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A theory is developed to calculate the electromagnetic transmission spectrum of a metal slab in the pres-
ence of a normal static magnetic field. The boundaries are explicitly included in the development. The trans-
mitted signal is shown to be composed of contributions from the zeros of the infinite-medium dispersion
relation (that is, helicon modes), and from the branch points of the conductivity which give the Gant-
makher-Kaner oscillations. Results of several numerical calculations are given as examples.

I. INTRODUCTION

HE propagation of electromagnetic waves in a
metal or a semiconductor, in the presence of an
external magnetic field approximately in the direction
of propagation, was predicted by Aigrain and by
Konstantinov and Perel,! was detected by Bowers
et al.,? and has been investigated by a large number of
authors for a number of years.® In metals or doped
semiconductors, these waves are commonly referred to
as “helicons” and have been used to investigate certain
features of the Fermi surface of metals, for instance, the
Gaussian curvature of the Fermi surface in the direction
of the magnetic field*> and properties such as carrier
density and the sign of the carriers in semiconductors.®
Gantmakher and Kaner’ observed rapid oscillations
in the surface impedance of a slab sample of tin in the

* Supported in part by a grant from the National Science
Foundation.
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“helicon” geometry, that is, when the external magnetic
field is normal to the surface of the slab. They attributed
these oscillations to ‘ineffective electrons” with
extremal values of the average velocity along the
magnetic field direction. Since m.5,~094/dk., where m,
is the cyclotron mass and 7, the average velocity
component along By, the electrons concerned are those
which lie near an extremum in dA4/dk., the derivative
of the cross-sectional area of the Fermi surface in the
direction of the applied static field Bo. Extremal values
of d4/dk. occur at elliptic limiting points of the Fermi
surface, or for a nonellipsoidal Fermi surface, they may
occur in a region of the Fermi surface with a finite
transverse dimension of the electron orbit. An extremum
in 0A4/0k, implies that a large group of electrons will
follow a helical path through the specimen with an
effective wave vector ¢,=w./7., where w,=eBo/mc is
the cyclotron frequency, and will arrive with a phase
shift with respect to a reference signal at the other side
of the slab.

Weisbuch and Libchaber®® have also seen these
“Gantmakher-Kaner” oscillations. They have seen
these oscillations in two directions in Cu, but only in
conjunction with the beginning of helicon oscillations,
i.e., a little above and somewhat below what would
appear to be the conventional absorption edge. Their

(13 6G7) Weisbuch and A. Libchaber, Phys. Rev. Letters 19, 498
967).

® When this paper was essentially finished, I learned that
B. Perrin and A. Libchaber (to be published) have observed
Gantmakher-Kaner oscillations in three directions in copper,
and presumably one of these is due to an elliptic limiting point.
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interpretation was in terms of three waves present in
the metal: a helicon wave, a Gantmakher-Kaner wave,
and a damped electromagnetic wave which excites the
Gantmakher-Kaner wave. It is not quite clear what
this damped wave represents, or, from the analysis,
why the Gantmakher-Kaner waves exist only over a
limited region of magnetic field. For further discussion
of this paper see Antoniewicz ef al.1°

Theoretical work, in which the presence of a boundary
or a surface was explicitly considered, has been con-
centrated principally on the surface impedance of a
semi-infinite slab.'—1* McGroddy et al.’* investigated
the surface impedance of metals with Fermi surfaces
which exhibit an orbit edge, that is, a helicon absorption
edge due to electrons with extremal values of velocity,
and showed a qualitative difference between this
result and the free-electron result.

The theory for the transmission geometry, that is,
including the second boundary of a slab, was first done
by Platzman and Buchsbaum,!* where they considered
a free-electron metal with specular reflection of the
electrons at the boundaries of an infinite slab. However,
they investigated the transmitted power at frequencies
near the cyclotron frequency. Legéndy' investigated
the effect of boundaries on the observed spectra, but his
investigation was for a local conductivity (independent
of the wave vector), and therefore none of the nonlocal
effects appear in his results. Finally, Baraff'® has
investigated the transmission at higher frequencies
through a free-electron metal slab with diffuse reflection
of electrons at the boundary.

