a) and I(b).

9 The k of importance is that which occurs as the coefficient
of cosByzin s15=c— 2k cosfyz. It is given by k2=rksks =\ (s23,545,m1:%)
X\ (523,m2,m32) M2 /4593,  where  A(a,b,c) = a?*+b*+c?—2ab—2ac
—2bc. Notice that it is an increasing function of (—s4s) for sss
negative.

0 In the BR representation, for which we have followed this
procedure, these effects are quite dramatic as compared to smaller
shifts in J resulting from changing ss5 alone keeping the intercept
constant. For instance, for the case of Table I, N=6:

J=4.69 for ai=049, si4=-—0.01;
j=369 for aus= “—051, S45= —001,
j=416 for = '—051, S45= —1.01.
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F1c. 5. Jackson-frame an-
gular distribution in cosfiz
for two values of ss4. The
process is that of Table I,
K~ — 7 rtK-.

ARBITRARY UNITS

cos Bjp

cepts, the relative magnitude of the two effects can be
reversed resulting in an increase of J as s45 becomes more
negative. For very unphysical values of the intercepts,
there is no clear pattern.

From Tables I(a) and I(b) it should also be apparent
that in the present case, for the value o,°=0.5, there are
no odd daughters with leading asymptotic behavior.!
For the case where the 2-3 masses are equal, the con-
dition for the vanishing of the odd daughters of a 2-3
resonance is '

201+ a2s® —aud — 14’ (m24m2+ms2) =0.  (5)

Rewritten it becomes, for the case where the same
trajectory occurs in channels 1-3 and 2-3,

agtagstois=14aus )

a sort of generalized Veneziano subsidiary condition.
Expressing the intercepts in terms of the parent trajec-
tory masses, measured in units of 1/, and demanding
the vanishing of the odd daughters, we obtain from (5),
for the case 7% K5 — momt3Ky,

3m—mew?—3m.i=1.

For the process of K—1K*5— 7 amtsn%, the condition
(5) for the vanishing of odd daughters in the 2-3
channel (77t channel) with

01450 =01120 =O£K*0 = l—mK*2 s a23°=oz,,° =1 —m,,2
becomes
1 —mpz ——m,,2+mK2+2m,,2 =0.

For the process #%m 5 — KK +3m 4, the condition (5)
reduces to a linear combination of the above two. For
the process K—1K*5— K—2K+yr®% for which we use
BR’s KK — KKr representation with

Ot120 =Ol¢0 = I—M¢2 , Ol230 =oz,° =1 —m,ﬁ )
i =ag=1—mg+?,

1 Tn general, there are almost none. Note there are always odd
daughter residues with nonleading asymptotic behavior (s;5)*4s™1.
There is never any spin zero in the present cases due to parity
conservation.
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B //-\si5=—|.01
/ N
2F/ AN
= |/ N
201
-
- \
g _!l S45°-0.17 \
=l \
g |l \
< W \
|
1
-1.0 0 1.0
cos ¢

F16. 6. Jackson-frame angular distribution in cos¢ for two values
of s45. The process is that of Table I.

condition (5) becomes

1=2my+mz2—mr>—3mg*.

In addition, their representation for this case requires
w-p degeneracy. Combining these equations, we have

mi=mi=itime, (62
mK*2=%+mK2+%m,r2, (6b)
mgt=2mg2—m,?2. (6¢)

(6¢) is the well-known Okubo mass formula, and (6a)
and (6b) are the'same as the formulas derived from the
Veneziano representations in the soft-pion limit except
for an extra 3m.>2.

Because of the success of these results, one might be
tempted to take the vanishing of the odd daughters in
the asymptotic limit as being fundamental. However, we
need only look at the process K+n% — K%K%K*, to see
that this is not so. Indeed, the condition (5) becomes,
using (6b) above, M2=4Mg2—2m2—%—5Mn?, or,
using (6¢) above, M 2==%, which is clearly not satisfied.
When the masses of particles 2 and 3 are not equal,
then the condition for the vanishing of the odd daughters
becomes quite complicated and is, in general, never
satisfied. For example, we present in Tables II(a) and
II(b) the angular momentum composition of X for the
process K5 — Ktam%mr—s for which there is no
signature factor, i.e., A4=X with as=ag+«=0.25,
ar?=as’=0,2=0.482 The odd daughters are clearly
present though their leading asymptotic behavior

Fic. 7. Jackson-frame an-
gular distribution in cosfis
for two values of ss. The
process is that of Table II,
Ktpr= — Ktnz~,

ARBITRARY UNITS

12 The calculation here was carried out with finitefmasses.
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becomes increasingly suppressed as sss becomes more
negative. It seems apparent that even when they do
not vanish in the asymptotic limit, they are treated in
a fashion fundamentally different from that in which the
even daughters are treated. Experimentally then, it
seems that by choosing the correct process one can hope
to see pure resonant states for angular momenta as
high as two, but that, in general, one should expect the
full angular momentum content possible. This is
particularly true at the present experimental energies
which are not yet sufficiently large for the elimination
of the odd daughters in this model to be complete. In
fact, for the value s;3=20 GeV? the angular distribu-
tions in 6y, and ¢ are still fairly unsymmetric for the
cases in which the odd daughters vanish asymptoti-
cally,’ indicating the presence of substantial amounts of
odd daughters.

