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Hypersonic attenuation has been measured, for both polarizations, along the c axis of rutile single crystals
in the frequency range from 0.5 to 3 GHz and at temperatures from 4 to 60'K. For shear waves, the attenua-
tion varies roughly as QT . For longitudinal waves, the attenuation gradually departs from this behavior
towards a lower frequency dependence and a higher temperature dependence as the crystal temperature
is reduced. For both types of waves, the frequency and temperature dependence of the absorption coefB-
cient is in good agreement with those theories that include Qnite thermal-phonon lifetime and acoustic
dispersion sects in the absorption of hypersonic waves by anharmonic interactions with thermal phonons.

INTRODUCTION

'HK role of anharmonic interactions in the absorp-
tion of high-frequency acoustic waves in perfect

dielectric crystals is well established both theoret-
ically' ' and from a growing number of experiments. ' "
At high temperatures where Qr& 1, 0 being the sound
wave frequency and r the phonon relaxation time, the
dominant absorption mechanism is the one originally
proposed by Akhiezer, ' which later was successfully
applied by Mason and by others" " to measurements
on a number of insulating crystals. The ultrasonic wave
modulates the frequencies of the thermal phonons,
which subsequently relax toward local equilibrium by
anharmonic phonon-phonon collisions at the expense
of wave energy. The phonon relaxation time involved
in the high-temperature absorption is experimentally
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of the same order of magnitude as the thermal conduc-
tivity relaxation time.

Simons" has recently shown that a Boltzman equa-
tion treatment of hypersonic absorption at low tempera-
ture (QT) 1) is valid for arbitrary thermal-phonon mean
free paths as long as AQ&kT. However, the low-
temperature absorption problem has usually been
treated microscopically by considering the external
wave on similar bases as the thermal phonons with
which it interacts by three-phonon X processes. Landau
and Rumer' first used this approach and found that
only transverse waves of low energy could be absorbed
by anharmonic interactions with thermal phonons.
Orbach' comprehensively extended their work to include
Vmklapp and fourth-order collisions and found them
to be unimportant absorption mechanisms in the low-
temperature range. Experimentally it is observed that
the absorption of transverse waves for many solids
varies like QT4 as predicted by Landau and Rumer,
even though low symmetry crystals show a departure
from that relation at the lowest temperatures. Longi-
tudinal waves show an absorption whose magnitude is
not too diGerent from that of transverse waves. It
follows, over a certain range, an QT4 law, but recently
a higher-temperature and lower-frequency dependence
has been observed when the temperature is lowered
su@ciently.

The attenuation of longitudinal waves and the
departure in the attenuation of transverse waves from
the QT4 law have been attributed to 6nite thermal-
phonon lifetime and acoustic dispersion effects. If v is
finite, the selection rules for three-phonon processes are
relaxed to include collinear and other forbidden colli-
sions which now contribute to the absorption. As the
anharmonic interaction process is most effective for
those phonons that can keep up with the ultrasonic
wave, ' it is to be expected that collinear processes will
be limited by acoustic dispersion and that at some low
temperature they may become ineffective (as pointed
out in Ref. 11).Since there may be two or more different

~' R. Simons, Proc. Phys. Soc. (London) 91, 759 (1967).
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phonon processes active in the absorption of a given
ultrasonic wave, the predominant process being deter-
mined by the size of the relevant parameters, one should
expect that a wave of a given polarization would show
an absorption with different temperature and frequency
dependence when measured in different materials. "It
has been observed experimentally in a number of
cases' " ' that longitudinal wave absorption changes
from an QT4 dependence to a T~ or T9 dependence as
the temperature is decreased. It should be pointed out
that the above mentioned dependences are theoretically
obtained as limiting cases by assuming that the thermal-
phonon relaxation t™~ ~s either infinite or is the
E-process relaxation t™with a 1 ~ temperature
dependence. This latter assumption will not be valid
for materials which show a strongly temperature-
dependent attenuation at temperatures around or
above the temperature corresponding to the maximum
of the thermal conductivity. '4

