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Statistical electron-density distributions and Thomas-Fermi-Dirac (TFD) screening func-

tions have been obtained for a total of 394 positive ions of elements having integral atomic

numbers up to Z= 105, for 117 values of radial distance from the ionic center in each case.
For degrees of ionization 1 through 4, the starting values of Z are 5, 6, 9, and 10, re-
spectively. These solutions were calculated, in part, by using Thomas' solutions of the TFD

equation in terms of the statistical electron distributions for nonintegral values of Z and

Jensen s boundary conditions. Values for singly ionized cesium and francium; doubly ionized

barium and cadmium; triply ionized lanthanum and actinium; and quadruply ionized cerium

and thorium are given here. The complete set of tables for all 394 ions has been deposited

with ASIS National Auxiliary Publications Service.

I. INTRODUCTION

In a previous paper, ' statistical electron-den-
sity distributions and Thomas-Fermi-Dirac'
(TFD) screening functions were given for neutral
ground-state atoms having atomic numbers Z = 2

to Z= 105. In a very broad class of problems, '-"
however, a detailed knowledge of electron den-
sities and/or screening functions for ions (rather
than for neutral atoms) is required. In principle,
an exact quantum-mechanical solution of the many-
electron problem, in the presence of appropriate
nuclei, should furnish the desired data. In prac-
tice, however, such exact solutions, except for
the very simplest systems, are not presently
attainable. " It is one of the salient features of the
TFD approximation that it turns this very obsta-
cle to exact solution, i.e. , the many-body aspect
of the problem, the good advantage by treating
the atomic electrons statistically. Consequently,
(other things being equal) the resultant statistical-
density distributions can, in fact, be expected to
be the more realistic the larger the number of
electrons present.

In contrast to the simpler Thomas-Fermi (TF)
approximation, the TFD model does take electron

exchange effects into account and also minimizes
the spurious electronic self-interaction energy.
In many instances, these distinctive features
render the TFD model decidedly more accu-
rate, ' but the improvement is obtained at a
price. For, whereas the TF solution can be ex-
pressed in universal form, i.e. , applicable to
g/l Z, the corresponding TFD problem must be
solved anew for each atomic and ionic species.
TFD solutions for neutral atoms have been dis-
cussed elsewhere. "' ' " " Solutions for posi-
tive" ions of about one-quarter of the known ele-
ments and carrying various nonintegral net
charges" Zz, have been computed by Metropolis
and Reitz. " The most complete ionic solutions
published to date, however, are those given by
Thomas, ' using Jensen's boundary conditions"
and covering degrees of ionization N= 1 to N= 4.

While the N's in the latter solutions are integral,
the effective atomic numbers Z associated with
these "ions" are not. To obtain the corresponding
values for the actually occurring ions, i. e. , for
integral Z, four- or five-point Lagrangian inter-
polation is required if the accuracy of the ori-
ginal tables is to be preserved. ' In view of the
overwhelming number (to a human computer) of
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operations involved in such interpolations (about
10'), even when applied solely to the determina-
tion of, say, the electron density distribution p
as a function of radial distance x from the ionic
center, this procedure is evidently carried out
best by machine calculation. Moreover, as
Thomas' tables give the values of r'" p rather
than the physically more interesting quantity p
itself, it is necessary also to divide out the factor
r'/' for each Z, N, and r. Lastly, solutions in
terms of the frequently useful' TFD screening
functions g are not given in Thomas' work at all.

In conjunction with recent work on various
single-center properties' of positive ions, as
well as on certain binary ion-atom and ion-ion
interaction energies indicated elsewhere, ' a
knowledge of the quantities p (Z, N, r) and

g (Z, N, r) was desired, and their calculation per-
formed on a high-speed electronic computer. It
is the purpose of the present paper to make these
solutions generally available for use in the many
areas, suggested above, in which the TFD model
of positive ions is applicable.

