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crystal was doubly ionized, with no Fe'+ present. This is
probably a gross overestimate of the Fe'+ concentration,
since Fe'+ is the charge-allowed state and its APR is
observed. It is known, though, that reduction to Fe'+
may occur in A1203 if the material is heated in vacuum
to 1200'C," and possibly our crystal was partially
reduced during its growth or annealing. With this
assumption we estimate that Ls (Gtr —Grs)'+Gr, '$"'
is not less than 15 cm ' (unit strain) '.

Pote added in manuscriPt Sin.ce preparing the present
article, we have seen a recent paper by Stevens and

"V. G. Bhide and S. K. Date, Phys. Rev. 172, 345 (1968).

Walsh" in which the nature of the A1203. Fe'+ ground
state is suggested, and the magnitude of its spin-lattice
interaction calculated. Our results are not inconsistent
with their conclusions that the ground state should be
a non-Kramers doublet separated by 100 cm ' from
the lowest excited states, and that the Fe'+ ion is more
weakly coupled to the lattice in A1203 than in a purely
cubic environment such as MgO.

We wish to thank R. Meister and J. I.ally for their
valuable assistance. Part of this work was supported
by NASA Grant No. NSG 647/07-05-008.
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Measurements by Wong of the far-infrared absorption spectrum of the Fe'+ ion at undistorted cubic sites
in MgO have revealed that the first excited spin-orbit level (evidently comprising both the I'3g and r4,
states) lies 105 cm ' above the F5g ground state, in contrast to the value 200 cm ' predicted by crystal-
field theory. A calculation has been made to determine if this reduced spin-orbit splitting can reasonably be
attributed to a dynamic Jahn-Teller eAect without leading to inconsistencies with other EPR and Moss-
bauer data for MgO:Fe~. It is concluded that this reduction is indeed predominantly the result of the
Jahn-Teller coupling, that this reduction is consistent with the strength of Jahn-Teller coupling indicated
by strain data for the F5, level, and that significant Jahn-Teller corrections occur also in other parameters
which characterize the EPR and Mossbauer spectra, such as the g factor, hyperfine field, and nuclear
quadrupole coupling coefficients of the I'5, level. These Jahn-Teller corrections are calculated using the
strength of the Jahn-Teller coupling to both Eg and T2, vibrational modes as parameters, which are adjusted
to give the observed spin-orbit reduction, and the resulting values are compared with estimates of correc-
tions resulting from covalency. The calculations are carried out by treating the Jahn-Teller interaction
by perturbation methods, and the calculation is formulated both for coupling with discrete vibrational
modes and also for coupling with the continuum of lattice phonons.

I. INTRODUCTION

&HE low-energy electronic states of the Fe'+ ion
in cubic symmetry and octahedral coordination,

as given by crystal-field theory, ' result from the splitting
of the 'Ts, term by the spin-orbit interaction XL S.
The first excited states, a doublet Fsg and a triplet F4g,
are predicted to lie at an energy approximately —2X

200 cm ' above the ground-state triplet I',, (the
predicted separation of I's, and I"4, being a few cm—').
Wong' has recently measured the far-infrared absorp-
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tion spectrum of Fe'+ in MgO, and he has found that
the only absorption line in the range 10-220 cm ' which
can be attributed to isolated Fe'+ ions is a single line at
105 cm ' (with a width ~9 cm ' at 20.3 K). If this
line is attributed to one or both of the magnetic-dipole-
allowed transitions I'5, —+ l3, and F~, —& I'4„ the ex-
citation energy of these states is thus found to be only
half of that predicted by crystal-field theory. Although
one expects that effects of covalency' may reduce A. in
the crystal by perhaps some 20%%uq compared with the
free-ion value X~—100 crn ', a 50% reduction is too
large to be reasonably attributed to this cause. However,
Wong's result that Fe'+ in MgO has an excited level
very much lower in energy than expected on the basis.

r J.Owen, Proc. Roy. Soc. (London) A227, 183 (1955).
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of crystal-field theory con6rms a prediction by Ham4
made in connection with an explanation of the quadru-
pole splitting of the Mossbauer spectrum of Fe'+ in
Mgo which was first observed by Pipkorn and Leider. '
Kong's value of 105 cm ' for the energy of this level
has been given additional quantitative con6rmation
from experimental determinations of the excitation
energy of the level which contributes, via an Orbach
process, ' to relaxation within the I'5g ground state.
Such results have recently become available from
EPR (electron paramagnetic resonance) measurements
of the spin-relaxation time as a function of temperature
by Wilkinson, Hartman, and Castle, ~ from ultrasonic
paramagnetic resonance linewidth measurements by
Leisure and Bolef, 8 and from Leider and Pipkorn's
application' of the theory of motional narrowing to
their Mossbauer data.

The purpose of this paper is to explore the question
whether the reduced excitation energy to the first
excited state can reasonably be attributed to the effects
of Jahn-Teller coupling within the 'Ts, term of the Fe'+
ion. A vibronic effect of this sort in reducing the energy-
level separation was suggested by Ham, 4 but no previ-
ous investigation has been made as to whether such a
model is also consistent with the other data for MgO:
Fe'+ which are available, particularly from EPR and
Mossbauer studies. While a dynamic Jahn-Teller effect
has been shown" to reduce the spin-orbit splitting of a
term such as 'T2„ there is a corresponding reduction
in the orbital contribution to the Zeeman splitting of
the various levels, and changes in other parameters of
the system. "If this reduction in the orbital contribu-
tion to the g factor of the I"~, ground state were ex-
pected to be as large as the 50/z reduction in the energy
level separation, as is in fact suggested by an earlier
calculation" of dynamic Jahn-Teller effects in the case
of strong coupling, the expected g factor would be

3.25, and would be in clear disagreement with the
experimental value 3.428 found' " for MgO: Fe'+ (the
crystal-field value is 3.5). A second question is
whether the Jahn-Teller model predicts that the Psg
and F4, levels are displaced by almost identical amounts
so that they remain very nearly coincident, as is
evidently required to account for Wong's observation'
of but a single absorption line.

' F. S. Ham, Phys. Rev. 160, 328 (1967).' D. N. Pipkorn and H. R. Leider, Bull. Am. Phys. Soc. 11, 49
(1966).

'R. Orbach, Proc. Roy. Soc. (London) A264, 458 (1961).
7 E. L. Wilkinson, R. L. Hartman, and J. G. Castle, Jr. , Phys.

Rev. 171, 299 (1968).
'R. G. Leisure and D. I. Bolef, Phys. Rev. Letters 19, 957

(1967).' H. R. Leider and D. N. Pipkorn, Phys. Rev. 165, 494 (1968).' F. S. Ham, Phys. Rev. 138, A1727 (1965)."An article reviewing the theory of dynamic Jahn-Teller effects
in EPR spectra, together with the available experimental data,
is scheduled for publication in 1969: F. S. Ham, in E/ectron
Paramagnetic Resonance, edited by S. Qeschwind (Plenum Press,
New York)."D.H. McMahon, Phys. Rev. 134, A128 (1964).

It is the conclusion of this paper that the observed
reductions in the spin-orbit splitting and ground-state
g-factor of Fe'+ in MgO are in large part the result of
the Jahn-Teller coupling, and that a self-consistent
model can be constructed on this basis which agrees
with the available data.

The previous calculations" of the partial quenching
of the spin-orbit interaction in an orbital triplet state
by a dynamic Jahn-Teller effect were made for the case
of a Jahn-Teller interaction strong compared with the
spin-orbit interaction. If these two interactions are of
comparable strength for MgO:Fe'+, as Ham' " has
previously suggested may be the case, significant
vibronic corrections to the parameters of the various
levels are to be expected, but the quantitative results
of the earlier theory are not applicable. In the present
work we will use the opposite assumption, namely, that
the Jahn-Teller interaction is weak, and we will cal-
culate these vibronic corrections from perturbation
theory. Although perturbation theory is potentially
inaccurate for the strength of Jahn-Teller coupling
actually indicated for MgO: Fe'+, we will show from a
direct numerical solution of the vibronic problem under
somewhat simplified conditions, that the perturbation
calculation should sufFice to give a fairly accurate
description of the system.

The phenomenological model for the Jahn-Teller
coupling which we shall use in our calculations is one
in which it is assumed that the principal coupling is
with the distortions of the octahedron of six oxygen
ions which are the nearest neighbors of an Fe'+ ion
substitutionally replacing Mg'+ in the MgO lattice.
An effective frequency of some 300 to 400 cm ' (chosen
to lie in the region of the peaks of the frequency dis-
tribution frunction for the lattice phonons" in MgO)
is then assigned to each of the two modes of distortion
of the oxygen octahedron which are Jahn-Teller active
(a doubly degenerate mode belonging to the irreducible
representation E, of the cubic group, and a triply-
degenerate mode transforming as Ts,). The Jahn-Teller
problem is solved treating these modes as normal
modes of vibration of the system. Although this model
represents a considerable idealization of the actual
situation, in which coupling occurs with many modes
in the continuum of lattice vibrations, we believe, for
reasons which we will discuss, that the vibronic effects
may be interpreted and correlated in terms of such a
model. The more rigorous analysis of the Jahn-Teller
problem in terms of coupling with the phonon con-
tinuum is formulated in the Appendix, and this treat-
ment is compared with a recent closely related calcula-
tion by Koloskova and Kochelaev'4 of the vibronic
corrections to the ground-state g factor of MgO:Fe'+.

The relative roles of covalency and Jahn-Teller

"G. Peckhain, Proc. Phys. Soc. (London) 90, 657 (1967).
"N. G. Koloskova and B. I. Kochelaev, Fiz. Tverd. Tela 9,

2948 (1967) )English transl: Soviet Phys. —Solid State 9, 2317
(1968)j.
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effects in reducing the spin-orbit splitting and in con-
tributing to the various reduction factors are assessed
in Sec. IV C. Effects of covalency are not considered
explicitly in the analysis of Secs. II and III, where to
simplify the presentation it is assumed that the only
modifications of the predictions of crystal-field theory
are those resulting froni the Jahn-Teller coupling.

II. JAHN-TELLER SHIFTS OF ENERGY LEVELS

0
0
0

0
'

P0 0
0 0 0
—i 0 0

0
i
0

0
0 0
0 0

~ T20$)q t Tsg'Y/)y t Tsgl ) of 'Tr„given by

(2.3)

The lowest term of the Fe'+(3d') ion in octahedral
coordination is given by crystal-field theory to be
'T2„an orbital T2, triplet" with spin 5=2 derived
from the free ion term 'D. The orbital doublet 'E, also
derived from 'D is higher in energy than 'T2, by
6~10Dq, where Dq is the one-electron cubic-field
parameter, and 6~10,850 cm ' "for MgO: Fe'+ At a
site of cubic symmetry the spin-orbit splitting of 'T2,
given by crystal-field theory may be described con-
veniently by the Hamiltonian'~

J= Q+S, (2.4)

we find for 'Ts, that J has eigenvalues J'= 1, 2, and 3,
since S= 2 and Z = 1.If we ignore the matrix elements of
the last term of Eq. (2.1) between levels belonging to
difTerent J', on the assumption that

( i ~)) ( p~, we obtain
for the relative energies' of the spin-orbit eigen-
states of K„for 'T2, the following:

Defining an effective total angular momentum operator
Jby

x,.=l(Q. S)+p(2 S)'
y p(g,sS.s+Z„sS„'+Z,'S,s), (2.1)

where l, 1i, and p are given to the accuracy of second-
order perturbation theory taking account only of spin-
orbit interaction between 'T2, and 'E, by"

|'= —) —2X'/6,

JI
J'= 2.

J'= 3.

E(rsg) = —3l+ 9p+ (27/5) p,
E(rs,)= —l+p+2p,
&(r4g) = l'+ p+—3p,

E(riv) =+2f'+4p+2p,
z(r„)=+2t-pe +4p,
Z(r„)=+2&-4&+(2S/5) p.

(2.5)

p = —2X'/6,

p= +6K'/6

(2.2)

'5 We use interchangeably the notation of Mulliken Alg, A2„
T, LR. S. Mulliken, Phys. Rev. 43, 279 (1933)j and that

of~Bethe Pyg Psg P30 P4g P5g LH. A. Bethe, Ann. Physik 3, 133
(1929&] to denote the even irreducible representations of the
symmetry group OJ, of the cube. We use the former in particular
to label orbital states, the latter for spin-orbit states. The labels
p, q, and f are used to designate the three partners (I T2,f&,
IT..v&, IT..f&' I~.&) I~.v) IP..f-) Qs, Q. Qr Ps, P., Pr;
V~, 9"„, V'~, etc). which belong to T2, (F5,) and transform respec-
tively as y2, zx, xy, where x, y, and s denotes Cartesian coordinates
with respect to the fourfold axes of the cube. Labels 8 and &

denote partners belonging to E,(P3g) and transforming respectively
as s ——(x'+y') and 203 (x'—y'), while x, y, and s denote partners
belonging to TI,(l 4,) and transforming as 1. , I.,„,L,.

' G. D. Jones, Phys. Rev. 155, 259 (1967).' J. Kanamori, Progr. Theoret. Phys. (Kyoto) 17, 177 (1957).
"The parameters t, p, and p in Eqs. (2.1) and (2.5) will depart

somewhat from the values given by Eq. (2.2) because of the small
spin-spin interaction, because of spin-orbit interaction with more
distant terms with S=1, and because covalent bonding and any
radial expansion of the electron orbitals modify the effective
values of the parameters ) and (X'/b, ). Apart from eA'ects of
covalency (Sec. IV C), we ignore such corrections in this paper.