Since the absorption of hypersonic waves in perfect
insulating crystals at low temperatures is mainly
determined by their anharmonic interaction with
thermal phonons, acoustic attenuation measurements
are potential sources Of information about the strength
of such interactions in solids over a wide frequency
and temperature range. Of particular interest is the
E-process phonon relaxation time which enters directly
in the formulation of the theories of acoustic absorption
at the lowest temperatures and about which few other
measurements can give direct information. It is the
purpose of the present study to make a careful compar-
ison between attenuation experiments and a theory that
indudes a measure of elastic anisotropy. Rutile has
been chosen for the present work since it is one of the
materials with lowest acoustic losses in the microwave
range. Also its thermal properties have been studied
over a wide temperature range by several authors. ""

EXPERIMENTAL METHODS AND RESULTS

The measurements were performed using conven-
tional ultrasonic pulse-echo techniques. Pulse micro-
wave signals of a few hundred watts peak power,
1-@sec duration, and a repetition rate of about 200 per
sec were critically coupled into tunable reentrant
cavities. Attached to one surface of the rutile specimen
to be measured there was a piezoelectric transducer,
and this surface was exposed to the rf field of the cavity
for the generation of hypersonic pulses. The same cavity
was used as a detector for the multiple acoustic rejec-
tions in the sample. The resulting echo pattern amplified
in a superheterodyne receiving system was displayed
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on the oscilloscope and photographed. The receiving
system was protected during the transmitter pulse by
coaxial magic tees.

Spec™nsused were o™ m-Square cross section,
25-mm-long prisms with end surfaces optically Rat to
&'~ wavelength of sodium light and parallel to 4 sec of
arc. Side surfaces were fine ground. Rod axis is aligned
to within 20 min of arc of the crystallographic c axis."
Transducers were either thin resonant quartz disks
driven at high harmonic and bonded to the specimen
by 200-centistoke viscosity silicon oil or thin CdS
films deposited under high vacuum directly onto the
end surfaces of the samples. '

The cavity with the specimen could be cooled to
1.5'K. During measurements the cavity and specimen
were placed in helium gas at atmospheric pressure. The
temperature was determined by means of thermocouples
(gold+2. 1-at.% cobalt versus copper) placed next to
the sample and calibrated against a gas thermometer.

The attenuation was determined by measurements of
the height of the echo pulses. For the measurements
of very small attenuations at the lower temperatures
pulses were used which were separated by 50 round
trips in the 25-mm-long samples. The absorption
relative to 4'K was independent of the type of trans-
ducer used, but measurements with CdS transducers
showed smaller residual attenuation at helium tempera-
ture. In general the residual attenuation was greater for
transverse waves than for longitudinal waves.

The measured absorption in dB/cm, corresponding to
hypersonic waves propagating along the c axis of rutile
crystals is plotted in Figs. 1 and 2 (1 Np=8. 68 dB).
The temperature-independent residual absorption has
been subtracted. Longitudinal waves show an 0T4
absorption followed by a lower frequency and a greater
temperature dependence at the lower range. Transverse
waves display the QT Landau-Rumer behavior down
to the lowest temperature.

In making comparisons with theory the measured
thermal conductivity will be taken from the paper of
Thurber and Mante'~ as well as a formula for the
thermal-phon on relaxation t™~, which gives the
best agreement with the measurements reported there.
This formula neglects the effects of phonon-phonon
normal processes in r. Figure 3 shows the curve of v-

versus temperature calculated for different values of the
reduced dominant thermal-phonon frequency e. For
a frequency of 1 GHz, Qv =1 at around 40'K. The
density of rutile is taken as 4.26 g/cc'o and the Debye
temperature T~ for the longitudinal mode as calculated
from the room-temperature lattice constant (a=2.96
au) by the relation Tn Aez/2ka, is 887'K.——Longitudinal
and transverse wave velocities along the c axis are
taken as 10.9 and 5.4 km/sec, respectively. "

