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The application of Tomonaga’s intermediate-coupling approximation to an extended Lee model in
which the single baryon may exist in & possible states is outlined. The intermediate-coupling solution of
such a model is shown to be characterized by a class of polynomial functions which are defined by a three-
term recurrence relation. The bound states correspond to the zeros of these polynomials, but there is no
simple relation between the bound states of the model with % possible baryon states and the next “higher”
Lee-type model with £4-1 possible baryon states. Furthermore, an algebraic solution of the problem is not
possible for £ >5, because the order of the secular equation is equal to the value of k. Some specific results
are given for the n=3 sector of the extended Lee-type model with four possible baryon states. It is con-
jectured that all extended Lee models of this type will exhibit a strong-coupling “isobar” spectrum of the
type found by North for the cases of the ordinary Lee model and the Bronzan-Lee model.

N a footnote to his recent article on the Bronzan-Lee
model,! North points out that several other versions
of the Lee model may be approximately solved by
using harmonic-oscillator wave functions. It has also
been pointed out that Tomonaga’s intermediate-
coupling approximation? (ICA) is also applicable to
the ordinary Lee model® or the Bronzan-Lee model,*
and again leads to an approximate solution in terms of
harmonic-oscillator wave functions. In fact, North’s
strong-coupling approximation (SCA) may be re-
garded as a special case of Tomonaga’s ICA. As already
noted in Refs. 3 and 4, the principal advantage of
Tomonaga’s ICA is that it eliminates the large source
assumption inherent in North’s treatment.

The object of the present paper is to indicate how
Tomonaga’s ICA may be used to solve an “extended
Lee model” with & possible baryon states, where % is
any integer greater than or equal to 2. This model will
henceforth be referred to as ELM-%; for example, the
ordinary Lee model® is ELM-2, and the Bronzan-Lee
model is ELM-3. Although the extended Lee model
is only a very simple mathematical model, it is never-
theless interesting to find that the ICA bound-state
energy spectrum becomes much richer and much more
complex as the value of the integer & increases.

The present article is organized as follows: First we
discuss the ICA solution of the extended Lee model
with four possible baryon states. Then the analysis is
extended to the case of ELM-£ by introducing a par-
ticular class of polynomial functions. The energy levels
in the ICA actually correspond to the zeros of these
polynomial functions. In principle, the determination
of the ICA solution to the ELM-% problem is very
straightforward. However, in order to determine the
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ICA solution explicitly, it appears to be necessary to
use a computer, and such computer calculations do not
appear to be advisable at this time in view of the
unrealistic nature of the model. In this connection,
however, it should be noted that the ELM-£ problem
is closely related (from a mathematical point of view)
to the problem of a k-level atom interacting with an
electromagnetic field. Thus, one cannot rule out the
possibility that the polynomial functions defined here
may also turn up in problems of physical interest.

SOLUTION OF THE MODEL WITH FOUR
POSSIBLE BARYON STATES

A nonrelativistic, extended Lee model with four
possible baryon states (henceforth referred to as the
ELM-4) may be defined by the Hamiltonian

H= Hmes+Hint+Hbaryon ) (1)

where®

Hpes= Z wkakfalc ,
k

Hin= {6[% (1+T3) XT_] Z Mk(lk‘i'HC}
k

@)

H{f(r=X73) % urar+H.c.}

H{g[3A—r) X7_] % wap+He), (3)
Hyaryon =3[ (14-73) X (1 —73) Jen
Fil(A—7) X (A+75)Jev
FiHL A=) XA =75 ]Jer. (4)

air' and a; are the creation and annihilation operators
of a meson with momentum k, and

u}c= (ZW)—slz/U(r)eik.rd.@r’ (5)

where U(r) is the nucleon source function, which is

¢ Here, for example, (r_X7;) means the ‘‘direct product” of
the two 2X2 matrices 7_ and 7.
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normalized according to

/ Umdr=1. (6)

wi, denotes the total energy of a nonrelativistic meson
with momentum k, w,=k?>+3, where energies are
expressed in units of 2m. Here ¢ is the bare (x#—,P,N)
coupling constant, f is the bare (#—,V,U~) coupling
constant, g is the bare (7—,U—,V~—) coupling constant,
and ey,v,y may be regarded as the bare V, U, V masses,
respectively.