"A. Abragam and M. H. L. Pryce, Proc. Roy. Soc, (London)
A205, 135 (1951).

Here X is the parameter characterizing the spin-orbit
interaction & (L S) for the states derived from 'D, where
AL and AS are the electronic orbital and spin angular
momenta, respectively, and we have A~ —100 cm—'
for the Fe'+ free ion. In Eq. (2.1) the effective orbital
angular momentum operator Q has components
(Z„Z„,Z,) defined" so that their only nonzero matrix
elements are those between the real orbital states

The Jahn-Teller coupling of the electronic states of
'Ts, with a doubly degenerate vibrational mode Qs,
Q, belonging to E, and a triply degenerate mode Qs,
Q„, Q» belonging to Ts, is described by the interaction
Hamiltonian" "

r, =(z„z,+z,z„),
r„=(z,z,+z.z.),
r, = (z,z„+z„z.),

(2 7)

where 8 denotes the unit matrix. Alternatively they may
be represented equivalently in terms of their matrix
elements among the orbital states

~
Ts,j), ~

Ts,rf),

20 G. A. Slack, I'. S. Ham, and R. M. Chrenko, Phys. Rev. 152,
376 (1966).

9 An energy shift —24) '/0 common to all the levels of 'T2, is
omitted in Eqs. (2.1) and (2.5)."J.H. Van Vleck, J. Chem. Phys. 7, 72 (1939).

s3 U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238,
425 (1957).

3('sT= &E(QsA+Q, &,)
+ I'~(Qt 'Tr+Q 'T.+Qr &~) (2 6)

The electronic orbital operators Btt, 8, belonging to E,
and the T2, operators F~, V"„, F~ may be given in terms
of the orbital operators 2, Z„, 2, of Eq. (2.3) as
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i T2ot;) as follows:

+s 0 0
e= 0+—', 0

0 0 —1

0 0
0 0
0 —1

3 0 0
h, = 0 +-,'v3 0, (2.8a)

0 0 0

0 0 —1
—1, V,= 0 0 0

0 —1 0 0

0 —1 0
v)= —1 0 0

0 0 0

The coupling coeScients V@ and Vr in Kq. (2.6) deter-
mine the strength of the Jahn-Teller coupling. If tti„
p&, and co+, co& denote, respectively, the effective mass
and angular frequency for the E, and T&, modes, we

may define what we call the Jahn-Teller energy EJT
for each type of mode by

0

(2.8b)

(EJT)E VE /2ttEoott

(EJT)T 2VT /3t T~T'
(2.9a)

This is the amount by which the energy of the lowest
electronic state is lowered, as a result of the Jahn-
Teller coupling (2.6), with account taken also of the
corresponding elastic energy

3'.i= —,'t z~z'(Qe'+Q. ')@

+s»~T'(Qr'+Q. '+Qr')~, (2.1o)

when one goes from the symmetrical configuration

Q =0 to one of the configurations of minimum energy
that one finds by considering each type of mode (E,
or T&o) separately and by ignoring the spin-orbit inter-
action (2.1). The definitions (2.9) thus agree with those
given previously for an orbital triplet. "In the present
problem, because of the spin-orbit splitting of 'T2„
(EJT)~ and (EJT)r do not correspond to the displace-
ment of any energy level, but they nevertheless provide
a useful measure of the strength of the Jahn-Teller
interaction with each type of mode.

Formulation of the vibronic problem is now com-
pleted by including the terms in the vibrational Hamil-
tonian corresponding to the kinetic energy associated
with the Q's. These are given by

~Jr= (1/2tt Jt)(FY+&,')&
+ (1/2ts r) (Fts+F, '+ Frs)y, (2.11)

where F is the momentum conjugate to Q . The
Hamiltonian which we must solve for the vibronic
states derived from the electronic term 'T., is then
obtained by combining Eqs. (2.1), (2.6), (2.10), and
(2.11):

BC iXeo+'tICJT+iXei+Krl, (2 ~ 12)

Since K is invariant under transformations belonging
to the synunetry group Og, for simultaneous transforma-
tion of both the electronic and vibrational operators,
the eigenstates of BC may be classified by the irreducible
representation of OA, to which they belong, and the

(2.15c)

degeneracy of vibronic levels belonging to two- or
three-dimensional irreducible representations of O~ is
not disturbed by the Jahn-Teller coupling. The cou-
pling does, however, change the energy of levels such as
those of Eq. (2.5), from that which one obtains when
Jahn-Teller coupling is zero, and it is the relative shift
of these levels which we now wish to calculate.

When the Jahn-Teller coupling is weak, that is,
when (EJT)tt and (EJT)T as given by Eq. (2.9) are
small compared with the vibrational quanta A~~ and
A+z, we may treat XJ& by perturbation theory to cal-
culate the Jahn-Teller shift in the vibronic energy
levels. The spin-orbit energy levels (2.5) then represent
the states of the unperturbed Hamiltonian

BCe= BC„+BC,i+Are (2.13)

in which each vibrational oscillator is in its ground
state (we omit the common zero-point vibrational
energy Annie+-,sAcor). Since XJT is linear in the Q's, to
the accuracy of second-order perturbation theory we
need consider only the interaction via BC&& between
these states and states of identical symmetry among the
vibronic states with one vibrational quantum excited.
These latter states can be constructed explicitly, using
tables of coupling coefIicients for the group Op„ from
the electronic wavefunctions appropriate to the levels
(2.5) and the vibrational wavefunctions corresponding
to one excited quantum. Each such state lies at an
energy Aosg or Aeor (depending on which type of mode is
excited) above the corresponding level in Eq. (2.5).
The perturbation calculation, using Kq Y, of the energy
shift of the levels (2.5) is then straightforward. We
obtain for the I' s, (J'=1) ground state and the first
excited states I'e„ I'4o (J'=2) the following results
[where to simplify the expressions we have omitted
from the energy denominators the small terms in p
and tt (which are proportional to X'/6~1 cm ' for
MgO: Fe'+) in the energy level separations from
Eq (2.5)j:
aE(r„)= —(EJT)+F1(fME) (EJT)TFig', cv ), (2.14a)

aE(I'„)= (EJT)JJF,('f, Jt) —,'(EJT)TF (f, ),—(2.14b)

DE(I'4o) = —(EJT)JJFsf', cot ) —,' (EJT)&F,(t;,oor), (2.14c)—

where the functions F„(f,eo) are defined to be

1 21 AGO 3 AM

Fif,te) = +— +—,(2.15a)
100 25 Aors+5 f 20 Aoo+2g

1 1 hG)

Fso,to) =-+— (2.15b)
2 2 Aco+3f

1 3 AM 3 72M

Feg', o~) =—+— +—
4 5 Ato+3f 20 Aos 2i—
5 8 Ace 1 Ace

F4(f',oo) = + — +————. (2.15d)
12 15 Aeo+3l 20 Ate 2t—

~4 G. F. Koster, J. O. Dimmock, R. G. Wheeler, and H. Statz,
Properties of the Thirty T7oo Point Grottps -(Technology Press,
Cambridge, Massachusetts, 1963).
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To test the accuracy of the energy displacements as
given by Eq. (2.14) when EzT is comparable to the
spin-orbit splitting and also not small compared with
the vibrational quanta, we have calculated the energy
levels of SC in Eq. (2.12) by direct numerical diagonaliza-
tion of the energy matrix for the case in which the
Jahn-Teller coupling is with the E, modes alone [i.e.,
Vs ——0 in Eq. (2.6), so that we have (EgT)z =0; the
small terms in p and p in 3C„ in Eq. (2.1) were also
omitted in the calculationg. In making this calculation
for the three sets of states F3„F4„and F5„all the
eigenstates of 3Cs in Eq. (2.13) having the given sym-
metry were included which had fewer than four vibra-
tional quanta excited. This gave us a 20)(20 energy
matrix for the F4, and F;, states, and 10&(10 for
F3,."The results are shown in Fig. 1 for two choices
of the vibrational quantum, 300 and 400 cm '. In Fig. 1,
the straight lines represent the perturbation results of
Eq. (2.14) for the lowest state of each symmetry type,
while the points indicate all the eigenvalues, obtained
from the diagonalization, which lie in the energy range
of the figure. The expressions obtained from the second-
order perturbation calculation are seen to give the
energy displacements of these lowest levels quite ac-
curately out to (EqT)a 200 cm ' and to somewhat
poorer accuracy beyond this point. The level given least
accurately is F4, in the case of Ace+=300 cm '; the
perturbation results in this case exaggerate the energy
shift because the second I'4, level lies at +300 cm '
for (Ez T)J, 0, only 100 cm ——' above the level in question,
so that the corresponding energy denominator in Eq.
(2.14c) is smaller than for the other levels. "We may
note that the perturbation results exaggerate somewhat
the splitting between the F3, and F4, levels. We note
also the presence of additional levels of symmetry F4,
and F5, only slightly above the lowest F3, and 14,
levels. These levels originate in the lowest vibronic
levels at (EzT)+=0 which have one vibrational quan-
tum excited. " Although we have not calculated the
displacement of these levels in our perturbation cal-
culations, we will discuss these later in connection with
the fact that no such levels are observed in Wong's
far-infrared absorption spectrum. 2

In view of the fairly good accuracy of the perturba-
tion results in giving the energy level shifts in this
simplified situation, and the similar results of the next
section for the reduction factors in the F5, ground state,
we will assume in the subsequent parts of this paper

As a measure of the accuracy of omitting from the energy
matrix terms with n&3, where n is the number of vibrational
quanta excited, we extended the I'3g calculation to include all
terms with n&5, for the case Ave=300 crn ~, (Eqr)@=182 cm '
Lsee Fig. 1(a)g. The correction to the lowest I'~, eigenvalue Lthe
only one lying in the energy range of Fig. (1a)g was —1.6 cm ~.

"Since I'3g&&r5g=r4g+r„, the vibronic states I'4g and I'5,
which result from the lowest electronic I"5g spin-orbit state with
the excitation of one Eg(I'3g) vibrational quantum lie an energy
~E above this lowest I'Sg level when the Jahn-Teller coupling is
zero. In Fig. 1(a) these I'4„ I'5g levels lie, therefore, at +300 cm '
for (Er T)Jr =0, while in Fig. 1(b) they lie at +400 cm '.
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that the perturbation results provide a satisfactory
basis for our estimate of the importance of Jahn-Teller
effects for MgO: Fe'+ and of the mutual consistency of
these effects. This assumption is of course subject to
subsequent verification that the estimates of (EqT)~

(EJT)E (cm )

(b)

FIG. 1. Shift in the spin-orbit energy levels of the 'T2g term of
the Fes+ ion in cubic symmetry, as a result of Jahn-Teller coupling
to one doubly degenerate Eg vibrational mode. The abscissa is
the Jahn-Teller energy defined in Eq. (2.9a) of the text. The
straight lines represent the lowest I'3g I'4g and I'5g levels as given
by Eq. (2.14), from a second-order perturbation treatment of the
Jahn-Teller interaction, while the points indicate the levels found
by direct numerical diagonalization of the energy matrix. The
calculations were made for a spin-orbit parameter LEq. (2.2))
&=+100 cm ' and a mode energy Peon of (a) 300 cm ' and (b)
400 cm . Second-order spin-orbit splitting of the levels is
neglected.
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and 2(EzT)T which we thereby obtain do not sub-

stantially exceed the values 200 cm ' (for hoi~300-
400 cm ') for which we infer that the perturbation
results are reasonably accurate.

E,= (r„glz, l r„»,
E,= (I'„mls,

l
I „&),

E= —(r,,t-l 8,
I
'r„l-&,

ET= —(I'2.&l ~r I

I' s.v&,

E =&(I'.&I(& s)~.+~.(~ s) ll'. n&,

(3.1)

where in addition to the more important reduction
factors EJ, Eq, E~, and Ez we have included two, E~
and E~, appropriate to more complicated operators
that appear in the theory of the hyperfine interaction
and in the second-order corrections to the g factor.

To evaluate the reduction factors (3.1) to the ac-

curacy of terms proportional to the square of the
Jahn-Teller coupling coefficients Vs and VT, we may
use second-order perturbation theory to obtain the
perturbed wave functions, then evaluate the matrix
elements using these wave functions. This calculation

"The reduction factors Xi„its, and ET as defined by Zq. (3.1)
give the ratio of the matrix element of the appropriate orbital
operator in the I'gg ground state to the corresponding matrix
element of the same operator among the electronic orbital triplet
states ~T2,$), ~TsgV), ~ Tsgf), /see Eqs. (2.3) and (2.8)g. These
reduction factors (together with Eg, E'g, and E~) differ from
unity not only because of vibronic effects but also as a result of
the mixing of orbital and spin wave functions in I'5~ as a result of
the spin-orbit interaction. They should, therefore, not be confused
with the "orbital reduction factors" often used to represent the
reduction in matrix elements of orbital operators among orYiggl
states because of covalent and vibronic effects. In the case treated
in this paper, we have to treat each spin-orbit level separately
and cannot define "orbital reduction factors" common to all
the spin-orbit levels, because the spin-orbit and Jahn-Teller
interactions are of similar magnitude.