2 Obtained from Adolph Meller Co., Providence, R. I.~ J. de Klerk and E. F. Kelly, Rev. Sci. Instr. 36, 506 (1965).~ J. N. Lange, Phys. Rev. 176, 1030 (1968).
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THEORETICAL INTERPRETATION

It has been shown elsewhere" that for hQ&kT and
Q~& 1, a Boltzmann-equation treatment of the problem
has the advantage of including systematically the
elastic anisotropy in the Debye anisotropic model by
the use of generalized Gruneisen parameters. When
such an approach is utilized one obtains for the low-
temperature absorption coefficient (in Np/cm)

&0-'

AQ rdntaxs 7r 2'
n;=— ~i d8j d pi

(2s.)'pcs ~ o o o

a&;4 Bf; Qr; sin8;

n,' a(u; 1+(A;r~)' 10

where j refers to the polarization of the sound wave of
frequency 0 and velocity c;; i refers to the thermal
mode which is perturbed by the wave; f; is the unper-
turbed equilibrium distribution of the thermal mode of
unperturbed frequency co;, group velocity v;, and
relaxation time T'j p j denotes the appropriate compo-
nent of the generalized Gruneisen parameter as defined

by Brugger"; 0; and p; are the angles which the thermal-
phonon wave vector makes with the wave propagation
direction, the latter being considered as the polar axis;
p is the density of the solid; and A;=0(1—o, cos8;/c;)
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FIG. 2. Temperature-dependent attenuation coe%cient for
transverse waves propagating along the c axis in rutile. Dashed
curve gives Lange's results (Ref. 30); solid curve indicates theory.

(in the interaction picture 6; would correspond to the
energy deficit between initial and final phonon states).
By keeping our formulation in terms of the phonon
group velocity, we retain the possibility of examining
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Fzo. 1. Temperature-dependent attenuation coe%cient for
longitudinal waves propagating along the c axis in rutile. Dashed
curve gives Lange's results (Ref. 30); solid curve indicates theory.
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FIG. 3. Thermal conductivity relaxation time for rutile crystals
for diferent values of the dominant thermal-phonon reduced
frequency a =bee/k2'.
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Qy; sino;
X

1+(~,';)'
7'J'(8', 9')«', (2)

where J4 is the transport integral which arises in the
Debye formula for the specific heat of a solid, and the
summation is taken over the thermal modes which are
allowed to interact with a given wave. There exist in
the recent literature""" extensive tables of y;; for
waves propagating along the (100) and (111) axes of
cubic crystals.

To determine the component of the Griineisen
parameter which should enter into Eq. (2), one has
first to establish the a,llowed interaction processes for a
given acoustic wave propagating along the c axis of a
crystal of class D4&. For the usual experimental case
where the wave frequency is much smaller than the
dominant thermal phonon frequency, the most probable
process is that in which the wave interacts with a
thermal phonon and creates another thermal phonon
of the same mode. ' Applying considerations of energy
and wave vector conservation (appropriately relaxed

by the uncertainties in these quantities), one arrives at
the condition that an allowed interaction process is
most effective for a phonon with wave vector along
those polar angles that satisfy the relation

(c,/v, ) (1—1/Qr, ) & cos8,& (c~/s, ) (1+1/Qr, ) .

the effect of acoustic dispersion on the absorption
coefficient for collinear phonon processes. We will take
dispersion into account for such cases assuming a
linear chain model for the thermal mode involved and
keeping only quadratic terms in the thermal-phonon
frequency or wave vector.

In order to simplify Eq. (1), the following assump-
tions will be made: (a) Each mode i is assumed to have
isotropic properties in the sense that e; and. v.; are taken
to depend only on the magnitude of phonon wave
vector q, but the direction of particle displacement in
the mode and its direction of propagation are considered
to remain either collinear or orthogonal. Hence each
mode i is taken as a pure longitudinal or pure transverse
mode of the crystal with the same functional form for
y,; throughout q space. (b) Since cv;48f,/Bco, is maximum
at Ace;=3.8kT, while the rest of the integrand is a
relatively slowly varying function of co;, we ieplace
r, and 1—v,/c, by the values they will have at Au, =nk T,
where e is taken as an adjustable parameter of order 1.
With the above assumptions we arrive at