II. THEORETICAL BACKGROUND

The fundamental differential equation embodying
the TFD model is '

p = o'0[(V —Vo+ro')"'+ &0] (II.8)

The boundary conditions for Eq. (II. 1) are

lim[r(V V-, +r,')] = Ze,
r-0

(11.9)

(v- v, +7,') = (—,', ) r,',
fp

(II. 10)

aJld (-dV/dr) = (Z-N )e/r, ', (II. 11)

reflecting, respectively, the requirements that V
reduce to the proper Coulombic form appropriate
to the immediate vicinity of the nucleus; and that
both V and the electric field E = —SV/&r be con-
tinuous at the ionic boundary r =xp It may be
noted that the second of these three conditions,
i. e. ,

V(r.)=(z —N )e/r. (II. 12)

may, with the aid of (II. 2), be written as shown
in (II. 10).

For the electron density p, =p(r, ) at —the ionic
boundary ro one finds from (II. 8), and using (II. 2)
through (II. 6), that

V'(V- V, +r, ')=4vo, e[(V- V, +r, ')'~'+r. ]', (ri. 1) p0= —,'(K /K&)'= 0. 002 1275/a ',
0 ' a (II. 13)

where

V =[(Z-N )e/r ]+(~)r,',

v' =(4K '/15K e)'~=0. 22508(e/a )'+,
0 a k 0

K = (-')(3/&)«3e' = 0. 738 56 e2
a

K = (0 3)(3v') 'e a = 2. 8712 e a Ik 0 ' 0'

cr =(3e/5K p'=0. 095527/(ea )"'
0 0

(II. 2)

(II. 3)

(D. 4)

(11.5)

(II. 6)

a value evidently independent of Z and of N, and
thus the same for all TFD atoms and ions. Fur-
thermore, in view of the constant terms appear-
ing on the right-hand side of Eq. (II. 8), it follows
f rom the normalization condition

KQ

f pdv =4vf pr'dr =N (D. 14)

x= r/p (II. 15)

(dv = volume element, f1 = atomic or ionic volume),
that r, must be finite, and thus p(r) = 0 when r )r, .

In order to simplify the basic Eqs. (II. 1) and
(II. 2), one customarily defines two dimensionless
variables, namely, a distance parameter

and a„e, N, r„and V, respectively, denote the
first Bohr radius in hydrogen (a, =0. 52917 A),
the magnitude of the electronic charge, the num-
ber of electrons per ion, the radius of the TFD
ion (assumed to be spherically symmetric), and
the electric potential.

In view of (II. 1), along with Poisson's equation

and the so-called screening function"

q(x)=(r/Ze)(V- V, +r,')
with

(II. 16)

P, = r, (p/Ze)' ' = 0. 211 78Z "' (II. 18)

p = (4v&o) ' "e 'Z ' "= 0.885 34Z '"a„(II.17)

and a constant

&2V=+ 4mep, (11.7)
The fundamental TFD Eq. (II. 1) then becomes

where p is the number density of electrons, and
by observing also that V, and Tp are constants for
a given ion, it follows that d'q/dx' = x[(q/x)'"+P, ]' (II. 19)
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Zf xg dx =N
0 e

(11.22)

whence, by partial integration and use of (II. 20),
one has

where N = Z-N
e

(11.23}

(II. 24)

again denotes the degree of ionization. In terms
of the new variables x and P, one finds from (II. 8)
that the electron density is

p(Z, N, x) = (Z/4vg')[(g/x)' '+P, ]'

= (Z/4vy, ')q "/x, (II. 25}

and from (II. 16) that the electric potential is

V(Z, N, r) = (Ze/r)q+V, (II. 26)

where, in addition to the explicit appearance of Z
and r, V, depends on N through Eq. (II. 2); x de-
pends on r and Z through Eq. (II.15); the param-
eters p0, p depend upon Z through Eqs. (II.17) and
(II.18); and finally, g depends on Z, N, and r
through Eqs. (II.19)-(II.21}and (II.23)

"Inverting" Eq. (II. 25), after clearing constants
and simplifying, yields for the screening function

g(Z, N, r) = (r/Z)A(p' ' —B)',

where A = —'(3v') B = (3v') ' '
(11.27)

(II. 28)

Equations (II.25)-(II.27) constitute the main ana-
lytic results of this section.