III. REDUCTION FACTORS IN 1 gg

GROUND STATE

The electronic operators 9, S, 82, 8„1'2, 9 „, Er have
matrix elements within the F5, vibronic ground state

I
I'2, (&, I

I' s, ri), I
I'sgf'& which determine the splitting of

this triplet state by various perturbations. Although

the relative values of these matrix elements are fixed

by symmetry for a given set of operators belonging as

partners to an irreducible representation of Os (such
as hs and h, or the components of Q), a common factor
in all the matrix elements of each set depends upon the
detailed nature of the state, and is aff ected by the
Jahn-Teller coupling. These "reduction factors" are
defined'~ by the following representative matrix
elements:

yields the following results:

Er, =','—+xrrGr(l, oiE)+xTGi(t ioiT),

ES=+-.'+XEG2(f ioiE) +*TG2(f ioiT) i

EE +20+T72G2(t ioiE)+TTG4(fioiT) i

ET +ro—+*SG4(&i~a)+*TGsg', ~T) i

Eg +3——+TsGs(i;ois)+ xTGs g,oiT) i'

Es =+(6/5)+x@G7(t",oi@)+XTGs(i,rdT),

where
xs ——(E2T)72/hois,

xT 2(E2—T—)—T/hoiT,
and

(3 2)

(3.3)

Gi(t, oi) =+3/400+ (49/50) uss+ (7/80) u.2

—(13/40)u„—(9/40) v.„
G2(t, oi) = —9/400 —(7/50)uss —(13/80)u22

+ (13/40) u22+ (9/40) v22,

G2(i oi) =+ (33/250) uss+ (3/50) u, 2
—(24/125) u„
+ (54/125) v22,

G4Q', oi) = —3/2000+ (27/250) uss+ (9/400) u„
—(279/1000)uss —(27/1000) v22,

G,o,oi) = —1/2000+ (31/250) uss+ (19/400) u22
(3.4)

—(221/1000)u22+ (279/1000) v2;,

Gs(p, oi) = —9/200 —(7/25) uss —(19/40) u22
—(1/10)u22+ (9/10) v22,

G7(f,oi) = —9/500 —(8/125)uss —(13/100)u22

+ (53/250) uss+ (99/250) v„,
Gs(f,oi) = —9/500 —(18/125)uss —(9/50) u„

+ (21/500) u„+ (93/500) v„,
u = (hei)2/(hei+2|)2

uss= (hei) 2/(hei+ 5t )2,

u22= (hei)2/(hoi+2f')(hoi+Si ),
v22= fhoi/(hoi+2&) (hoi+5&) .

(3.5)

The reduction factors X&, Ez, Ez, and E& given by
Eq. (3.2) are plotted in Fig. 2 for the case of Jahn-
Teller coupling with the E, modes alone, for Ace=300
cm '. Almost identical results are obtained for Ace= 400
cm '. Also plotted in Fig. 2 for comparison are the
reduction factors evaluated from the eigenstates ob-
tained in the direct matrix diagonalization described
in Sec. II. These values are indicated by the crosses in
Fig. 2 and are seen to agree fairly well with the second-
order perturbation results; the agreement is found to
be even better for hei=400 crn ' (not shown). We see
that the magnitude of EI., the reduction factor for the
orbital angular momentum, is reduced by some 20%
for (Ez T)s 300 cm ' relative to its crystal-field value.
For E'T the corresponding reduction is 40%, while
Err is enhanced by 40% by the Jahn-Teller coupling
with the Eg mode Lfor Jahn-Teller coupling with a
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3.4

0.4

+ —1.50

+ S—l.49K

—1.48

the model. Since these conclusions are found to hold
over a range of values of these parameters, we believe
that they are qualitatively correct despite the possible
oversimplifications of the model. However, these
estimates of vibronic effects can certainly be made
quantitatively more precise as more detailed models are
used and additional experimental evidence becomes
available.

A. Reduction of Spin-Orbit Splitting

O. I

0.0
0

+~+
+~+

0 g~= 300 cm

f =l00cm
I

I00

I

200

(E&T)E (em ')

"E

T&, mode alone Er is found from Eq. (3.2) and Table II
to be slightly enhanced, while E'z is reducedj The.
reduction factor Ez for the spin is however only very
slightly diminished by the Jahn-Teller coupling from
its crystal-field value ~. We have also plotted in Fig. 2
the quantity 2E&—EL, which gives the g factor for the
rs, state (neglecting covalent e6'ects) apart from the
corrections due to the spin-orbit coupling between
'T2g and 'Eg. The reduction in 2Eq —El. from its
crystal-field value 3.5 is mostly the result of the partial
quenching of the orbital angular momentum.

FxG. 2. Reduction factors KI,„, Kq, EE, and Kz for the 15g
spin-orbit ground state of the Fe'+ ion in cubic symmetry, as a
function of the Jahn-Teller energy (Ez&)z. Coupling is with a
single Eg mode for the case shown in Fig. 1(a). The straight lines
give the second-order perturbation results given by Eq. (3.2),
while the crosses give the values calculated from the vibronic
wave functions obtained from the direct numerical diagonaliza-
tion of the energy matrix. Also shown is the combination 2K&—Kz,
which gives the ground-state g factor if covalent effects and higher
order corrections are neglected.

and
E(rsg) —E(rsg) = —2X—(42/5) P '/6)

E(r4,) —E(rs,)= —2X —(12/5) (V/6) .
(4.1)

Omitting all consideration of covalent bonding for
the present, and taking the values X= —100 cm ',
6= 10 850 cm ', we find for these excitation energies
as predicted by crystal-field theory the values 192
and 198 cm ', respectively, with F4g above F3g. Wong's
result' that the only line in the far infrared absorption
spectrum of isolated Fe'+ ions in MgO within the range
10-220 cm ' is a single line at 105 cm ' (linewidth

9 cm ' at 20.3'K) suggests that these two levels
actually have excitation energies of only 105 cm ' and
that they coincide to within a few cm. ' Taking both
of these levels therefore to lie 105 cm ' above I'~„we
find that F3g and F4g are in fact displaced relative to I'~g

by approximately —87 and —93 cm ', respectively,
compared with the predictions of crystal-held theory.

In Table I we give values for (Er r)s and s(Eq~)r
which are consistent with energy level shifts

al z(r„)—z(r„))=—s7 cm-t,

6l E(r4g) —E(rsg)$= —93 cm ',
as a result oi the Jahn-Teller coupling, for various

The separation of the lowest excited states I'3g and
l"4, from the ground state I'~g is given by crystal-field
theory according to Eqs. (2.2) and (2.5) by

IV. APPLICATION TO MgO:Fe'+

We cannot expect that the highly simplified theoreti-
cal model of the Jahn-Teller coupling used in Secs. II
and III can give a precisely accurate representation of
the efIects of coupling an isolated Fe'+ ion to all the
phonons of the MgO lattice. On the other hand, to
treat this coupling by the more rigorous procedure of
the Appendix would require detailed knowledge of the
coupling coefficients for phonons in all branches of the
phonon spectrum, as functions of phonon frequency.
We do not now have such information, and such an
analysis in any case would be extremely complicated.
We shall be satisfied for the present time, therefore, to
show on the basis of the simplified model that the
vibronic effects are important and that they can be
made consistent with the salient experimental facts if
reasonable values are used for the various parameters of

Acvz(cm '}
a~ (cm ')

(E ) (cm ')
-', (Egrlr(cm ')

SQ
XT
KI.
Kg

2K' —KI.
Kg
KT
K~
KB

303
303

91
99

0.299
0.326—0.445

+1.493
+3.432
+0.094
+0.089
+2.867
+1.175

345
345

110
108

0.318
0.314—0.434

+1.494
+3.421
+0.094
+0.085
+2.848
+1.173

400
400

132
115

0.331
0.287—0.422

+1.494
+3.410
+0.093
+0.082
+2.830
+1 172

303
400

71
155

0.233
0.387—0.430

+1.494
+3.418
+0.085
+0.090
+2.844
+1.162

400
303

158
68

0.396
0.225—0.430

+1.494
+3.418
+0.101
+0.079
+2.844
+1.183

a The values of (Ezv)z and g(Ezv)z given for each choice of 07E cion are
those which according to Eq. (2.14) give A(E(Fag) E(i'~~)g = —87 cm-i,
6fE(l'4g)-Z(i g&) j= —93 cm i, where g is taken to be +100 cm i. These
values and the corresponding values of the reduction factors given by
Eq. (3.2) are obtained from the values of Fe and Gr tabulated in Table II.
The parameters x@ and xz are defined in Eq. (3.3).

TABx,z I. Jahn-Teller energies for Mgo:Fe'+ and corresponding
reduction factors for the F~, ground state, for various choices of
the effective mode frequencies co+ and co&.'
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TABLE II. Values of F„(I',i4) and G„(f,i4), as defined by Eqs.
(2.15) and (3.4), for selected values of the ratio I/Ac4.

describe the Zeeman splitting of the I';, ground state
in the usual simple form,

t/ACO F1 F2 F3 F4 G~ Ga x (r„)=gp(3 H) (4.4)
0.25
0.27
0.29
0.31
0.33

0.4833
0.4648
0.4478
0.4320
0.4173

Ga

0.7857
0.7762
0.7674
0.7591
0.7513

G4

0.8929
0.9076
0.9280
0.9556
0.992 7

0.8214
0.8200
0.8209
0.8246
0.8317

G6

+0.1270
+0.1153
+0.1050
+0.0960
+0.0880

-0.0094—0.0098-0.0101—0.0104—0.0106

with a g factor given by

g= $g,' 8X//3—.jKs kKr, —(2X/6—)Kg
+ (12K/6) Kri. (4.5)

0.25
0.27
0.29
0.31
0.33

+0.0278
+0.0284
+0.0288
+0.0291
+0.0293

-0.0556—0.0523—0.0493—0.0465—0.0440

+0.0003
+0.0017
+0.0030
+0.0041
+0.0051

—0.2744—0.2565—0.2403—0.2257—0.2 125

+0.0037
+0.0037
+0.0037
+0.0037
+0.0036

-0.1002—0.0945—0.0893—0.0846—0.0803

choices of the frequencies co~ and arz of the E, and T2,
modes. These results for the Jahn-Teller energies,
together with the corresponding values for the reduction
factors also given in Table I, were calculated from
Eqs. (2.14) and (3.2) using the values tabulated in
Table II for the functions F„g,oi) and G„o,oi) that
enter these equations. It was assumed that the values
used for co~ and co~ should be taken from the region of
the principal peaks in the frequency distribution of the
lattice phonon spectrum" of MgO. It is clear from
Tables I and II that whatever the choice of co~ and cop

within this range, it is possible to 6t the inferred energy
shifts of I's, and I'4, by using values of (EzT)z and

, (EzT)z in the v—icinity of 100-150cm '. This conclusion
will remain true if F3, and F4, are taken to lie a few
cm ' apart instead of being assumed degenerate, if the
separation of these levels as given by crystal-field
theory is somewhat different from that given in Eq.
(4.1) as a result of spin-spin interaction or spin-orbit
interaction to other levels, or if the correct value for
A. departs slightly from the value —100 cm '. Moreover,
according to the conclusions of Secs. II and III, such
values for the Jahn-Teller energies are consistent with
our assumption that perturbation theory suffices for
a reasonably accurate description of the sects of the
Jahn-Teller coupling.

The effective angular momentum 3 in Eq. (4.4) is
dehned with respect to the F5, vibronic ground state

~
I'„&),

~

I' s,r)), ~

I' s,i) in precise analogy with the
definition of 9 in Eq. (2.3) with respect to the orbital
Ts state Li.e., (I's, p~ oi. ~

I s,z) = i,—etc.j. The ex-
pression for g in Eq. (4.5) is then obtained by equating
corresponding matrix elements of Eqs. (4.3) and (4.4),
using the reduction factors defined in Eq. (3.1).

The experimental value" of g for MgO:Fe'+ is
3.428. Using the values of the reduction factors given
in Table I, we obtain for ( 8Ks 2K—~+'1—2K')(X/6)
in Eq. (4.5) a value close to its crystal-field value—(18/5)(X/A)~+0. 03. Adding this value to those for
(2Ks —Kz,) given in Table I (neglecting covalent effects
for the present and therefore taking k = 1), we therefore
obtain values for g in Eq. (4.5) which are-all /arger by
0.01 to 0.03 than the experimental value. In none of the
cases of Table I, therefore, is the g factor reduced to a
value smaller than the experimental value by Jahn-
Teller coupling sufficiently strong to account for the
reduced spin-orbit splitting. This result settles the
question raised in the Introduction whether the pro-
portional reduction in the orbital contribution to the
g factor would not be predicted to be roughly the same
as that of the spin-orbit splitting, a prediction suggested
by experience" with the case with Jahn-Teller coupling
strong compared with spin-orbit interaction. There is
therefore no convict between the experimental value
for g and the supposition that the reduction of the spin-
orbit splitting is due primarily to the Jahn-Teller
coupling.