The only processes allowed by the Hamiltonian (1)
are

Pt+a—— N, (7a)
N+n U, (7b)
U~+r oV, (7¢)

where the four possible baryon states are henceforth
referred to as “proton” (P), “neutron” (N), U, and V.
It is clear from the allowed processes (7) that the
ELM-4 conserves the total electric charge of the hadron
system. This corresponds to the fact that the operator
of total charge

=3 A+ X 1+ -3 A—r) X (1+79)]
—HA-r)XA=r)]-F e (9)

commutes with the total Hamiltonian (1). Just as in
the case of the ordinary Lee model (ELM-2) or the
Bronzan-Lee model (ELM-3), the eigenvalues of the
total-charge operator are restricted to the following
integer values: +1,0, —1, —2, —3, -+, — .

Lee and Pines” have shown that Tomonaga’s ICA
is equivalent to the following substitution of reduced-
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where
w‘=‘§ wkka, (11)

We also note that the reduced-space operator of total
charge is a diagonal 4X4 matrix whose elements are
given by

(grca)ij= (2—i—a'a)d;, (13)
where the normalization condition
2 fit=1 (14)
P

has been taken into consideration.

It should also be noted that North’s SCA!® may be
regarded as a special case of Tomonaga’s ICA, that is,
it corresponds to the specific choice

Je=N""u,, (15)

where
N= Z u2.

k

(16)

We therefore confine our attention to the ICA, hence-
forth omitting the subscripts ICA.

We now seek simultaneous eigenfunctions of Hica
and grea in the form

23
¢n=(l+bn2+6n2+dvz2)—”2 bnl//n_l )

Cn'pn—2
dn‘l/n-3

where the harmonic-oscillator functions ¥, are defined
according to

17

space operators in the Hamiltonian: ay,=0, (18a)
ar— fra, (9a) Y= (n!)712(a") "y, (18b)
ar— fat. (9b) atay,=nypn,. (18¢c)
The trial function f is then chosen to minimize the The desired eigenfunctions ¢, satisfy
lowest set of eigenvalues of the reduced-space Hamil- H - 1
tonian, which turns out to be 1A% = Fntbn, (19)
a=—nm—1)pn. 20
wata  eQat 0 0 qioad ( ) (20)
Hioxe eQa walatexy  fQal 0 (10) One can easily verify that the secular equation which
477 0 fQa walatey  gQat |’ yields the energy eigenvalues of the matrix equation
0 0 20a wata+ ey (19) is given by
n—"Yn ¢ (n)r2 0 0
¢®)? n—ltey'—y. [ (=10 0 =0 (21)
0 =112 p—24e'—y. g n—=2)"? ’
0 0 gn=2)01"2  n—3+4ey’—yn

7T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953).
8 G. R. North, Phys. Rev. 164, 2056 (1967).
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where the notation has been simplified somewhat by
introducing

ya=En/w, (22a)
d=eQ/w, (22b)
f'=10/w, (22¢)
g'=g0/w, (22d)
dyuv=en vy (22¢)

Just as in the case of the ordinary Lee model
(ELM-2), ey is set equal to ¢2Q% ! in order to make the
lowest-energy eigenvalue of the sector n=1 vanish.
Furthermore, just as in the case of the Bronzan-Lee
model (ELM-3), ey is set equal to fAQ% ™ in order to
make the lowest-energy eigenvalue of the sector n=2
vanish. As one would expect, it also turns out that the
choice

ey =g Q%™ (23)
will guarantee that the sector »=3 has one energy
eigenvalue which vanishes, i.e., the value of the bare
mass ey is adjusted so as to make the physical V particle
have the same mass as the physical U particle, physical
neutron, and proton.