Viewing particles 4 and 5 as a single particle, one
might ideally expect that J would be a linear function
of k. For the case of Tables I(a) and I(b), we plot J
as a function of % in Fig. 4. It is very linear. Changing
s45 will change the intercept of the graph but will not
affect the slope very much. The effective range (i.e.,
the slope of the graph) turns out to be of the order of
the inverse mass of the nearest singularity in the 1-2
channel.” The graphs for the cases of Tables II(a)
and II(b) are very similar. This type of behavior seems
to be a general feature of these representations.

In Tigs. 5-8, we present the angular distributions for
a resonance at ass=3 for the particle processes of
Tables I and II, for two values of si (the smaller of
which is near that value of sy at which the number of
events is maximum). In Figs. 7 and 8 notice that the
distributions become more symmetric as s increases in
magnitude corresponding to the suppression of odd
daughters. As si; becomes more negative, there is an
increasing contribution to helicities other than M =4-1
which must dominate in the forward direction.*
Figures 5 and 6 demonstrate the asymmetry of which
we spoke earlier at s;3=20, which increases as sus

S45=-1.01
o
= —— ~
2N
=l / N Frc. 8. Jackson-frame an-
=0/ \ gular distribution in cos¢ for
A A \ two values of s45. The process
= \ is that of Table II.
/ \
1

-1.0 0 10

cos ¢

18 Both distributions should be fully symmetric if only even or
odd J are present. The factors causing odd daughter presence are
of the order sy3/515, S45/515, m:2/515, i.€., nonleading in s;5.

" Note that the density matrix par;zar ;- defined in the Jackson
frame, being given in terms of the density matrix parar defined in
the helicity frame by parjpar;p = 2 aar@arar i (@) s arryy o) (),
. . I
is dominated by pu1, p1-1, and p_;_; in the forward direction bécause
w (the 7~channel crossing angle) becomes 0 or =, for which the d’s
are diagonal,
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becomes larger in magnitude due to the increasing im-
portance of factors such as s45/515, which arise from the
second term, which contributes to this process and gives
rise to the signature factor for very large si5. For greater
values of a3, the f;, distributions take on more and more
of a diffraction peak appearance, which will become less
steep as s45 increases in magnitude because of the shift
towards lower angular momenta.

In conclusion, it seems that resonance structure
should, in general, be expected to be quite complicated
with, certainly, even daughters present and most
probably a substantial amount of odd daughters as
well. The simplest, and best known, example of this is
the p-e interference in the #t7— channel.!’® This seems to
be a property of all presently existing crossing-sym-
metric amplitudes satisfying duality. To a certain
extent, the manner in which the structure of a resonance
in such an amplitude changes with the momentum

15 P. B. Johnson et al., Phys. Rev. 176, 1651 (1968).
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transfer in the production process can be understood in
terms of simple physical and intuitive arguments,
involving angular momentum barrier effects. They
explain, for instance, why the average angular mo-
mentum rises linearly with & even though the trajectory
function, and hence the maximum angular momentum,
is a linear function of s. In addition, we have seen that
the BR representation for the processes considered has
some unexpected features, which may reduce the com-
plexity of the resonant structure under certain condi-
tions. For instance, increasing the magnitude of s
suppresses the odd daughters markedly, particularly at
large laboratory energies. One may even find that in
certain processes, the odd daughters are altogether
absent at asymptotic energies, although this would
seem to be the exception rather than the rule.

We are grateful to Dr. W. R. Frazer for suggesting
this problem, and for his constant guidance and en-
couragement throughout the course of this work.
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Assuming linearly rising Regge trajectories and neglecting the ¢/ NN coupling constant, we consider a
simple expression for the proton magnetic form factor Gas?(f) which has poles at positive-integer values

of the degenerate trajectory functions e, (£) and a,(Z).

N this paper, a simple model for the nucleon electro-
magnetic form factors is suggested and discussed.
First, we must define the form factors of interest. The
matrix element of the electromagnetic current operator
between proton states is written

(4ko'k0)"*(p (k") | T (0) | p(R))
=etu(k")[F1»O)yutFar (1) (up—1)
X QM) Youg, Ju(k) (1)
=e(1—t/4M2) (k') [Ge?(£) 2M)-1P,
+Gu? (Ou,(8M*) (gPyu—,Pg) Ju(k), (2)
where ¢g=k—Fk', P=k+Fk', t=¢>, M=nucleon mass,
e=proton charge, u, is the total proton magnetic
moment, and the normalization is

Flp(O)=F2P(O>=GEP(O)=GMP<O)=1. (3)

The neutron electromagnetic form factors Fi*(¢),
For(t), Gg*(), and Gy™(f) are defined similarly. Using
the algebra {v,,7,} =2gu, the Dirac equation and Egs.
(1) and (2) give

poGa? () =F17 ()4 (up— DF 27 (1), 4)
* Supported in part by the U. S. Atomic Energy Commission.

Gp?()=F1?()+t/4M?) (u,—1)Fo* (1), (5)

so that there is the kinematic constraint at the proton-
antiproton annihilation threshold

poGa? (M%) =G (4M?), (6)

and similarly for the neutron.

There is no a priori reason to choose between the
form factors of Egs. (1) and (2) for theoretical analysis,
but the experimental data indicate certain regularities
for the form factors of Eq. (2). In terms of these Sachs
form factors, the one-photon-exchange differential
cross section for elastic electron-proton scattering in
the laboratory frame is, apart from the radiative
correction,

a1 Gl
x[(l—%)* ([Gw(t)]ﬂ—ﬁwwvw)

t
_ﬁ tan ('2-0L) Mp [GMp(t)] :" (7)