The author'” has pointed out that, for a non-free-
electron model of the Fermi surface, it is possible for a
damped helicon mode to exist below the usual absorp-
tion edge if there is an extremum in d4/d%.. The above
paper considered the infinite-medium dispersion rela-
tion. The author, Wood, and Gavenda! interpreted
experimental results in the [110] direction in copper
as the enhancement of Gantmakher-Kaner oscillations
because of the damped helicon below the absorption
edge. The interpretation was made on the basis of a
model calculation containing the essential features of
the copper Fermi surface and having the boundaries
explicitly included. The qualitative agreement of this
model calculation with experimental results was very
good. The present paper gives the basis on which the
conclusions in the above letter were reached and
includes some further numerical results.

10 P, R. Antoniewicz, L. T. Wood, and J. D. Gavenda, Phys.
Rev. Letters 21, 998 (1968).
u P, B. Miller and R. R. Haering, Phys. Rev. 128, 126 (1962).
2 A, W. Overhauser and Sergio Rodriguez, Phys. Rev. 141,
431 (1966).
13 J. C. McGroddy, J. L. Stanford, and E. A. Stern, Phys. Rev.
141, 437 (1966).
( 4P, M. Platzman and S. J. Buchsbaum, Phys. Rev. 132, 2
1963).
15 C. R. Legéndy, Phys. Rev. 135, A1713 (1964).
16 G. A. Baraff, Phys. Rev. 167, 625 (1968).
17 P. R. Antoniewicz, Phys. Letters 24A, 83 (1967).
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In this paper, the transmission of an electromagnetic
field through a slab of metal in the presence of an
external magnetic field normal to the slab surface and
propagating along the magnetic field is investigated.
The effect of the boundaries on the transmission is
explicitly taken into account, and the experimental
situation is mimicked by retaining the transmitted
electric field instead of the power. This is important,
since experimentally one detects the interference of the
transmitted electric field and a leakage field around the
specimen. Specular reflection at the boundaries is
assumed for simplicity. It will be shown that in this
case the transmitted spectrum depends on the zeros and
branch points of the infinite-medium dispersion relation.
Each zero and branch point contribute an oscillatory
term, as a function of the external magnetic field, to
the spectrum.

The dispersion relation for a circularly polarized
wave in a metal may be written as

¢*= (47w/c*)(Imo.—1i Reoy), (1)

where ¢ is the complex wave vector, w is the circular
frequency, o4=0,¥Fic, the conductivity, and ¢ is the
speed of light. A static magnetic field is assumed along
the z axis. It should be noted that, if for some reason
the real part of the conductivity is much smaller than
the imaginary part, a wave is propagated with little
attenuation. In contrast, however, below the absorption
edge for a spherical Fermi surface, the real part of the
conductivity for a helicon is approximately the same
magnitude as the imaginary part, and, therefore, the
helicon does not exist.

The conductivity tensor for a surface that is cylindri-
cally symmetric about the magnetic field is'?

& kz max merv.2dk,
g4 = / A ’
4m2h? —kz max 1+1 (w:':wc—qu)T

where 7 is the relaxation time (assumed constant on
the surface), v.(k.) is the velocity in the k.-k, plane,
and v, is related to the geometry of the Fermi surface
through the derivative of the cross-sectional area of
the Fermi surface (for a closed orbit), that is, D,
= — (%/2r) (04 /dk.).

The dispersion relation, Eq. (1), is satisfied by all of
the modes in the electromagnetic spectrum with the
proper polarization. It should be emphasized that if the
conductivity depends on the wave vector q, then the
dispersion relation may have other solutions or branches
besides the helicon. The nonlocal conductivity arises
from the motion of the electrons; they sample the
electric field of the electromagnetic waves at different
positions in the metal.