TDi
P J4

p'~2h3 ' T p

wave is maximum for those phonons that can keep up
with the wave for a substantial number of wavelengths.
The above conditions require that among all possible
interaction processes only the following types be con-
sidered" (1 denotes the microwave phonon, 2 and 3 label
the thermal phonons, L and T indicate polarization):

(a)

(b)

(c)

(d)

Ti+Ls ——Ls,
T]+Ts—Ts )

Li+Ts T„——
Li+Ls Ls. ——

Process (a) was first considered by Landau and
Rumer as responsible for the absorption of transverse
waves in solids. It can be shown that in this case
dispersion effects do not appreciably change the results
and thus can be safely neglected. The Griineisen
parameter for this process, already averaged over
azimuthal angle is

(y,') = 4rvrL (Ci cos'8+Cs cos'8+Cs)/2C j',
where Ci ——4Ciss —2Csss —2C4ss, Cs ——2C4ss+2Csss SC166—2Css —2C, and Cs=4Ciss+2Css+2C. C is the effec-
time second-order elastic modulus that determines v~
along the direction 8 =arccos (cr/sl. ). We do not
include here the contribution from another process of
type (a): T&+Ts' ——Ts', where T' represents a thermal
phonon with e~) cz. Since its contribution to the
absorption coefficient for Qv))1 will differ from that of
process (a) only in the size of an effective coupling
constant (y/sr')'.

For process (b) the resulting y is much smaller than
for process (a). In general it is true that transverse
waves propagating along a twofold axis do not couple
with collinear transverse phonons. Process (c) has been
considered in the literature" as responsible for the
absorption of longitudinal waves in some materials
that show a T' dependence in the absorption coefficient
at the lowest temperatures. From the condition on the
ratio s,/c; we deduce that it would be important for
waves propagating along crystal axes not to have
different longitudinal and transverse wave velocities.
As this is not the case for propagation along the c axis
in rutile we need not consider this process any further.

The case (d) corresponds to the so-called collinear
or quasicollinear process, one which has been invoked
to explain the absorption of longitudinal waves in
various crystals. '" ' " As already pointed out, the
effectiveness of this process is determined by the
competition between finite lifetime and dispersion
effects. The corresponding Griineisen parameter, av-

Thus, the interaction is most effective over a narrow
sector of solid angle around 8;——arccos(c;/v;). The
result also implies that s~& c;(1—1/Qr~), which is
equivalent to our previous statement that the effective-
ness of a given process in the absorption of a sound

33 We do not consider here the mechanism of absorption proposed
by C. Herring LPhys. Rev. 95, 954 (1954)],since the corresponding
absorption coefficient is too small and its temperature and
frequency dependence also convicts with experiments.

'4 N. S. Shiren, Phys. Letters 20, 10 (1966)."R.Klein, Physik Kondensierten Materie 6, 38 (1967}.
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eraged over azimuthal angle, is

(yg') =2v t (3Css cos'0+Cs33 cos'8)/2C33)'.

Since for collinear processes the angle 8 is extremely
small, we have neglected the terms in sin8 to arrive at
the preceding expression.

Substituting the above calculated values of the
Griineisen parameters into Eq. (2), we obtain the
following approximate formulas for the low-temperature
absorption coefficient of transverse and longitudinal
waves, respectively (in Np/cm):

v.Qk'T'J4 Cg(cr/v)'+Cs(er/v)'+C, -'

2C4p54cz 2h3

( 1 2v/er
, (3)

Qr (v/cr)' —1

2~ok4T4J4 3Css(cI/v)' jCsss(el/v)4

p V4CJ.2he

2 (v/cl, )Qr
Xarctan ~ (4)

1+$1—(v/eI )')0'r'

In Eq. (3), C=pv' and cr is the velocity of transverse
waves along the c axis. In Eq. (4), cI. is the velocity of
longitudinal waves along the same axis, here v/cr, may
be taken as 1, except in the denominator of the argument
of arc tangent, where it should be replaced by 1—-',