III. DISCUSSION OF THE RESULTS

A. Electron-Density Distributions

Using as input, for each degree of ionization
N=1 to N=4, Thomas' data' for the "multiplied"
electron densities r' 'p corresponding to nonin-
tegral Z at 117 relative radial distances r/r,
ranging from 10 ' to 1, a high-speed electronic
computer was programmed, first, to perform the
five-point Lagrangian interpolation (over Z) re-
quired to yield the corresponding multiplied den-

with the correspondingly transformed boundary
conditions (II.9) and (D. IO) now reading

(11.20)

(I1.21}

where x, =r,/p. Letting primes denote differen-
tiation with respect to x, it can be shown that the
third boundary condition (II. 11), or the equivalent
Eq. (II. 14), can be written

sity distributions r' 'p, as accurate as those in
the input, for integral values of Z. In order to
extract from these intermediate results the elec-
tron densities p proper (rather than the quantities
r' 'p), the computer was further instructed to
divide out the extraneous factor r' '. Lastly, to
further facilitate use of the final results, the 117
actual distances r (rather than the mere ratios
r/r, ) were computed for each of the various
species of ions (Z, N).

Following Thomas' work, 2 the density distribu-
tions determined here all go up to Z = 105, in-
clusive. The starting values of Z, on the other
hand, vary with ¹ Specifically, as N takes on
the values 1 through 4, these starting values are
Z=5, 6, 9, and 10, respectively.

The results thus obtained for the statistical
electron-density distributions p as functions of
integral atomic number Z, radial distance r, and
degree of ionization N, along with the correspond-
ing values of r, (all in atomic units), are given in
Tables I through VIII. In accord with the pro-
cedure followed in the previous paper' (dealing
with neutral TFD atoms), electron densities of
only two representative elements for each degree
of ionization are given here in full. " Inasmuch
as this selection had to be made from among a to-
tal of 101+100+97+96= 394 different kinds of
ions, a certain degree of arbitrariness in arriv-
ing at this selection was patently unavoidable.
Two criteria, however, were employed with a
view to optimize the usefulness of the eight cases
selected. (1) As is well known, the TFD model
applies optimally to atoms or ions possessing
closed-shell (or rare-gas) electron configurations'
(2) As already mentioned in Sec. I, the larger the
number of electrons present, and hence the more
difficult the exact quantum-mechanical determina-
tion of p, the more realistic is the statistical ap-
proximation. Accordingly, from among each of
the four N groups, only the two heaviest ions with
closed-shell electron configurations were selected:
Cesium (Z = 55) and francium (Z = 87) for N = 1;
barium (Z = 56) and radium (Z =88) for N= 2; lan-
thanum (Z = 57) and actinium (Z = 89) for N = 3; and
cerium (Z= 58) and thorium (Z =90) for N=4. For
reasons pertaining to the internal operation of the
high-speed computer, the values of r, p, and g
each had to be printed out in "floating - point"
form, with the symbols E+ab or E-ab signifying
that the decimal fraction immediately preceding is
to be multiplied by 10a& or 10-a&, as the case
may be.

The accuracy of these results was checked in
two ways. The first of these consisted in com-
paring the value of p(r, ) in each case with the
standard value'~' 0. 002 1275/a, ' of Eq. (II. 13)
above. This procedure showed complete agree-
ment to three significant figures in practically all
cases, with the largest error in the third signifi-
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TABLE IX. Magnitudes (in %) of maximum discrep-
ancies bp (max) between electron densities interpolated

by hand and by machine, respectively.

