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Canonically equivalent families of spin-zero meson nonlinear Lagrangian field theories in which the
underlying symmetry is SU () X SU (#) are rewritten in terms of currents. A completely symmetric theory
is shown to provide a canonical representation of an SU (%) theory of currents of the same structure as
Sugawara’s. The model does not provide a representation of Sugawara’s K (n) theory of currents; however,

a comparison is made between the two models.

I. INTRODUCTION

HE possibility that strong-interaction physics can

be formulated in terms of current densities with-

out introducing explicit particle fields has been explored

by various authors, and the numerous merits of such a

theory have been discussed.~* The feasibility of such a

theory was demonstrated by the fact that certain

familiar field-theoretic models (in particular, the quark

model and the neutral scalar-meson model) can be
rewritten in terms of current theories.

Recently Sugawara® has constructed a completely
internally consistent field theory in which the only
dynamical variables that appear are currents obeying
the algebra-of-fields® commutation relations. Even if we
do not take the Sugawara model in its exact (over-
symmetric) form very seriously, it has many attractive
features, and is at worst a further demonstration of the
feasibility of a currents-as-coordinates theory.

With its obvious associations with the algebra of
fields, the Sugawara model was shown? to be a particular
limit of the Yang-Mills® theory. As a further develop-
ment to the understanding of the model, Bardakci and
Halpern,® and Sugawara and Yoshimura!® have obtained
a canonical representation, closely related to the o
model,!* of Sugawara’s theory in which the algebra of
the charges associated with the currents is that of
SU(2). In this paper we elucidate this approach and
extend it to the case of general SU (n).

More precisely, we consider families of canonically
equivalent Lagrangian field theories in which the only
fields appearing are a set of V=#%—1 spin-zero mesons
transforming nonlinearly under K (#)=SU (n) X SU (n) .22
The Lagrangian is constructed so that it is K(n)-
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symmetric—the mesons are then massless. On intro-
ducing canonical quantization for the fields, the currents
defined by Noether’s theorem provide a representation
of an SU(n) theory of currents having the same
algebraic structure as Sugawara’s symmetric SU ()
theory of currents. The model does not, however,
provide a canonical representation of Sugawara’s K (n)
theory of currents.

In Sec. V, for a more complete translation of the spin-
zero-meson model in terms of currents, we introduce a
K (n)-symmetry-breaking term into the Lagrangian and
write the stress-tensor—current commutation relations.

For completeness and for later reference we will
specify Sugawara’s symmetric SU (r) and K (1) theories
of currents.®

In the symmetric SU (#) theory of currents, we have
currents C#;, =1, - -+, N, obeying the algebra-of-fields
equal-time commutation relations®

[C°:(2),C% () Jzompo =16:52C, (%)8(x—Y)
[C%:(x),C*i(9) Jaomyo=1Ci;:C %k (x)8 (X —Y)

M

d
—5(x=y), ()
[C*:(%),C% (%) Jeom0=0, : 3)

where a= const, and c;;;, are the structure constants of
SU (). The stress tensor is given by

+ia§i_,

grr=—3a ({C+,C*:} —g*C?C ) (4)
and the currents obey the equations of motion

IHC?;— 8’C*i=3%a""¢;;1{C*;,C"x} . (5)
We shall denote this symmetric SU (#) Sugawara theory

by S.(C¥#; a).

Sugawara’s symmetric K () theory of currents is the
direct sum of two symmetric SU (#) theories of currents
Sa(J# ;30 ®S.(J#_; ¢), where the currents J#,; and
J*_; commute at equal times. The currents are defined

through
Jrp=3(Vri=A*s), (6)
where V#; and A*; are interpreted as the usual (physi-
13 Throughout this paper Latin letters are used for SU(x)

indices and Greek letters for Lorentz indices (u, », p=0, 1, 2, 3;
a, B, 7=1: 2; 3)-
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cal) vector and axial-vector currents. The stress tensor
in this theory is then

O = Gur -7
=—gc [V, Vi {Ar, 4733

—g (Ve iV, Ard,)]. (7)