X (eT/2T~)s to take proper account of acoustic disper-
sion. In this approximation, Eqs. (3) and (4) will give
QT4 and T', respectively, for the temperature and
frequency dependence of the absorption coe%cient at
the lowest temperature, if r is taken proportional to
T . The same results could have been obtained if
instead of performing the complete 8 integrations one
were to replace (p;P)„by its value at 8;=are cos(c,/v, )
and integrate only the Breit-Wigner function in Eq. (2).
This procedure would permit one to include in a simple
way anisotropy effects in the calculation of the absorp-
tion coefficient for crystals. In what follows we will
refer to the bracketed terms in Eqs. (3) and (4) as
pz and pl. , respectively.

COMPARISON WITH EXPERIMENTS

The results of the calculations for the absorption
coefficients by means of formulas (3) and (4), are
represented by the solid-line curves of Fig. 1 and 2.
For both polarizations the best Gts were obtained with
a reduced thermal-phonon frequency, e =2.8. This
value maximizes the function e'/(e" —1). For longi-
tudinal waves the fittings were done for the 490-
MHz data at a temperature of 26'K. This gives for
((3Css+Csss)/2Css)' a value of 241. Using the published

value" for C;s, the anharmonic constant 3Css+Csss
=&140X10" dyn/cms. For transverse waves, the
theory was fitted at 18'K for the 974-MHz experiments.
Since Qr))1, the true value of v/cr has little effect on
the final result, and we have taken it to be 1.85. For
this case the coupling constant yr' ——87.6. (To the
authors' knowledge no measurements of the. third-order
elastic constants of rutile have been published. ) For
both polarizations the observed frequency and tempera-
ture dependence of the absorption coefficient is well
described by the theory in spite of the gross approxima-
tions made. As can be seen from the graphs, the theory
does not work well at the lowest-temperature range for
longitudinal waves. This is most probably due to the
fact that the ~ used in calculations does not, take into
account E processes which effectively reduce the low-
temperature phonon lifetime that enters into Eqs.
(3) and (4). If these extra scattering mechanisms are
taken into account, the resulting v will increase faster
at low temperatures (Fig. 3), and it will reduce the
calculated absorption coeKcient.

There exist large discrepancies between our experi-
ments and previous measurements of hypersonic
absorption in rutile, '0 the difference being too large to
be attributed to experimental uncertainties. It is
possible that previous experiments have been done on
imperfect crystals and do not show the true absorption
of the material. One of the reasons that lead us to
believe that our data are more representative of the
intrinsic absorption in rutile is that at 20'K the measured
absorption coeKcient for 500-MHz longitudinal waves
is about half the value of that in Z-cut quartz crystals. 9

It was evident experimentally that the absorption in
rutile is smaller than in quartz, since the observed echo
trains for a given frequency, both at low and high
temperatures, were considerably larger for rutile in
crystals of comparable lengths. Using in Eq. (3) the
published values of the parameters for quartz, ' "we
find that for longitudinal waves propagating along the
c axis, the ratio of absorption coefIicients is around 1.8
(at 500 MHz and 20'K), in good agreement with
experiment. Sample dependent acoustic attenuation in
rutile crystals has been reported. '

CONCLUSIONS

We have measured the hypersonic attenuation of
longitudinal and transverse waves along the c axis of
rutile single crystals at low temperatures. The tempera-
ture and frequency dependence of the absorption is
interpreted as due to anharmonic interactions of the
wave with thermal phonons. Over most of the tempera-

' G. L. Vick and L. E. Hollander, J. Acoust. Soc. Am. 32, 947
(1960).

'R. N. Thurston, H. J. McSkimin, and P. Andreatch, Jr.,
J. Appl. Phys. 37, 267 (1965).
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Phys. 36, 1624 (1965).