Making these choices for the bare masses, the secular
equation (21) can be rewritten in the following form:

Si(yn) = (n—34g2—y.)S3(yx)

—(n—2)g"S2(y») =0, (21')
where
n=—"Yn e/
e\/n n—14e?—y,
n—"n e/n 0
Ss(ya)=|e/n n—14e?—y, f(n—1)42 |, (25)
0 fla-1 n—2tfi-y,

Note that the secular equation for the ordinary Lee
model (ELM-2) is simply

52 (%) =0: (26)

and the secular equation for the Bronzan-Lee model
(ELM-3) is given by

S3(ya) =0. @7

It is clear from the secular equations (21’), (26), and
(27) that for arbitrary values of the bare coupling
constants e, f, and g, there is no simple relationship
between the spectra of the ordinary Lee model
(ELM-2), the Bronzan-Lee model (ELM-3), and the
ELM-4. In the ICA, and in North’s SCA as well, the
energy eigenvalues for sector # correspond to the zeros
of the corresponding polynomials S2(ya.), S3(y.), and
S4(yn). Although there does not appear to be any
simple relationship between the zeros of the poly-
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- Su(yn) = (n—34g"—yn)Ss(yn) — (n—2)g"2S2(yx) .

185

nomials S2(y.), S3(yn), and Si(y.), there is a very
simple relation between these three polynomials:

(28)

Furthermore, one can prove that the three energy
eigenvalues of the Bronzan-Lee model for a given
sector n=1—gq lie between the four energy eigenvalues
of the ELM-4 for the same sector %, and also that the
fwo energy eigenvalues of the ordinary Lee model for a
given sector # will lie between the three eigenvalues of
the Bronzan-Lee model for the same sector.®

Expanding the 4X4 determinant S4(y,), one can
rewrite the secular equation (21) in the form

Yt agyd gy a1y, +ao=0, (292)
where
a=n(n—1)(n—2)(n—-3), (29b)
a1= —4n®+18n2—22n+6— (n—2) (n—3)e?
—n(n—=3)f*—n(n—1)g"—(n—3)( [’}
—n(fgyP—(fg)r, (29%)
ae=6n2—18n+114(2n—>35)e"?+ (2n—3) /2
+ =10+ f)P+g»+(fg), (29d)
ay=—4n+6—e2— f2—g"2. (29¢)

Using standard methods for the solution of quartic
equations,!® in principle one could obtain exact ex-
pressions for the four roots of Eq. (29).

Once the exact roots of the quartic equation have
been determined, one proceeds in the same way as for
the Bronzan-Lee model.# The first step is the ansatz

(anwi+Bn) fr=us, (30)

where the a, and 3, are to be chosen so as to minimize
the lowest-energy eigenvalue E, for the sector #» and
simultaneously satisfy the normalization condition
(14). The ansatz (30) implies the following relation
between the values of w and Q for the nth sector:

anwn+,3n=Qn- (31)

The lowest-energy eigenvalue E, for any given sector
7 can be expressed as a function of w, and Q,—call it
E,(ws,Qr). Then, using relation (31) between w, and
Qn, one can easily determine the total derivative of
En(wn,Qn) with respect to wy: dE,/dw,=(0E./dwn)
+aa(3E./30,). The minimization condition dE,/
dw,=0 then yields one relation between a, and B,
and the normalization condition (14) yields a second

9 This is a special case of the following theorem: If the & char-
acteristic roots of a real symmetric matrix are distinct, they are
in general separated by the k—1 characteristic roots of each
diagonal submatrix of order k—1. A proof of this theorem is
given, for example, in H. W. Turnbull and A. C. Aitken, An
Introduction to the Theory of Canonical Matrices (Blackie & Son
Ltd., London, 1932), pp. 101, 102,

10 See, e.g., Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, edited by M. Abramowitz and
I. A. Stegun (U. S. Government Printing Office, Washington,
D. C. 20025, 1964), Sec. 3.8.3, pp. 17, 18.
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relation. Hence the parameters a, and B3, are uniquely
determined for any sector #=1—¢ and for arbitrary
values of the coupling constants e, f, and g and of the
momentum cutoff R~ (except that the results cannot
be extrapolated to the point-source limit R=0). Thus,
in principle at least, the ICA solution of the ELM-4 is
essentially no more difficult to obtain than the solution
of a quartic equation. (For the sector #=3, one of the
energy eigenvalues vanishes as a consequence of our
choices for the bare masses. Hence the solution for the
n=23 sector only involves the solution of a cubic
equation. A strong-coupling solution for this particular
sector is given in the Appendix.)