II. MESON FIELD TRANSFORMATION
PROPERTIES AND COVARIANT
DERIVATIVES

Suppose T; and X; (1<i<N=n?—1) are the
Hermitian charges associated with a set of currents £;
and x; and that they obey the K(n) commutation
relations

(8)

©)

Then the charges Qi ,=%(7,4=X,) generate the com-
muting SU (n) factors of K (n). These charges are as-
sumed to be functionals only of a set of V spin-zero
meson fields and their space-time derivatives. Assume
the transformation properties of these fields M ;(x) to be
given as

[T T/ ]=[X X ]=iciiTx,
I:Ti,ijz iciij/;.

[To,M;]=1c:;sM s, (10)
i.e., M, transforms as a vector under the SU(n)
subgroup generated by the charges 7';, and

[X oM ;]=iF i;(M), (11)
where F;;(M) is independent of the field derivatives and
satisfies'*: (i) analyticity at the origin M;=0, since
inverse powers of the fields are not defined, and (ii)
consistency conditions arising from the Jacobi identities,
viz.: (a) F; transforms as a tensor under the SU (1)
subgroup generated by the 7', and (b) F,; must satisfy
the equation

F ;1 AF i,

Fii=cijicimM m.

(12)

il

oM, oM,

Two solutions of Eq. (12) are F;j=2=c;js M [then M
would transform linearly under the K () group]. It can
be shown that all other solutions of Eq. (12) are
nonsingular, i.e., F;;(0)=fd;;, where f is a nonzero
constant, and nonlinear in M, e.g., 3*F;;(0)/0M ,0M ,,
#0. Furthermore, it can be shown that the nonsingular
solutions of Eq. (12) are canonically equivalent to one
another.”? In the following, we shall only consider the
fields with nonlinear transformations.

It will be convenient to use the charges Q. ; and write

[QuoM;]=1i5(cijxM £ Fij)=1d "y 5(M). (13)

1 For a detailed treatment of the tensor F;; in the case of K (2),
see S. Weinberg, Phys. Rev. 166, 1568 (1968). For a full treatment
in the general case K(n) or for the particular case K (3), see
Ref. 12.
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In terms of the transformation tensors d—'i;;,'° the
Jacobi identities read

ad“]i ik ad l:}_—_ik
i A yi=ciid g,  (14)
oM, oM,
od™1_j 9d™ 1
Tt L 1=0; (15)
oM, oM,

or, since the transformation tensors d~'y,; are invertible
(as implied by the notation), Eq. (14) can be written

ad:{:i}c é)dd: ik
- ’ =Clmkd:}:ildijm- (16)
oM; oM;
The important result
d+{kd+jk=d—ikd—jk (17)

can be proved directly from Eqs. (14)-(16) after some
algebraic manipulations.'?

If we now make the assumption (which is really an
assumption on the symmetry breaking, if any)

[aOQ:i:i(t),Mj(x)]xtFi:O ) (18)

then the transformation properties of the field deriva-
tives are determined by the transformation properties
of the fields. The meson-field covariant derivatives are
defined by d*y;=98*Mdy;;. They are linear in the
meson-field first derivatives, and they transform ac-
cording to the representations (#,0) and (0,N), re-
spectively, of K (n),

[Qs0dtyil=1cijd sx,
[014d*+;1=0.

This can be seen as a direct consequence of the Jacobi-
identity conditions (14) and (15). In terms of the
covariant derivatives, Egs. (16) and (17) can now be
written, respectively,

(19)
(20)

0%dtyi— OMd” L i= 5Ci{d* 15,7 1k}

d#Jridﬂ_H.: d"—id"—i,

(21)

for all u. (22)

III. SYMMETRIC LAGRANGIAN

Up to this point all the results are algebraic conse-
quences of the equal-time commutation relations Eqs.
(8)—(11) of the fields M ; and the charges Q. (M) whose
existence as functionals of the fields is assumed, and of
the assumption (18). The existence of the functions
dy:;(M) satisfying Eqgs. (14) and (15) is known.??:* In
the following, we proceed to realize the charges as
functionals of M. To do this we will proceed inductively,
for the reason of plausibility, and postulate a Lagrangian
and canonical commutation relations for the fields,