B. g Factor of F5, Ground State

The effect of the Zeeman interaction

3(. =p(L H)+g, 'p(S H) (4.2)

with P= eh/2me, g,'= 2.0023, and H the magnetic
6eld, on the 'T2, term as given by crystal-6eld theory
may be expressed'7 as

3(.' ('T„)= (g,'—8)/a)PS. H —kPP. H
—(2)/~)pL(B S)(B H)+(g H)(p. S)~
+(12K/6)P(Z, 'S,H,+Z„sS„H„+Z,sS,H, ) (4.3)

to the accuracy of second-order perturbation theory,
where we have introduced a parameter k (Sec. IV C)
to represent the covalent modification of the orbital
term. Taking account of the Jahn-Teller coupling as
well as of the spin-orbit splitting, we may, however,

C. ES'ects of Covalency

Although our primary concern in this paper is to
demonstrate the self-consistency of a model for Fe'+
in MgO in which a large part of the reduction in the
spin-orbit splitting and in the ground-state g factor is
the result of the Jahn-Teller coupling, we want also to
estimate what part of these reductions may reasonably
be attributed to the effects of covalent bonding noted
originally by Stevens" and Owen. ' %within the 'T2,
term, the spin-orbit parameter X in Eq. (2.2) and the
orbital reduction factor k in Eq. (4.3)" reflect the
properties of the I2, electron orbitals on the Fe'+ as
modified by the formation of ir bonds with the 2p
orbitals of the surrounding octahedron of oxygen

ss K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953).
~~ In this paper, we will ignore covalent corrections to the small

second-order terms in Xs/6 and X/a in Eqs. (2.2) and (4.3).
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ligands. '0 As shown first by Stevens, "we have (in the
notation of Owen and Thornley")

k=k =1——'E 'e ' (4.6)

where E and o. are the normalization factor and
admixture coeKcient, respectively, in the one-electron
antibonding t2, orbital. In terms of the parameter"
f =~iA 'n ' which gives the fraction of unpaired elec-
tron spin transferred to a x orbital on the ligand as a
result of the covalent bonding, we may write Eq. (4.6)
alternatively as

For A. we have

k=k. =1—2f . (4 7)

"The only one-electron matrix elements that contribute to )
and k for the 'T~g term are those that involve the t2~ antibonding
orbitals. The e, orbitals on the Fe'+ form 0 bonds with the ligands,
but although these contribute to the transferred spin density"
on the ligands, they do not affect the values of X or k."J.Owen and J. H. M. Thornley, Rept. Progr. Phys. 29, 675
(1966l . ."T. P. P. Hall, W. Hayes, R. W. H. Stevenson, and J.Wilkens,
J. Chem. Phys. 39, 35 (j.963).

) = —,'{..= —,' V.'0-.+-',u.'{-,), (4.8)

where { is the one-electron spin-orbit parameter"
for the 32g antibonding orbital, and {q and {~ are the
spin-orbit parameters for a 3d orbital on the Fe'+ and
for a 2P orbital on the oxygen, respectively.

For Fe'+ in MgO we have as yet no independent
measurements of f such as have been obtained for
many other complexes from the transferred hyperfine
interaction with the ligand (such measurements for
MgO:Fe'+ would, of course, require a crystal doped
with 0' ). However, Hall et a/. "have obtained in this
way a value f ~2.5% for Fe'+ in NaF, a complex
having a g factor (3.420) quite close to that of Fe'+
in MgO. If, despite the differences between F and 0,
we take such a value as representative, we would then
have k~0.95. In Eq. (4.8) for X, if we again take
—,'n '~2f ~5%, we see that the contribution of the
oxygen spin-orbit coupling increases slightly that of the
Fe'+ Qq~+400 cm ' for the free ion), and that this
sum is then reduced by the factor E ', which is probably
not much smaller than 0.9. Although these estimates
are not very precise in the absence of detailed calcula-
tions for MgO:Fe'+, they do indicate that covalent
bonding is not likely to reduce X for this complex by
more than 10% from its free ion value.

The observed reduction of nearly 50% in the spin-
orbit splitting between the lowest states of MgO:Fe'+
is thus much too large to be reasonably attributed to
the effect of covalent bonding alone. If, as we propose,
this reduction is in large part due to the Jahn-Teller
coupling, we see thus from the results of Table I that a
large part of the reduction in g from its crystal-field
value 3.53 to its experimental value 3.428 must also be
due to the Jahn-Teller coupling. Indeed, from the
results of Sec. IV B we see that a value k~0.95 in

Eq. (4.5) is more or less what is needed to bring the-

calculated results of Table I into agreement with the.
experimental g factor.

where y is the nuclear g factor, P~ the nuclear magne-
ton, AI the nuclear angular momentum, and klan, .

AsI„and rI, the orbital angular momentum, spin, and.
position of the kth electron. Within the 'T~, term of
Fe2+ (for which we are thus concerned only with the
2% naturally abundant isotope Fe'z), Kz is equivalent
to

Xz('T„)=AS I+2yPPzz{ —(» ')zzB I—+l (3/28)
X(» ')sD —(2X/6)(» ') gL(Q S) (9 I)+(0 I)(Q S)j
+L

—(3/&) (» ')»+ (1»/~)(» ')Dzll:&.'~*1-
+z„'s„l„+z,'s, zr,jy L(1/7) (»-')s D

—(8) /~)(» ') .3(S.I)) (4 10)

Here the term A(S I) represents the contact hyperfine
interaction resulting from the exchange polarization of
the inner shells by the 3d electrons, while (» ')zz and.

(» ')sD denote the effective one-electron averages of
r ' for a 3d electron for the orbital and spin-dipolar
interactions, respectively. As discussed particularly by
Freeman and Watson" " (» ') zz, (» ')sD, and the
effective average (» ')o appropriate to the quadrupole
interaction will not be the same, as would be predicted
by conventional restricted Hartree-Fock theory, be-
cause of the corrections that result from the exchange
polarization of the inner shells. In writing Eq. (4.10),
we have included the second-order perturbation cor-
rections resulting from the combined coupling of the
orbital interaction in Eq. (4.9) and the spin-orbit
interaction, but we have omitted the smaller such cor-
rections from the spin-dipolar interaction.

Within the I'5, vibronic ground state, Eq. (4.10) is
in turn equivalent to

mz(1"s, ) =- &(3 I),
in analogy to Eq. (4.4), with 8 given by

(4 11)

8=AKs+2yPPzz{ Kz(» ')zz+('1/28)(» ')sD-
)((4Ks+3Ka 12Ka)+ () /6)(» ')zz-

&& ( 8Ks 2K~+ 12Kzi) ),—(4.12—)
"A. J. Freeman and R. E. Watson, Phys. Rev. 131, 2566

(&963).
'4A. J. Freeman and R. E. Watson, in 3fagnetism, edited by

G. T. Rado and H. Suhl (Academic Press Inc. , New York. , 1965),
Vol. II A, p. 167.

D. Hyperfine Interaction

The hyperfine interaction" is given by

-(lg —sg) I
~z=2vppzz Z

k r13

(rl, s&)(ri. I) 87r
+3 +—6(rp)(sl. I) , (4.9)

3
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II.«= -~(ar)/~~ (4.13)

and the value" p=+0.1805, we thus obtain the ex-
perimental value of 8 in Eq. (4.11),

&= —S.~X|0 4cm—', (4.14)

for the nuclear ground state of Fe".
A comparison of the value (4.14) with the prediction

of Eq. (4.12) is not a conclusive test of the theory be-
cause we have no independent measurements of A or
(r ') i,i, while theoretical calculation of these quantities
is somewhat uncertain. '4 We do, however, have a
measurement of A )the coefficient in the hyperfine
interaction AS Ij for the Fe'+ ion in Mgo from
the work of I ocher and Geschwind. " This value
2= —10.066X10 ' cm ' corresponds to an effective
hyperfine field per electron II,/2S of —110 koe (which
compares with a value'~ A= —81.0X10 4 cm ' or
H,/2S= —115 koe for the isoelectronic ion Mn'+ in
Mgo). The systematics """of the variation of the
exchange-polarized hyperfine Geld for diQerent charge
states of the same atom in the same environment sug-
gest that II,/2S should be increased by some 10/o in
going from Fe'+ to Fe'+. Accordingly, we take for an
estimate for II,/2S (and thus for +A/2yPiv) for
MgO: Fe'+ the value —120 kOe. Giving EB its crystal-
field value +—', (or equivalently the value +1.494
from Table I) we obtain for the contribution to II,ff
in Eq. (4.13) from the first term AEsin Eq. (4.12) the'
value —360 kOe. For the small spin-dipolar and second-
order contributions to Eq. (4.12) we find from Table I
that the vibronic effects reduce the quantities (1/28)
X (4Ks+3Ka —12Ks) and ()//6) ( 8Es—2Ka+ 12Es—)'
only slightly from their crystal-field values of + (3/140)
and —(18/5) (X/6), respectively. Taking for the sum of
these quantities a value +0.045 and taking both
(r ')sn and (r ')r, r equal to 4.5 atomic units"" in
these small terms, we obtain for the combined con-

"J.Chappert, R. B. Frankel, and N. A. Blum, Phys. Letters
2SA, 149 (1967); J. Chappert, R. B. Frankel, A. Misetich, and
N. A, Blum, Phys. Rev. 179, 578 (1969)."P.R. Locher and S. Geschwind, Phys. Rev. 139, A991 (1965).' K. R. Feher, Phys. Rev. 136, A145 (1964).

A. J. Freeman and R. K. Watson, Phys. Rev. 123, 2027
(1961)."S. GeschWind, in HyperIene Interactiows, edited by A. J.
Freeman and R. B. Frankel (Academic Press Inc. , New York,
1967),p. 225.

and we have again used the reduction factors dehned
in Eq. (3.1).

The effective hyperfine field H,«at the Fe'+ nucleus
has been measured for MgO: Fe'+ by Chappert, Frankel,
and Slum, ' and also by Leider and Pipkorn, ' from the

- Zeeman splitting of the Fe" Mossbauer spectrum in an
applied magnetic field. Their result, under conditions
corresponding to having only the electronic state with

gr = —1 occupied (where f denotes the direction of the
applied field 8), is that H, « is antiparallel to 8 and has
the magnitude 120 kOe. From the relation

tributions of these terms to II,tt a value +25 koe.
Combining this with the contribution —360 kOe from
AEg and the experimental value —120 kOe for H, ff,
we deduce for the remaining term in Eq. (4.12) an
orbital contribution to II,tt of +215 koe, or

—Ki, (r
—')r, r-—1.72 a.u. (4»)

Finally, taking IC~~ —0.43 from Table I, we thus ob-
tain from Eq. (4.15) the estimate

(r—') r,r—4.0 a.u. (4.16)

This compares well with Freeman and Watson's
theoretical value"" (r ')rr=4. 59 a.u. obtained from
an unrestricted Hartree-Fock (UHF) calculation for
the free Fe'+ ion. The theoretical value is of course un-
certain because of the unresolved uncertainties'4 in
UHF theory, and the calculated value was obtained by
Freeman and Watson by taking into account the
"radial" antishielding, but not the "angular" anti-
shielding which may also be important. ""We may
note that our deduced value (4.16) included no cor-
rections for covalent effects, so that part of the dif-
ference between Eq. (4.16) and Freeman and Watson's
value may be simply due to the reduction of (r ') in
the crystal as the result of covalent bonding.

This analysis" of the hyperfine data is thus seen to
be consistent with our proposed model of Jahn-Teller
eGects in MgO: Fe'+.

E. Quadruyole Interaction

The quadrupole interaction, "
e'Q I(I+1) 3(ru I)'

3CQ—
2I(2I —1) t ru' ri. '

is equivalent within the 'T2, term of Fe'+ to

Xq('T, ,) = —(1/7) Le'Q/2I(2I —1))(r ')q
X{2')3I.' —I(I+1)j+2v3 h,P,' —I„'j

3V')(IuI, +I.I„) 3—V'„(I,I.+I.I,)—
39r(I.Iu+—IuI.)) (4 18)

(4.17)

"A slightly different analysis, based on crystal-field theory
modified by including an orbital reduction factor, was given by
Chappert et a/. 35 for their data on the hyperfine fields of Fe'+
and also Fe'+ in MgO. Their analysis of the several contributions
to the hyperfine field is essentially consistent with the one de-
scribed here, although there are differences in detail.

where we have used the orbital operators defined in
Eqs. (2.7) and (2.8). We are now concerned of course
with the excited Mossbauer level Fe™(I=s), since
the quadrupole moment Q vanishes in the Fe" nuclear
ground state (I=st). Within the I'so vibronic ground
state, Eq. (4.18) may be represented' by

&Q(l'so) = (4~s) {38'—l(8+ 1)jL3I.' —I(I+1)j
+3I:8'—8u'3LI*' —Iu'j}+cs{(qua.+Aalu)
X (I„I.+I.I„)+(g.g.+g.ef,)(I.I +I I.)

+(a.u.+~,~.)(I.I.+I.I.)), (4»)
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where, using the reduction factors E~ and Ez from
Eq. (3.1), we have

c,= —(2/7) Kz(r ')qe'Q/[I(2I —1)j,
cs=+(3/14)Er(r ')qe'Q/[I(2I —1)g.