SOLUTION OF THE MODEL WITH &k
POSSIBLE BARYON STATES

It is now more or less obvious how to generalize or
extend the ICA approximation to the case of an
extended Lee model with % possible baryon states.
Instead of ¢/, f’, ¢/, etc., let us denote the corresponding
parameters by g/, with i=1, 2, 3, -+, k—1 (i.e,
g =eQu, g'=fQu™, g'=gQu™, etc). If Si(y.) is
defined to be equal to unity, and Sa(y,) is defined by
Eq. (24) with ¢ replaced by g, then one can easily
verify that the three-term recurrence relation

Si(yn) = ["“‘ (i'“ 1)+gi—1/2 _yn]Si~1 (yn)
—gi 2 [n—(i—2)]S:2(ya) (32)

can be used to determine the polynomial S;(y.), whose
zeros correspond to the energy eigenvalues of ELM-%.
[Here we are completely ignoring the problem of
choosing a, and B, to minimize the lowest-energy
eigenvalue E,=wy,, where %, denotes the smallest
nonvanishing zero of the polynomial S;(y.). It appears
that, in general, this part of the problem will have to
be solved numerically.]

In order to simplify the present discussion, we
henceforth confine our attention to the case of “global
coupling”; that is, all coupling constants are assumed
to be identical. Then the recurrence relation (32) may
be rewritten in the form

Si(yn) =[n—(G—1)+N=ya1Si1(yn)
—Nn—(i=2)1Si2(yn),

A= (g0/w)*>0. (34)

We reiterate that the three-term recurrence relation
(33) can be used to find Si(y.) for arbitrary integer
values of &, since .S; was defined to be equal to unity
and

(33)
where

So(yn)=n(n—1)—2un—14+N\)y.+y.2.

In an attempt to identify the polynomials defined
by (33), let us introduce the generating function

(24)

Gl =3 St

=1

(35)

NUMBER OF BARYON STATES 1897
where we have replaced y, by x in order to simplify
the notation. Then one can easily verify that the
recurrence relation (33) implies

G= (n+A—2)iG—\?G— G +\PG’ (36)
or
—(G/G)=t+(x—n)t "+ e(1—N)"L.  (37)
One can easily integrate Eq. (37) to obtain
—InG=—"4+(x—n) Ini—x In(1 —\)~+const, (38)
or
1—N\* 11
6 =Gt/ (=) ew(-——), )
1—N\to Il
where
Go=2 Si(w)te' (40)
=1

A rather cursory examination of Chap. XIX of Vol. 3
of the Bateman Manuscript Project! has failed to
identify G(x,t) with any of the generating functions
listed there.

In summary, one can easily use the recurrence
relation (33) or the generating function (39) to deter-
mine Sy (x). In order to determine completely the ICA
solution for ELM-Z, one must also determine the lowest
zero X of the polynomial S(x) and then choose a, and
Ba to minimize ¥. Although we have not been able to
obtain an explicit expression for the ICA eigenvalues
for arbitrary values of % and for any arbitrary sector
n=1—gq, it is nevertheless clear from the present
analysis that explicit solutions could be obtained by
using a computer, at least for relatively small integers k.

APPENDIX: EXPLICIT SOLUTION OF ELM-4
FOR SECTOR n=3

For the sector n=3, Eq. (29) simplifies to
yolys*— (6474 f4-g)ys
+ (U243 125g 22 e g+ [ g )y,
— (6-+6g>-+3 % +¢2 %)) =0. (A1)
The appearance of the zero root in the #=3 sector is

due to our particular choice for the bare mass of the
V particle, namely,

(23)

The other three roots of Eq. (Al) may be written
in the form

ey =g Q%

ys' =243 f2+g%)+2(+/¢) cosig, (A2a)
y3''=2+3(e"+ f?+g?) — (V) (cosis
+V3 sinj¢), (A2b)

‘1t A, Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions (McGraw-Hill Book Co., New
York, 1955), Vol. 3, pp. 228-282.
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Y =244 (¢ 12+g%) — (Vo) (cosi

—V3sini¢), (A2c)
where
e=1et i =t (e )
+o(e+"4g"), (A2d)
-2
—3b=(1/6)" =5/ +ig —d ()
—3EE P (e =g
— (1/189)e4(f*+5") — (1/18)/*(e*+g)
— (1/19)g" (e + )+ (1/21) ¢+ 45"
+(2/9) (¢ f'g)*.  (A2)