15 The notation here coincides with that used by L. S. Brown,
Phys. Rev. 163, 1802 (1967).
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thereby obtaining the required currents (and hence
charges) by Noether’s theorem. We stress, however,
that an alternative procedure at this stage would be
simply to postulate the appropriate commutators [ Eq.
(31)] in an apparently ad hoc manner and verify that
the proposed functionals [Eq. (32)] satisfy all the re-
quirements to represent the currents, and then show
equivalence with the Lagrangian formalism. Equations
of motion for the fields are not utilized until Sec. IV.

Consider the construction of a K (#)-invariant meson
Lagrangian £, which is at most quadratic in the meson
first derivatives and contains no higher derivatives.
First, we note that no nontrivial K (z)-invariant func-
tion of the M, alone can be constructed!?; hence there
is no mass term. Accordingly, consider a term of the
form!®

L= Li;(M)3*M 0,M ;=L ;;(M)d*y(M)d,y;. (23)

It can be shown that for K (1) invariance L ;; must be
of the simple form

Lysi=—%/%:;,
where the constant has been chosen so that the La-
grangian contains the conventional kinetic term £,
=—30*M 0, M+ ---. The required currents C*y;

=1(*;4=x*;) now turn out, according to Noether’s
theorem,

(24)

0L,

Cryi=—i———]Qy,M j]= —% f2d"si,

a9 (anM j) (25)

to be proportional to the meson covariant derivatives.
Hence in terms of the currents the Lagrangian takes the
familiar current X current form

Ly=—2f2CH Cpypi=—2f2C+_Cy;

=— 3PP duita* i) .
Note that for the last equality in Eq. (26) we have used
{t#:2.:3=0, (27)

which, in turn, is a direct consequence of Eq. (22). The
usual definition of the stress-energy-momentum tensor,
when written in terms of currents, yields

(26)

v o= —2f2({C¥44,C74i} — g CP1iCo1i) (28a)
=—2f2({Cr_i,C’—i} —g#"CP-iC i) (28b)
=—3 [Pt {ak a7

—g (P dpitara,) ], (29)

Equation (29) has the same form as the stress tensor as
introduced by Sugawara in his K (z) theory of currents
[Eq. (7) with ¢= f2, and where ¢ and x appear instead of
V and 47]. Equations (28a) and (28b) have the same
structure as the stress tensor in Sugawara’s SU (n)
theory of currents [Eq. (4) with e=1f?, and where Cy.

16 Tn the following, we neglect all problems associated with the
ordering of the operators.
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appear instead of C7]. Again, in terms of currents, Eq.
(21) takes the form

HC?y i—Cr =21 {C*45,C7i} . (30)

This is precisely theform of the SU (1) current equations
of motion which arises in Sugawara’s theory® [Eq. (5)
with a=1f?] on imposing Heisenberg’s equations of
motion and Schwinger’s condition.!”

We now introduce canonical commutation relations
for the fields and the canonically conjugate fields

s

Ty == ZLH(M)GOM] )
3(9M )
ie.,

[M'i(x>yM.i(y):Iro=yo= I:Wi(x)ﬂr] (y):lro=l/o= 0 ’ (313)
L a(2),M () Jegmo= 188 (x—) . (31b)

The currents are now given by
Coyy=—1f%1:0°M;, (32a)
Coi=dyymj, (32b)

and their equal-time commutation relations are given
by13

Ecoii (x) 7C0ﬂ:j(y)]zo=yo = ic'ij/ccoztk (x)B (X - Y) ) (33&)
[Coﬂ:i<x):caij(y)]xo=yo
l¢]
=1c;xC% 1 (x)0 (X —y) ‘H%f%na d(x—y), (33b)
Xa
I:Co:i:i (x) :Ca$j<y)]xo=yo
a
=15 A7 i1 (9)d5 1 (y)—0(x—Y)
0%a
=[—1% f%;;4+nonlinear terms in M (y)]
i)
X—0 (X”Y) ) (34)
Xa

while all the other commutators vanish. In deriving
these commutation relations, use is made of Egs. (14)
and (15). We see that the currents C#,; separately obey
the SU(n) algebra-of-fields commutation relations.
Hence the currents C*, separately provide us with a
canonical representation of Sugawara’s SU (n) theory of
currents, S, (Cy; £/?).