@

II. THEORY

Let us take a metallic slab extending to infinity in
the x-y directions and assume that there is specular
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reflection at the boundaries. Then, an equivalent model,
consisting of the slab repeated to infinity both in the
positive and negative z directions, may be inves-
tigated.!*1® That is, the problem is treated as in the
case of an infinite solid, except that the electric field
and its derivative are forced to assume given values at
the “boundaries” of the slabs.

The equations of motion of the system are the
macroscopic Maxwell’s equations describing the self-
consistent electromagnetic field in the metal and a
Boltzmann transport equation describing the motion of
the electrons in this field. The conductivity tensor then
represents the motion of the electrons.!?

It is assumed that all quantities except the static
magnetic field vary as e®*. Since a slab geometry is
considered, where the x and y dimensions are infinite,
all amplitudes will be functions of the 2z coordinate only.
Consider propagation in a direction with at least a
threefold symmetry. In terms of circularly polarized
coordinates, one can then write Maxwell’s equations as

0°E /02~ (/) Dy= (4miw/c*)J 4,
where

E,=E,+iE,, etc.

The current in an infinite sample is

J(zw)= o (3,2 ,w)-E(z")dz'

and

Jﬂ: (z,w) = F Y (Z;z’:w)E:I: (zl)dz, .

—0

Then, assuming specular reflection at the boundaries,
the material may be considered homogeneous and the
effect of the boundaries is included by stipulating the
electric field and its derivative at the boundary,!418:1
that is,
00

o.(3—2")E, (2)ds'

—0

Ji(2)=
and

9’°E . (2)/022+ (0K /®)EL.(2)
= (dmie/ )T ()42 S [E'(0)5(z—2nL)

+E'(L)s(z—(2n+1)L)], )

where E’(0) and E’(L) are the derivatives of the
electric field with respect to the z direction and are
evaluated at 2=0 and z=L, and where K is the ionic
dielectric constant. The fields are symmetric with

18 G, L. Flint, Jr., M.S. thesis, University of Texas, 1967
(unpublished).

18 C. Kittel, Quantum Theory of Solids (J. Wiley & Sons, Inc.,
New York, 1963), p. 313.
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respect to z=0; therefore,
E,(z2)= > E,* coskaz,
n=0

where kn,=nr/L, and L is the thickness of the slab.
Expanding all other relevant quantities in similar
series (see Appendix), one gets

Eut=—2b,[k2— (0®K/A)+ (driw/c®) o1,
where
ba=(1/L)[E' (0)+E'(L)cosk,L],
bo=(1/2L)[E'(0)+E'(L)], 4)

and

ont= / a1 (y) cos(kny)dy.

The electric field finally becomes
© (2—640) cos(kn2)b,

E == . (5
£ 10 ky? — (/A K+ (4r/iw)o*] ®
Let us define the quantities
1 « 2—8, kn
A=t (2—640) cos( z) ’
L n=0 k2 — (/) [ K+ (47 /iw)a,* ] ©)

B.(z)= - (2—8n0) (—1)" coskuz

L n=0 k2 — (/@) [ K+ (47 /iw)o.* ] ;

then we have
Ei(2)=A+()EL (0)+BL(:)EL/(L). )

Evaluating the above at z=0 and z=L, and noting
that B(L)=A4(0) and 4 (L)=B(0), we obtain for the
fields immediately inside the boundaries

E (0)=B.(L)E. (0)+A4L(L)EL (L),
E (L)=A4(L)E, (0)+B.(L)EL (L). ®)