From now on we shall confine our attention to the
special case of “global coupling,” that is, we assume
e=f=g. In this case, Egs. (A2d) and (A2f) simplify to

c=}+e", (A30)
—31b=3g". (A3b)

Hence
cosp=3g"(5+g7) = (1/2¢") (1+5¢*) 7. (A3c)

Expanding the right-hand side of Eq. (A3c) in powers
of g%, one finds

cosp=(1/2¢)[1— (35/432)g"*]

+0(g™).
In other words, if 3 (w/gQ)? is very small compared to
unity, then the angle ¢ will turn out to be slightly less
than 37 rad, in which case the lowest-energy level is
given by

E“3 (w,Q) =F,1= Zw—}—g?Q?w*l —gQ (1 +1% 1 '—2)1/2

b=+ (5/24) 4~
(a4)

X(@—V3y), (A3a)

where
x=cosio, (A5Db)
y= sin%d) . (ASC)

We also note that the separations between level I or
IIT and the lowest level II are given by

A3I'UEE31—E3H=gQ(3+g’—2)”2(\/3x+y) ,
Aslll,IIE E3HI ——'E:;H — 2gQ (3 _I_g’—'2)1/2

(A6a)
(A6b)
In the extreme strong-coupling limit, ¢ — &7 rad, and

AT =2A;TTLI29V360) | (A7)

that is, the solutions Ej' and E;™' are each widely
separated from E;" in the strong-coupling limit as
g— oo,

H. H. NICKLE
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We also note that x=cosj¢ is related to cos¢ by the
well-known trigonometric relation

—3x=cos¢, (A8)
where cos¢ is given by Eq. (A3c). Using Egs. (A4) and
(A8), one can easily verify that

x=3V3+77 (0/g0) — (V3/144) (w/g0)?
—(25/648) (w0/g0)3+ (397V3 /28X 35)

X (w/eQ)*+0(g), (A%)
=3 —12V3(w/g0) — (1/144) (w/40)?
+(25V3/648) (w/gQ)*+ (397/28 X 3)
X (w/80)40(g"?). (A9b)

After tedious but straightforward algebra, one finds

E3=g0%1—\3g0+ (7/6)w— (1133 /72)
X («?/g0)+(1/36) («*/g°0%)+(107V3 /27X 3%)
X (/80 +0(w"/g'0").  (A10)
At the corresponding stage in the ICA calculation, the

lowest-energy levels for the #=3 sector of the ordinary
Lee model and of the Bronzan-Lee model are given by

Bt = fuor b0~ 0 [ 1410(w/40)?
+(w/8Q) 1"
=06(*/g°Q%) —30(*/g'0") +0(w7/5°Q%) ,
EgBronzan—Lee:_z\_/ 46 ( w? / g2Q2) .

The results of North’s strong-coupling treatment®
applied to the #=3 sector of ELM-4 would be obtained
by taking fr=N"'%y. In other words, we should
replace w and Q according to the following rules:

0—=>Q=N"13" wm?, (A11)
k
Q— N2, (A12)
where
N= Z w2 (A13)
In view of the similarity between Ej, FE*¢, and

EjBronzan-lee (in particular, the fact that all three
contain a term proportional to w3/ g2Q2), we strongly
suspect that the corresponding expansion of £, for
ELM-4 will lead to the appearance of an “isobar”
term ~nw?/g?Q%. However, because of the cumbersome
nature of the algebraic solution of the quartic equation
(29), this conjecture has not been verified. Furthermore,
we believe that the same kind of isobar term (i.e., a
term ~naw®/g*Q?) will also appear in the corresponding
expansion of E, referring to the ICA solution for the
nth sector of ELM-k. However, if £>4, an algebraic
solution of the secular equation S (y,) =0 is, in general,
not possible.