(4.20)

It has been shown by several authors4" that in
an applied magnetic field (or an internal field) the
Mossbauer spectrum of an Fe' ion in a site of perfect
cubic symmetry exhibits not only a Zeeman splitting,
but also a quadrupole splitting, and that the latter
depends on the orientation i of H. For H along the
[100) and [111$ crystal directions, in particular, we
find that the quadrupole splitting4' AE@ for the elec-
tronic states gr= +1 (we assume slow electronic relaxa-
tion) is given by Kq in Eq. (4.19) to be

and
QEq[100$=+-,'cs

DEq[111]=+2c, .
(4.21)

4' J.D. Siegwarth, Phys. Rev. 155, 285 (1967); G. K. Wertheim.
H. J. Guggenheim, H. J. Williams, and D. N. E. Buchanan, Phys,
Rev. 158, 446 (1967);U. Ganiel, M. Kestigian, and S. Shtrikman,
Phys. Letters 24A, 577 (1967); M. Eibschutz, S. Shtrikman, and
Y. Tenenbaum, Phys. Letters 24A, 563 (1967); U. Ganiel and
S. Shtrikman, Phys. Rev. 167, 258 (1968); G. R. Hoy and K. P.
Singh, Phys. Rev. 172, 514 (1968).

4' We define»q in Eq. (4.21) in terms of the energies E(Ir')
of the nuclear eigenstates of the excited Mossbauer level by»q—= sL&(+2)+&(—5)—&(+s) —&(—s)3

According to Eq. (4.20), these values for AEq have
opposite signs, but they would have equal magnitude
if Ez and Erwere equal '[crystal-field theory gives
both I ~ and Erthe value +'i'o$. Following Harn's
prediction' that such a sign reversal in the quadrupole
splitting should occur in the Mossbauer spectrum of
MgO:Fe'+ when H is rotated from [100$ to [111j,
provided that the electronic Zeeman splitting exceeded
any strain splitting of the F5, ground state, Leider and
Pipkorn' indeed observed this effect and moreover
found to the accuracy of their experiments that the
quantities sslcsl and 2lcsl in Eq. (4.21) were equal.
Similar results for iVlgO: Fe'+ have also been obtained
by Chappert et al.35 These observations indicate,
therefore, that the parameters Ez and Ev must be very
nearly equal for MgO:Fe'+. Taking the Jahn-Teller
corrections into account in the theory, we see from
Table I that, while E~ and Ez are reduced in four of the
cases considered there by some 5—15% relative to their
crystal-field value, they are found in these cases to
differ by only some 5—10%, a difference too small to
have been seen in the experimental data. However, the
20% difference given by the fifth case in Table I would

probably have been evident in Leider and Pipkorn's
data if this case were applicable. On the basis of Leider
and Pipkorn's results, therefore, we can say that the
first four cases in Table I are consistent with the
Mossbauer quadrupole data for MgO:Fe'+, but that
the fifth case apparently is not.

In the absence of an applied magnetic field, Leider.
and Pipkorn'9 found that the Mossbauer spectrum
of Fe'+ in MgO becomes a resolved quadrupole doublet
at temperatures below 14 K. This observation, re-
ported also by Frank. el and Slum, 4' and by Chappert
et al."was explained by Ham as resulting from the
instantaneously aspherical charge distribution of the
valence electrons on the Fe'+ ion in the presence of a
weak internal strain in the crystal, and slow electronic
relaxation. Corresponding to an electronic (i.e,
vibronic) state

and
DEq&"=3lcsl

~E, & &=4lc, l.
(4.24)

Since the observed Mossbauer doublet is the super-
position of those of the individual ions in the presence
of random strains, it will be broadened" within these
limits, which have values exactly twice the magnitude
of the splittings in Eq. (4.21). However, since for the
first four cases in Table I the difference between E~
and Kr is only 5-10%, we expect this broadening to
have a very modest effect on the observed spectrum of
Fe'+ in MgO, and we can reasonably take the observed
doublet splitting to be given by the mean of Eq. (4.24)
or

~Eq—=(2/7)[-'(&~+&r) j(r ')qe'Q (4 25)

Leider and Pipkorn's measurements' give for this
splitting a value B,Eq=0.33 mm/sec, while Chappert
et al.35 obtained the slightly smaller value DEq=0.30
mm/sec.

4' R. B. Frankel and N. A. Slum, Bull. Am. Phys. Soc. 12, 24
(1967).

44The value of the quadrupole splitting AEg in Kq. (4.23)
corresponding to a'particular value of u, b, and t, could be deter-
mined experimentally, using an appropriately oriented applied
stress at a sufficiently low temperature.

I&)=all'.E)+bIl'.~)+cl& g) (422)

which is an eigenstate of the local strain, where u, b,
and c are real coefficients such that a'+b'+c' '=1, th-e

quadrupole splitting of the Mossbauer doublet given
by Eq. (4.19) was shown to be

QEq ——3[c& + rs(1fics —9cs )
)((a2b2+b'c'+c'a )~in. (4.23

&f 3 les I were equal to 4lc&l, as predicted by crystal-
field theory, Ham noted that DER would then be in-
dependent of the choice of a, b, and c; if the electronic-
relaxation were sufficiently slow Eq. (4.23) would thus
explain the appearance of a resolved doublet in the
observed Mossbauer spectrum despite the presumed
random nature of the local strains. In our present
considerations, because of the Jahn-Teller corrections
to Ke and Eras in Table l, 'we no longer expect 3

I
cs

I

and 4lcsl to be exactly equal, and AEq as given by
Eq. (4.23) will now vary for individual ions between the
extremes
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To compare the theoretical expression in Eq. (4.25)
"with the experimental value, we need a value for
(r ')o. Freema~ and Watson"" have obtained a
theoretical value (r ')@=4.93 a.u. from an unrestricted
Hartree-Fock. calculation for Fe'+ taking into account
-only the "radial" antishielding. However, Ingalls4' has
calculated, using a perturbation treatment based on
restricted Hartree-Fock free-ion functions, that the
"angular" corrections to the antishielding make a
larger contribution to the Sternheimer factor 1—Eq
for Fe~+ than do the "radial" corrections. Multiplying
Ingalls' value [1—Eo(ang. )j~0.67 by Freeman and
Watson's UHF value (r ')q ——4.93 a.u. , we obtain an
estimate" (r ') 3.3 a.u. that tak. es account of both
types of antishielding. Combining this estimate,
'however uncertain, with our result ', (E@+I—Cr) +0.09
from Table I, and the value Q~+0.29 b obtained
by Ingajls4s for Fe", we calculate from Eq. (4.25)
a value AEo 0.50 mm/sec, which is substantially
larger than the experimental value. Alternatively,
if we use Eq. (4.25), together with the values for
the other parameters used previously, to determine a
value for Q from Leider and Pipkorn's observed'
AEq 0.33 mm/sec—-,—we obtain Q=+0.19 b. This value
agrees quite well with two other recent determinations
of Q by Nozik and Kaplan4r (Q=+0.20 b) and
Johnson4' (Q=+0.18b) from data on ferrous com-

plexes, but no so well with the value Q=+0.283
-&0.035 b obtained by Artman, Muir, and Wieder-
sich4' from a new evaluation of data for the ferric ion
in n-Fe20s. If this latter, larger value for Q is correct,
we should evidently have f.o reduce the estimate of

(r ')@ to a value quite a bit smaller than 3.3 a.u. We
should note that we made no explicit provisions for
covalency in Eq. (4.25), but, while this would make a
further reduction in the value (r ')ii appropriate to the
&rystal, this correction is probably less than 10% if
-our estimates of covalent effects in Sec. IV C are
Iealistic.

The quadrupole splitting of the Mossbauer spectrum
of Fe'+ in MgO at liquid helium temperature thus
.appears to offer an excellent opportunity for an ac-
curate determination of the Fe" quadrupole moment,
'once uncertainties concerning the proper value for
(r ')o have been resolved, and the effects of covalency
estimated more precisely.

Finally, it should be noted that the experimental
:evidence that ss ~cs~ and 2~cs~ (and therefore also Es
and K~) are equal to within 10% supports the view
that both types of Jahn-Teller coupling —one involving
the E, modes and the other the T2,—are of more or less
equal importance for the 'T&, terms of Fe'+ in MgO.
In other words (EqT)@ and s(EqT)r [or x@ and xr in

4' R. Ingalls, Phys. Rev. 128, 1155 (1962).
4' R. Ingalls, Phys. Rev. 133, A787 (1964).
"A. J. Nozik and M. Kaplan, Phys. Rev. 159, 273 (1967).
48 C. E. Johnson, Proc. Phys. Soc. (London) 92, 748 (1967).
4 J. 0. Artman, A. H. Muir, and H. Wiedersich, Phys. Rev.

173, 337 (1968).

Eq. (3.3)7 must be of similar size, as is true for the cases

in Table I. Were the coupling predominantly with one

type of mode, we see from Eq. (3.2) and Table II that
there would be a greater difference between the values
of E~ and Ez than was found in the cases in Table I,
and such a difference should have been evident from

the Mossbauer data.

1 /BN; BSi
e,, =e,,=—

~

2&ay, ag;
(4.27)

denotes a component of the strain tensor, and we~define

8g = 8 —
2 e 8yy

e,= (-',v3) [e.,—e„„$.
(4.28)

V2 and V3 are strain coupling coeScients. Using the
reduction factors (3.1) we find then that Eq. (4.26)
is equivalent within the I'5, vibronic ground state to

BCs(Ps,)= (-,' Vs') {es[3$,' —g(/+1) j
+e.~~LA*' Au' j)+Vsx—r{ew*(8u8 +84m)

+ .*(a.a*+~*a.)+'.(a*~,+a.~.)} (429)

The strain coupling coeKcients that determine the
linear splitting of the F5, ground-state triplet are
therefore V2E~ and V3Ez.

It is, however, esthetically more satisfying in the
context of the Jahn-Teller problem to view the effect
of strain in the crystal to be that of shifting the equi-
librium position of the distortion modes Qs, Q„etc., that
are responsible for the Jahn-Teller coupling. Instead
of having the equilibrium position of these modes at
Q= 0 in the elastic energy in Eq. (2.10), in the presence
of strain we take it to be displaced to the new positions

Qe ——Qs'= Des,

Q.=Q '=D'
Q1——Qio= D'e„„
Q„=Q„o=D'e„,
Q»= Qr'= D'e*.

(4.30)

where D and D' are coeScients to be discussed below.

The elastic energy is accordingly now given by

~.i'"= —:~e~e'[(Qs—Qs')'+ (Q.-Q.')'j
+ sl r~r'[(Qi QP)'+ (Qn Qn')— —

+(Qr —Qr')'j, (4»)

F. Strain Coupling CoeS.cients
~ I

The effect of static strain in the crystal on the orbital
states of the 'T2, term may be described phenomeno-

logically by introducing into the Hamiltonian the
terms

Xs('Ts, )= V,[esBe+e,h,j
+Vs[e„,9 t+ e„V'„+e„,7'rj. (4.26)

Here
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in place of Eq. (2.10). However, we may now make the
change of variable

Qs'= Qe-Qy',
(4.32)

Q~'= Q~-QP

etc. , in Eq. (4.31) and in the Jahn-Teller interaction,
Eq. (2.6), as well as the corresponding transformation of
the canonical momenta Pii'= Pe, etc. , in Eq. (2.11). In
terms of the new (primed) variables, the Hamiltonian
obtained by combining Eqs. (2.1), (2.6), (2.11), and
(4.31) is now identical with Eq. (2.12), except that
additional terms appear identical in form to Eq. (4.26)
and with coeKcients given by

VA"z= 3(Gii —Gu),

VBEy = 2644)

(4.36a)

(4.36b)

or, if we assume with Watkins and Feher that the trace
of bD vanishes so that G11= —2612,

applied stress. In terms of their notation, the strain
splitting of the level is described by BC,(1'5,) =3 bD Q,
where the components of the tensor bD are related.
to those of the strain (Voigt notation: 8Di= 8D
BD4= hD„„etc., but ei ——e„, e4 ——2e„„etc.) by
bD, =Q,G;,e;. Comparing with Eq. (4.29) we thus have
the equivalent quantities

V2= V~D V2+E 611) (4.36a')
and

V3= VpD'.
(4.33)

py, =py =BI. (4.34)

The displacements of the oxygen ions under a given
uniform strain are then easily evaluated, and when the
resulting values of the Q's are substituted into Eq.
(4.30) we obtain the results

D= (2/v3)R
(4.35)

D'= 2R,

where R is the nearest-neighbor distance. If, however,
we were to define the Q's to take into account not only
displacements of nearest-neighbor ions but of more
distant ions as well, or if the local elastic constants
should be diferent from those of the bulk MgO crystal,
the values of D and D' appropriate to Eq. (4.33) might
differ appreciably from those given in Eq. (4.35).

The strain coupling coefficients for the F5, ground
state of MgO:Fe'+ have been measured by %atkins
and Feher" from the splitting of the EPR lines under

' M. D. Sturge, in Solid State Physics, edited by F. Seitz,
D. Turnbull, and H. Ehrenreich (Academic Press Inc. , thew York
1967), Vol. 20, p. 91 (see Table II, p. 102).

5 F. S. Ham, Phys. Rev. 166, 307 (1968) (see Appendix II).
52 G. D. Watkins and E. Feher, Bull. Am. Phys. Soc. 7, 29

(1962).

These new terms result from making the variable change
in the Jahn-Teller interaction, Eq. (2.6), using Eq.
(4.30). This procedure, therefore, provides the connec-
tion between the phenomenological strain coupling
coefficients V. and V& in Eq. (4.26) and the Jahn-Teller
coupling coefficients V~ and V~.