4 p(max), % 0.367 0.470 0. 541 0.781

Sec. II with the appropriate numerical results of
Sec. III, some problems of considerable current
interest, " "whose quantum-mechanically exact
solutions are entirely impractical, can be solved
with relative ease (but, of course, at the expense
of reduced exactness). For example, from Eq.
(IL 26), andusingalsoEqs. (II. 2)and(II. 3)wehave

cant figure not exceeding unity, or an error e of
less than - 0. 5% in the density p(r, ) A. similar
error estimate was obtained by means of the
second method, which consisted in interpolating
"by hand" at some 12 judiciously selected points
within each N group and comparing the results so
obtained with those provided by the machine. The
maximum discrepancies ) n, p(max) ) thus found
are shown in Table IX. [The author has no ready
explanation for the observed monotonic increase
of n p(max) with N. ] We do note that the maxi-
mum value of & p for all N is less than 0. 8%.

B. TFD Screening Functions

From Eqs. (11. 27) and (II. 28) we have, to five
significant figures, that

((Z, N, r) = 4. 7854(r/Z)(p'~' —0. 102 89)', (III. I)

where r is in atomic units (a, = 0. 529 17 A), and p
is in units of a, '. Using Eq. (III. 1) along with

the densities p determined as described above,
the high-speed computer was also programmed to
calculate the values of the TFD screening function
tI) at the same 117 radial distances x that were
used above in conjunction with the tabulation of

p(Z, N, r} and for the same 394 different types of
ions. The results for the eight elements selected'4
are also recorded (to save space) in Tables I
through VIII.

Accuracy of the g values was tested, firstly, by
checking how closely they satisfied the two bound-
ary conditions (II. 20) and (II. 21); and secondly,
by "hand calculating" carefully chosen values of

P at some eight points within each N group, or at
a total of -32 points. Inspection of Tables I
through VIII shows that condition (II. 20) is satis-
fied accurately to within at least three significant
figures, thus making the error in P(0) less than
-0. 04/q for all (Z, N) here considered. Essentially
the same is found to hold with resp ct to condition
(II. 21). The results of checking the P values by
means of the second method stated above are sum-
marized in Table X. [No simple explanation is ap-
parent for the observed monotonic decrease of
AP(max) with N, ] It is seen that the maximum
value of hg does not exceed 0. 02%.

Z —N
e 1 r ~ra, (III. 2)

where the units of V are e/a, (=27. 210 V). In this
approximation, the interaction energies U(R) for
binary systems comprising a TFD ion or atom
(characterized by given Z and N) and a completely
stripped ion of nuclear charge Zs is

U(Z, N, R;Z ) =Z V(Z, N, R), R sR, (III. 3)s s
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TABLE X. Magnitudes (in %) of maximum discrep-
ancies D ~,(max) between screening functions calculated

by hand and by machine, respectively.

where R here denotes the distance between centers
of the interacting atom-ion or ion-ion pair, and
R0=r0. Specifically, for a proton, Zs =1; for
an o. particle, Zs = 2, etc. Keeping in mind the
nature of the model on which Eq. (III. 3) is based,
it is at once apparent that, other things equal,
(III. 3) will apply optimally (i) in the presence of
an electron-rich atom or ion (Ne = (Z —N) large];
(ii} in a situation in which distortion of the ionic
(or atomic) electron cloud is negligible; and (iii)
when R & R, . This is so because for R ~ Ro,
V = (Z -Ne)/R, and this latter expression clearly
underestimates the exact (quantum-mechanical)
potential since ions (or atoms), in fact, do NOT
possess sharply defined finite "boundaries" at ~„.
Using the screening functions P, determined as
described in Sec. III B, the potentials V and the
corresponding quantities U(Z, N, R; Zs) with Zs
= 1 and 2, respectively, have also been obtained~
by the writer for the 104 neutral atoms as well as
for the nearly 400 ions discussed in Sec. III A
above.

C. Some Appiications

Combining some of the analytical results of
lD 4(max) l, % 0. 0200 0. 0153 0. 0145 0. 0139



56 ADOLF A. ABRAHAMSON 185

Work supported by the U. S. Atomic Energy Commis-
sion and by the National Aeronautics and Space Admin-
istration.