Now let us return to our discussion of the ICA
solution for the =3 sector of ELM-4. Using Eq. (31)
to replace Q by aw-B, the lowest-energy eigenvalue
becomes

By =20+ (ga)’w+208g+ (8)°w 4+ 2{ [+ (ga)"Jo?
+208g%0+(g8)*}1* cos(3p+3m), (Alda)
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where

g latpu)
o= cos“(
23+ ot BT

) . (Aldb)

Hence Ej3 has been expressed as a function of w only.
The minimization condition

dEs/dw=0 (A15)

then leads to one relation between o and 3, and the
normalization condition (14) leads to a second relation,
namely,

u;}

> ——=1 14)
k (awr+pB)? (
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By choosing a specific model for the momentum cutoff
and then resorting to a computer solution, it is clear
that one can obtain numerical values of E; for arbitrary
values of the bare coupling constants e, f, and g. Also,
we wish to emphasize that since the quartic equation
(29) can be solved exactly for arbitrary integer values
of n, the analogous program can also be pushed through
for any sector of the ELM-4. Thus, the ICA solution
of the ELM-4 is well understood, even though it is
relatively cumbersome to obtain explicit results. It
should also be noted that the problem becomes more
complicated for ELM-£ (with & > 5) because one can no
longer determine E,(w,Q) by algebraic means, i.e., one
apparently has to resort to a computer at an earlier
stage in the ICA solution.
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o Independence of Internal Regge Couplings at Zero Momentum Transfer*

CrUNG-I TAN AND JIUNN-MING WANG*
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08540
(Received 29 April 1969)

Based on the analyticity properties of production amplitudes, we prove that the Reggeon-Reggeon-
particle coupling K (f1,f2,0) is independent of the w angle when either £, or ¢, vanishes. This phenomenon is
connected with the fact that the surfaces #;=0 and #2=0 are asymptotes of physical boundaries on which
cosw is not defined. Our finding allows a considerable simplification of phenomenological analyses of multi-

particle production data.

ITH the accumulation of high-energy production

data for hadron collisions, it becomes increas-
ingly interesting to study further the models which
have been designed to describe such phenomena. One
such model is the multi-Regge model! (hereafter re-
ferred to as MRM). This model is designed to describe
the multiperipheral events where the invariant sub-
energies of the final particles are much greater than
the corresponding momentum transfers. It is now
known?? that in MRM, in addition to the adjacent
momentum transfers squared, it is very natural on
group-theoretical ground to introduce an additional
angle w to describe the internal Regge couplings. There
have been several attempts®* to determine the depen-
dence of the internal coupling on the angle w. It is the

* Work supported by the U. S. Air Force Office of Scientific
Research, under Contract No. AF 49(638)-1545.

1 For a list of references about MRM, see Chang Hong-Mo,
rapporteur talk, in Proceedings of the Fourteenth International
Conference on High-Energy Physics, Vienna, 1968 (CERN,
Geneva, 1968), p. 391.

( 3 l\;) Bali, G. F. Chew, and A. Pignotti, Phys. Rev. 163, 1572
1967).

3 Chan Hong-Mo, K. Kajantie, and G. Ranft, Nuovo Cimento
49A, 157 (1967).

4¢R. A. Morrow, Phys. Rev. 176, 2147 (1968); R. Lipes, G.
Zweig, and W. Robertson, Phys. Rev. Letters 22, 433 (1969).

purpose of this paper to point out that the internal
Regge coupling associated with the leading asymptotic
power term is independent of the w angle if any one or
both of the momentum transfers squared associated
with this vertex are zero. [In this paper we refer to
the asymptotic power term s;%1(t)s,22(82) as the leading
power term if ai(f) and «2(f:) are both parent tra-
jectories.] The internal coupling associated with lower
powers can be dependent on w. This is a consequence of
analyticity properties of the production amplitudes
and has a simple geometrical interpretation.

From factorization of the leading power term, the
leading internal Regge coupling which appears in three-
particle production is the same as those which appear
in n-particle production. Therefore, for the purpose of
the present paper, it suffices to discuss the production
amplitudes with only three final particles. We define
the notation as follows (see Fig. 1):

b= (P_Q)z )
s1=(g+q¢")?,

Lb=("—q¢"),
s2=(g'+¢"), s=(p+p"?.
The w angle is defined to be the spatial angle between

the plane formed by the three-vectors p’ and q”/ and
the plane formed by p and q in the rest frame of ¢’.