The coefFicients D and D' in Eqs. (4.30) and (4.33)
are easily evaluated if the Q's are taken to represent the
distortions of the cluster of six oxygen ions surrounding
the Fe'+ ion, and if the local elastic constants are as-
sumed to be the same as those of the MgO crystal.
Defining the Q's by an orthogonal transformation""
of the displacements of these six oxygens, we may take"
for the effective masses p~ and pr in Eqs. (2.10) and
(2.11) the mass 3I of a single oxygen atom

Watkins and Feher obtain the values Gii=+800 cm ',
G44=+540 cm '. Taking Es Er +—0.09 f—rom Table
I, we thus infer for Fe'+ in MgO the values"

V2—+9000 cm '

V3—+12000 cm ' (4.37)

TABLE III. Jahn-Teller energies for MgO:Fe'+ calculated~
from experimental values of the strain coupling coeKcients, for
various choices of the effective mode frequencies.

Ao)(cm ')

303
345
400

(I'.»)~(cm ')

155
120
90

—'(B ) (cm ')

185
140
105

a The values of (EsT)E and s(En)z are calculated from Eq. (2.9) taking
pz and pr equal to the mass of one oxygen atom, and relating Vz and Vp
to the values V2=+9000 cm ~, V3=+12 000 cm ~ inferred from ezperi-
rnent, using Eqs. (4.30) and (4.32) with R =2.10 A. The value assumed for
Sou@ or Acoz in the calculation is listed under Ace.

~' If we calculate V2 and V3 directly from the point ion approxi-
mation to crystal-field theory, we obtain values which agree
approximately with Eq. (4.37) in magnitude, but which have the
opposite sign. No explanation has been given for the curious dis-
crepancy in sign from what one naively expects.

G. Jahn-Teller Energies

From the values (4.37) for the strain coupling coef-
ficients V2 and V&, the relations given by Eqs. (4.33),
(4.34), and (4.35) and the various assumed values for
cup and err, we may now calculate values for the Jahn-
Teller energies (EqT)~ and g(EqT)r from Eq. (2.9) for
comparison with the values given in Table I. These cal-
culated values are given in Table III. We see that they
agree very well in size with the values inferred in Table
I from the reduced spin-orbit splitting, and this agree-
ment thus supports the self-consistency of our proposed
model for the Jahn-Teller effects. Indeed, the agree-
ment is very much better than we have any right to
expect, in view of the questionable assumptions that
led to the values of D and D' given by Eq (4.35)..The
calculated values of the Jahn-Teller energies when corn-

pared with Table I appear to favor taking Ace~—fiery

midway in the region (300—400 cm ') of the principal
peaks of the phonon frequency distribution for MgO. "
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"They also support our earlier conclusion that both types
of Jahn-Teller coupling are of more or less equal im-
portance for the 'T~, terms of Fe'+ in MgO.

H. Oscillator Strengths of Far-Infrared Transitions

Optical transitions from the 15, ground state of the
Fe'+ ion to the I'&, and I"4, excited states are allowed

by the selection rules for magnetic-dipole processes.
'The oscillator strength f (A,B) for a magnetic-dipole
transition from level A to level 8 is given'4 by

Arirgn' b )'
& (A, B)=

2mcd~ h.tt/

)&P t (A g
~
(L+2S) (e)&k)

~
Bb)

~

', (4.38)

mhere hcv» ——(E& Z&) is—the energy difference be-
tween the levels, d& the degeneracy of the initial level A,
:m the electron mass, c the speed of light in vacuum, n
the far-infrared index of refraction of Mgo, (b,tt/8)
the local-field correction" at the Fe'+ site, and e and k
are unit vectors in the direction, respectively, of the
polarization and propagation of the light. The summa-
tion in Eq. (4.38) extends over the states a and b

comprizing the levels A and 8. For the I'5, —+ 1"3, and
r5g~ r4, transitions, crystal-field theory gives for
this summation the values 27/5 and 81/10, respectively.
Taking n'(h/8 tt)'~9n'/(n'+2)'~0. 64 from the value
-of the static dielectric constant of MgO, we thus cal-
culate for these transitions from Eq. (4.38) the oscillator
strengths 1.5)&10 ' and 2.2)&10 ', respectively,
if we take P to be given by Wong's observed excitation
frequency 105 cm '. These values should be reduced
somewhat to take into account the change caused by
the Jahn-Teller coupling in the matrix elements of
:(L+2S) between the levels (primarily a reduction in
the matrix elements of L), but we have not calculated
this correction in detail.

We have noted in Sec. II that the results given in
I'ig. 1 show that for the cases for which these numerical
'calculations were made, there are additional levels
which are only slightly higher than the lowest I'3,
and I'4, levels when EqT is as large as 200-300 cm '.
If such additional levels are present also for Fe'+ in

MgO, we may ask whether they should not have been
observed in Wong's absorption spectrum' as additional
lines lying above the peak at 105 cm ', but within the
range to 220 cm ' which was examined. Although we
have not tried to calculate such levels in detail for Fe'+
in MgO, we believe that they would not be observed

64 G. A. Slack, S. Roberts, and F. S. Ham, Phys. Rev. 155, 170
(1967).

"The factor (8/S, «)' appears in Eq. (4.88) for a magnetic-
dipole process, because the oscillator strength of the transition is
de6ned in terms of the strength of the equivalent classical electric-
dipole oscillator. This factor is cancelled'4 by the factor (s,&&/s)s
in the relation giving the optical absorption coeKcient in terms
of f (A,B).

because they would contribute an absorption both much
weaker and much broader than the 105-cm ' peak.
Such levels originate, in the limit of zero Jahn-Teller
coupling, from levels which have one or more vibrational
quanta excited or from the J'= 3 levels LEq. (2.5)$ of
the Fe'+ ion, and in either case the matrix elements for
optical transitions to these levels from the ground state
are zero in this limit. With a nonzero Jahn-Teller cou-
pling these matrix elements no longer vanish but should
remain small if the coupling is not too strong. In support
of this conclusion, we have calculated for the cases
considered in Fig. 1 the matrix elements of L and S
from the 15, ground state to the second 14, and I'5,
levels, which lie just above the first I'3g and I'4, levels,
as a function of the Jahn-Teller coupling. Over the
range of the coupling in Fig. 1, the combined oscillator
strength of the transitions to these higher levels is found
to be less than 10% of that to the first I's, and I'4,
levels. Moreover, in a more realistic model of Fe'+ in
Mgo (as in the Appendix), the Jahn-Teller coupling is
not with a single vibrational mode but with many
phonons of different frequencies. The lowest state of
each symmetry type I'&„ I'4„and I'5, is a unique
vibronic state which originates for zero Jahn-Teller
coupling in the lowest Fe'+ electronic state of the same
symmetry type, and which reflects in its energy and
other properties the effect of the coupling to all of the
phonons. There is, however, a multiplicity of higher
states of each type which originate in the states with one
vibrational quantum excited. As these states individu-
ally are probably not strongly perturbed by the Jahn-
Teller coupling, such states are probably not so much
depressed in energy as the higher states in Fig. 1, and
because of the spread in phonon frequencies, the oscilla-
tor strength for transitions to these states should be dis-
tributed over a range of frequencies. We would, there-
fore, expect these higher transitions to be not only
weak, but also broad and higher in energy than in-
dicated in Fig. 1, so that it is not surprising that such
transitions were not observed in Wong's spectra.

V. DISCUSSION

We have seen that we may reasonably attribute the
reduced spin-orbit splitting of the 'T2, term of Fe'+ in
Mgo primarily to a Jahn-Teller effect, while we are
unable to account for so large a reduction solely on the
basis of the effects of covalent bonding. Moreover, it
has proved possible to develop a model which accounts
quantitatively for this reduction on the basis of the
Jahn-Teller coupling, and which is also consistent with
other data available from EPR and Mossbauer measure-
ments. We have concluded from these calculations that
there are significant Jahn-Teller corrections to many of
the parameters such as the g factor and nuclear quadru-
pole and hyperfine coupling coeS.cients which char-
acterise the EPR and Mossbauer spectra of MgO: Fe'+.
Moreover we have found that many of these Jahn-
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Teller corrections appear to be larger than the cor-
responding corrections from covalent bonding.

The model which has been used in our calculations
has involved Jahn-Teller coupling with two vibrational
modes, one E, and one T2„with frequencies in the
range 300-400 cm '. An important question is the
legitimacy of a calculation that uses only two discrete
modes, when we know that the Fe'+ couples with the
entire spectrum of phonons of the MgO lattice. In the
Appendix we have formulated the Jahn-Teller problem
when the coupling is with a continuous spectrum of
phonons, for the case in which a second-order perturba-
tion treatment of the Jahn-Teller coupling suffices, as
for MgO:Fe'+, to give the energy level displacements
and reduction factors. We have obtained explicit ex-
pressions, Eqs. (A22) and (A23), for these energy shifts
and reduction factors for the simplified case of a Debye
spectrum. These results show that the terms giving the
Jahn-Teller corrections to the energy shifts, Eq. (2.14),
and reduction factors, Eq. (3.2), in the case of the
discrete modes must be replaced for the continuous case
by integrals of the appropriate quantities over the
phonon frequency spectrum. Long-wavelength acoustic
modes are, however, relatively ineffective in contributing
to these integrals, compared with modes of higher fre-
quency, because of the factors sin(-,'aq, ), etc. , in Eq.
(A13) which lead to the factor 1—(aq) ' sinag in Eqs.
(A22) and (A23), where a is the lattice constant and q
the phonon wave vector. ' Moreover, comparing Kq.
(A23) with Eq. (A22), we see that the expressions for
the reduction factors may be obtained from those for
the energy shifts by replacing the F„(f',cu) by the
appropriate G„(l,o~) and dividing the integrand by
Ace. This is, of course, the same replacement procedure
that provides the relationship between the energy
shifts and reduction factors for the case of the discrete
modes. Accordingly, if the main contribution to the
integrals in Eqs. (A22) and (A23) comes from a band
of relatively high-frequency phonons, it is a good
approximation to replace these by one E, and one T2,
mode with frequencies taken to be an average of the
band, and coupling coeKcients taken to represent the
combined contribution of all the phonons of each type
to the energy shifts and reduction factors. We may
expect in such a situation that the absolute and rela-
tive values of these energy shifts and reduction factors
will thus be given fairly accurately by the phenomeno-
logical model using discrete modes, even though the
coupling in reality is with the continuous spectrum. The
apparent success of our phenomenological treatment of
MgO: Fe'+ in this paper leads us to the speculation that
whatever the complexities of the coupling to the actual
phonon spectrum of MgO as distorted by the presence

"Inspection of the frequency dependence of F (g,eu) and
G Q,co) in Eqs. (2.13) and (3.4) shows that these quantities do not
oil'set the eGect of the factor L1 —(ag) 'sinuq] in substantially
suppressing the contribution of the long-wavelength acoustic
phonons to Eqs. (A22) and (A23).

of the Fe'+, the predominant coupling is with the band
of phonons lying roughly in the range ( 300- 400
cm ') of the prominent peaks in the frequency distribu-
tion function of MgO lattice phonons. " We should
note, however, as discussed in Sec. IV H, that we-

should not expect the model with discrete modes to be-

equally satisfactory in describing states of MgO:Fe'+
with energies above those of the lowest F3„F4„and
I'5, levels. We must also note that we have not con--

sidered in our calculations the thermal excitation of the-

lattice, which not only introduces relaxation effects but
may also cause a temperature dependence of some of the
parameters of the experimental spectra, analogous to
that of the Debye-Wailer factor. So long as the principal
contribution from the lattice zero-point motion to, say,
the reduction factors comes from phonons of relatively
high frequency, we do not, however, expect a major-
change in these factors below a temperature sufficiently.
high to excite these modes appreciably. The theory of
temperature-dependent Jahn-Teller eA'ects is not yet
in an altogether satisfactory state, and we will not.
pursue these effects further in this paper.