At this stage, we remark that we have two interpreta-
tions of the structure we have obtained. In the first
interpretation, we do not specify any space-reflection
properties of the fields. In this case what we have, as
stated above, is a canonical representation of Sugawara’s
SU (n) theory of (vector) currents only in terms of spin-
zero fields supplied either by the currents C; or by the

17 J. Schwinger, Phys. Rev. 130, 406 (1963).
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C_, the representation containing a higher-symmetry
K(n) [not identified with chiral K(x)] than the
symmetry SU () of the theory of currents.

In the second interpretation, we specify the parity
properties of the fields and currents. Indeed, we specify
the ##; and x*; as vector and axial-vector currents, re-
spectively, and suppose the fields M; to be pseudo-
scalar.® Again the currents Cy supply a canonical
representation of an SU(n) theory of currents of the
same structure as Sugawara’s. However, the currents ¢
and x do not supply a representation of Sugawara’s
chiral K (z) theory of currents, since we note, e.g., that
the time-space commutation relations of currents as-
sociated with opposite factors of K (), i.e., Eq. (34), are
nonvanishing, containing operator-type Schwinger terms
(which cannot be written in terms of currents alone), as
opposed to the corresponding commutators in Suga-
wara’s K (n) theory which vanish.

One way of comparing this model to Sugawara’s K (1)
theory is to put the stress tensors of the two models,
i.e.,, Egs. (29) and (7), into correspondence by nor-
malizing the stress tensor (7) by putting ¢= f2. Then the
commutators of the J,. currents in Sugawara’s K (n) are

[J°%:(2),7°2; () Jaompo = iCi:T sk ()8 (x—y) ,
[J°4:(2),T %45(9) Jaomyo =1C 53T *pr (x)8 (x—y)

d
+i%f25i1 B(X_Y) )
0% g

while all the other commutators vanish. These com-
mutators can then be contrasted (or compared) with the
commutators [Eqs. (33)-(34)] of the meson model.?®
The presence of the different Schwinger terms is also
reflected in the fact that the equations of motion of the
currents in Sugawara’s K (#) theory, when c= f?, are

Ty s— 0" T = 2 { T 25, T 11}

differing by a factor of 4 from the corresponding equa-
tions of motion (30) in the meson model.

IV. SYMMETRY BREAKING AND STRESS-
TENSOR-CURRENT COMMUTATORS

For a more complete treatment of the spin-zero-
meson model, and with the hope that a clue may be
obtained as how to introduce symmetry breaking in the
framework of a Sugawara-type theory, we introduce a
K (n)-symmetry-breaking Lagrangian term £5.2 This
function will be assumed to be independent of the
meson-field derivatives. Such an additional term in the
Lagrangian does not affect the structure of the canoni-
cally conjugate fields nor the currents, and hence does

18 In this case we must have F;;(M)=F;;(—M); thus the
condition that F;; is nonsingular is imposed.

19 Note the property that the tensor R;j=d L id_r;j=d7_jd i1
appearing in the commutator (34) is orthogonal, i.e., Rz R;x=8:;.

2 £p contains the mass term Lp=3§m2M ;M ;+---.
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not affect the current equal-time commutation relations.
We note that such a term is also consistent with as-
sumption (20). A further consequence of this assump-
tion on £5 is

dLs(w)
[C% (), £5(3) Jromyom g

d7;(x)8(x—y) (35)
M .

J

=1g%9"J1i(2)8(x—y), (36)
the last (partial conservation) equation being a state-
ment of Lagrange’s equations of motion for the fields .