Consider the case of an incident electromagnetic
wave propagating in vacuum from the left onto a
metal slab, partially entering the slab, and partially
reflected. On the other side of the slab, a wave is emitted
and continues propagating to the right. Since only plane
waves at normal incidence are being considered, one
can consider the tangential fields only. The tangential
component of the electric field is continuous across a
boundary, and since nonmagnetic metals are being
investigated and there are no surface currents, the
components of the magnetic field are also continuous.
Since the tangential components of the magnetic fields
are continuous, it follows that the derivatives of the
tangential components of the electric fields with
respect to z are also continuous across the boundary.
Finally, all of the above comments apply to circularly
polarized waves. Therefore, the relations between the
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electric fields at the left boundary are
Esit+Es,=E4(0),
Eyi+Es/=—ik(Eyxi— Ex,)=E4'(0),

where k is the free-space wave vector. At the right-hand
boundary one gets

E,(L)=Ey, Eg(L)=Ey/=—1kEs.,

where the subscripts ¢, 7, and ¢ refer to the incident,
reflected, and transmitted waves, respectively.

Substituting these relations between the electric
fields into Eq. (8) and eliminating Ex, from them,
one finally obtains

Ey —i2kA (L)
Ey: BBR(L)+RAL(L)+1’

)

the ratio of the transmitted electric field to the incident
wave electric field. The ratio of the electric fields,
E./E.;, represents both the ratio of the magnitudes of
the two circularly polarized fields and also the phase
relation between them. The detected signal, which
consists of the sum of the transmitted and the leakage
signals, is proportional to the real part of Eis/E...

For situations under consideration, namely, the
transmission through a metal slab, the quantities
k?4,2(L) and k2B,2(L) are small compared to 1 and
consequently one may consider only the numerator in
the expression for Ey:/E., that is,

The subsequent numerical calculations, however,
were done with the full expression as a check.

In order to see, qualitatively, the contributions to
the transmitted field, one has to investigate the quantity

AL(D)= 1 i (2—bn0)(—1)"
T L a0 ke — (/) (K (4 fiw)on)

(11)

The above sum may be expressed in a closed form.
Since ¢,* is symmetric in z (i.e., o,2¥=0_,%), we have

4:D)= T (=1 f@),

e S

A device found in Morse and Feshbach® is then used:
One finds the sum by a contour integration of an
auxiliary function. One requires a function which has
simple poles at =7 and residues (—1)”. Such a function
is = cscmz f(2). It is also bounded at |z] — «. The

where

2 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Co., New York, 1953), p. 413.
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contour integral of the above function has to be found:

F=f1r cserz f(2)dz.

It should be noted that z cscrz f(2) is bounded and
goes to zero as |z| — , and, therefore, one can take
the contour to infinity. One can not in fact take the
contour to infinity at all points if the function f(z), or
equivalently the conductivity o(z), has a branch point.
Then F is not zero but its value is equal to the integrals
along the branch cuts. Now

0

F= Zw(—l)"f(n)

n=—0

+3 [residues of = cscwz f(2) at the poles of f(z)].
Therefore,

A(L)y=F—>[residues of 7 cscrz f(2)
at the poles of f(2)].

The poles of f(z) are the solutions of the infinite-
medium dispersion relation. That is, the number of
poles will correspond to the number of branches of the
infinite-medium dispersion relation and, consequently,
each branch will contribute to the transmitted electric
field essentially via the periodic function cscwzo. The
amplitude of this contribution will depend on the
residue of the function f(z) at the pole z, because of
that branch, and also on the imaginary part of 2
through cscmze. The transmitted signal is ocillatory as a
function of some parameter—ifor instance, the static
magnetic field. The periodicity of this signal will depend
on the infinite-medium dispersion relation of this partic-
ular branch as a function of the variable parameter.