I' T. A. Midford and S.Wsnuga, J.Appl. Phys. 36, 3362 (1965).
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ture range good agreement is obtained for both polariza-
tions from calculations that include lifetime and
dispersion eBects in the anisotropic Debye model. In
the calculations it appears valid to use the thermal-
phonon lifetime as obtained from thermal conductivity
measurements except at the lowest temperatures, where
the eGect of X processes on the phonon relaxation time
becomes important for acoustic absorption. From the
coupling constants resulting from the fitting of the
theory to the experimental data it is possible to obtain

the magnitude of the anharmonic constant 3Css+Csee
for the material. Large discrepancies are found with
previous attenuation measurements which may be
attributed to imperfect rutile samples.
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The extent to which the intrinsic and the F-center absorption for alkali halides have common features
has been explored by plotting the respective band photon energies against each other. Of the many possible
binary combinations of excitonic and F-center energy-level separations for the nine potassium, rubidium,
and cesium chlorides, bromides, and iodides, two sets of corresponding bands can be recognized for each
halide by the very nearly equal energy separations between the exciton fundamental and the p band, i.e.,
ttbv(intrinsic) = ahv(F center). The remaining structure in the excitonic spectra can then be attributed to
upper components of halogen doublets. Splittings are very nearly constant for the iodides. The first two
bands of the modified Rydberg exciton series, which converges at the conduction-band edge, correlate with
the Ii and E bands. The L bands comprise another series which, with their corresponding excitonic bands,
exhibit a linear dependence on the consecutive energy levels of the free alkali atom.

I. INTRODUCTION

~

'HE intrinsic absorptions at 80'K of ~™-100-A

alkali halide films reported by Eby, Teegarden,
and Dutton' (ETD) and at 10'K reported by Tee-
garden and Baldini' (TB) exhibit in each instance a
strong band with multiplet structure at onset in the
far ultraviolet, followed usually by a step, then by other
more or less pronounced structure. Fischer and Hilsch'

used i000-A films of the alkali halides at i0'K to
establish structure in the step region (since confirmed').

This they attributed to the @=2level in the hydrogenic,
effective-mass model of the exciton, the band at onset

corresponding to e= i. The sharp, intense character of

this band has been attributed4 to the single-particle

function which describes the electron principally in-

volved in the transition as localized. ReQectivity mea-

*The Radiation Laboratory of the University of Notre Dame
is operated under contract with the U. S. Atomic Energy Com-
mission. This is AEC Document No. COO-38-658.

' J. E. Eby, K. J. Teegarden, and D. B. Dutton, Phys. Rev.
116, 1099 (1959).' K. Teegarden and G. Baldini, Phys. Rev. 155, 896 (1967).

' F. Fischer and R. Hilsch, Nachr. Akad. Wiss. Goettingen II
Math. Physik. Kl. 8, 241 (1959).

4 R. F. Wood, Phys. Rev. Letters 15, 449 (1965); Phys. Rev.
151, 629 (1966).

surements for single crystals at 55 K. by Qaldjnj and
Qosacchi' have resolved new detail for the excitonic
transitions. These authors have compared the energy
differences between the E and L1 bands with those
between XB and FI excitons for K and Rb halides, find-
ing fairly close agreement. They also suggested a possible
relationship between the L~ and L3 peaks and the con-
duction bands. A detailed comparison of Ii, E, and L
bands (hereaf ter FEI.) with intrinsic absorption spectra
is presented here; it provides strong, though purely
empirical, evidence of correspondence between bands in
the two spectra for several alkali halides.

II. COMPARISON OF SPECTRA

To facilitate the search for possible similarities be-
tween exciton band energies hv, and IiEL band energies
hp~, these quantities have been plotted against each
other in Figs. 1(a)—1(i). The data for excitonic transi-
tions have been taken from the work cited, ''5 and
Moran's' triplet resolution of the-exciton fundamental
for Cs halides is also included. The data for F-center

' G. Baidini and B. Bosacchi, Phys. Rev. 166, g63 (196g)
6P. R. Moran, Phys. Rev. 137, A1016 (1965). The bands

resolved for CsBr and CsI have also been adopted for comparison
of spectra.