The total stress-energy-momentum tensor is now
given by

Our =g, — gi L, 37)

and has the following equal-time commutation relations
with the currents, where C* denotes any current C¥,;:

[000 (3) ,C° (y)]a:o=yo

_ ——iC“(x)a—i:a(x—y) Fio,Cr(@o(x—y), (38)
[e°a<x>,c0<y>]m=w=—iCO(x)ai%Mx—y), (39)
[89%(2).C*(5) Jeose

~—icr (y)a—i;«s (x—y)-HioCa(p(x—y), (40)
[0790(2),CY0) Taomso

i[O () C (x)ge— 7 ()g]
Xa—j;(x—y)+ig"56uC“(x)5(x—Y), (41)
[0 (2).C7 () Taomno= —g ™ TOOC).CT (D Tarmror (42)

These are the same stress-tensor—current commutation
relations as in Sugawara’s symmetric-theory-of-currents
model, on putting 9,C#*=0. We note that the right-hand
side of the commutators can be written in terms of the
current only. We mention here that the commutation
relation (38) arises in quite general models®! from
Schwinger’s action principle. Further, the commutator
(39) arises in a model-independent way from the
canonical commutation relation.?? The commutator (40)
with u=0 then follows from the commutators (38) and
(39) by Lorentz invariance.
Note also the integrated commutators

7777777777 _[0“"(x),Qii(t)]xo=¢= igh9,CPy (). (43)

2 D, J. Gross and R. Jackiw, Phys. Rev. 163, 1688 (1967).

22 R, Jackiw, Phys. Rev. 175, 2058 (1968). We point out that
Jackiw’s proof extends trivially to the case in which the currents
arise from nonlinear transformations.
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The commutators with the stress tensor and £ are

[euo(x);£3(y)]zo=yo
= —2if2{C¥yi(x),0,C"1s(x) }6(x—y)
=10*Lp(x)s(x—y),

[0a6(x))£3 (y)]xo=1!o= _gaﬂtgoo (x)y"eB (y)]xo=yo .

(44)
(45)

V. POINCARE ALGEBRA

First, it is easy to check that Schwinger’s condition?
]
[6%(2),6°(¥) Jzomyo= —1[6°%(x) +6°(3) ]a——ﬁ (x—y) (46)
Yo

and the conservation of energy momentum

9,0=0 (47

hold in the model (with symmetry breaking).
The existence of Poincaré generators follows in the
usual way. Define a momentum tensor P* by

Pr= —~/0"°(x)d3x; (48)
then, integrating the commutation relations (38)-(40)
and Eq. (44), the Heisenberg equations of motion are
obtained:

[PrCryi(x) J= —i0#C71i(w) (49)
[Pr,Lp(x)]=—id*Lp(x). (50)

Also, defining the Lorentz generators M** by
M= / (a6 (x) — x40 (%) Jd3x (51)

these can be checked to have the correct commutation
relations with the currents and with £5,

[Me,Cryi(x) ]= —i(wrd”—2704)CP (%)
—i[greC7yi(w)—g"*Cryi(x) ],
[M» Lp(x)]=—i(x*d"—x"0*)Lp(x).

(52)
(33)
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It can also be checked that P* and M** together gener-
ate the Poincaré algebra. For this purpose, we require
the stress-tensor equal-time commutation relations. In
this model they turn out to be of the simplest possible
structure,

[6°%(x),6% () Jao=yo =1L (y)g 746 () g "]

d
X—70 (X_Y) ’

Xy

(54)

which arises in a model-independent way from the
canonical commutation relations, and

[6% (2,0 (9) Jeomso=1[0" (y)g** —0F () ]

9
X—d(x~y).
6xﬂ

(55)

Finally, we note the absence of Schwinger terms which
are proportional to the third derivatives of the spatial §
function arising from naive computation of the stress-
tensor commutation relations in this model (and in
Sugawara’s model). The presence of such Schwinger
terms would be required in a realistic model.?%:24

Note added in manuscript. On completion of this
manuscript, a paper by Sakita,?® in which similar ideas
are presented, came to my attention.
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