The other term in the result, F, is due to the branch
points of the conductivity, ¢(z), in the complex wave-
vector plane. It was shown by Gantmakher and
Kaner” that the branch points of the ¢(2) arise from
elliptic limiting points and other extrema in 94/0k, of
the Fermi surface under consideration. The contribu-
tions to F are due to the integrals around the branch
points of ¢(2) and running parallel to the imaginary
axis. Then,

Fj;= / 7 f(2) cscradz
along cut

is the contribution due to a branch point at z;. Make a
change of variable w=z—z; which gives

0
F].=7r/ Sfw+32;) cser (w+32;)dw
+/ f(w+32;) cser (w+2;)dw,
0

Fymin [ Cfe )= et )]
¢ Xcser (ir+3;5)dr .
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In general, in terms of the wave vector, one has z;
= (L/7)(wej==1/7)/.;, where @,; is the average Fermi
velocity at the limiting point j and w.; the cyclotron
frequency at that point. Now in the identity cscx
=2i/(e?*—e %), for large L (compared to electron
translation along the field during a mean free time) one
or the other of the exponentials will dominate, so that
one gets

F,-=21re""i/ L[f(reB24-2;) — f(rei+-2;) Je~™"dr .
0

One sees, therefore, that each branch point and cut
contributes an oscillatory term to the transmitted
signal. The period of the oscillation of a given term is
given by

AB= (mwc/eL)m.j,;= — (hc/2eL) (04 /0k.);,

where m,;9.; is evaluated at the branch point. In this
simple conjecture the effect due to the change of the
integral as a function of the magnetic field has not been
taken into account.

Finally, F is the sum over all of the branch points of
o (%) so that 4.(L) is a sum of a number of oscillatory
contributions, both from the branches of the infinite
dispersion relation and from the branch points of the
conductivity ¢(z). Each of these contributions, however,
occurs with a different amplitude; this determines
whether it will or will not be seen in a given experiment.
The relative amplitudes of the contributions of the
various branches and branch points depends on the
residues and on the positions of the poles of the function
f(2) and must be investigated for each individual case.

If the conductivity is local, that is, if it is independent
of the wave vector, there is only one branch of the
infinite dispersion relation, namely, the helicon branch,
and the conductivity has no branch points. The trans-
mitted signal will then consist of the pure helicon
transmission. However, if the conductivity is nonlocal,
then there may be more than one solution to the
infinite-medium dispersion equation, and also there will
be branch points of f(z), so that a more complicated
spectrum results.

III. NUMERICAL RESULTS

Several numerical computations were made on
various models of the Fermi surface in order to gain
some qualitative appreciation of the behavior of the
transmitted signal for various situations. First of all,
a spherical Fermi surface was used. The attempt was
to see whether Gantmakher-Kaner oscillations which
are due to the elliptical edge of the Fermi surface are
present, and what is their qualitative behavior. The
numerical parameters used were frequency w=108/sec,
relaxation time 7=10"° sec, electron concentration
n=1.4X10%/cm?, and, as in each of the following cases,
the sample thickness was 1 mm and a free-electron
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effective mass was used. The numerical results show
that there are Gantmakher-Kaner oscillations below
the helicon absorption edge, but they are very small in
amplitude compared to the helicon oscillations and this
prompted us® to doubt whether they could be seen
experimentally.® ‘

A model with an orbit edge was investigated next. A
dumbbell surface [see Fig. 3(a)] with the ends cut off
where 04 /0k,=0 [see Fig. 1(a)] is used as a model of
a Fermi surface with an orbit edge. In an extended zone
scheme, it looks like an undulating cylinder. A more
detailed description of this surface is given below. The
results using this surface, as seen in Fig. 1(b), show that
the Gantmakher-Kaner oscillations are somewhat
larger, but still appear small. One can see the magnitude
of the undulations below the absorption edge as
compared to the steepness of the edge itself, that is,
the start of the first helicon oscillations. The parameters
used in the computation are the same as the ones for
the spherical Fermi surface.

In order to simulate the situation in copper in the
[111] direction, a model surface was used whose
electron surface was an undulating cylinder with an
electron concentration 8.5X102/cm?® and whose hole
surface was a sphere with a hole concentration of 8.415
X10%/cm?. The other parameters are the same as used
above. No attempt was made to reproduce the copper
Fermi surface except in the two general aspects men-
tioned. Figure 2 shows the Gantmakher-Kaner oscilla-
tions appearing on a background of a slowly varying
helicon wave. Qualitatively, this resembles the experi-
mentally obtained results.