A. A. Abrahamson, Phys. Rev. 123, 538 (1961).
L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542

{1927).
E. Fermi, Z. Physik 48, 73 {1928).
P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26,

376 (1930).
P. Gombas, Die Statistiche Theoric des Atoms. und

Ihre Anwendungen (Springer-Verlag, Berlin, 1949):
P. Gombas, in Handbuch der Physik, edited by S.

FlGgge (Springer-Verlag, Berlin, 1956), Vol. 36.
A. Dalgarno, Planetary Space Sci. 3, 217 (1961).
I. Amdur and J. E. Jordan, in Advances in Chemical

Physics, edited by J. Ross (Interscience Publishers,
Inc. , New York, 1966), Vol. X, p. 69.

E. Everhart and Q. C. Kessel, Phys. Rev. 146, 27
(1966).

C. F. Giese, in Advances in Chemical Physics,
edited by J. Ross )Interscience Publishers, Inc. , New
York, 1966), Vol. X.

fiI. Amdur, H. Inouye, J. Los, and A. J. H. Boer-
boom, Entropic ~18 79 (1967).

12G. J. Dienes, R. D. Hatcher, and R. Smoluchowski,
Phys. Rev. 157, 692 (1967).

13D. Jaecks, F. J. De Heer, and A. Salop, Physica
36, 606 (1967) ~

P. Jespergard and J. A. Davies, Can. J. Phys. 4~5

2983 (1967).
W. D. Wilson, R. D. Hatcher, G. J. Dienes, and R.

Smoluchowski, Phys. Rev. 161, 888 (1967).
F. J. Zehr and H. W. Berry, Phys. Rev. 159, 13

(1967).
C. R. Fischer, J. Chem. Phys. 48, 215 (1968).
D. Onderdelinden, Can. J. Phys. 4~6 739 (1968).

fLz. W. Saris, W. F. Van Der Weg, and J. Kistemaker,
Phys. Letters 26A, 592 (1968).

20H. A. Bethe, Intermediate Quantum Mechanics
(W. A. Benjamin, Inc. , New York, 1964), p. 63.

A. A. Abrahamson, Phys. Rev. 130, 693 (1963).

A. A. Abrahamson, Phys. Rev. 133, A990 (1964).
R. P. Feynman, N. Metropolis, and E. Teller, Phys.

Rev. 75, 1561 (1949).
N. Metropolis and J. R. Reitz, J. Chem. Phys. ~19

555 (1951).
P. Gombl. s and R. Gaspar, Acta Phys. Hung. 1, 66

(1952).
R. Latter, J. Chem. Phys. 4~1 2275 (1964).
Negative ions are unstable in both the TF and TFD

approximations. See ref. 5, p. 66 ff. and p. 88 ff.
In units of le I, the magnitude of the electronic

charge.
H. Jensen, Z. Physik 93, 232 (1935).
E.g. , ionic factors, polarizabilities, and dia-

magnetic susceptibilities (unpublished) .
A. A. Abrahamson, R. D. Hatcher, and G. H. Vine-

yard, Phys. Rev. 121, 159 (1961).
For proof of the results given in this section, see

Refs. 5 or 6.
The reason for this designation of g is discussed

fully in Ref. 1 and therefore not repeated here.
Space limitations do not permit inclusion here of

the corresponding results for the remaining 386 types
of ions. The complete set of tables of density distri-
butions and of screening functions for all 394 ions has
been deposited as Document No. 00448 with ASIS National
Auxiliary Publications Service, c/o CCM Information
Sciences, Inc. , 22 West 34th St. , New York, New York
1001. A copy may be secured by citing the document
number and by remitting $3.00 for photoprints, or
$1.00 for 35-mm microfilm. Advance payment is re-
quired. Make checks or money orders payable to ASIS-
NAPS.

L. T. Chadderton, Thin Films ~1 157 (1968).
M. Lnntz and R. H. Bartram, Phys. Rev. 175, 466

(1968).
37R. S. Nelson, The Observation of Atomic Collisions

in Crystalline Solids (North-Holland Publishing Co. ,
Amsterdam, 1968).

M. J. Norgett and A. B. Lidiard, Phil. Mag. ~18

1193 (1968).