There has been interest in MgO: Fe'+ for a number of
years as a system that might exhibit a Jahn-Teller
effect, since Fe'+ in cubic symmetry with octahedral.
coordination not only has an orbital triplet state lowest.
but has a triply degenerate I'5, spin-orbit ground state,
and consequently clearly should be subject in principle.
to a Jahn-Teller instability. Indeed, the search for a
Jahn-Teller effect was one justification given by I ow
and Weger' for initiating their detailed theoretical and
experimental study of MgO:Fe'+. Xo such effect was.
identified in this early work, however, because it was.
not recognized at that time what form Jahn-Teller
effects would take in the dynamic Jahn-Teller regime.
Moreover, an explanation for the apparent absence of
an observable Jahn-Teller effect in Mgo:Fe'+ was put
forward by Van Vleck'~ and Liehr, "who noted that
matrix elements of the Jahn-Teller interaction within.
the I'5, spin-orbit ground state were reduced, according.
to crystal field theory, by a factor yp compared with
matrix elements among the orbital triplet states of
sTs, Lthe same factor —,'o that gives the crystal-field
value for Es and Er in Eq. (3.2)g. The stabilization
energy of a Jahn-Teller distortion, calculated for the
I' s, level alone, would thus be only 1/100 of that one
would obtain for the orbital triplet if the spin-orbit
interaction were negligible. Van Vleck noted that the
zero-point motion would suffice to carry the system over-
such a small barrier between equivalent distortions,
so that one would expect that no static Jahn-Teller
distortion would occur, and that crystal-field theorv
would accurately describe the system's magnetic be-
havior. The Fe'+ ion in octahedral coordination was-.

thus concluded to be a case in which the spin-orbit

'7 J. H. Van Vleck, Discussions Faraday Soc. 26, 96 (1958);
Physica 26, 544 (1960)."A. D. Liehr, Bell. Syst. Tech. J. 39, 1617 (1960).
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interaction stabilized the system against a Jahn-Teller
distortion. "

McMahon and Silsbee" subsequently recognized
that even in the situation considered by Van Vleck"
and Liehr, ss in which matrix elements of the Jahn-Teller
interaction between nondegenerate spin-orbit levels
were assumed to have a negligible effect, there might
be an observable change in the ground-state g factor of
MgO:Fe'+ as a result of the spin-phonon coupling,
which has its origin in the Jahn-Teller interaction. They
calculated this g shift using a perturbation treatment
and treating the phonons in the long-wavelength ap-
proximation. Their result has the same form as what we
obtain for 2E's —Xl. from our Eq. (A23) if we ignore all
but the first term in the expressions for Gr(f, co) and

Gs(f, re) in Eq. (3.4) (this term is the one that arises from
coupling within the I' s, electronic level) and if we ap-
Proximate I —(aq) ' sinai~sr(aq)' in Eq. (A23). Mc-
Mahon and Silsbee also calculated the corresponding
change in g with temperature that results from the
thermal excitation of the phonons. They concluded,
however, that both contributions of the spin-phonon
coupling to the g shift were too small to be identified
experimentally in view of the large strain-broadened
EPR linewidths of MgO:Fe'+. This calculation was
subsequently reconsidered by O' Brien, "without making
the long-wavelength approximation; her resulting
estimate of the g shift was smaller than that obtained
by McMahon and Silsbee.

The possibility that the Jahn-Teller coupling might
be at least as important as covalent bonding in causing
the observed g shift of Fe'+ in MgO was first suggested
by Ham' in connection with his treatment of dynamic
Jahn-Teller effects in paramagnetic resonance spectra.
In this work, it was shown that when the Jahn-Teller
interaction was strong compared with the spin-orbit
interaction (but not yet so strong as to lead to a static
Jahn-Teller effect), a large reduction in the orbital con-
tribution to the g factor (as well as in the spin-orbit
splitting and in some other interactions depending on
orbital operators) could occur without any apparent
lowering of local symmetry such as would be associated
with a static Jahn-Teller distortion. Although his cal-
culations were not applicable in detail to Fe'+ in MgO
and CaO, Ham suggested that the difference between
the g factors in these cases (g=3.30 for CaO:Fe'+"
compared with g=3.428 for MgO:Fe'+ ' ") was more
likely to be the result of a dynamic Jahn-Teller effect
than of covalent bonding. On the basis of a rough
estimate from Watkins and Feher's measured strain-
coupling coefIicients, "he suggested that for MgO: Fe'+
the Jahn-Teller interaction (within 'Ts, ) might be
comparable in strength to the spin-orbit coupling, so
that the conditions of weak Jahn-Teller coupling might

"D. H. McMahon and R. H. Silsbee, Phys. Rev. 135, A91
(19M).

'0 M. C. M. O' Brien, Proc. Phys. Soc. (London) 86, 84/ (1965).
"A. J. Shuskus, J. Chem. Phys. 40, 1602 (1964).

not hold which were assumed by Van Vleck, ~~ I.iehr, 5

McMahon, and Silsbee" in neglecting the Jahn-Teller
coupling between nondegenerate spin-orbit levels.
Under such circumstances, Ham noted that Jahn-
Teller corrections to the g factor should be significant,
but he gave no calculations for this ca,se.

In addition to the work reported in the present paper,
another calculation to estimate these Jahn-Teller con-
tributions to the g shift of MgO: Fe'+, when account is
taken of the Jahn-Teller coupling between the non-
degenerate spin-orbit levels, has recently been made by
Koloskova and Kochelaev. ' Their calculation con-
sidered the coupling of the Fe'+ ion, via its interaction
with the displacernents of the nearest-neighbor oxygen
ions, to the full spectrum of lattice phonons, which was
treated in the Debye approximation. Since Koloskova
and Kochelaev's approximations are essentially the
same as those we have used in obtaining Eqs. (A22)
and (A23) of the Appendix, and since their calculation
was also done treating the Jahn-Teller coupling by
second-order perturbation theory, their calculated

g factor should agree with the result we obtain for
2Es Ez, using 'E—q. (A23) )replacing Grg', &o) in the
integrand of Eq. (A23) by 2G& —Gr in order to get the
expression for 2Es El,j. T'h—ese results are in agree-
ment in their general form, but there are substantial
discrepancies in the numerical coefficients of the tern-s

corresponding to those in I~2 and N5; in the expression
for (2Gi —Gr) from Eq. (3.4), while Koloskova and
Kochelaev omit altogether the "off-diagonal" terms in

u25 and v2~ in this expression, which are by no means
negligible. Apart from these algebraic errors in their
work, Koloskova and Kochelaev's result for the g
shift is however essentially equivalent to ours, and in.

agreement with our result Koloskova and Kochelaev
conclude that a substantial fraction of the observed g
shift for MgO:Fe'+ is in fact due to the Jahn-Teller
coupling. The numerical discrepancies aside, we are,
however, dubious that Koloskova and Kochelaev's
calculation Lor our Eq. (A23)j can be used for an
accurate estimate of the vibronic g shift, even though
the measured strain-coupling coefficients are used to
determine the strength of the Jahn-Teller coupling,
because of the uncertainties in treating the important
high-frequency phonons in the Debye approximation.
We prefer, therefore, to estimate the g shift and the
change in the other reduction factors (not considered

by Koloskova and Kochelaev) using our phenomeno-
logical model with the coupling strength adjusted to
give Wong s observed spin-orbit splitting (the latter
result was not known to Koloskova and Kochelaev at
the time of their work).

The results of the present paper, together with those
of Koloskova and Kochelaev, "indeed bear out Ham's
earlier suggestion'0 concerning the importance of the
Jahn-Teller contribution to the g shift of MgO:Fe'+,
and Koloskova and Kochelaev estimate that the
vibronic g shift is appreciable also for MgO: Co'+. That
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our result for this vibronic g shift for MgO:Fe'+ is
much larger than what was estimated by McMahon and
Silsbee ' and by O' Brien' is due in part to the fact that
the effective Jahn-Teller interaction required to account
for Wong's reduced spin-orbit splitting is somewhat
stronger than that assumed in these earlier calculations,
and in part this difference results from neglect of the
Jahn-Teller coupling between different nondegenerate
spin-orbit levels in the earlier work. It is important to
recognize that this coupling between nondegenerate
electronic levels must be included if accurate estimates of
the vibronic corrections are to be made, unless the
separation of these levels is large compared not only
with the Jahn-Teller energy but also with A~ of the
important vibrational modes. For the calculation of
the reduction factors for MgO:Fe'+, the relative im-
yortance of the coupling within the I"

~g spin-orbit
ground state and the coupling to the higher spin-orbit
levels may be seen by comparing the value of the term
independent of I», 155, 125, and v~5 in the expression for
G O,co) in Eq. (3.4) (this term arises from coupling
within the P5, level) with the full value of G„(f,oi)

given in Table II. Neglecting the coupling with the
higher levels of the 'T2, term, as in the interpretation of
MgO: Fe'+ or MgO: Co'+ proposed by Van Vleck" and
I.iehr, " is thus seen not to be justified unless the
Jahn-Teller coupling is in any case altogether negligible.

Another situation in which a fairly weak vibronic
coupling between nondegenerate electronic levels has
been shown to be important in determining g shifts,
etc., has been examined by Inoue. "She has shown that
such a coupling between nondegenerate Kramers doublets
of certain rare-earth ions provides an explanation, as a
result of the lattice zero-point motion, for small dif-
ferences between the observed g factors and the values
calculated on the assumption of a rigid la, ttice. Since a
Kramers doublet is not split by any distortion, in this
ca,se it is only the coupling with other levels that results
in the change in the g factor. A striking example of this
effect has recently been pointed out by Birgeneau" for
Ce'+ in the ethyl sulfates, for which the vibronic g
shift is 10jo. The second-order perturbation calcula-
tion given by Inoue" and Birgeneau" for the g shift
resulting from the coupling to the phonons is in principle
the same as our calculation for the contribution to the g
shift of MgO:Fe'+ arising from the higher spin-orbit
levels. Another ion for which vibronic coupling between
nondegenerate Kramers doublets has been shown to be
important is the low-spin ferric ion in ferri-hemoglobin
compounds, studied by Kamimura and Mizuhashi. "
In these molecules the symmetry is nearly tetragonal
but there is a weak rhombic-field splitting of the 'E
ground state. Kamimura and Mizuhashi considered
interaction with a single nondegenerate mode of vibra-

"M. Inoue, Phys. Rev. Letters 11, 196 (1963)."R.J. Sirgeneau, Phys. Rev. Letters 19, 160 (1967).
H. Kamimura and S. Mizuhashi, J. Appl. Phys. 39, 684

(1968).

tion, and found that they could account for the highly
anisotropic ground state g factor of ferrihaemoglobin
azide using values for the rhombic-field and spin-orbit
splittings of roughly the same size as As& and the Jahn-
Teller energy. Their analysis of the dynamic Jahn-
Teller effect in this case was done by a numerical
diagonalization of the infinite-order secular equation
of the vibronic problem including all these inter-
actions. Kamimura and Mizuhashi's work is thus
quite similar to our numerical diagonalization of the
vibronic secular equation for MgO: Fe'+ described
in Secs. II and III, except of course that we had higher
symmetry and were concerned with a doubly degenerate
vibrational mode.

On the basis of the calculations for the Fe'+ ion in

MgO reported in this paper, we can make a number of
speculations concerning the properties of Fe'+ in some
other crystals. For the reasons suggested by Ham, "
it is likely that the di6erence between the g factors of
Fe'+ in Cao (g=3.30) and Mgo (g=3.428) results not
from greater covalency, but from a larger Jahn-Teller

g shift in CaO. This view is supported by the observa-
tion of Chappert et al. ,

35 from their Mossbauer studies
that the orbital contribution to the hyperfine field at
the Fe'+ nucleus is smaller in Cao (corresponding to a
reduction factor -0.5) than in Mgo, while the isomer
shift indicates less covalency for CaO:Fe'+. These
results indicate a stronger Jahn-Teller interaction in
CaO than in MgO, and we are then led to speculate on
the basis of Eq. (2.14) or Fig. 1 that for Cao the energy
of the first excited spin-orbit levels I'3, and I'4, of Fe'+
may be even closer to the ground state than the value
105 cm ' found by Wong' for both of these levels in
MgO. In another case, Wigmore et a/. "have obtained
from acoustic paramagnetic resonance studies values
for the strain-coupling coefficients for KMgF3. Fe'+,
IGiil =1340~100 crn i and IG44I =1000~100 cin
which are nearly twice as large as Watkins and Feher's
values" for Mgo: Fe'+. Since the Jahn-Teller energy is
proportional to the square of the coupling coefficients,
these results suggest that KMgF3'. Fe'+ may show sub-
stantially larger Jahn-Teller effects than Mgo:Fe'+.

Note added in proof The EPR. spectrum of
KMgF3. Fe'+ has now been observed by J. T. Vallin
and W. W. Piper (private communication) and found
to be similar to the spectrum for MgO:Fe'+ reported
by McMahon (Ref. 12, Fig. 1). The g factor is found
to be g=3.37~0.02.

VI. CONCLUSION

It is our conclusion that the reduction in the spin-
orbit splitting between F&, and I'„„r4,to 105 cm ', as
observed in MgO: Fe'+ by Wong, is predominantly the
result of the Jahn-Teller coupling, and that significant
Jahn-Teller corrections occur also for other parameters

6' J. K. Wigmore, H, M. Rosenberg, and D. K. Garrod, J.
Appl. Phys. 39, 682 (1968).
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that characterize the KPR and Mossbauer spectra of
MgO: Fe'+. We estimate that covalent bonding reduces
the spin-orbit splitting in this system by at most some
10%. If we attribute the observed reduction entirely to
the Jahn-Teller coupling, we thus calculate for the g
factor of the I'» ground state a value g(1'») 3.45
&0.01, corresponding to a Jahn-Teller g shift —0.08
&0.01 from the crystal-field value g(1'so)=3.53. In
order to be in agreement with the observed value
g(I'») =3.428, this would leave a covalency g shift of
only ~—0.02, resulting from the covalent reduction in
the orbital contribution to g(1'so). We believe that these
values do represent a fair estimate of the relative im-
portance of covalent bonding and of a dynamic Jahn-
Teller effect in causing the g shift for MgO: Fe'+.

Our calculations are consistent with Wong's con-
clusion that the I"3, and I'4, levels are almost degenerate
for MgO: Fe'+ and that both contribute to the 105-cm '
absorption line. To account for this result, we find that
the Jahn-Teller coupling with Eo and Tso vibrational
modes must be more or less equally strong, and we cal-
culate that we must have a Jahn-Teller energy of
roughly 100 cm ' corresponding to each of these types
of coupling. These values are consistent with estimates
of Jahn-Teller energies obtained from the observed
values of the strain-coupling coefFicients.