The most striking results were obtained using a
dumbbell model of a Fermi surface. The model, proposed
by Eckstein,? has a Fermi energy Ep= (h%/2m)
X (k2—k2+k.4/2k?), where b, and £, are the electron

(a)
e

(b)

Re(Et/Ej)

3 35
MAGNETIC FIELD (KG)

Fi1c. 1. Real part of the ratio of the transmitted to the incident
wave electric fields, Re(E./E;), for a Fermi surface, which is an
undulating cylinder (a). This surface displays an orbit edge. The
parameters used in the computation were frequency w=10%/sec,
relaxation time 7=107° sec, and an electron density #=1.4X10%2/
cm?. One can see very weak Gantmakher-Kaner oscillations below
the absorption edge for helicons.

2 S. G. Eckstein, Phys. Rev. Letters 16, 611 (1966).
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Bz
(a)

<

b)

Re (Et/Ej)

| 2 3 4 5
MAGNETIC FIELD (kG)

F16. 2. Re(E:/E;) for a Fermi surface consisting of two pieces:
one an undulating cylinder with electron concentration of 8.5
X102/cm® and the other a spherical hole surface with hole
concentration of 8.415X10%2/cm?. A frequency of w=10*/sec was
used and a relaxation time of 7=1079 sec. Gantmakher-Kaner
oscillations appear against the background of a slowly varying
helicon signal.

wave vectors perpendicular and parallel to the magnetic
field and where k¢? is chosen to be ki?=12mEp. This
model has the following features: It has a large density
of electron states with the same value of the 2 component
of the Fermi velocity (that is, along the magnetic field),
and some electrons with a larger value of the z compo-
nent of the Fermi velocity which are responsible for
the primary absorption edge for helicons, but there is a
smaller number of these electrons. The presence of this
large extremum was used by the author to predict a
“helicon window””!” occurring below the primary absorp-
tion edge. That is, the real part of the wave vector of
the dispersion relation in the window region is larger
than the imaginary part, and a damped helicon wave
should then propagate and be detected. However, this
large maximum is also responsible for the generation of
strong Gantmakher-Kaner oscillations. The calcula-
tions, as shown in Fig. 3, bear this picture out. The
damped helicon enhances the Gantmakher-Kaner oscil-
lations, and these in turn are visible in the ‘“window”
region, i.e., above the primary absorption edge (see

Re(Et/Ej)

3 4 5
MAGNETIC FIELD (KkG)

F1G. 3. Re(E:/E;) for a dumbbell Fermi surface shown in (a)
with parameters: frequency w=10%/sec, relaxation time r=10"*
sec, and electron density #=1.4X10%2/cm?®. Enhanced Gantmakher
oscillations occur in the “window” region, and may be compared
with Gantmakher-Kaner oscillations below the ‘‘window” region.
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Fig. 3). This agrees very well with what is observed
experimentally in copper in the [110] direction.®0

IV. CONCLUSION

In this paper we have investigated the effect of
boundaries, or explicitly, the transmitted signal through
a metal-slab sample. We show the relation between the
infinite-medium dispersion relation, the conductivity
tensor, and the transmitted signal. We have derived an
expression for the ratio of the transmitted to the
impinging electric fields of the experiment. It is pointed
out that one should retain the field in the calculation,
since it is the interference of the transmitted field with
a reference field which gives the detected oscillatory
signal.

We find that the relation between the incident
electric field and the transmitted field is proportional to
the sum of one over the infinite-medium dispersion
relation over all wave vectors which have an integer
or half integer wavelength in the sample. The numerical
results were computed using the summed version of
the results.