For Jahn-Teller corrections to the parameters of the
Fe'7 Mossbauer spectrum at undistorted cubic sites in
Mgo, we calculate for the I'so level a 12—16% reduction
in the orbital contribution to the hyperfine field at the
nucleus, and a 5—15% reduction in the parameters cs
and c5 that characterize the quadrupole interaction.
Our analysis is consistent with the following breakdown
of the observed value —120 kOe for the saturation
hyperfine field: core polarization contribution, —360
kOe (corresponding to H,/2S= —120 kOe); orbital
contribution, +215 kOe; spin-dipolar and second-order
contributions combined, +25 kOe. From this value for
the orbital contribution we obtain the estimate (r ')rr
~4.0 a.u. for the effective one-electron average of r '
that enters the orbital interaction (this estimate includes
any reduction in (r ') that results from covalency).
Vsing current estimates for (r ') o including the
Sternheimer factors, but omitting any correction for
covalency, we would be led from the quadrupole inter-
action data on Mgo:Fe'+ to a value Q +0.19 b for
the Fe5™quadrupole moment; this value will be in-
creased when account is taken of covalency, but ac-
cording to our estimates this correction is probably less
than 10%.

APPENDIX A: JAHN-TELLER COUPLING WITH
A CONTINUOUS SPECTRUM OF

PHONONS: PERTURBATION
TREATMENT

In a more rigorous formulation of the Jahn-Teller
problem for an ion in a crvsta~. we must consider cou-

pling not with just a single vibrational mode of each
type Eo and Ts„as in Eq. (2.6), but with many such
modes of different frequencies. However, in a second-
order perturbation treatment of the Jahn-Teller coupling
as in Secs. II and III, the effect of these modes on the
energy level displacements and reduction factors is
simply additive. If the Jahn-Teller coupling is not so
strong as to make such a perturbation treatment in-
accurate, we may therefore obtain these energy shifts
and reduction factors for the lowest vibronic level
originating from each electronic level of the ion by
simply summing the correction terms in expressions of
the form of Eqs. (2.15) and (3.2), using the appropriate
frequency and coupling coefFicients for each mode.

Treating the crystal containing the Jahn-Teller ion
in the harmonic approximation" (but omitting the part
of the energy of the system resulting from the Jahn-
Teller coupling with the degenerate electronic level),
it is possible in principle to analyze the displacements
of the ions from the symmetrical configuration in terms
of normal modes of vibration classified by symmetry
type. For an orbital triplet electronic level (Tt or T&)

in OI, symmetry, it is only the even modes belonging to
Eo or Tso that can give rise to linear Jahn-Teller cou-

pling as in Eq. (2.6), so that it is only these modes with
which we are concerned so long as we do not go beyond
linear coupling. We will now illustrate such a calculation
of the Jahn-Teller effects using the case in which the
vibrational spectrum of the host crystal is considered
not to be perturbed by the presence of the Jahn-
Teller impurity ion, and we will indicate how this
calculation may be applied to MgO:Fe'-+.

We denote by I„&,. the nth component of the dis-
placement of the ~th ion in the /th cell of the perfect
host crystal, and we let R& denote the position of this
cell and 3I„the mass of the ~th ion. We then introduce
the expansion'

(A1)

2 ecj; a*(q)exj'; a(q) =&jj' q

K, A

(A2a)

P eK j;e*(q)ezj;a(q) =8ae8KK (A2b)

e' A. A. Maradndin, E. W. Montroll, and G. H. Weiss, Theor y of
Lattice Dynamicsin the JJarmonic APProximation I,'Academic Press
Inc. , New York, 1963).

'7 Our treatment of the transformation from u„~., to the
dynamical variables Qj(ql of the normal modes is taken from that
in Chap. 2 of Ref. 67, apart from some changes of notation.

where lV is the number of cells in unit volume, 0 is the
volume of the crystal, and the quantities e„, (q) are
the components of the jth eigenvector of the dynamical
matrix of the crystal corresponding to the propagation
vector q. The mode frequency corresponding to e„, , (q)
is ro, (q). The e„, (q) satisfy the relations
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~i i=i Z D'. (q)P (—q)+~'(q)Q (q)Q (—q)7
q, p

and we have the commutator relation

LQ (q) Pj (—q')7='» '~( —q'), (A4)

where A(q —q') is zero if qNq' and unity if q= q'. All
commutators involving other combinations of the I"s
and Q's are zero.

The Q, (q) are, however, not the most convenient
variables for our Jahn-Teller problem because we cannot
classify them directly according to the irreducible
representations of the point symmetry group of the
site of the Jahn-Teller ion. We may, however, introduce
a unitary transformation of all the Q, (q) having the
same mode frequency,

Q (~) =Z I', ;,«(~)Q (q), (A5)

such that the new variables Qr(&v) may be so classified.
In the summation in Eq. (A5) the quantities I'~,j «(oi)
are nonzero only for those values of j, q for which
ce, (q) = oi, and we may choose the transformation
such that

I'r: -«(~) = I'r; «*(~) (A6)

This latter condition corresponds to the fact that we

may choose the transformation matrix from the dis-
placements N„i, to the Qr(re) to be real, and Eq. (A6)
then follows from Eqs. (A1) and (A5) when we use
Eq. (A2c). We also make the corresponding transforma-
tion of P, (q),

P,, ( ) =P I'. ..,,( )P, (q). (A7)

Using the unitary character of the transformation
matrices I'7,.j«(&u) and the relation (A6), we then find
from Eq. (A4) that Qr(oi) and Pr (oj') satisfy the com-
mutator relation

LQr (oi),P7'(oi') 7= ij'r err D(oi —oi'), (AS)

while from Eq. (A3), we obtain the lattice Hamiltonian
in terms of the new dynamic variables

~i.i =Z 2LP.'(~)+~'Q~'(~) 7. (A9)

(A2c)

In terms of the new dynamical variables Q;(q) and the
canonical momenta P, (q), the vibrational Harniltonian
of the lattice takes the form

Q, '= —.,'(Xi—X4—I 2+ Fg),

Qt' = —,'-(Z2 —Z6+ F3—Fe),

(A10b)

(A10c)

etc. , where X„, I'„, and Z„denote the displacement of
the nth oxygen ion from its equilibrium position, and
the ions numbered one through six are at the sites
(-,'a, o,o), (0,—,'a, o), (0,0,—,'~), (—;~,0,0), (0, —-', ~,0), »d
(0,0, ——',a), respectively, relative to the Fe'+, a being
the lattice constant of MgO. As in Eq. (2.6),the Jahn-
Teller coupling is given" by

acr, ——UE'(Q~'be+Q, '8,)+U&'(Q, V'~

+Q «&.+Qr'&r) (A11)

We now substitute from Eq. (A1) into Eq. (A10)
obtaining

(A12)

where

A&, (q)=2i(3) '"I eo, ,(q) sin-,'aq, ,'eo;, (q—)—sin2raq

,'eo, „(q)—si—n-,'aq„7, (A13a)

A„(q) =ir eoj, (q) sin2raq, —eo, „(q) sin-,'aq„7, (A13b)

Ar j(q) = iLeoj,(q) sin2raq„+ eo, ,„(q) sin-,'aq, 7, (A13c)

etc. , and we have replaced a by 0 in e„, (q) to indicate
that we are now concerned only with the displacements
of the oxygen ions. Substituting from Eqs. (A12)
and (A13) into Eq. (A11), we would therefore obtain
the Jahn-Teller coupling expressed in terms of the prop-
agating normal modes Q, (q) of the lattice.

Before making the final transformation of Eq (A5), .
we will introduce several simplifications into our model
in order that the results of the calculation can be put

and T2, then has the form of Eq. (2.6) for each set of
such modes. We may obtain explicit coupling coe%cients
for each such mode if we use Eqs. (A1) and (A5) to
relate the Qr(&v) to the atomic displacements u„i, and
if we can estimate the coupling of the Jahn-Teller ion
to each such displacement. Carrying this procedure
through of course requires that we know the e„;, (q),
and that we have worked out the appropriate I'~ j«(o&).

Let us suppose for MgO:Fe'+ that the Jahn-Teller
coupling is only with the displacements of the
octahedron of six oxygen ions surrounding the Fe'+.
We define E, and T2, symmetrized coordinates in
terms of these displacements as follows:" "

Qg' ——(12)—i(2Z3 —2Z, —X,+X4—F~+ F;), (A10a)

Comparing Eq. (A9) with the vibrational Hamiltonian
in Eqs. (2.10) and (2.11) used in our Jahn-Teller cal-
culations, we see that the Qr(oi) represent suitable modes
of vibration for use in such calculations if we take the
effective mass p to be equal to unity. The coupling of
the jahn-Teller ion to those Qr(oi) belonging to E,

' The coupling coeKcients VE' and Vr' in Eq. (A11) are identi-
cal with the coefficients Vz and Vz that are appropriate to Eq.
(2.6) when the Jahn-Teller vibrational modes are considered to
be normal modes of the octahedron of nearest-neighbor oxygen
ions. Therefore, Vz' and Vz' may be related to the strain coef-
ficients as in Eq. (4.33) with D and D' given under the appropriate
assumptions by Eq. (4.35).
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in an explicit and simple form. These simplifying as-
sumptions are not accurately fulfilled for a crystal such
as MgO, so that our result will be at best illustrative,
and should therefore not be applied quantitatively for
Fe'+ in MgO. Ke assume that the phonon spectrum of
the crystal is an isotropic Debye spectrum with a cut
off frequency ~D, and that the transverse and longi-
tudinal sound velocities have the same value e,. We
also assume that we can put eo;,. (4I) in Eq. (A13)
proportional to the components of a unit vector e, (q)

where we have

~o'; (4I)=f( )e (41)

e(a) e'(q)=~ '

(A14)

(A15)

for the three degenerate modes of a given q, and where
we assume that f(co) depends only on the frequency,
and satisfies f(co)&1 to be consistent with Eq. (A2).
In order that, for a given frequency co,there be a single
symmetrized vibrational mode QT(&u) of each type
(y= 0, 4, $, 2/, i) with which the Jahn-Teller coupling
occurs, we then choose for these modes in Eq. (A5)

I', ; 2(~) = C,(~)~7/(e)~[~/(a) —~7, (A«)

where C~(cd) is given by Ci(&u) for p= 8, 4, and by C2(e)
for y= $, 2/, {.It may be verified from Eq. (A13) and
symmetry considerations that for these Ave modes the
requirement

action Harniltonian

~JT (+Q~o)—1/2 p {VJ2cC1 1(~)

—[(Vrc)2/XQ3Eo7 P (a
—'C2 2((v)F1(g,a)), (A21)

or, on substituting from Eq. (A18), replacing the sum-
mation by integration, and carrying out the angular
integrals over g space we have

ZZ(1'„)=—(V c)2+2(V' c)2

47l-'V, '.VM 0

x[Q2(~)&4+Q (~)&.7+Vr'C '(~)

&&[Qr(~)«+Q.(~)&.+Qr(~) &r7) (A2o)

expressed in terms of the normal modes of the lattice
Hamiltonian (A9), with one such mode of each type
E, and T2, for each frequency ~. We may, therefore,
apply the perturbation results of Secs. II and III
directly to the present calculation if we identify
V/2 and Vr in Eq. (2.6) for each set of modes with
(XIV ) '/'V 'Ci '(ru) and (EQMo) '/'Vr'C '(~) re-
spectively, take /4/2=/4r ——1 in Eq. (2.9), and sum the
sects for the modes of diferent ~. For the energy
shift of the I'5, ground state of the Fe'+ ion, for ex-
ample, we obtain from Eq. (2.14a)

/4 E(1'2c) = —[(Vs')'/2 VQM o7 P co
—'Ci—'(id) J 1(i,&u)

is satisfied if the real numbers Ci(a&) and C2(~) are chosen
to make the normalization correct; that is if

sin acr v,
f'(~)J'18 ~) 1—

a(o/2/.
cko. (A22)

Ci '(&u) =f-'(u&) g [e,,(q) sin2a/t, —e,„(4I) sin2aII„7

y/41[(o —s), (q)7, (A18a)

C2 '(~) =f'(4J) P [e;,(41) sin'2a/b+e;„(q) sin 2a/I, 7'
jiq

&&6[40—M;(4I)7. (A18b)

Other modes of the same frequency cu are formed by
other orthonormal combinations of the Q, (q), but since
these do not participate in the Jahn-Teller coupling,
we do not have to consider them.

Substituting the inverse of the transformation (AS)
into Eq. (A12), and using Eq. (A16) and the unitary
property of the I'~, 2(&u), we obtain the expansion

Q
c (/VQ3IIO)

—1/2 Q C —
1(cci)Q (~) (A19)

Inserting this in Eq. (A11), we obtain finally the inter-

Similar results are obtained for AE(1'2,) andhE(1'4, ),
with the integral over co being given its principal value
for those terins in F2(|,co) and F4({',a&) for which the
denominators have zeros within the range of integra-
tion. Taking the principal value corresponds to cutting
out the narrow band of phonons having the same energy
as the separation of the I'3, and F4, levels from F5,.
These resonant phonons contribute to the lifetime of the
13, and 1'4, levels and therefore give these levels a
nonzero width. In a similar way, we obtain from Eq.
(3.2) the reduction factor Xz, in the I"4, ground state,

(V c)2+2(V&c)2 wD

&1= —2+ — & 'f'(~)G1G)&)
4~ he%'3II o~s' 0

sin(a(u/2/, )
X dco

~

a40/2/c

and corresponding results for the other reduction
factors.