It is also shown that the results may be cast into an
analytical form which then makes transparent the
various contributions to the transmitted signal. It
clearly shows that the various branches of the infinite-
medium dispersion relation contribute separately to
the transmitted signal as oscillatory functions of the
external magnetic field. It also shows that branch
points of the conductivity also make an oscillatory
contribution and give the so-called Gantmakher-
Kaner oscillations. Finally, although the possibility is
not pursued further in this paper, it can be seen that the
analytical form of the results can be used as a starting
point in investigating the amplitudes of the contribu-
tions from the various branches and branch points to
the transmitted field.

In a previous paper the author predicted a damped
helicon existing in a region below the conventional
absorption edge for certain Fermi-surface geometries.
This was referred to as the helicon “window.” This
prediction was made on the basis of an infinite-medium
dispersion relation. A numerical calculation of a model
Fermi surface shows that the helicon window manifests
itself in a transmission experiment as the enhancement
of Gantmakher-Kaner oscillations in its region of
existence.

Numerical results for a spherical Fermi surface and
for a Fermi surface with an orbit edge show that the
Gantmakher-Kaner oscillations for these geometries
are much smaller than the Gantmakher-Kaner oscilla-
tions for the window region. This also seems to be
borne out by experiment.

Finally, a result of a calculation using a composite
Fermi surface, including both an orbit edge surface and
a hole surface is shown. This was done to mimic the
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situation occurring in Cu in the [1117] direction and
gives qualitative agreement with experiment.

Further work on this subject should include calcula-
tions using the real Fermi surface of a metal to compare
directly with experimental data, and the use of the
analytical expression for the transmitted signal to study
the amplitudes of the various branches.
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APPENDIX

The equation of motion for the electric field in the
slab is

0?E 4 (2)/ 022+ (w*K/¢*) E4 ()

= (drie/ DT 1 ()42 S [Ey/(0)3(s—2nL)

n=—w

+E, (L8 (— (2n+1)L)].

The field is symmetric with respect to the plane z=0,
since one is constructing a mirror image in z 0 of
what is in 2>0. Therefore, one may write

(A1)

E (2)=73 E,* cosk.z,
n=0

where k,=nn/L and L is the thickness of the slab. Since
the nonlocal conductivity depends only on the distance
between the applied field and the resultant current and
not on their absolute positions (this is the reason for
using specular reflection and the infinitely repeating
slabs), one may write

Ji(2)= / 0.(2'—2)E,(2)ds' =3 0, E,* cosk,z,
— n=0

0

out= / 0:(9) cos(xp)dy.
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In order to find the coefficients of expansion of jthe
sum over the § functions, one has to be a little more
careful. Let

@)= 5 [Es/(0)8(a—2nL)+Es (L)sa— (2n+1)L)]

-}
=" bmT cOSknz.
m=0

In order to find 3,, multiply the above equation by
coskiz and integrate over z between the symmetric
limits —NL and NL, where N is some large number;
then finally take the limit NV — . Now,

NL w NL
/ coskiz 8(2)dz=73_ bt / coskz coskmzdz
—NL m=0 ~NL
=bpENL or by*2NL;
thus,

1 o
bt = lim {— >

NL
E ’(O)/ coskz 8(z2—2nL)dz
N—wo | N T, n=—w[ * _NL !

NL
+E.'(L) / coskz 6(z— (2n+1)L)dz]}
JoNL

and
NL

> cosk;z 8(z—2nL)dz=N —a,

n=—20 /_ NI,

where « is a number <3, and depends on whether V
is odd or even and on whether the argument of the &
function coincides with a limit of integration. Similarly,

NL

2 coskz 6(z— (2n+1)L)dz
n="%J_NL
=(N—8) cosk;L, where BZ3;
therefore,
bir=[E. (0)+E. (L)cosk,L]/L
and

bit=[E. (0)+E. (L)]/2L.

Substituting these values in Eq. (A1), collecting
coefficients of each cosine term, and setting them equal
to zero, one has

__2bnﬂ:
ul— (K /) + (dniw/P)ont

E =



